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In Uhlmann’s description of the differential geometry of the space Q of density operators,
a relevant role is played by the parallel condition w*®w = @*w, where @ is a lifting of a
curve y in , ie. w(t)w()* = y(t) for all +. In this paper we get a principal bundle with
a natural connection over the space G* of all positive invertible elements of a C*-algebra
such that the parallel transport is ruled by Uhlmann’s parallel equation.
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1. Introduction

After the discovery by M. V. Berry [1] of the geometric phase (sometimes also
called “Berry phase”), B. Simon [12] interpreted it as a holonomy of a natural
connection which rules the parallel transport of pure states in a Hilbert space H.
Later, A. Uhlmann [14-16] extended this approach to mixed states by studying some
geometric properties of the map 7(A) = A*A restricted to the set Q of normalized
density operators, i.e. positive operators with trace 1. The main problem with this
study consists in the lack of smoothness of Q: it is not a manifold with a boundary,
but a stratification. In order to avoid this obstruction, L. Dabrowski and A. Jadczyk
[6] performed Uhlmann’s programme on a dense subset €y of €2, namely the set
of A € Q with positive eigenvalues. On €y they obtained a principal bundle with
a connection such that the related parallel transport coincides with what Uhlmann
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calls “parallel amplitudes”. On the other hand, in a series of papers [3-5], H. Porta,
L. Recht and the authors of this paper have studied a natural connection on the
principal bundle defined by the action

GxGt—> Gt

(8,a) > gag*

(D

(here G is the group of invertible elements of a unital C*-algebra A and G* is the
set of positive invertible elements of the algebra).

This paper is devoted to the study of a different principal fibre bundle over
G* with a connection such that the corresponding parallel transport coincides with
Uhlmann’s, in the sense that both are ruled by the same equations. The contents of
the paper is the following. Section 2 contains some results about the existence and
formulae of solutions of the equation AX — XB =Y, for A, B,Y € L(H), which
are needed later. Section 3 contains a survey of the differential structure of the fibre
bundle (G, G*) as a homogeneous space, with a natural connection, geodesics and
a Finsler metric, as studied in [5] and [3]. In Section 4 we give a brief description
of some of Uhlmann’s results about the geometry of density operators, such as
the parallel condition for a lift and the transport equation for a given curve y of
density operators. Section 5 contains the description of the fibre bundle (G, G%),
as seen in Section 3, but considering another connection which gives rise to the
corresponding transport equation, covariant derivative and geodesics. This bundle is
named Uhlmann’s fibration because the equations derived from it coincide with those
given by Uhlmann for density operators. Finally, in Section 6 both approaches are
compared.

2. Preliminaries

Let ‘H be a Hilbert space and L(H) the algebra of linear bounded operators on
H. Given A, B,Y € L(H), consider the equation AX — XB =Y. This equation has
been first studied by Sylvester [13] in the finite dimensional setting and later in its
full generality by M. G. Krein [8], J. Daleckii [7], M. Rosenblum [11], and others.
The reader is referred to [2] for a nice survey on the subject. We shall need the
following facts:

1) if 6(A) No(B) = @ then the equation has a unique solution for every Y,

2)if Re A >0, Re u <0 for all A € 6(A), u € o(B), then the unique solution

X has the form

o @)
X=/ e "AYe'Bdr.
0

In particular, if 0(A) C R* = {t € R: ¢ > 0} then the equation AX+ XA =2Z
has a unique solution for every Z, namely X = [;° e~"4Ze '*ds. Observe that
if Ae GL(H)* and Z* = Z then X* = X.
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More generally if A is a unital C*-algebra, a € A and C, = R, + L,, where R,
and L, are respectively the operators of the right and left multiplication by a, then
o(C,) C o(a) +o(a) so that if o(a) C R*, C, is invertible and then the equation

Cix)=ax+xa=z

has a unique solution, namely C; 1(z). Also

oo
x=C'(z) = f e Yze % dt.
0

3. Differential geometry of G*

A short description of G* as a Finsler manifold and as a homogeneous space of
G is presented in this section. Most of the results we mention here are contained
in [3-5]. Throughout this paper A denotes a unital C*-algebra represented in a
Hilbert space H, G is the group of invertible elements of A, U is the group of
unitaries, A is the (real) Banach space of hermitian (i.e. self-adjoint) elements of
A, A,y consists of all antihermitian elements of A, A* = {X € A; : X > 0} and
G* =GN A™*. Every a € G* defines an equivalent scalar product on M by

(x,¥)a = {ax, y), x,y € H.

If *« denotes the adjoint with respect to the scalar product { , ),, then it is easy
to see that
T* =q 'T*a.

Denote by Aj the hermitian elements of A with respect to ( , ), ie. A} =
{X :a7'X*a = X}, A%, the a-antihermitian elements of A, and U/“ the a-unitary
elements of A. The reader may suppose that A is the algebra L(H) of all bounded
linear operators on a Hilbert space H. Because G is an open subset of A, G*
is an open subset of Ay, so it has a natural structure of an open submanifold of
Ayp. There is also a natural action of G over G*, namely L : G x G* —» G,
L(g,a) = gag*. L is differentiable and transitive: if a,b € G* then L(g,a) = b
for g = b'2a=1/2 (for ¢ € G*, ¢~!/? denotes the inverse of the positive square root
of ¢). Thus the map p, : G - G*, p,(g) = gag* is surjective and s : Gt —» G,
s(b) = b/2a=1/2_ is a global differentiable section of p,, ie. p, os = idg+. As
an open submanifold of Aj, the tangent of G* at a € G* naturally identifies
to Ay : (TG%), = A, (a € G*). Then the tangent map of p, : G - G, at
I, (Ty,)1 - A = Ay is (T,,)1(X) = Xa + aX*. The isotropy group of a is the
subgroup I, of G of all g € G such that p,(g) = gag* = a. I, coincides with the

a~'-unitary group U = (g € G : ag*a~! = g~!} which acts freely on the fibres
by right multiplication. Observe that (TI,); = {X € A : Xa+aX* =0} ={X ¢
A : X*"' = —X}, the a~'-antihermitian elements of A. In particular, for a = 1,

(TUh ={XeA: X+ X*=0}=Au-
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From now on we consider the case @ =1 and we shall be concerned with the
map p = p; : G > G, p(g) = gg*, with the tangent map at 1, T : A — A,
T(X) = X 4+ X*. Observe the decomposition A = kerT & R(T) = Asn D Ap. The
projection of A onto A, with the kernel A, is %T. The triple (G,G*,U) is a
principal fibre bundle with the base Gt and structural group U. For g € G define
H, = gAj;. This is a natural connection, i.e. a smooth distribution of subspaces
such that (i) A=H, @V, if V, ={X € A: Xg*+gX = 0}; (ii) uHu* = Hy;
(iii) Heu = Hg, for all g € G, u € U. Here, smooth means that the map g — P,,
which assigns to each g the unique projection over A with the kernel V, and range
H,, is differentiable. The subspaces H, are called horizontal. It is well known that
any smooth curve in the base space of a principal bundle with a connection admits
a horizontal lift. In our case we have the following theorem.

THEOREM 3.1. If y : [0,1] > G* is a C*® curve and y(0) = p(g) for some
g € G then the solution of the problem

@) =y@y®™'T@),
{ ro) =g @

is the unique horizontal lift T :[0,1] > G (i.e. p(I'(t)) = y (1), NGRS Hrqy for
all t € [0, 1] such that T(0) = g. Moreover, a C* lift T" of v is horizontal if and
only if its unitary part u satisfies the differential equation 2uu~"' = (yl/ 2)' y~ 12—
y-1/2 (yl/z)'_

Given a curve ¥y in G and a tangent field X along y we define the covariant
derivative

DX

d *
— =T~ ((TLey1), XO) T)

.1 A
=X—§(Xy_ly+yy IX).

A field X is called parallel along y if % =0. A curve y is a geodesic (of the
connection) if y is parallel along y if and only if y = yy~!y. The unique geodesic
y such that y(0) = a and y(0) = X € (TG"), is y() = all2eta™PXa™ 212
(t € [0, 1]). Given a,b € GT there is a unique geodesic ¥, such that y,,(0) =a
and y, (1) = b, namely y, (1) = al’? (a‘lﬂba‘l/z)tal/z. Observe also that if y is
a geodesic and g € G then gyg* is also a geodesic.

Let us introduce a Finsler structure on G¥, i.e. define a norm || - |, on each
(TGY),. Define |X|, = lla”?Xa"?| (X € (TG"),, a € G*) and the length of
a curve y in G*, L(y) = fol ly (Ol dt. One can also prove that

g X8 llgagr = 1 Xlla (3)
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for all g € G. As a consequence, L (gyg*) = L(y) for all curves ¥ in G* and
g € G. An easy computation shows that L(y,;) = ||log(a~"2ba="/?)|. In fact,

. - - - _ t
1706 o) = lla"* log (a='2ba™"%) (@™ 2ba™"2) @'l yaym12pa12yarr
- - - - t
=lllog (a="2ba™"%) (a™""2ba™" ) Il y-12pqm1r2y

= (a—1/2ba—1/2)~1/2 log (a—l/Zba—l/Z) (a—l/Zba_1/2)r/2 I
= | log (a~""?ba™"7?) |,

where the second equality holds by (3) and the third one from functional calculus.
The main result in this section is the following theorem.

THEOREM 3.2. The geodesic Y, is a shortest curve among all curves y in G
such that y(0) =a and y(1) = b.

It should be noticed that there exist infinite many C* curves joining a, b which
are the shortest (Nussbaum [10]). The remarkable fact here is the conjunction of
being a geodesic and being a shortest curve in a highly non-Riemannian context.

As a corollary, the geodesic distance d(a,b) = inf L(y) (the infimum is taken
over all C*® curves joining a and b) can be explicitely computed: d(a,b) =
I log (a~'/*ba="/?) ||. Observe that, at a first sight, the right-side expression does
not seem to be symmetric or satisfy the triangle inequality. The theorem shows
that the equality holds and then

" log (a_l/zba_l/Z) " — ” lOg (b—l/Zab—l/z) "

and
” log (a_l/zba_l/Z) " < ” log (a~1/zca—1/2) ” + ” log (c_l/zbc_]/z) ”

for all a,b,ce GT.

4. Geometry of density operators

In this section we give a brief description of some of the results obtained by A.
Uhlmann and others [14-16, 6] in the study of the differential geometry of the set
of density operators as the base space of the bundle of Hilbert-Schmidt operators.

For a Hilbert space H, consider the set €2 of density operators on H, i..
the set of positive operators in L(H) of trace 1, and the extended space H®™™ of
Hilbert-Schmidt operators in L(H), H™' = {w € L(H) : tr(ww*) < o0}, with the
scalar product given by (wi, w2) = tr(wjw?).

Consider the projection 7 : H*' — Q given by 7(w) = uz‘(’u“g,). Any w in the

fibre of b € Q, ie. w € n~!({b}), is called a purification of b and w is called a
standard purification if tr(ww*) = 1. In this case b = 7 (w) = wo*.
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Consider a smooth curve of density operators y : [0,1} — £ and a curve
w:[0,1] = H™ such that 7 cw =y and r(ww*) =1, w is called a parallel lift
if w satisfies

w'o = w*o. 4

This parallel condition can be solved by considering the solution @ of @ = gw
with g = g*. Inserting this solution into y = ww* one gets g as a solution of the
equation

y =gy +ve (5)

Also, the Euler equation of the variational problem for

1
inf f {o, &) dt
L) 0

(where the infimum is taken over all standard purifications w of y) gives again the
parallel condition (4).

5. Uhlmann’s fibration

For a fixed a € G*, consider the fibre bundle (G*,G,L("il) of Section 3. As
we have already seen, if p, : G — G* is the map defined by p,(g) = L,a = gag*,
g € G, its tangent map at 1 is (Tp,), : A = Ap, (Tp.),(X) = Xa + aX*, so
that ker (Tp,); = {X € A : aX*a ' = —X) = Ag;] and R ((Tp,})) = An. The
isotropy group I, is the subgroup of G of a~!-unitary elements of G, U ie.
L={geG:g* =g} =u"", with (TL) =ker(Tp,).

Consider the set of a-hermitian elements of A, A} = {X € A: X™ = X} =
{Xe A: X*a =aX]. Then

A=A%" @ A,
because if X € A%, NA? then Xa?4a®X =0, so that X =0 and then A%, NAY =
{0}. Given X € A consider the unique solution X; of the equation

Xia® +a*X, = Xa* + aX"a.

Then X, € Aj because, as the left-hand side of the equation is a-hermitian, X7°
is also a solution and then X}* = X|. If Xy = X — X, then Xsa+aX; =0, so

that X; € A%, and X = X, + Xz, with X, € Af and X, € A%, .

LEMMA 5.1. (Tp,), : Ay — Ay is an isomorphism and the inverse map

A5

-1
A”) , Ko Ay = A7 is given by K (YY=X if X is the unigue
h

K, = ((Tpa)1
solution of Xa*> +a’X =Ya.
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Proof: For X € A} (Tp,)1(X) = Xa+aX* = Xa+a*Xa™". Then if (Tp,)1(X)
= 0, Xa+a*Xa~' =0 or, equivalently, Xa? + a’X = 0, so that X = 0 and

(Tpa)l

a’X = Ya, then X € A} and (Tpo)i(X) = Xa+a’Xa™ =¥, and (Tpy), | is
h

is injective. Given Y € A, consider the unique solution X of Xa® +
Ay

-1
surjective. Then if ((Tpa)1 A“) =K,, K, : Ay — A}, we have that K,(Y) =X
h

if Xa+a*Xa™' =Y or X is the unique solution of Xa?+ a’X = Ya. m

We are in the position of defining a connection as follows. Denote by V, =
ker (Tp,),, Hy = Aj, and, for each g € G, V, =gV,, H, = H\g.

LEMMA 5.2. i) For each g € G V, ® Hy = A.

ii) For all u € u” wHu = H, (or equivalently, for all v e U°, vHyv™! =
Hy).

ii)) Vg = ker(Tpa),.

Proof: i) If X € V,N H, for g € G, then Xg~' is a solution of gag*aW +
Wgag*a = 0. But gag* € G* and o(gag*a) = o(a'/*gag*a'’?) lies in R* (where
o(c) denotes the spectrum of ¢ € A). Then the equation above admits the unique
solution W =0, so that X = 0.

Given X € A, consider the unique solution W of gag*aW + Wgag*a = Xag*a+
gaX*a and X, = Wg. Then, as gag*a and Xag*a + gaX*a € A}, W € Aj, so
that X, € Hig = Hg. I X, =X — X, then g_lX2 € Az;ll =V, s0 X, egV, = Vg.

ii) Notice that if v € &* and X € H; then a '(wXv™)*a = va~'X*av~! =
vXv~!, as we have already seen, in the case a = 1, so that vXv~! € H; and
vHyv™! = H,. But v € 4° if and only if v* € U* .

iii) Differentiating at g the relation p, = £; o p, 0 £,-1, where €, is the left
multiplication by g, we get (Tps)g = (T€g)a(Tpa)i€,-1 and then ker(Tp,), =
gker(Tpy), =gV = Vg- d

Given a differentiable curve y : [0, 1] —> G*, we look for a horizontal lift @ of
v, ie. a curve w: [0, 1] > G such that p,(w(t)) = L,a = y(t) and o(t) € Hy(p,
t €[0,1].

THEOREM 5.3. For every differentiable curve y : [0,1] = G* such that y(0) = b
and any g € G such that Lza = b, there is a unique horizontal lift w : [0,1] - G
such that w(0) = g, namely the solution of the differential equation

. -1 . -1 .
Yaww  +ww "ya = ya,
{ w0) =g. ©)

This equation is called the transport equation associated to y.
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Proof: Suppose, first, that there exists a curve w in G such that p,(w) = y
and w(t) € H,(), t € [0,1]. Then waw* = y and, differentiating at each ¢ € [0, 1],
waw* + waw* =y or ww~'y +yw* o* =y,

Using the fact that @ is horizontal, i.e. ww™' € Hy or (wo™")" = avw™'a™!,

we get

1 1

oo 'y +yaow a7 =y
or
ow 'ya + yavo™ = ya.

If @ is a horizontal lift of y then ww™!

Y (0) = w(0)aw*(0) = Lga = b.
Conversely, observe that the equation

is a solution of Eq. (6). Observe that

Xya+yaX =vya )]

admits a unique solution X (¢) for each ¢ € [0, 1] because for ¥ and a € G* it holds
o(ya) C R*. Besides, ya and ya € A} then, taking *« in (4.6), X*ya+yaX* =
ya. Hence X*s is also a solution, but then X*« = X. Then (7) admits a unique
solution, and this solution is a-hermitian.

Now suppose that w is a solution of (6), then ww™! € A, =H or we Hw=

H,. An easy computation shows that (a)‘lyw*_'). =0, and thus for all ¢ € [0, 1],
(w‘lyw*_l) (1) = w(O)‘ly(O)w*_l(O) =a. Then y(t) = p,(w()), t €0, 1], and @
is a lift of y. |

REMARK 5.4. i) In order to see that (6) admits a unique solution w observe that
Xya+yaX = ya admits a unique solution X = X (r), ¢ € [0, 1]. Then we look for
the unique solution of

{‘“zx“” r efo,1],

w(0) =g,

and it suffices to show that w(t) € G (¢ € [0, 1]).
i) Consider any lift w of y, ie. ¥ = waw*. Then from the first part of the
proof of the theorem we see that w is such that ww™! is a solution of

By +vB* =7, ®

and the horizontal lift corresponds to the unique a-self-adjoint solution.
iii) Using ii), if By = R+1 with R* =R, I*=—1I, then B =Jyy ' + Iy~
The horizontal lift corresponds to 8 = %)'/y“ + 1y~!, where I is the solution of

1 . .
val +lay = 2 (yay — yay)
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(or ayal +alay = %a()'/ay — yay)) which admits a unique solution of the form

I([) = %a‘l /0 e—a}’(t)sa(,}‘/(t)ay(t) _ y(t)a}'/(t))e-—ay(t)sds'

iv) The transport equation associated to y, studied in [5], is
[ = %}'/y_lw,
w(0) = g,

and corresponds to the case / =0 in iii).

Every g € G admits a unique decomposition as g = Au, with A positive and
u unitary. In fact A = |g*| = (gg*)!/%. This decomposition is called the polar
decomposition of g; A is the positive part of g and u the unitary part.

The horizontal lift @ of y can be also characterized by means of the unitary
part of wa'/? as follows. If w is a lift of y, taking the positive square root of
Y = waw* we get y'/?2 = |a'?w*|. Then wa'/? = y'/2u, where u is unitary and
the right-hand side is the polar decomposition of wa!/2. Then for any lift w of y,
w = y'?ua="?, where u is a unitary curve.

PROPOSITION 5.5. Let y : [0,1] > G* be a smooth curve, with y(0) =a. If u
is the solution of the differential equation

{ y1/2ay1/2uu—l + uu-lyl/2ayl/2 — (y1/2)'ay1/2 — y1/2a (y1/2)' ,

u@@ =1, ©)

then w = y'?ua='? is the horizontal lift of y such that w(0) = 1.

Proof: A simple computation shows that if u is the solution of (9) and w =
vy 2ua=172, then ww™! is a solution of (1) with w(0) = 1. o

Consider Y as a tangent field in a neighbourhood U, of a and X € (TG1), =
Ay. Let y 1 [0,1] = G* be a smooth curve with y(0) =a, y(0) = X and » the
horizontal lift of y with w(0) = 1. For each ¢ € [0, 1] consider L, : Gt —» G*,
L,nb = o()bo()*, b € G, and its tangent map at a,

(TLo@a : (TGH)a = (TGH)y
which is invertible because L, is a diffeomorphism. Then if
Y() = (TLowy); Yy,

Y(r) € (TGY),, for t € [0, 1]. Define the covariant derivative of the field ¥ in the
direction X as

d B}
Dx(¥) = = (TLow);  Yyo|
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Observe that Dx(Y) € (TG™),. In order to show that the definition of Dy (Y) does
not depend on the curve y let us compute K,(DxY). Differentiating at g =1 the
equality Lg o p o Aut,—1 = pgae+, Where p=pa, g € G, we get

(TLg)a (Tp)l All[g_l = (Tpgag*)l .

*_l -
Now observe that Aj = Aut,- (Afl “ l), and that

. A8 ag”
Ag*_l"g_l : Ah —> Ah
h

(TPB”S*)l

* -1
is an isomorphism. In fact, for Y € Aj ,

Z = (Tpgag), (Y) = Ygag* + ga’g~'Yga™'g*,

or equivalently

= Ygazg_1 + ga2g_1Y.

Zg*_'ag_
If (Tpgagr), (¥Y) = 0 then Y is a solution of Yga’g™' + ga’g™'Y =0, but this
equation admits ¥ = 0 as the unique solution because o(ga’g™') = o(a®) C RY,
so that (Tpgae)1 is injective. Given Z = Z*, consider the unique solution Y of

*‘l -
Yga’g~! + ga’g”'Y = Zg* 'ag™’, then Y € A} ¢ ' and (TPgage), (¥) = Z

-1
Pl I ’
4 )

K,(Z) = Y if and only if Y is the unique solution of Yga’g™' + ga’g”'Y =
Zg* 'ag~!.
Using these two facts in the last equality we get

*_] _
because Zg* ag~! and ga’g~'e AY ¢ ', Define

~ * -1 ~
K, : Ay — A} ®L K= <(TPgag*)1

(TLg), (Tp): Aut,-

-1, =(Tp *) -1
g* ag 1 ( gag 1 g* ag
Af A$

and taking the inverses we get Aut, K,(TL,);' = K,.
If for each t, g(t) = w(t) where w is the horizontal lift of y, then we get

—1 ~
Autyiy Ka (TLoty), Yya) = Kooy (Yywm)

or
Ko (TLuw) ' (Yy0) = 0™ Kut (Yry) @(0),



GEOMETRY OF POSITIVE OPERATORS 297

and differentiating at t =0,

d ~
K,(DxY) = a (afl(t)Kw(r) (Yy) @) ‘r:o

Using w(0) =1 we get

s - . d -
K.(DxY) = —2(0)Ku (Yy0) + Koo (Yy@) @(0) + 2; Ko® (Yy) o

Now, from y(0) =a, y(0) = X and » the horizontal lift of y with w(0) =1,
@(0) is the unique solution of Za +aZ* = X and ®(Mw~1(0) = @(0) € A%, Then
@(0) is the unique solution of Za? + @?Z = Xa and depends only on X and a,
in fact, ®(0) = K4(X), Kuw) (Yy@) = K1(¥a) but K,(¥,) is the unique solution of
Ya? + a?Y = Y,a, so that Ki(Y,) =Y = K.(Y,).

We obtain

d ~
Ko(DxY) = Ka(Ya)Ka(X) — Ka(X) K, (Y)+ Kw(t)( y(t))‘ -

or
d ~
Ka(Dx¥) = [Ka(Fa), K01+ Ko (H) | .
and for a fixed the last expression depends only on a and X.
We define the covariant derivative of a tangent field ¥; along a curve y C G¥,
Dy as
art>

D d ~
K, (Zl_ty) =[K, (YD, K, ()] + EK“’(Y')’

where w is the horizontal lift of y, with w(0) = 1. y is called a geodesic if y is
parallel along y, ie., if K, (2y)=0.

In this case, if ® is the horlzontal lift of y with a)(Q) 1 and y(0) = a,
y(©0) = X then 0 = £K,0) (7(1) so that K1) = Ko (7(0) = Ki(X) =
Kq.(X) = Z, Vt, or equivalently, @ is a solution of the differential equation

o lod? + av*w* 'a = 0~ Zwa? + d*w ' Zo,
(10)
w) =1.

Also, as Z =K, (X) = w(,) (y (1)), Vt, we observe that Z € A“’ aw™ Vt, SO

Zwaw* + wa’o ' Zoa lw* =y

or
1

Zy + yw*_]aw']Zwa‘ o=y
! — . .
and then, as Z € A} “* ', Zy +yZ* =y, and using the fact that Z € Aj we
obtain
Zya+yaZ = vya. an
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Then y is a geodesic if y is a solution of (11), y(0) = a and Z € A} is the
solution of Xa = Za? +a*Z, for a given X € Aj. (Observe that y(0) = X.)

THEOREM 5.6. Given X € Ay, if Z is the solution of Za* + a*Z = Xa then
y(t) = e?'ae®™ is the unique geodesic such that y(0) =a and y(0) =

Proof: A simple computation shows that y is a solution of (11) with y(0) =a
and y(0) = X. Observe that if w is the horizontal lift of a solution B of (11) with
w(0) =1 then a)w“’ is a solution of Ba = ww™'Ba + Baww™" and B is a solution

of (4.13). Thus Ba = ZBa+ BaZ so that 0 = (bw™' — Z) Ba+ Ba (ww™' — Z) and
ow ' =2Z,
w(0) =1,

hence w = %' and B = waw* = e'ae?" =y. o

REMARK 5.7. 1) For every a € G* and X € A;, there exists a unique geodesic
y, with y(0) =a and y(0) =

ii) For every a € G* and every b € G* of the form b = eZae?’, with Z € A%,
there exists a geodesic y joining a and b, namely

y(®) = (b]/zua_l/z)' a (a—l/Zu—lbl/z)t ’

where u € U is such that if b = gag*, g € G¢, then g = b'?ua='2,
iii) If a = 1, there is a unique geodesic joining 1 and b, for every b € G™,
namely y (1) = b'.

6. Comparison between both approaches

i) In Sections 3 and 5 the fibre bundles (G, G+,u“—l) have been studied with

different connections in each case. In Section 3, we have defined the connection
. .. -1

by Vi = Azh , the set of A of a~!-antihermitian elements of a, and H, = A, =

ker(Tpa):, the set of a~'-hermitian elements of A, and the corresponding horizontal

and vertical spaces at each g € G as
nggH], Vg=gV1 =ker(Tpa)g-

In Section 5 we have considered, for the same vertical space at 1, V; = ker(Tp,)) =

Ag,_,', a different complement in A, namely H; = Aj, the set of a-hermitian elements
of A with the corresponding vertical and horizontal spaces at each g,

Hg = Hg, Vg =gV = ker(Tpa)g-

These different connections give rise to different horizontal lifts of a given curve y
in G*, which have been compared in Section 4 (see Remarks), and also different
covariant derivatives.
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The geodesic y with y(0) = a and y(0) = X is, in the first case, the curve
y(t) = a'l2ea” *Xa™ 10112 and, in the second case, y(t) = e?'ae?"!, where Z is
the solution to Xa = Za* + a?Z.

ii) Observe that, taking a = 1 in Section 4, we have obtained Uhlmann’s equa-
tions, described also in Section 4. More precisely, for a = 1 we have p;(g) = gg*.
In this case (Tp;)1(X) = X+X* and ker(Tp1)1 = Aan = Vi, Hy = Ay. The isotropy
group is the unitary group. The connection is given by H, = A,g and V, = gA,.
Also the transport equation for a given curve y in G is

R | R | .
Yoo t+tow”y =y, 12
[w(0)=g, (12

which is equivalent to Uhlmann’s equation (5).

Observe that if w is a lift of ¥ which is a solution of (12) then w satisfies
the parallel condition, because in this case w is horizontal and ww™' € A, or
equivalently (vw™!)* = ow™!, or &*w = w*.

The equation for the unitary part of a horizontal lift w of y is, in this case,

yin™ +iauly = (V2 y -y 2y

Finally, the unique geodesic joining 1 with b € Gt is y(t) = b’ so that geodesics
with origin 1 coincide in both cases.
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