Orbits of positive operators from a differentiable
viewpoint

G. Corach *, A. Maestripieri and D. Stojanoff f

Gustavo Corach, Depto. de Matematica, Facultad de Ingenieria-UBA, Buenos Aires,
Argentina. e-mail: gcorach@fi.uba.ar

Alejandra Maestripieri, Instituto de Ciencias, UNGS, Los Polvorines, Argentina
e-mail : amaestri@Qungs.edu.ar

Demetrio Stojanoff, Depto. de Matematica, FCE-UNLP, La Plata, Argentina
e-mail: demetrio@mate.unlp.edu.ar

Abstract

Let A be a unital C*-algebra and G the group of units of A. A geometrical
study of the action of G over the set A™ of all positive elements of A is presented.
The orbits of elements with closed range by this action are provided with a struc-
ture of differentiable homogeneous space with a natural connection. The orbits
are partitioned in ”components” which also have a rich geometrical structure.
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1 Introduction

The differential geometry of the space of n x n positive definite complex matrices turns
to be a relevant subject in problems coming from many different areas. To mention
only a few, we refer the reader to the work of Ohara et al [29], [30], in linear systems,
Amari [1], [2], Kass [21], Campbell [5], Murray and Rice [26] in statistics, Bougerol
[4] in Kalman-Bucy filters, Liverani and Wojtkowski [25] in Lagrangian geometry, Hiai
and Petz [19]-[20], Petz [31]-[32] in quantum systems. Moreover, Uhlmann [34], [35]
proposed the extension to mixed states of the Berry phase using techniques from dif-
ferential geometry on the set of density operators, i.e. trace class positive operators, on
a Hilbert space. Uhlmann’s work has been extended by Dabrowski and Jadczyk [12],
Dabrowski and Grosse [11], Dittmann [13], [14], Dittmann and Rudolph [15], [16] and
Uhlmann himself [36]. Uhlmann’s approach is an invitation to study the space L(H)™"
of all positive bounded linear operators on the Hilbert space H from a differentiable
viewpoint. A description of the differential geometry of GL(H)* (i.e. the set of in-
vertible positive linear operators) has been done in [9], [6] and extended to the set of
closed range positive operators in [7]. In [7], the set L(H)* is partitioned in certain
”components”, following ideas of Thompson [33], and each component is studied as a
differential manifold. In [8] there is a comparison between these results and Uhlmann’s.

The present paper continues this line of research. Instead of working on L(H), we
shall deal in a C*-algebras setting. So, in what follows, A denotes a unital C*-algebra
represented on a Hilbert space H, G is the group of invertible elements of A, U the
unitary group of A, A" the set of positive (semidefinite) operators, A} the subset of
AT of positive operators with closed range and P the set of orthogonal projections
in A. There is a natural action of G over A% defined by Lya = gag*. In this paper
we study the geometric structure of the orbits O, = {gag* : g € G} corresponding to
elements of AT . In particular, when a € A™ is invertible, the orbit of a is G, the
set of positive invertible operators. G* is a homogeneous reductive space of G, with a
canonical connection and a Finsler structure for which geodesics are short. A complete
description of this structure and its properties can be found in [9], [6]. The cone A"
can also be described as a disjoint union of equivalence classes or ”components”, with
a complete metric defined on each of them, the so called Thompson metric (for more
details about this metric see [28]). Again each component is a homogeneous space of a
certain group and has a Finsler metric which coincides with the Thompson metric, even
if the elements of the component do not have closed range. In particular, the component
of any a € G is G, so that in this case the orbit is also the Thompson component; if

ac A

I, the component of a can be identified with the invertible elements of L(R(a)),

and the acting group is the closed subgroup of G of the elements of G preserving R(a)
(see [6], [7]). It turns out that each orbit is the union of certain Thompson components:
the component of b is included in the orbit of a if and only if the orthogonal projection
onto the range of b belongs to the unitary orbit of the orthogonal projection onto the



range of a, denoted by p,. The aim of this paper is to provide the orbit O, with a
structure of differentiable homogeneous space such that each component belonging to
O, remains a submanifold. The case A = L(H) is studied in detail in order to show
that some changes have to be done in the topology of O, to obtain a structure of
that type. Thus, we define a metric d on O,, which coincides with the one induced
by the usual norm on each component. With this new topology, (O,,d) can be given
a structure of a differentiable manifold. Moreover, if 4O, = {upu* : w € U} is
the unitary orbit of p € P, then the metric d guarantees the smoothness of the map
a: 0, = UO,,, b— p,, whose fibres are the Thompson components. Also there exist
local cross sections for the projection 7, : G — O,, m,(g) = gag® and the diagram

G = 0,
7Tpa \( J/ «
Uuo,,

is commutative, where 7, (9) = Dgp.s-1, 9 € G, the natural action of G over UO,,
(see [3]). Moreover (O,,d) becomes a differentiable homogeneous space of G and the
map « turns to be a locally trivial fibre bundle. A smooth connection is defined on
(G, O,) which provides a transport equation and a parallel lift for any smooth curve in
O, . The parallel lift of a given curve is the solution of a certain variational problem.
Finally, the existence of geodesics for this connection is studied and it is proved that
two points on the same component are connected by a unique geodesic.

Section 2 contains a description of the differential geometry of G* and, in general,
of all Thompson components of A*. It also contains certain known results on the
geometry of the set P . There is a natural action of G' over the set A7 of all closed
range positive elements of A given by (v,a) — vav* (v € G, a € Af). Then A} is
partitioned as the union of different orbits of this action and each orbit is the union
of disjoint (Thompson) components. In Section 3, the orbit O, of a closed range
positive element a € A is studied as a homogeneous space of GG. Section 4 contains the
description of the orbit O, as a differentiable manifold and the Thompson component
C, as a submanifold of O,. In section 5 a connection is defined on the homogeneous
space G — O, from which one gets a covariant derivative on the tangent bundle of
O, and the geodesics of this connection are determined.

2 Preliminaries

Let H denote a Hilbert space, L(H) the algebra of all bounded linear operators on H
and A C L(H) a C*-algebra. Let G be the group of invertible elements of A, U the
unitary group of A, A" the set of positive semidefinite operators, A} the subset of A"
of positive operators with closed range and P the set of orthogonal projections in A.



For every ¢ € A, R(c) denotes the range of ¢ and ker(c) its kernel. For ¢ € A}, ¢f
denotes the Moore-Penrose pseudoinverse of ¢ and p, = ccf, the orthogonal projection
onto R(c). For M C H a closed subspace, Py; € L(H) denotes the orthogonal projec-
tion onto M. It is well known (see, for example, [18]) that, if ¢ € A}, then ¢l € A

and p. € P C A. In this sense, ¢ — cf is a well defined mapping from A, into itself.
Its continuity properties have been determined by Labrousse and Mbekhta [23].

LEMMA 2.1 Letp € P and q € A such that ¢* = q.

1. If ¢ = gpg™*, for some g € G, then there exists u € U such that p, = Pyp(y) =

*

upu*.
2. If q=q" and ||q — p|| < 1, then there exists u € U such that ¢ = upu®.

Proof. The first item has been proven in [3]. Item 2 has been proven by B. Sz.-Nagy
[27]. A nice proof of this fact, due to Kato [22], provides a positive invertible operator
a=1—(p—q)? € G* such that the unitary operator u = ga~/?p+ (1 — q)a=*/*(1 —p)
verifies u € A and upu* = q. 1

Consider the following equivalence relation on the closed convex cone A*: for
a,b € A", a ~ b if there exist r,s > 0, such that ra < b < sa. C, denotes the
equivalence class or "Thompson component” of a. Each component is a closed con-
vex cone and a complete metric can be naturally defined on it. As a consequence
of Douglas majorization theorem [17], it follows that a,b € A™' belong to the same
component if and only if R(a'/?) = R(b'/?). For a,b € AZ it turns out that a ~ b
if and only if R(a) = R(b) because R(c) = R(c'/?) for all ¢ € A.. In particular, for
a € G it holds C, = G™; observe that the orbit of a under the action of G over
AT O, = {gag* : g € G}, also coincides with G*. In [6] there is a study of G as
a homogeneous space of G with structural group . More generally, for every closed
subspace S of H and a € A} with range S, the Thompson component C, is the set of
all b € AT such that R(b) = S, so that C, can be naturally identified with the space
of all positive invertible operators in L(S) and, thus, C, is a homogeneous space of
GL(S) (see [7] for details).

For p € P, denote by YO, the unitary orbit of p, YO, = {upu* : w € U}. The
following description of YO, can be found in [3]: the action of G over YO, given by the
map 7, : G — UO,, Tp(g) = Pgpg—1 = Pyrp), 9 € G defines an analytic homogeneous
space. The structure group is the isotropy group

I,={9€G:Pprpy=p}={9€G:(1—p)gp=0 and pgp € Gpap},

which is an union of connected components of the group of invertible elements of the
subalgebra
Ty(A)={a€e A: (1 -plap=0} C A



of p-upper triangular elements of A. This algebra is the tangent space at the identity
of the group I,. It is also the kernel of the differential (7'r,); of m, at 1, because
(T'mp)1(a) = (1 — p)ap, for all a € A. The homogeneous space given by 7, : G — UO,,
admits a reductive structure given by the horizontal space H, = (1 — p).Ap which can
be homogeneously transported to all elements of G. Note that this horizontal space
can be naturally identified with the tangent space T'(UO,), of UO, at p, via the map
x — x+ 2%, v € H, This connection gives rise to natural covariant derivative and
parallel transport on U4O,. Given z € (1 — p)Ap and X = x — z*, the geodesic v,
starting at p with v,(0) = z + z* is

Ye(t) = eXpe™X | tecR.

The Finsler structure of YO, is obtained by taking the usual norm of the tangent
vectors at any point. It allows to compute the length of smooth curves with the usual
formulae. In [10], it has been proved that if p,r € YO, and ||p — r|| < 1, then there
exists a unique geodesic of /O, joining them and it has minimal length.

3 The orbit of a positive operator with closed range

Let A C L(H) be a C*-algebra and consider the action L : G x AT — AT
L(g,b) = Ly(b) = gbg* g€ G, be A",

For every a € A let p, be the orthogonal projection onto R(a). The orbit of a is
Ou ={Lya:g € G} ={gag” : g € G}.

Observe that O, C A ie. L,(Al) C Af

cr? cr?

orbit of p, i.e. YO, = {upu* : uweU}.

for all g € G. Denote UO,, the unitary

LEMMA 3.1 Leta € Al and p =p,. Then
1. O, =0,.

cr’

2. Ifbe A}, then b€ O, if and only if p, € UO,,.

Proof. Consider g = (a'/?)T 4 (1 —p). Then g € G and gag* = p, so that p and a belong
to the same orbit. Then O, = O,, because two orbits which are not disjoint must be
equal.

If b € O, there exists g € G such that gag* = b and then R(b) = g(R(a)) or,
equivalently, R(py) = g(R(p)). Then q = ggqg~' is an oblique projection with R(q) =
R(py). By Lemma 2.1, there exists u € U such that p, = upu* and then p, € O,.

Conversely if p, € UO, there exists a u € U such that upu* = py. If v = b2 +1—p,
then v € G and b = vpyv* = vupu*v*, so that b € O,. 1
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COROLLARY 3.2 Fiza€ A} and p =p,. ThenUO, = O, NP.

For a € Al let m, : G — O,, m.(g9) = Lya and define the retraction
a:0, U0,  ab)=bl=p,, beO,.

Consider also the mapping m,, : G — UOp, T, (9) = Pgpag-1, 9 € G; Tp, is a natural
action of G over UO,, (see [3]). Observe that aom, : G — UO,,, aom,(g9) = a(gag*) =
Pyr(a) = mp,(g). Therefore the following diagram is commutative:

G == 0,
BN e 1)
Uo,,.

With this diagram it is easy to relate the orbit of @ with the Thompson components
of its elements: in fact by Lemma 3.1 it follows that, if C, is the Thompson component
of a, then b € O, if and only if there exists © € U such that ubu* € C,. Then

o, = U uCyu* = U Cupur-

uel ueU

PROPOSITION 3.3 Letbe O,. Then a *({pp}) = C,.

Proof. From the characterization of the Thompson components stated in the Prelim-
inaries, ¢ € G if and only if R(c'/2) = R(b"/?), or equivalently R(c) = R(b) because
R(c) and R(b) are closed; but a(c) = cc' = p,, so that a(c) = p, if and only if p. = ps
if and only if R(c) = R(b), or equivalently ¢ € Cy. 1

Diagram (1) has at least two disadvantages: first, the map a may not be continuous ;
second, 7, may not have local cross sections. see [18].

In the following theorem we state necessary and sufficient conditions for « to be
continuous and to obtain continuous local cross sections for m,, when A = L(H). We
also give another characterization of the orbits.

THEOREM 3.4 Let H be an infinite dimensional Hilbert space and A = L(H). For
n,m € NU{0,00} such that n +m = oo, define

Ar = {a € AL : dimkera = n,dim R(a) = m}.
Let a € Af,,. Then:
1. A}, = O,

2. The mapping o : Op — UO,,, a(b) = py is continuous if and only if n < oo or
m < 00.



3. The map 7, : G — O, w.(g) = gag*® has continuous local cross sections if and
only if n < 0o or m < co.

Proof. The identity O, = A}, if a € A, can be easily deduced from Lemma 3.1.
Suppose that a € Af =~ with n < oo (the case m < oo is similar). We recall the

n,m

definition of the (Apostol’s) reduced minimum modulus of a € A:
(a) = max{c > 0: [|ag]| = cll¢]l, € € (kera)'} = inf{[lag] : € € (kera)™, [[&]| =1},

Observe that y(a) > 0 if and only if R(a) is closed. In particular, if @ > 0, then
a € A} if and only if y(a) > 0 if and only if 0 is an isolated point of the spectrum
of a. Denote by r = y(a) > 0. We shall see that, if b € O, and ||la — b|| < r/2, then
v(b) > r/2. Indeed, for £ € R(a) = kera™t, [[b¢|| > ||a&]| — ||(a — b)€]| > r/2. Hence
kerbNR(a) = {0}. Since dimkerb = dimkera = n < oo (resp. dim R(a) = dim R(b) <
00), then kerb & R(a) = H. Let g be the bounded projection onto R(a) given by this
decomposition. If n € (ker b)* then |lg(n)| = (|[7]> + (1 — ¢)n||*)/? > ||n|| so that

r r
lonll = llolgml = 5 llanll = 5l

Hence v(b) > r/2 near a. Using the continuous functional calculus (the map f(t) =
tilN[T/Qm)), the map b ~ b' and therefore also the map b +— a(b) = bb! = p, are
continuous when restricted to O,.

Since m, is surjective, in order to show that 7, has local cross sections near every

be AF

,m?

lp—q|| < 1 then they are unitarily equivalent in .4. Moreover, there exists a continuous

it suffices to show this fact just near a. By Lemma 2.1 if p,q € P and

map
si{geP: p—qll <1} = U

such that s(p) =1 and s(q)ps(q)* = q for every q. See the proof of Lemma 2.1 or [10].

For b € A}, close to a, using that p — pj is continuous, we can suppose [[p—q|| < 1.
Then by considering s(p,)*bs(py), instead of b we can assume that b is still close to a
and p, = py, i.e. kerb = kera. In this case define g(b) = b'/2(a")/2 + (1 — p,). It is
clear that g(b)ag(b)* = b. Also ¢g(b) € G, because

11— g(@)l = la'*(@")"? + (1 = pa) = g(B)]| = [I(a'/* = b*/*)(a")"?|| < 1

for b close enough to a.

Let a € AL, ,, and consider ¢ € P such that ¢ # 0, R(q) C ker(a) and dim(ker(a) ©
R(q)) = oo. Define a,, = a + +¢q, n € N. Observe that ker(a,) = ker(a) © R(q)
and R(a,)) = R(a) ® R(q) so that a, € AL = O, for every n. The fact that
ker(a,) = ker(a) © R(q) is properly included in ker(a) clearly implies that the map
b — pp cannot be continuous.

Also, observe that it is not possible that a, = g,ag’, with g, € G, g, — 1.
For, in this case it would be ker(a,) = g; ' (ker(a)) = R(g; " Per(ag;) for every n.

7



But g;_lPker(a)g;‘L — Prer(q) and this implies that Per(a,) — Prer(a) (see the proof of
Proposition 3.7 below) which is false. Thus, in this case there exists no local cross
section for the action of G on O,. 1

REMARK 3.5 Observe that in the proof above it was shown that the map b — b' is

Jr

s With n < 0o or m < oo.

continuous when restricted to O, = A

In many infinite dimensional problems, the lack of continuity is the only obstruction
for differentiability. Therefore we shall define a new metric on the orbits O,, in order
to make o a continuous map. Doing this, O, turns to be a homogeneous space of G.
The differentiable structure will be studied in the next section.

Consider the following metric on O,:
d(b, c) = [[b = cll + [[po = pell = [|b = c[| + [|(b) — a(c)], b,c € O
PROPOSITION 3.6 1. The map o : (O,, d) — UO, is continuous.

2. Forb,c e O,, d(b,c) = |[b—c|| if and only if b and c belong to the same Thompson
component; in particular d coincides with the usual metric in each component.

Proof. The continuity of a follows from the definition of d. If b, ¢ € C, then p. = a(b) =
a(c) = py so that d(b,c) = ||b — ¢||. Conversely, if d(b,c) = ||b — ¢|| then p, = p. so that
b and ¢ belong to the same component. 1

Fix a € A, For each b € O, consider the map m, : G — O,, m(g) = L(g,b) = gbg*.
Denote m = 7, and p = p,.

PROPOSITION 3.7 The map 7 : (G, || - ||) = (O,,d) is continuous and it admits
continuous local cross sections.

Proof. Note that 7 is continuous if the norm metric is considered on O,. Also, by
diagram (1), a o = m, , which is known to be continuous (see [3]). Therefore 7 :
(G, ]| ||) = (O, d) is continuous. Let b € O, such that d(b,a) < 1; then ||p, — p|| < 1,
(1 —(pp — p)?) € G and it is easy to see that if

s(b) = b2(1 = (po = )*) (@) + (1 =) (1 = (po —p)*) (1= p) € G

then mos(b) =bon {be€ O, : d(b,a) < 1}; thus s is a continuous local section of 7 in
a neighbourhood of a. If ¢ = gag*, g € G, consider s' =[;0s50 L,-1, where [, : G — G
is the left multiplication by g, then s’ is a local section of 7 in a neighbourhood of c.
This completes the proof. 1



COROLLARY 3.8 Let a € Al. Denote by I, = {g € G : gag* = a}, the isotropy
group of a by the action of G. Then the metric space (O,,d) is homeomorphic to the
quotient space G/1,, where the quotient topology is considered.

REMARK 3.9 Observe that the continuity of b — p, on O, is equivalent to the
continuity of the Moore-Penrose pseudoinverse b — b on O, (see [23]. Both are
provided by the metric d defined on the orbit.

4 Differentiable structure

Recall some definitions and results on Banach-Lie groups. As a general reference about
this subject, see, for example, [24].

DEFINITION 4.1 Given a Banach-Lie group G, a subgroup H of GG is regular if it
is a Banach-Lie group and if (T'H); is a closed and complemented subspace of (T'G);.

THEOREM 4.2 Let G be a Banch-Lie group, H C G a reqular subgroup. Then

1. G/H has a unique structure of differentiable manifold such that G — G/H is a
submersion

2. G — G/H s a principal bundle with structure group H.

3. The action G x G/H — G/H s smooth.

In order to provide O, ~ G/I, with a differential structure using Theorem 4.2, we need
to prove that I, is a regular subgroup of GG. First observe that if § is a closed subspace
of H then (S, (, )) is a Hilbert space and every positive invertible operator ¢ € L(S)
determines an inner product on § by

<€an>C:<C€7T]> ) 5) 77687

(, )e is equivalent to the original inner product (, ). Observe that, given v € L(S),
w € L(S) is the adjoint of v respect to (, ). if

<U£7 n>C = <€7 w77>07 57 77 € Sa
or, equivalently, if v*c = cw.

Consider ¢ € A} and A. = p.Ap,; as R(z) C (kerc¢)* for every x € A, we can naturally
identify A, with a subalgebra of L(R(c)), by restricting the elements of A, to (kerc)*.
Then ¢ € Gt(A.). Also A, is a C*-algebra when we consider the inner product (, ).



in R(c). Denote U, the unitary group of (A, (, ).), i.e. the operators v in G(A.) such
that
ve=cv (2)

The isotropy group I, of b € O, is the group of all g € G such that L,b =0, i.e.
I, ={g € G:gbg" =b}.

The following proposition gives a characterization of [,. First, let us denote by ay €

a 0 ) Observe that af =

L(R(a)) the compression of a to R(a), so that a = ( 0 0

ag't 0 _
( 8 0 , hence ag' = (af) .

PROPOSITION 4.3 Let g € A. Then g € 1, if and only if g € G and the matrix

gi11 912

representation of g induced by p is given by g = 0 g
22

where gi1 € Uyy—1.

Proof. Let g € I,. Then g(R(a)) = R(a) so that pgp = gp . As g € I, if and only if
g~ € I, also pg~'p = g~ 'p. Then if gi1 = pgp and w1 = pg~'p, gnwn = wiign = p
so that g11 € G(A,). Also giiaog, = ao or aggl, = giiap. Then, by (2), g1, € UaEL
Easy matrix computations show that the invertibility of ¢g;; implies that go; = 0. 1

COROLLARY 4.4 Letbe A}. Then I, is a Banach-Lie group, and

Xy X .
(ij)l - {X = ( 011 X;z ) - ./43 Xllb: _bX11}7

where we use matrixz representations in terms of p,. Therefore I is a regular subgroup

of G.

THEOREM 4.5 (O,, d) is a differentiable manifold and, for every b € O,, Cy is a
submanifold of O,. Moreover, the d-open subsets U, = {c € O, : ||p. — p|| < 1} are
diffeomorphic to the product spaces Cp X V,,, where V,, ={q € P : ||¢ — pol| < 1}.

Proof. By Propositions 3.7 and 4.3, the space (O,, d) is homeomorphic to the quotient
space G/I,. On the other hand, by Proposition 4.3, I, is a regular subgroup of the
Lie-Banach group G. Therefore there exists a unique smooth manifold structure on
G /I, which makes the quotient map (or, modulo the mentioned homeomorphism, the
map 7) a submersion.

For every b € O, the Thompson component C, of b is a differentiable manifold, [7];
also the unitary orbit of p,, UO,,, is a differentiable manifold, [10]. Then C, x UO,,
admits a structure of differentiable manifold. Fix b € O, and consider the d-open set
Uy={ce O, : |lpe—pll <1}. Now consider V,,, = {qg € P : |lg—po|l < 1}. Vj,
is a neighbourhood of p, in P and V,, C UO,,, (see Preliminaries). For ¢ € V,,, set

10



e =1—(g—py)?, then e € G* so that we can define ¢(q) = ge™/?py+(1—q)e /2(1—py).
It is easy to see that ¢(q) € U and ¢(q)pyo(q)* = q. Observe that ¢(q)(R(b)) = R(q).

Define f, : Cy x V,, — Uy, C A, by fio(c,q) = o(q)cp(q)*. As R(fi(c,q)) =
#(q)(R(c)) = ¢(q)(R(b)) = R(q), it follows that fy(c,q) € C,. Clearly f, is a C*° map.
In order to see that f; is a diffeomorphism, observe that the map h : U, — C, X V),
defined by h(z) = (¢(p.)*rd(ps), p:) is the inverse of f, and h is a C* map, because
the map x — p, is C*°: this can be easily verified by composing with . 1

REMARK 4.6 The homogeneous space (GL(S),C,,1,) mentioned in the Prelimi-
naries is a subbundle of (G, O,, I,) with the same structure group I,, see [7].

REMARK 4.7 Observe that, in general, O, is not a submanifold of A (because the
topologies induced by d and the usual norm may be different, see Theorem 3.4). So
that, in principle, we can not identify its "abstract” tangent space with the image of
the tangent map of the map 7 : G — O, C A. Each tangent space (7'O,);, should be
identify with the image of tangent map of m, : G — G/I,, because this is the way the
manifold structure of O, is constructed. However, both processes give the same result:
in fact, because the kernel of (T'm,); is the tangent space at 1 of the isotropy group, we

can identify (T'O,), with TG, /(TI,);. Recall that (T'G); = A and, by Proposition 4.3,

Xu X .
(T[b>1 - {X = ( 011 X;i ) cA: Xllb = —bX11}7

where we use matrix representations in terms of p,. On the other hand, if we consider
(Tm): : A — A, it is easy to see that (T'm,)1(Y) = Yb + bY™*, and it is clear that
ker(Tm,)1 = (T'1,)1. So we shall identify any abstract tangent vector (T'm,)1(Y), Y € A,
in T(O,)p with the concrete vector Yb+ bY* € A.

PROPOSITION 4.8 Forb e O, the tangent space (T'O,), identifies with the set

X, wr
{X:<Wl 0 )eA:X1:X;‘}:{XEA:XZX*,(l—Pb)X(l—Pb)20}>

where the matriz representation of X s given by py.

Proof. First consider b = a. Consider v(t) C O, a smooth curve such that v(0) = a
and 4(0) = X. Using the existence of a local cross section in a neighbourhood of a, there
exists a curve g(t) C G such that y(t) = g(t)ag(t)*, g(0) = 1, ¢(0) =Y . Computing
the derivative of v at t = 0 we get that (0) = ¢(0)a + ag(0)* or X =Ya + aY™.

Y1 Y
Ity = ( oo ) is the matrix representation given by p, then

x = [ Yue 0 (a¥y aYy \_ (Yiatal¥y aYy
-\ Y5ia O 0 0 N Yora 0 ’

11



X, Wwr

HenceX:<W 0

> with X; = X{. Conversely if X has this form consider

Yin Yio
Yor Yoo
we get that v = gag*, 7(0) = @ and 4(0) = X. The proof is similar for any b € O,.

Yi = 3Xial, Yo = Wal and Y = ( ) then Ya +aY* = X and if g(t) = e**

5 The transport equation

In this section we define a natural connection on the homogeneous space (G, O, I,)
by giving a smooth distribution of horizontal spaces. The existence of a connection
allows to obtain the horizontal lift for any curve v in O,, as the solution to a linear
differential equation, the so called transport equation. Then, it is possible to define a
covariant derivative and an associated notion of geodesic. Some results of existence of
geodesics are given.

First observe that the tangent map of the projection 7 at 1 € A, (T'7); : A —
(TO,), identifies with

(Tr)(X) = Xa+ aX”

and

Xy X
ker(Tm); = ( 011 X;z > € A: Xpa=—aX;}=(TI).

Observe that X is af-antisymmetric, if it is considered as an operator in L(R(a)).
Define the horizontal space at 1 as

X 0 «
Ha:{<X; 0)6./41 XHCLICLXH}

and the vertical space at 1 as V,, = (T'1,);. It is easy to see that A =V, & H, and that
the restriction of (T'7); to H,, (T7T)1| : H, — (T'O,), is an isomorphism. Explicitely,

a

(T?T)1| (X)=2Xy1a+ Xoga+aX;, , where X = ( X 0 ) € H,,

Xo1 O

Hgq

and the inverse map ((T?T)1| ) 1=K,: (TO,), — H, is given by

Hq
1 1
Ko(X) = 5pXpa’ + (1= p)Xpa' = SpXa'+ (1 —p)Xa' = (1 - g)XaT;

X, W
w0

equivalently, if X = ( ) then K,(X) = ;X a' + Wal.
For every g € G set H, , = gH, the horizontal space at g and V,, , = gV, the vertical
space at g. Then A = H,, ® V, , and this distribution of horizontal subspaces defines

a smooth connection.
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Given a smooth curve v C O,, a smooth curve I' C G is a lift of v if v = 7n([") =
TCal'* and T is a horizontal lift of v if T'is a lift of vy and ' € H,r.

LEMMA 5.1 T is a horizontal lift of v if and only if T is a solution to T = K, (y)T.

Proof. To prove this assertion suppose first that I' is a horizontal lift of v. Differen-

tiating 7(I') = v we get (T'm)r(I') = 4. Also, from 7 = Lyomol,-1, g € G, where [, is
the left multiplication by g, we obtain, at g =T, that (T'7)r = (T'Lr)o(T7)1lr-1, then
(TLy)o(Tm)1(P7'T) =4, or (Tm) (DT = (T'L,); 5.

I e H,r because T is horizontal; then [T € H, so that 7" = K. (TL,); 5.
Now observe that K., = AutrK,(TL,);", where Aut,(h) = ghg™', g,h € G. Then
I = K, (4)T. | |

Conversely, if I' is a solution to I' = K, (¥)I" then I'T™' = K (%) € Hr = TH,I'";
therefore I € H,=TH,r and I' is horizontal.

PROPOSITION 5.2 Consider v : [0,1] — O, a smooth curve such that v(0) = a
and T : [0,1] — G a lift of v. Then T is horizontal if and only if T is the solution to
the differential equations

p,(TT" = 3371)p, =0
IT(1-p,) =0.
Proof. By Lemma 5.1 I is a horizontal lift of v if and only if I' is a solution to

[ = K, ()T, where K,(%) = $p, 7" + (1 = p,) i7" .
It is well known that the unique solution of a linear differential problem I' = KT,
I'(0) = 1 satisfies I'(t) € G, for all t € [0,1]. Then, I' = K, (¥)I is equivalent to

L I . .
T = opyin' + (1= )i,

or, what is the same, to
rr-ip, = ip At + (1= py)inf
IT'(1-p,) =0.
Multiplying conveniently by p, and by 1 — p, we obtain the equivalent equations

pv(l'jril . %77T)pv =0
(1=py) T =49N)p, =0
IT-1(1—p,) = 0.

But the second equation is satisfied by every lift of v, not necessarily horizontal. In fact
differentiating a = I'AT* ™! we get 4 = I'T~'y + 4TI, Then (IT~! — 471)p, =
—~T*'T*~4t and the equation follows.
Then I is horizontal if and only if
{pv(fF‘l —397p, =0
(1 —p,) = 0.
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REMARK 5.3 i) The equations in the proposition above can be rewritten as

('pyf‘af*pv)* = pvl'ﬂalﬂ*p7
ITY1-p,) =0.

ii) As we have already seen T is a horizontal lift if and only if T' = K., (¥)T.

On the other side K., = AutrK,(TLr),", where Autr(X) = TXT~! and (TLy),"
is the inverse of the tangent map of Lr at a at each ¢t € [0,1] and it is given by
(T'Lr@)," = Lp-1- Then

I = K, (Lp-17) = K (D730

so that 1
' = P I 50 Yp+ (1 —p) DR/ .

Or, equivalently, '

pr'~'T'p = 3pl T p

(1=p)I'Tp = (1—p)I 40

I'I'1—-p) =0.
Again, the second equation is verified by every lift of v and the first one is equivalent
to pI'~'I'p = (pI'"'I'p)* . Then a lift T of 5 is horizontal if and only if it satisfies

pI~'Tp = (pI''T'p)*
I"'I'(1-p) =0.

If a € GT then C, = O, = G*. The geometric structure of this set has already
been described, [9] and [6]. If « : [0,1] — GT is a smooth curve the length of « is
defined as L(a) = [y ||o'/2aa~"/?||dt; this is the natural definition considering the

Finsler metric defined in G* (see the references above).

Consider the map m, : G — O, defined by 7,(g) = gpg*, g € G.

PROPOSITION 5.4 If Ty : [0,1] — G is a horizontal lift (with respect to w,) of
v :[0,1] — O, then

ITg 9151 = 1T 'To + (Fg 'To)* |l = fla™2aa™2]) = Jlalla

where a C G is the curve o = TT* so that L(a) = [y ||&]ladt = [y |Tg 5T dt.
Moreover, Ty is a solution of the variational problem

1 .
min / lpT 11| dt,
0
where the minimum is taken over all lifts of ~.
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Proof. T is a lift of v if and only if v = I'pI™*. Then computing the derivative of
p =TT ! we get that T3 = I~!T'p + pI*I* . If Ty is horizontal then Ty
satisfies Fglf‘op = Fglfo so that Iy 'AIs ™! = Fglfo + (Fo_lfo)*.

Now consider a = T’y € G*, then ['y(t) = al/?(t)u(t), with u(t) C U. Then
& = Dol + Dol or Tgtals ™ = Ty + (Do) , so that ||[Tg Ty + (Do) =
ITo arg | = [la—t/2da 1],

Also pI'g'To = pl'g 'Top = 3pg 4T~ 'p so that [[pl'y'Toll = §[IpLy 4T3 pll

If T is any lift of v then v = ['pl™* and ||[pI' AT 'p|| = ||pL' "' Tp + p(D~)*p|| <
2[[pr~'Tp|| < 2/[pl 1. '

: Xy W
Given X € (TO,)q, then X = w0

v C O, such that 7(0) = a and 4(0) = X. If v = ['al™ then I" verifies

) with X; = X;. We look for a geodesic

I'= K, (X)T

0

with K,(X) = (3X; + W)a' = (53X, + W)a~! where a = ( g 1 ) € G. Then

F(t) _ 6tKa(X) _ et(%XH—VV)aJr

and
"Y(t) — etYaTaetaTY*

where Y = %Xl + W. Observe that Y +Y* = X and Y = Yp. Easy computations
show that

() = ae e — (1 p).

and that v(0) = a, 4(0) = X.

REMARK 5.5 Ifa € G,1—p=0,a=aand Y = X; = X then y(t) = ae’ ¥ is
the usual geodesic as in the invertible case. Observe that v can also be expressed as

7@) _ aetaleetgle* + (1 ta 'Y talv* 1)‘

—p)e* Ve

In particular, if @ = p then @ = 1 and (t) = €'Y e — (1 —p). Finally, if b and ¢ belong

to the same component there exists a unique geodesic with endpoints b and ¢ and it
coincides with the geodesic provided by the structure studied in [7].

Some questions: Some of the results about the orbit of a closed range positive
element remain valid if the closed range condition is dropped. However in this case
it is not obvious how to provide O, with a differentiable structure compatible with
the structure of homogeneous reductive space of its Thompson components, as in the
closed range case.

15



References

1]

(6]

[7]

[13]

Amari, S. I. and Nagaoka, H.: Methods of information geometry Transla-
tions of Mathematical Monographs. 191. Providence, RI: American Math-
ematical Society (AMS). Oxford: Oxford University Press.

Amari, S. I.; Barndorff-Nielsen, O. E.; Kass, R. E.; Lauritzen, S. L. and
Rao, C.: Differential geometry in statistical inference, IMS Lecture Notes-
Monograph Series, 10. Hayward, CA: Institute of Mathematical Statistics.
iii, 240 p. (1987).

Andruchow, E.; Corach, G. and Stojanoff, D.: Projective spaces of a C*-
algebra, Integral Equations and Operator Theory 37 (2000) 143-168.

Bougerol, P.: Kalman filtering with random coefficients and contractions
SIAM J. Control Optimization 31, (1993) 942-959.

Campbell, L. L.: An extended Chentsov characterization of the informa-
tion metric Proc. Am. Math. Soc. 98, (1986) 135-141.

Corach, G. and Maestripieri, A.: Differential and metrical structure of
positive operators, Positivity 4 (1999) 297-315.

Corach, G. and Maestripieri, A.: Differential geometry on Thompson’s
components of positive operators, Reports on Mathematical Physics 45
(2000) 23-37.

Corach, G. and Maestripieri, A.: Geometry of positive operators and
Uhlmann’s approach to the geometric phase. Rep. Math. Phys. 47, (2001)
287-299.

Corach, G.; Porta, H. and Recht, L.: The geometry of spaces of selfad-
joint invertible elements of a C*-algebra, Integral Equations and Operator
Theory 16 (1993) 333-359.

Corach, G.; Porta, H. and Recht, L.: The geometry of spaces of projections
in C*-algebras. Adv. Math. 101 (1993) 279-289.

Dabrowski, L. and Grosse, H.: On quantum holonomy for mixed states
Lett. Math. Phys. 19, (1990) 205-210.

Dabrowski, L. and Jadczyk, A.: Quantum statistical holonomy, J. Phys.
A, Math. Gen. 22, (1989) 3167-3170.

Dittmann, J.: On the Riemannian metric on the space of density matrices
Rep. Math. Phys. 36, (1995) 309-315.

16



[14]

[15]

[16]

[17]

[18]

[24]

[25]

[26]

[27]

28]

Dittmann, J.: Some properties of the Riemannian Bures metric on mixed
states J. Geom. Phys. 13, (1994) 203-206.

Dittmann, J. and Rudolph, G.: On a connection governing parallel trans-
port along 2 x 2 density matrices. J. Geom. Phys. 10, (1992) 93-106.

Dittmann, J. and Rudolph, G.: A class of connections governing parallel
transport along density matrices. J. Math. Phys. 33, (1992) 4148-4154.

Douglas, R. G.: On majorization, factorization and range inclusion of
operators in Hilbert space, Proc. Amer. Math. Soc. 17 (1966) 413-416.

Harte, R. and Mbekhta, M.: On generalized inverses in C*-algebras. Studia
Math. 103 (1992) 71-77.

Hiai, F. and Petz, D.: Quantum mechanics in AF C*-systems Rev. Math.
Phys. 8, 819-859 (1996)

Hiai, F.; Petz, D. and Toth, G.: Curvature in the geometry of canonical
correlation Stud. Sci. Math. Hung. 32 (1996) 235-249.

Kass, R. E.: The geometry of asymptotic inference. Stat. Sci. 4, No.3
(1989) 188-234.

Kato, Y.: An elementary proof of Sz.-Nagy theorem, . Math. Japon. 20
(1975) 257-258.

Labrousse, J-Ph. and Mbekhta, M.: Les operateurs points de continuité
pour la conorme et I'inverse de Moore-Penrose, Houston Journal of Math.
18 (1992) 7-23.

Lang, S.: Differentiable Manifolds, Addison—Wesley, Reading, Mass. 1972

Liverani, C. and Wojtkowski, M. P.: Generalization of the Hilbert metric
to the space of positive definite matrices. Pac. J. Math. 166 (1994) 339-555.

Murray, M. K. and Rice, J. W.: Differential geometry and statistics. Mono-
graphs on Statistics and Applied Probability, 48. Chapman & Hall, Lon-
don, 1993.

Sz.-Nagy, B.:  Spectraldarstellung Linearer Transformationen des
Hilbertschen Raumes, Ergebn. Math. Grenzgebiete, 39, Springer, Berlin,
(1942).

Nussbaum, R. D.: Hilbert’s projective metric and iterated nonlinear maps.
Mem. Amer. Math. Soc. 391 (1988).

17



[29]

[30]

[31]

[36]

Ohara, A.; Suda, N. and Amari, S. [.: Dualistic differential geometry of
positive definite matrices and its applications to related problems Linear
Algebra Appl. 247 (1996) 31-53.

Ohara, A. and Amari, S. I.: Differential geometric structures of stable
state feedback systems with dual connections Kybernetika 30, (1994) 369-
386.

Petz, D.: Geometry of canonical correlation on the state space of a quan-
tum system J. Math. Phys. 35, No.2 (1994) 780-795.

Petz, D.: Quasi-entropies for finite quantum systems Rep. Math. Phys.
23, 57-65 (1986).

Thompson, A. C.: On certain contraction mappings in a partially ordered
vector space, Proc. Amer. Math. Soc. 14 (1963) 438-443.

Uhlmann, A.: Parallel transport and holonomy along density operators
Differential geometric methods in theoretical physics, Proc. 15th Int.
Conf., DGM, Clausthal/FRG 1986 (1987) 246-254.

Uhlmann, A.: Parallel lifts and holonomy along density operators: Com-
putable examples using O(3)-orbits Gruber, Bruno (ed.), Symmetries in
science VI: From the rotation group to quantum algebras. Proceedings of
a symposium held in Bregenz, Austria, August 2-7, 1992. New York, NY:
Plenum Press. (1993) 741-748.

Uhlmann, A.: Density operators as an arena for differential geometry Rep.
Math. Phys. 33 (1993) 253-263.

18



