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ABSTRACT

We characterize the algebra H* o L,,,, where m is a point of the maximal ideal space of
H® with nontrivial Gleason part P(m) and L,, : D—P(m) is the coordinate Hoffman
map. In particular, it is shown that for any continuous function f : P(m)—C with
f oLy € H*® there exists F' € H* such that F|p(y,) = f.

Introduction - Preliminaries

The Gelfand transform represents H* as an algebra of continuous functions on its maximal

ideal space M (provided with the weak star topology) via the formula f (p) dof o(f), where
f € H*® and ¢ € M. We will not write the hat of f unless the contrary is stated. Beginning
with a seminal paper of Hoffman [6], many papers have studied the analytic behavior of
H® on parts of M others than the disk (see [1],[3], [4], [7] and [8]). While the whole picture
seems to be unreachable, the present paper intends to throw some light into this never-ending
program. A more precise statement of our result (Thm.2.2 and Coro.2.3) will require to
develop some notation and machinery.

The pseudohyperbolic metric for x,y € M is defined by

p(x,y) =sup{|f(y)| - f € H™, ||f| = 1 and f(x) = 0},
which for z,w € D reduces to p(z,w) = |z — w|/|1 — Wz|. The Gleason part of m € M is

P(m) oof {z € M : p(m,z) < 1}. Clearly D is a Gleason part. If zy € D, we can think of the

analytic function
Z+ 2
L, (z)= zeD
ZO( ) 1 + E()Z’
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as mapping D into M. In [6] Hoffman proved that if m € M and (z,) is a net in D converging
to m, then the net L. tends in the space MP (i.e., pointwise) to some analytic map L,
from D onto P(m) such that L,,(0) = m. Here ‘analytic’ means that fo L,, € H* for every
f € H*®. The map L,, does not depend on the particular choice of the net (z,) that tends
to m. A Blaschke product b with zero sequence {z,} satisfying

5(0) = 5({z 1) inf [T plzniz) >0

JizjFan

is called an interpolating Blaschke product and {z,} is called an interpolating sequence. Let
G denote the set of points in M that lie in the closure of some interpolating sequence. If
m € M\ G then P(m) = {m} and hence L,, is a constant map. If m € G then L,, is
one-to-one, meaning that P(m) is an analytic disk in M. Hoffman also realized that even
when P(m) is a disk, there are cases in which L,, is a homeomorphism and cases in which
it is not.

By an abstract version of Schwarz’s lemma [9, p.162], any connected portion of M
provided with a nontrivial analytic structure must be contained in some P(m) with m € G.
In order to understand the analytic structure of M it is then fundamental to study the
Hoffman algebras H*° o L,,, where m € G.

In [8] it is proved that H> o L,, is a closed subalgebra of H> and that they coincide when
P(m) is a homeomorphic disk (i.e., L,, is a homeomorphism). Particular versions of the last
result were obtained in [6, pp.106-107] and [4, Coro.3.3]. On the other hand, when P(m)
is not a homeomorphic disk it is well known that the identity function is not in H* o L,,,
meaning that this algebra is properly contained in H*°. But, what is it? We provide an
answer to this question by giving several characterizations of H* o L,,, the most natural
being

H*o L,, = H*N[C(P(m),C) o L],

where C'(P(m),C) is the algebra of continuous maps from P(m) into C. The inclusion C is
trivial, but the proof of the other inclusion turned out to be very difficult. We can look at the
equality as an extension result; it says that for every continuous function f on P(m) such that
folL, € H* there is an extension F' € H* of f (i.e., F'|pun) = f). By the above comments,
the result is new only for non-homeomorphic disks, but the argument here works in general.
However, the technical complications introduced by considering non-homeomorphic disks
make the proof much more difficult and longer than in [8].

1 Algebraic properties of Hoffman maps

Let 7 : D—M be an analytic function. As before, this means that for € H* for all f € H>.

We can extend 7 to a continuous map 7* : M—M by the formula 7*(¢)(f) &f o(f o),
where ¢ € M. Two particular cases will be of interest here. If 7 is an analytic self-map of
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D then we can think of 7 as mapping D into M and consider its extension 7*. We can do
this with any automorphism of D, which therefore induces a homeomorphism from M onto
M. In particular, if A € 9D, the rotation z — Az (z € D) extends to M in this way. From
now on, for ¢ € M we simply write Ay for this ‘A-rotation” in M. We point out that even
when each such rotation is a homeomorphism, the action of the group 9D into M is not
continuous [5, pp. 164-165]. The other relevant case for the paper is L, (for m € G). The
extension L maps M onto P(m), and P(m) is a homeomorphic disk if and only if L} is
one-to-one [8, Sect. 3]. We will also denote this extension by L,,, where the meaning will be
clear from the context.

The inclusion of the disk algebra in H* induces a natural projection 7 : M—D. The
fiber of a point w € ID is 771 (w) C M. Let 2,y € M and let (2,) be a net in D so that
y = lim z,. We claim that the limit of (14 7(z)z,)/(1 + 7(z)Zs) always exists (in D) and it
is independent of the net (z,). A rigorous statement would say that the above limit exists
when 7(z,) is in place of z,; but since 7 identifies D with (D), no harm is done with the
appropriate mind adjustment.

It is clear that the limit exists whenever the denominator does not tend to zero. So,
suppose that |7(z)] = 1 and 7(y) = —7(x). Write 2z, = —7(2)(1 — roe?=), with —7/2 <
0, < m/2 and 0 < r,—0. The point y € M is either a nontangential point, in which case
0,—0 € (—m/2,7/2) (see [6, pp. 107-108]), or it is a tangential point and 6, accumulates in
{—n/2, 7/2}. In both cases

1 o 1—(1=re? :
lim LI)Z_ = lim ( fa® . ) = lim 6229“,
1+ 7(x)z, 1 — (1 —ree~ix)
proving our claim.
DEFINITION. Let A : M x M — 0D be the function
14 7m(x)z,
)\ - 1 ) S 9
(,y) = lim ¢ p——c— (z,y € M)

where (z,) is any net in D that tends to y.

Observe that if z,y € M do not satisfy the extreme conditions |7 (z)| = 1 and 7(x) = —7(y)
then

1+ 7(z)
Mz, y) = .

and this expression reduces to 7(z)7(y) when |r(z )| =1=|m(y)|. We will use indistinctly
the notations A(x,y) or A, , to denote this function. A word of warning: the function A\ was
introduced by Budde in [1] for the purpose of proving the same result given in Proposition
1.1 below. However, the value of A(z,y) stated in [1] when |7(z)| = |r(y)| = 1 is w(x)7(y),
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therefore overlooking the pathological behavior of A when 7(z) = —n(y). Fortunately, all
the proofs and results in [1] remain valid by only adjusting A to its right value.

In [4, Lemma 1.8] Gorkin, Lingerberg and Mortini proved that if m € G and b is an
interpolating Blaschke product then bo L,, = Bf, where B is an interpolating Blaschke
product and f € (H*)~!'. This fact will be used frequently along the paper. We will also
need a result of Budde [1] stating that if ¢ € M has trivial Gleason part then L,,(¢) also
has trivial Gleason part. In symbols, L 1(G) C G.

Proposition 1.1 Let m,y € M. Then

Ly, 0 Ly(A(m,y)z) = Li,.(2) forall zeD. (1.1)

Proof. Suppose first that m or y (or both) is not in G. Then one of the maps L,, or L, is
constant and the left member of (1.1) is the constant map L,,(y). If y ¢ G then Budde’s
result asserts that L,,(y) ¢ G, which is trivially the case if m ¢ G, too. Therefore also the
right member of (1.1) is the constant map L,,(y).

Suppose now that m,y € G and let w,& and 2z in . An elementary calculation shows
that

Ly(Le(2)) = L) (Mw, §)2). (1.2)

Replace w in (1.2) by a net (w,) in D tending to m. Then the first member of (1.2) tends to
L, (L¢(2)) and Ly, (§)— L, (€). Consequently

L, ©—Lr, pointwise on D. (1.3)

It is clear that the constants A\, = A(wa, &) tend to A(m, ). Using that for € G the map
L, is an isometry on D with respect to p [6, p. 105] we get

p(Li,, ¢ (Aaz), Li,, ©(AMm,£)2)) = p(haz, A(m,§)z)

‘)\a — )‘(ma 5)’

———=—0. 1.4
S T P (14)
Hence, the lower semicontinuity of p (see [6, Thm.6.2]) together with (1.2), (1.3) and (1.4)
yields

p(Lin(Le(2)), Ly, ) (A(m, €)z)) <lim p(Ly, &) (Aa2), Li,,, &) (A(m, €)z)) = 0. (1.5)

That is, L (Le(2)) = Li,.e)(AM(m,§)z) for every £,z € D. Now replace { by a net (&)
in D tending to y. By the continuity of L,, on M then L,,(Lg,(2))— Ly (L,(2)) and
Ly (€a)—Lm(y). Since the map = +— L, is continuous from M into MP, then we also
have

Ly,.co—Lr,q pointwise on ID.



Since L,(£,) € P(m) C G for every &,, then Ly () are isometries with respect to p. In
addition, A(m, &,)—A(m,y) by definition. Therefore the same argument as in (1.4) and (1.5)
yields

Lin(Ly(2)) = L, ) (AMm, y)z).

The proposition follows replacing z by A\(m,y)z. O

Corollary 1.2 (Budde) Let m € G and £ € M such that L,,(§) € P(m). Then L,, maps
P(&) onto P(m) in a one-to-one fashion.

Proof. By hypothesis there is w € D such that L,,(§) = L,,(w). Hence, by Proposition 1.1
Ly, 0Le(Amez) = Lo Ly (A w2) for every z € D. The result follows because L, : D—P(m),
Ly(Amw-) : D—=D and L¢(Ap e -) : D—P(€) are onto and one-to-one. [

Lemma 1.3 Let v € C with |y| =1 and let y € M. Then
Loy (2) = 7Ly (72). (L.6)
Proof. Let f € H® and {z,} be a net in D tending to y. Thus yz,—~y and for every z € D,
F(Ly(2)) = i (L., (2)) = lim f(7Ls, (72)) = £ (vLy(72)),

as desired. O

2 A characterization of Hoffman algebras

DEFINITION. Let m € G. The m-saturation of a set E C M is defined as L '(L,,(F)),

m
and E will be called m-saturated if it coincides with its m-saturation. We also write

L (y) o L YL, (y)) for the m-saturation of y € M.

It is clear that £,,(0) "D = {0}. For f € H> write

Zp(f)={2€D: f(z) =0} and Z(f)={p e M: f(p) =0}

It is well known that if f is an interpolating Blaschke product then Z(f) is the closure of
Zp(f). This immediately implies that if m € G and y € M are different points then there
is an interpolating Blaschke product f such that f(m) = 0 # f(y). As a consequence we
obtain that if m € G then

L,(0) = ﬂ{Z(b o Ly,) : b is an interpolating Blaschke product with b(m) = 0}.

Since Z(bo L,,) is the zero set of an interpolating Blaschke product then £,,(0) is an inter-
section of closures of interpolating sequences, which in a sense is quite small. Furthermore,
[4, Thm. 1.4] implies that P(m) is a homeomorphic disk if and only if £,,(0) = {0}.
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Lemma 2.1 Let m € G. Then for w € D we have
Lon(w) ={Ly(Anw): € L,(0)}.

Proof. Since L,,(z) = m for all z € £,,,(0) then by Proposition 1.1 L,,(L;(Amz2)) = Ln(2)
on D. So, Ly(Apaw) € L(w). Let & € M such that L,,(§) = L,,(w). The ‘onto’ part of
Corollary 1.2 implies that there is x € P(§) such that L,,(x) = m. So, Ly, 0 Ly(An.2) =
L, (z) for z € D. In particular, L,,(Ly( A\ w)) = Lin(w) = Ly, (§). That is, L, takes the
same value on the points L, (A, .w) and &, which belong to P(£). The ‘one-to-one’ part of
Corollary 1.2 implies that L, (A, .w) =¢. O

Theorem 2.2 Let m € G\ D and let f € H*® such that
f(Ly(Amz2)) = f(2) forall € L,,(0) and all z € D.
Then there is F' € H*® such that F o L,, = f.

For m € G the theorem and Lemma 2.1 provide a description of the algebra H* o L,, as
the functions f € H™ such that f is constant on L_!(m/) for every m’ € P(m). Only the
sufficiency needs to be proved. We devote the next two sections to prove Theorem 2.2. For
the sake of clarity it is convenient to rescue the hat for the Gelfand transform in the next
corollary.

Corollary 2.3 Let m € G\ D and h : P(m)—C such that ho L,, = f € H>®. Then the
following conditions are equivalent.

(a) h is continuous on P(m) with the topology induced by M,

(b) f o La(Amaz) = f(2) for every x € L,,(0) and z € D,

(c) there exists F € H® such that F o Ly,(z) = h o Ly (2) for every z € D, and
(d) there exists F' € H™ such that F]p = h.

Proof. We assume first that (a) holds. If (b) fails then there are z € £,,(0) and 29 € D
such that o = |f(L.(Amz20)) — f(20)] > 0. By the density of D in M the point L, (A, .20)
is in the closure of the set U = {z € D : |f(Ls(Ana20)) — f(2)] < o/2}. Thus, by Lemma
2.1 L(20) = Lin(La(Amw20)) € Lin(U) C Ly, (U). The continuity of h on P(m) now implies
that A(L.,(z0)) € h(Ly,(U)). But this contradicts the fact that for z € U,
ML) = WL (D] = 1F(z0) = £(2) A

> |f(20) = f(La(Ama20)| = | f(La(Ammz0)) — f(2)]

> a—a/2=aq/2
The implication (b)=-(c) is Theorem 2.2. Since P(m) = L,,(D) then (d) is just a rephrasing

of (c). Now suppose that (d) holds. Since F' € H> then F is continuous on M, and
consequently F|p(,) = h is continuous on P(m). O
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3 Technical lemmas

The hyperbolic metric for z,w € D is

1+ p(z,w)

h(z,w) zlogl_p(z )

So, h and p are increasing functions of each other and h(z,w) tends to infinity if and only if
p(z,w) tends to 1. We will use alternatively one metric or the other according to convenience.
The hyperbolic ball of center z € D and radius r > 0 will be denoted by A(z,r).

The next two lemmas are easy consequences of similar results in Hoffman’s paper [6,
pp. 82 and 86-88|. (or see [2, pp. 404-408]).

Lemma 3.1 Let S be an interpolating sequence and let m € S. Then for any 0 < 6 < 1
there is a subsequence S’ of S such that m € S’ and 6(S") > do.

Lemma 3.2 Let b be an interpolating Blaschke product with §(b) > 6 and let w € D. Then
there is 0 < ¢ = ¢(9) < 1 such that c—1 as §—1, and

b(w)| > cp(w, Z(b))-
Our next lemma is a trivial consequence of Lemma 3.2; we state it for convenience.

Lemma 3.3 Let 0 < o < 1. Then there are functions 0 < 6(o) < 1 and s(c) > 0 such that
if b is an interpolating Blaschke product with 6(b) > 0(o) then

b(2)] =0 for =@ | J{A(zn,5(0)) : 20 € Zp(b)}.

Lemma 3.4 Let {z,} be an interpolating sequence and (z,) be a subnet with z,—m € M.
Suppose that F' € C(M). Then F o L, —F o L,, uniformly on compact subsets of D.

Proof. Since z,—m in M then L, —L,, in MP, and by the continuity of F' on M then

FolL, —FolL, & ¢ pointwise on I. We will see that F(L.,(z))—f(z) uniformly on |z| <r
for any 0 < r < 1. In fact, otherwise there is € > 0, a subnet (z3) of (z,) and points wg with
lws| < r such that

|F(L.;(wg)) — f(wg)| >¢e forall f. (3.1)

Taking a subnet of (z3) if necessary, we can also assume that wg—w, with |w| < r. Since f
is continuous at w and F(L.,(w))— f(w), then there is 5y such that for every 8 > f,

[f(w) = flwp)l <e/4 and [F(L,(w)) = fw)] <e/4.



These inequalities together with (3.1) give
|F(L.;(wg)) — F(L.,(w))| > /2 forall > 0.

This will contradict the continuity of F' if we prove that L.,(ws) tends to L,,(w). Let
(L-,(wy)) be an arbitrary convergent subnet of (L.,(wgs)), say to y € M. Then by the lower
semicontinuity of p,

Py, Ln(w)) < lim p(L:, (w,), L., (w)) = Tim p(w,, w) =0,

meaning that y = L,,(w). So, every convergent subnet of (L.,(ws)) tends to y, and conse-
quently the whole net tends to y. UJ

An immediate consequence of Lemma 3.4 is that if F' € C (M) and S is an interpolating
sequence with m € S\ S, then for every 0 < r < 1 and € > 0,

|z|<r

{zn eS:sup|FolL, (z)— FolLy(2)| < 5}

is a subsequence of S having m in its closure.

Lemma 3.5 Let {,w € D and m € M\ D. Then for any 0 <r <1,
30

sup p(Le(Ame2), Lo(Amw?)) < —2p(§a w).
|z|<r (1 - T)
Proof. We can assume that w(m) = 1. Also, since the desired inequality is obvious for

p(&,w) > 1/30, we can assume that p(&,w) < 1/2. So, for z € D with |z| <7,
P(Le(Ame2), Lo(Amwz)) < p(Le(Ame2), Le(Amw?)) + p(Le(Amw?), Lo (Amwz))
= 01+t 02

Since L, : D—D is an onto isometry with respect to p, then there exists v € D such that
¢ =L,(v) and |v| = p(§,w). The elementary formula (for m(m) = 1)

1+ Lo(w) (14wt [1+vA(m,w)
Alm, Lu(v)) = L+ o) (1+m) <1+m(m,w)> Alm, w)

yields

v\ — @) +B(w — A) + [v]2(wA — TA)|

IA(m, Ly(v)) = Am,w)| = (14 @0)(1 +oA)]

6]
(1 —=[vl)?

A\

< 24|u], (3.2)
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where A = A(m,w), and the last inequality holds because |v| < 1/2. Thus, (3.2) and the

isometric property of L¢ give

Mm.€) ~ Aem.w)| _ 2] _ 24l
1—12 1—r2  (1—-7r)2

01 = P(Ame, Amwz) < (3.3)

Put 2 = A\, 2. Then by (1.1)

02 = pLr,w(#) Lu(z) = p(Ly o Lo(Aop?'), Lu(2))

L,(Aop?') — 2|
- LU /\wv ! " < ‘ e
pLehn?), ) < FS
B |2’ Aopw — 1) +v — @(2’)2)\w7v| < | Awo — 1] + 2|v]
N (1—[2']) |1 + DA ?| - (1—r)?
This inequality together with
WU — WU 2
Do — 1] = |ov — Wi |v| < 4ol

4w 1y
yields go < 6]v|(1 — r)~2. So, adding this estimate to (3.3) we obtain
01+ 02 < (24+6)[v|(1 —7) 7% = 30p(&,w)(1 — 1) 2,

as promised. [

Lemma 3.6 Let m € G and E C M be a closed m-saturated set. If V' is an open neighbor-
hood of E then there exists an open m-saturated set W such that E C W C V.

Proof. Since M\ V is closed then so is L,,(M \ V). Since E is m saturated then the closed

m-saturated set [ < LY L,,(M\V)) does not meet E. Additionally, ¥ > M\ V and then

the open set W M \ F satisfies the lemma. [

Lemma 3.7 Let S be an interpolating sequence and m € S. If W C M is an open m-
saturated neighborhood of L,,(0) then there is a subsequence Sy C S such that m € Sy N
P(m) C L, (W).

Proof. The hypothesis on W implies that L,,(WV) is open in P(m) and m € L,,(W). That

is, the set £/ = P(m) \ L, (W) is closed and m ¢ E. By compactness then there is an open
set U C M such that m € U and UNE = (). Defining Sy = SNU we have that m € Sy C U.

Hence, So N E = and then Sy N P(m) C P(m)\ E = L,,(W). O




Lemma 3.8 Let m € G and f € H* such that f o Ly(An2) = f(2) for all x € L,,(0) and
zeD. Fore>0 and 0 <r <1 consider the set

U={weD:|foL,(Anwz)— f(2)|<e for |z] <r}.

Then U is a neighborhood of L, (0).

Proof. If the lemma fails then there is x € £,,(0) in the closure of V = M \ U. Since V is
open and D is dense in M, a simple topological argument shows that V' =V N ID. Therefore
xr € VND, where

VADC{weD:|foL,( Amwzw) — f(2u)] > € for some z, with |z,| <r}.

Let (w,) be a net in V N D that tends to x, and write z, &of 2., By taking a suitable subnet
we can also assume that z,—zg, where |z9| < r. Thus,

|f o Ly, Mnwa2a) — f(2a)| > € for every o (3.4)
We can assume || f||o < 1. By the Schwarz-Pick inequality [2, p. 2],

p(f o Lwa ()\m,wa Za)7 f o Lwa (/\m,mZO)) p()\m,wo,zaa )\m,x20>

p(Am,wazaa )\m,xza) + p(Am,xZou )\m,mZO)
1

I ‘Za|2

IA A

IN

|)\m,wa - )\m,m| + P(Za; ZO)7
which tends to zero. Since L, — L, then the last inequality gives
hmf © Lwa(/\m,wazoc) = hmf © Lwa()\m,zZO) = f © L$()\m,z20) = f(ZO)7

which contradicts (3.4). O

The next lemma is in [8, Lemma 2.1].

Lemma 3.9 Let u be an inner function and 0 < 3 < 1. Put V. ={z € D: |u(z)| < B} and
suppose that f € H®(V). Then there are 0 < v =~(8) <, C =C(6) >0 and F € H*®
such that

() 1Flloo < Clfllcr, and
(ii) |F(2) = f(2)] < Al flla=q)|u(z)| when |u(z)| <y, where A=~"1(C+1).
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4 Proof of Theorem 2.2

Given m € G\ D and f € H™ that satisfy the hypotheses of the theorem, we are going to
construct a function F' € H* such that FoL,, = f. We can assume without loss of generality
that 7(m) =1 and || f|| = 1. Let {ox} C (0,1) be a sequence satisfying [[,; ox > 0 and let
s(oy) be the associated parameters given by Lemma 3.3. Take s;, > s(0y) tending increasingly

to oo, and put 7y, Lty (2Fsy + 287 Lgy 4+ -+ 4 25p).
Given an arbitrary interpolating sequence S such that m € S, and {g,} C (0,1) a

decreasing sequence that tends to 0, we will construct a decreasing chain of subsequences
Sk ={2zkn:n>1}5DS5 DSy D+, such that for every k > 1,

(1) m & gk,

(2) h({|Z — 1‘ > é?k}, Sk) > Tk,

(3) ZnZl(l — lzenl) <275,

(4) h(Zkmys Zkmy) > T fOr ny # ng,

(5) if by is the interpolating Blaschke product with zero sequence Sk, then
|be(2)| > o for =z ¢ U A2k, Sk),

n>1

(6) if I > k and h(zip, zkn) < 71 then p(L_., (2kn), Tk) < €x, where T}, = L,.'(S, N P(m)),
and
(7) |f o Ly(Mnwz) — f(2)] < e when h(z,0) < s, and w € T}, N D.

The first construction. The argument will be inductive. By Lemmas 3.8 and 3.6, for
every k > 1 there is an open m-saturated neighborhood of £,,(0), W, C M, such that
Wk+1 C Wy, and for all w € Wk,

|f o Ly(Amwz) — f(2)] <ep if h(z,0) < sy. (4.1)

Step 1. By Lemma 3.7 there is S} C S such that (1) holds and S] N P(m) C L,,(W,). Since

Wy is m-saturated then 7 % L=1(57 N P(m)) C L (Lm(W1)) = Wi. Then (4.1) tells us

that S satisfies (7), and then so does any subsequence of S| that contains m in its closure.
By Lemmas 3.1 and 3.3 we can assume that 6(57) is so close to 1 that (4) and (5) hold.
Furthermore, since m(m) = 1 we can easily achieve conditions (2) and (3) by taking as S
the subsequence of 5] whose elements are contained in a sufficiently small Euclidean ball
centered at 1.

Condition (6) only makes sense for k = [ = 1. If 2y, 21, € 51 are such that h(z1,,21,) <
r1 then (4) implies that 21, = 21,. Therefore L_, (21,) = 0 € T1 N D, because L,,(0) =

meglﬂp(m)
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Step [. Let [ > 2 and suppose that we already have S D S; D ... D S;_; satisfying (1) ... (7).
By Lemma 3.7 there exists S] C S;_; such that (1) holds and S; N P(m) C L,,(W;). Since
W, is m-saturated then T} % L=1(57 N P(m)) C L (Lm(W))) = W,. By (4.1) the sequence
S; satisfies (7), and the same holds for any subsequence of S] having m in its closure. As in
the case [ = 1, by Lemma 3.1 and 3.3 we can assume that S} satisfies (4) and (5), and by
taking the points of S that are close enough to 1 we can also assume that S} satisfies (2) and
(3). Clearly, any subsequence S; of S; such that m € S; will satisfy all the above properties.

Therefore we will be done if we can pick the sequence S; so that it also satisfies (6).

Let k <1—1 and let n; > 0 to be chosen later. By [4, Lemma 1.8] we have byoL,, = Bygy,
where g € (H*®)™! and By, is an interpolating Blaschke product with zero sequence Zp(By,)
contained in Tj. The inclusion holds because if By (zp) = 0 then by (z9) = 0, and consequently
Lin(20) € P(m) N Z(by) = P(m) N S

Since m € S] then by the remark following Lemma 3.4 there is a subsequence A;, C S
such that m € A, and

by o L,(2) — Br(2)gr(2)] <mp for v e Ay and h(z,0) <. (4.2)

If v € Ay and z,, € Sy satisty h(zxn,v) < 1 then h(L_,(2r,),0) < r;. Applying (4.2) to
z=L_,(2,) we get

| Be (L (2k.0))] |g1(L—s(20))| = |k 0 Li(L-y(2k,n)) = (Brgr) (L (2k.0))] < -

We are using here that L_, = L;! and by(z,,) = 0. Then |By(L_,(2k0))| < mkllgi* [loo-
Since By, is interpolating, Lemma 3.2 implies that for small values of 7, the point L_,(z,)
must be close to the zero sequence of By in the p-metric. That is, choosing n; small enough
we obtain

P(L_y(260); Tk) < p(L-(2kn), Zp(Br)) < €k (4.3)

for every v € Ay, such that h(v, z;,,) < 1 for some 2z ,,. Doing this process for k =1,...,1—1
we obtain the respective subsequences A, C S] satisfying (4.3), and such that m € A, for
k= 1,...,1 — 1. Since disjoint subsequences of an interpolating sequence have disjoint
closures then m is in the closure of

Sl d:ef ﬂ Ak7

1<k<l—1

and by (4.3) S; satisfies (6) for k =1,...,] — 1. Finally, the same argument used in Step 1
shows that S; satisfies (6) also for k = [.

The second construction. Observe that condition (4) implies that for a fixed value of k,

A(Zkmy s Sk) N A(Zkngs sk) =0 if  ny # no.
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Now we define recursively some sets made of unions of the balls A(zy ., sk), which we call
‘swarms’. For n > 1 the swarm of height 1 and center z;,, is defined as

El,n = A(Zl,n; 51)-

Once we have the swarms of height 7 = 1,...,k — 1, we define the swarm of height k£ and
center 2, (for n > 1) as

Ein = A(2Zkm, Sk) U{EJ?P : j<k—1,p>1and Ej, N A(zkn, sx) # 0}.

We write diam, E = sup{h(z,y) : =,y € E} for the hyperbolic diameter of a set £ C D.
The next three properties will follow by induction.

(1) diamp, By, < 2851 + 2F1sg 4 - -+ + 25,

(I1) Expn, N Egpny, =0 if ny # ny, and
(III) each swarm of height j < k — 1 meets (and then it is contained in) at most one swarm
of height k.

Proof of (I). This is trivial for £ = 1. By the definition of swarms and inductive hypothesis,

diathk,n S
< diamp A2k, k) + 2max{diam,E;, : j <k —1, E;, N A(zkn, s) # 0}
< 25 +2(25 s + 2P sy 4o 428 1) = 285y -+ 25

Proof of (II) and (III). Suppose that E;, (with j < k) meets Ej ,, and Ej ,,, where n; # na.
Then by (I)

h(kal, Zk,ng) < diathk,m + diathj,p + diathhm
< 3 (kal 2kl 4 2s1) < T,

which contradicts condition (4). When j = k this proves (II), and for j < k this proves
(III) except for the statement between brackets. So, suppose that E;, meets Ej ,, where
Jj < k-1 1If E;, meets A(zyp,sx) then E;, C Ej, by definition. Otherwise there is some
swarm F of height at most £ — 1 such that

EN A(Zk’n, Sk) 7§ @ and EN Ej,p 75 @

If height E' > j = height E,, then by inductive hypothesis (II) for the equality and (III) for
the strict inequality, we have F;, C E. Hence, I, is contained in Ej,. Similarly, if height
E < j then inductive hypothesis (III) implies that £ C E;,. Therefore

Ej,p N A(ka, Sk) D EN A(ZkJu Sk) 7é @,

and then F;, C Ej, by definition.
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Some remarks are in order. Condition (II) says that two swarms of the same height are
either the same (with the same n) or they are disjoint, and condition (III) says that if two
different swarms have non-void intersection, then the one of smaller height is contained into
the other. Also, observe that by (II), Ex, NSk = {zkn}-

We will see that if [ > k then
{lz—=1] >ex}NE,=0 forall p>1. (4.4)

In fact, suppose that for some [ > k and p > 1 there is w € Ej, with |w — 1| > &;. Then,
since {¢;} is a decreasing sequence, (2) and (I) yield

hw, zip) > h({|z — 1| > e}, S1) > h({|z — 1| > &}, S)) > r > 4diamy, E;,,

which is not possible. By (4.4) every strictly increasing chain of swarms £V ¢ E®?) c ... is
finite. Because if w € E( then there is k such that |w — 1| > & (since ¢; tends to 0), and
therefore E(M) cannot lie in any swarm of height > k. Roughly speaking, we could say that
there is no swarm of infinite height. Consequently, every swarm is contained in a unique
maximal swarm, and

Q U A2k, Sk) = U{Ehp maximal }.

kn>1

Choosing ¢;. Define a function g € H*(2) by g(w) = f o Lz_l’lp (w) for w € By, with £, a
maximal swarm. The only requirements that we have imposed so far to the sequence {&;}
are that it is contained in (0, 1) and decreases to zero. We claim that there is a choice of the
sequence {gx} so that

limg(Ls,,(2)) = f(2), (4.5)

where the limit is uniform on n and on compact subsets of D. Fix 0 <r <1 and let z € D
with |z| <r < 1. Since limy, s, = oo then for k big enough we have

|z] <r < (e —1)/(e’ +1). (4.6)

This means that z € A(0, s;). The point zj, is in some maximal swarm E;, with [ > k.
Hence by (4.6)
LZk,n(Z) c A(Zk,n, Sk) C El7p c

Since g is defined on €2 then g(L., ,(z)) makes sense, and

g(sz,n (Z)) = f © Lz_llp(LZk,n (Z>> - f © Lszlyp(Zk,n)(A(_ZLp? Zk:,n)z)7 (47)
where the last equality comes from the identity L;llp = L_.,, and (1.1). A simple calculation
shows that A(—z1p, 2km) = M2kn, Lz, (20))- So, if € def L_., (2kn) we can rewrite (4.7) as

9Ly (2)) = £ 0 Lelhuy 62, (45)
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Since 2k, 21, € Eip then by (1), h(2zkn, 21,) < diamp,E;, < 1. Thus, (6) implies that there
is w € T} such that p(&,w) < eg. Since h(z,0) < si (by (4.6)) and || f|lc = 1, then successive
applications of (4.8), (7) and the Schwarz-Pick inequality yield

19(Lz,,.(2)) = f(2)] [f o Le(Asy62) — f © Li(Amw?)]

|f o Lu(Amw?) — f(2)]

2p(f o LE()‘Zk,mEZ>a foLu(Amwz)) + e
2p(Le(Azy 0 62), Lo(Amw?)) + €k, (4.9)

ININ + A

where

p(LE()‘Zk,mEZ)a LW(/\m,wz)) < :0<L§()‘Zk,méz)v L&O‘myfz)) + p(LE()‘méZ)? Lw(Am,wz))
= 01+ 02
Using the isometric property of Lg, a straightforward calculation shows that
’)\Zk,nvg - )\mvf‘
1—|zf?
(1 - Zk,n)(l + 5)5 - (1 _ zk,n)<1 + g)f

(1= [2)(1 + E2rn)(1+ )
2 |1 — ka‘

01 = pAy,.e2 Amez) <

< . (4.10)
(1 —72) (1= ¢])
By (2) and since €;—0, there is j > 1 such that
g; < |1 — Zk,nl < €j—-1, (411)

and since z, € Ej, then (4.4) says that [ = height £;,, < j. By (I) then h(zk,, 21,) <
diamy Ey, < 1 < rj. Thus,

e —1

|§’ = |L—Zz,p(zk,n)| - p(L—Zl,p(Zk,n)v()) = p(zk,nv Zlu’ﬂ) < m»

and consequently (1 — [€]) > e ™. Choosing €,.1 = (2ge™)~! for all ¢ > 1, we can insert
the last inequality and (4.11) in (4.10), thus obtaining

2ei €j-1 . j_l < k_l
I—r2  (1—r)2  (1—1)

01 <
The last inequality holds because j > | > k. On the other hand, since |z| < r and p(§,w) < &

then Lemma 3.5 says that gy < (1 — r)7230e;. Putting all this together in (4.9) we obtain
that whenever |z| < r and k is large enough so that (4.6) holds, then

|g(LZk,n(z)) - f(z)| S 2(@1 + 02) + e <

1
(1—-1)2k
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for some absolute constant C' > 0. Since this estimate is independent of n then (4.5) follows.

The construction of F. We recall that b, is a Blaschke product with zero sequence Sj.
Since S is an interpolating sequence, then a = inf{|bg(z)| : z € S\ Sk} > 0, and since
m € Sy, then {x € M : |by(7)| < a/2} is an open neighborhood of m. So, if (z,) is a net in
S converging to m then there is a(k) such that the tail (24)a>a(k) is completely contained in
{z€D:|b(2)] <a/2} NS =Sk Therefore (4.5) implies that lim, g(L.,(2)) = f(z).

By (3), Yopms1(l = [2kml) < 24211/2% = 1, and consequently the Blaschke product
b= [];>, bk converges. Furthermore, if we write 3 =[], ox, condition (5) tells us that

|b(z)| > 3 when =z ¢ U U A(2zgp, sk) = S

k>1n>1

That is, V = {z € D : |b(2)| < B} C Q. In addition, since each by vanishes on m (because
m € Sy, for every k > 1) then b vanishes on m with infinite multiplicity. So, b =0 on P(m).

Thus, g € H*(Q) € H>®(V). By Lemma 3.9 then there are 0 < v = y(f8) < 4, a
constant C' > 0 and F' € H* such that

[F(2) = g(2)| < Clb(2)]  when  [b(z)] <. (4.12)

Let (z,) be any net in S that tends to m and let z € D. Then L. (z)—L,,(z) € P(m), and
since b =0 on P(m) then bo L, (z)—bo L,,(z) = 0. So, there is oy (depending on z) such
that L, (z) € {|b| < v} for every a > ay. Thus, by (4.12)

[FloL, (2) —goL.,(2)] <|boL.,(2)] for a>a,
where the last term tends to zero when we take limit in a. Henceforth
FolL,(z)=limFolL, (z)=limgoL, (2)= f(2),

and we are done. [J

The proof above shows that if y € ﬂkzlS_k is any point and F' € H* is the function
constructed in the last step, then F'oL,(z) = f(z). This does not mean that £,(0) = £,,(0),
because the chain of interpolating sequences constructed depends on the function f.

5 Examples
A point m € M\ D is called oricycularif it is in the closure of a region limited by two circles

in D that are tangent to D at the same point. Every oricycular point is in G and it is in
the closure of some tangent circle to dD (see [6, pp. 107-108] ). We are going to search for
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the possible fibers that meet £,,(0) when m is a nontangential or an oricycular point, and
we shall determine A\(m, z) for all possible x € L,,(0).

Every point in M\ D has the form ym, where m(m) = 1 and v € C has modulus 1. Since
A(m, x) = A(ym,~yz) for every € M, and by Lemma 1.3 £,,,,(0) = vL,,(0), then there is
no loss of generality by considering 7(m) = 1.

Let b be an interpolating Blaschke product with zero sequence {z;} such that b(m) = 0.
If the point w € D is a zero of b o L,, then there is a subsequence {z,} of {2} such that
bo L., (w)—0. By Lemma 3.2 then

lim p(w, {L—, (24) bez1) = lim p(Ls, (@), {z6}) < e(3(0)) " lim [b(Ls, ()] = 0.
Consequently, w is an accumulation point of
Av={L_, (z):k>1, n>N}

for every positive integer V.

If m is a nontangential point we can assume that there is some fixed —7/2 < § < 7/2,
such that {z,} lies in the straight segment

S={zeD:1-z=re" r>0}.

A straightforward calculation shows that the closure of S in C meets 0D when r = 0 and

r = 2cosf. Therefore, S = (1 —2cosfe? 1) and z, = 1 — 7,6, with 0 < r, < 2cosf.

We can also assume that z,—1. The conformal map L_, sends S into a circular segment

C,ND, where C,, is the circle that pass through the points L_., (z,) =0, L_. (1) = ¢** and
(1, — 2 cos f)et?

L. (1—2cosfe?) = ; / ' i
a cos fe”) 2cosf e +r,(e~* — 2cos0) o

We are including here the extreme case when C), is a straight line (i.e., § = 0). Since r,—0,
taking limits in (5.1) we see that the limit curve of C,, is the circular segment C' N, where
C'is the circle that pass through 0, €? and —1. Therefore the zero sequence of b o L,, lies
in C'ND, and since bo L,, vanishes on £,,(0), only the fibers of —1 and €??’ can have points
of £,,(0).

Clearly, if z € £,,(0) is in the fiber of €' then A\(m,z) = . Suppose that x € L,,(0)
is in the fiber of —1. Since the straight segment —1+ Re™% with 0 < R < 2cos#, is tangent
to C' at the point —1 then z is a nontangential point lying in the closure of this segment.
So, A(m, ) = e~®% by Section 1.

If m is a oricycular point (with w(m) = 1) a similar but easier analysis shows that £,,(0)
lies in the closure of C' N D, where C' is the tangent circle to 0D that pass through 0 and
—1. Therefore £,,(0) only can meet the fiber of —1, and indeed it does unless P(m) is a
homeomorphic disk. Since C' is tangent to 0D then every z € £,,(0) with 7(z) = —1 is a
tangential point, which by Section 1 yields A(m,z) = —1.
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