THEORY OF BRAIDED HOPF CROSSED PRODUCTS

JORGE A. GUCCIONE AND JUAN J. GUCCIONE

ABSTRACT. We define a type of crossed product over braided Hopf algebras, which
generalizes the ones introduced by Blattner, Cohen and Montgomery and Doi and
Takeuchi, and we study some of its properties. For instance, we prove a Maschke’s
Theorem for these new crossed products and under suitable hypothesis we construct
a natural Morita context which extends the one obtained by Cohen, Fischman and
Montgomery.

1. INTRODUCTION

The classical notion of Hopf crossed product was introduced in [B-C-M] and [D-T]
as a natural generalization of group crossed product to the context of Hopf algebras.
These algebras are constructed in the following way: given a Hopf algebra H, an
algebra A, a weak action h®a +— h-a of H on A and a cocycle f: H®Q H — A, the
crossed product A# ;H is the vector space A ® H endowed with the multiplication

(a#th)(b#1) = Y alhq) - b) f(he) @ lo) #hs)le)-
(D

To ensure that A#¢H is an associative unitary algebra, the action and the cocycle
must verify suitable conditions. In [G-G] we proposed a generalization of this
concept introducing a map s: H ® A — A ® H compatible with the algebraic
structures of H and A. When s is the flip, we recover the notion introduced in [B-
C-M] and [D-T]. In this paper we extend the definition given in [G-G] by allowing
H to be a braided Hopf algebra, and we study some properties of the resulting
algebras. Our aim is not to get the most wide possible notion of crossed product,
but is to introduce a type of crossed product, that includes the classical ones,
the automorphism type Ore extensions and the ones considered in [B] and [M],
showing that many of the well known results for standard Hopf crossed products,
that appears in Montgomery’s book [Mo], remains valid in this new context.

This paper is organized as follows: In Section 2 we recall a very general definition
of crossed product given in [Br] and we review some results that we will need later.
In Section 3 we recall the definitions and basic properties of braided bialgebras
and Hopf algebras, following the intrinsic presentation given in [T1]. In Section 4
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we introduce the notion of transposition and we study its properties. In Section 5
we adapt to our context the notions of H-comodule and H-module algebras. In
Section 6 we generalize the concepts of weak and true actions of a Hopf algebra on
an algebra and, for the last ones, we introduce the associated smash products. In
Section 7 we study the ring of invariants of such an action. In Section 8 we generalize
to our setting the Morita context considered in [C-F-M]. This is one of our main
results. In Section 9 we introduce the crossed products to be studied in this paper.
In Section 10 we give intrinsic characterizations of these crossed products as a sort
of cleft extensions and normal Galois extensions. For the case considered in [B] and
[M] the first characterization was obtained in [A-V]. In Section 11 we show that our
crossed products satisfy Maschke’s Theorem. Finally, in Section 12, we determine
necessary and sufficient conditions for two crossed products to be equivalent in a
natural sense.

Some, but not all, of the questions studied in this paper were considered in [G-G],
for the case where H is a standard Hopf algebra.

In this article we work in the category of vector spaces over a field k. Then we
assume implicitly that all the maps are k-linear maps. The tensor product over & is
denoted by ®, without any subscript. Given a vector space V and n > 1, sometimes
we let V™ denote the n-fold tensor product V ® --- ® V. Given a vector spaces
UV, Wandamap f: V — W we write UR f for idy @ f and f®RU for f®idy. We
assume that the reader is familiar with the notions of algebra, coalgebra, module
and comodule. Unless otherwise explicitly established we assume that the algebras
are associative unitary and the coalgebras are coassociative counitary. Given an
algebra A and a coalgebra C, welet u: AQA— A, n:k— A, A: C - C®C and
€: C — k denote the multiplication, the unit, the comultiplication and the counit,
respectively, specified with a subscript if necessary. Moreover, given k-vector spaces
Vand W, welet 7: VW — W ® V denote the flip 7(v @ w) = w Q v.

Some of the results of this paper are valid in the context of monoidal categories.
In fact, in this article we use the nowadays well known graphic calculus for monoidal
and braided categories. As usual, morphisms will be composed from up to down
and tensor products will be represented by horizontal concatenation in the corre-
sponding order. The identity map of a vector space will be represented by a vertical
line. Given an algebra A, the diagrams

Yoo 1 M and
stand for the multiplication map, the unit, the action of A on a left A-module
and the action of A on a right A-module, respectively. Given a coalgebra C, the

comultiplication, the counit, the coaction of C' on a right C-comodule and the
coaction of C on a left C-module will be represented by the diagrams

A Lo bk and Ao

respectively. The maps ¢, s, x, F and f, which appear in Definition 3.1, 4.1, 2.2
and Proposition 9.1 will be represented by the diagrams

Xo Xo X0 a0
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respectively. The inverse maps of ¢ and s (when s is bijective) will be represented
by

X and X

Finally, any other map g: V — W will be geometrically represented by the diagram

o -

Let V, W be vector spaces and let ¢: VW — W ®V be a map. If V
is an algebra, then we say that c¢ is compatible with the algebra structure of V' if
cmeaW)=Waenand c(pe@W)=Waopu) (caV)(Vec). If Vis a coalgebra, then
we say that ¢ is compatible with the coalgebra structure of V if (W ®¢€)c=e@ W
and (W@A)e=(c®V) (Vec) (A®W). Finally, if W is an algebra or a coalgebra,
then we introduce the notion that ¢ is compatible with the structure of W in the
obvious way.

2. BRZEZINSKI’S CROSSED PRODUCTS

In this section we recall a very general definition of crossed product, introduced
in [Br], and its basic properties. For the proofs we refer to [Br] and [B-D].

Throughout this section A is a unitary algebra and V' is a vector space equipped
with a distinguished element 1 € V.

Definition 2.1. Given maps x: V® A - AV and F: VRV - ARV, we
let A#V denote the algebra (in general non associative and non unitary) whose
underlying vector space is A ® V' and whose multiplication map is given by

pagy = peV)(p@F)(A@x®V).
The element a @ v of A#V will usually be written a#v. The algebra A#V is called
a crossed product if it is associative with 1#1 as identity.

Definition 2.2. Let x: V@ A—-A®@V and F: V®V — A®V be maps.

(1) x is a twisting map if it is compatible with the algebra structure of A and
x1®a)=a®1.

(2) Fisnormal if F(1®v) = F(v®1) = 1®wv, and it is a cocycle that satisfies
the twisted module condition if

= =
f\:}'\ and A= ) where ¥ = x and (Z9 = F.

More precisely, the first equality says that F is a cocycle and the second
one says that F satisfies the twisted module condition.
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Theorem 2.3 (T. Brzezinski). If x is a twisting map and F is a normal cocy-
cle that satisfies the twisted module condition, then the algebra A#V is a crossed
product.

Note that the multiplication of a crossed product verifies:

(1) papy (a#l ® b#v) = ab#v.

Conversely it is easy to check that each associative multiplication that satisfies (1)
is the multiplication of a crossed product. The twisting map x and the cocycle F
are given by x(v®a) = (1®v)(a®1) and Flv @ w) = (1 @ v)(1 @ w).

Next, we mention some few more results.

Proposition 2.4. Let A#V be a crossed product and let B be an algebra. Given
an algebra morphism a: A — B and a map B: V — B such that

(1) (1) =1,

(2) pla®@pf)x=pBea),

(3) pla@B)F=pn(Bep),
there exists a unique algebra morphism v: A#V — B verifying v(a#1) = a(a) and
v(1#v) = B(v). Conversely, if v: A#V — B is an algebra morphism, then the
maps a(a) = vy(a#l) and B(v) = v(1#v) verify (1)-(3).
Proposition 2.5. An algebra B is isomorphic to a crossed product A#V iff there
are maps 4 4&>B<B— v » such that a is a morphism of algebras, 1 = (1)

and p(a® B): A®V — B is an isomorphism of vector spaces.

Example 2.6. (Twisted tensor products) Let B be an algebra, x: B&A — A® B
a twisting map and F: B® B — A ® B the trivial cocycle F(v @ v') = 1@ vv'.
It is immediate that F is normal, and verifies the cocycle condition. Moreover the
twisted module condition reduces to (A® u) (x ® B) (B® x) = x (0 ® A). Hence,
X is a twisting map in the sense of [C-S-V] and (B, A, x) is a matched pair of
algebras. The crossed products A ®, B, constructed from these type of data are
called twisted tensor products or matched products. These algebras, which are a
direct generalization of the tensor products, were studied in [C-S-V] and [Ta].

We finish this section by introducing a definition that we will need later.

Definition 2.7. Let x: V® A — A®V be a twisting map. A subalgebra A’ of A
is stable under x if x(V® A') C A QV.

3. BRAIDED BIALGEBRAS AND BRAIDED HOPF ALGEBRAS

Below, we recall the concepts of braided bialgebra and Hopf algebra following
the presentation given in [T1].

Definition 3.1. A braided bialgebra is a vector space H, endowed with an algebra
structure, a coalgebra structure and a bijective Yang Baxter operator ¢ € Endy(H?)
(called the braid of H), such that: ¢ is compatible with the algebra and coalgebra
structures of H, n is a coalgebra morphism, € is an algebra morphism and Ay =
(nop) (Hoc@H) (A®A). If moreover there exists a map S: H — H, which is the
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inverse of the identity in the monoid Homy(H, H) with the convolution product,
then we say that H is a braided Hopf algebra and we call S the antipode of H.

Usually H denotes a braided bialgebra understanding the structure maps, and c
denotes its braid.

Remark 3.2. Assume that H is an algebra and a coalgebra and ¢ € Auty(H?) is
a solution of the Yang-Baxter equation, which is compatible with the algebra and
coalgebra structures. Then H is a braided bialgebra with braid cif A: H - H®.H
and €: H — k are morphisms of algebras.

Definition 3.3. Let H and L be braided bialgebras. A map g: H — L is a
morphism of braided bialgebras if it is a morphism of algebras and coalgebras, and

clgwg)=(9g®g)c

Let H be a braided Hopf algebra. It was proved in [T1, Proposition 5.5] that
¢ commutes with S (that is ¢(S®@ H) = (H® S)cand ¢(H® S) = (S® H)¢).
Moreover, it is also true that Sn =1, Spu = p(S® S)c, €S = eand AS =
c¢(S ® S)A. Finally, if L is another braided Hopf algebra and g: H — L is a
morphism of bialgebras, then ¢ S = Sg.

Example 3.4. Let V be a vector space and c: V®V — V ® V a bijective Yang
Baxter operator. Let T(V') be the tensor algebra of V. It is clear that there exists
a unique Yang Baxter operator ¢: T(V) @ T(V) — T(V) ® T(V), which extends
c: VeV — V®YV and is compatible with the algebra structure of T'(V'). Now,
from the universal property of T'(V), it follows that there are unique algebra maps
A:TV)=TV)®:.T(V)and e: T(V) — k, such that A(v) =1®v+0v® 1 and
e(v) =0, for all v € V. It is easy to check that T'(V'), endowed with these structure
maps, is a braided Hopf algebra, with braid ¢ and antipode map S determined by
S(v) = —v, for all v € V and S(zy) = pr)((S @ S)(c(z @ y))). We let T.(V)
denote this braided Hopf algebra.

Example 3.5. Let H be a braided bialgebra. If I C H is an ideal, a coideal and
cI@H+H®I) CI®H+ H®I, then the quotient vector space H/I has a unique
braided bialgebra structure such that the canonical projection 7: H — H/I is a
braided bialgebra map. Moreover, if H is a braided Hopf algebra and S(I) C I,
then H/I is a braided Hopf algebra.

Example 3.6. Let T.(V) as in Example 3.4. If ¢* = idy, then the ideal of T(V)
generated by v @ w — ¢(v ® w) for all v,w € V, satisfies the conditions mentioned
in Example 3.5. The quotient braided Hopf algebra is called the symmetric algebra
of V respect to ¢, and it is denoted S.(V).

Example 3.7. Let ¢ € k. Recall that the r-dimensional quantum affine space
kg[z1,...,z,] is the k-algebra generated by variables z1, ..., z, and relations z;z; =
gz, for i < j. This algebra is a braided Hopf algebra via the comultiplication A,
the counit € and the braid ¢ determined by A(z;) =1® z; +z; ® 1, e(x;) = 0 and

qr; @ T if ¢ < 7,
clz; @) =4 &, Qw; if i =7,

¢ lr; @ x; ifi>j.
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In fact, this is a particular case of Example 3.6. It is easy to check that

P
x;nl N x:,n"“r?l PP x?r = q 1<j nimjl';nl—‘rnl PN :L-ZlT+nr7
P " m
- ._hjl; v h l
Ay e = S et (e et st
h1+l1=m1,.4.,hr—&F->lT=mr o v=1 v
c(m"lnl . aj:nT ® x"lll . x:"‘) =q i<y TG T s nimjx?l .. .'I;?T ® le - x:‘nT_

Finally, the antipode is the map S(z]" .- zr) = (—1)matFtmegt . gmr - This
braided Hopf algebra is a particular example of the quantum linear spaces, which
were studied in [A-S].

Remark 3.8. If H is a braided bialgebra, then H ® H is an algebra H ®. H, with
unit n®n and multiplication map (u®p) (H®c® H), and it is a coalgebra H ®° H,
with counit € ® € and comultiplication map (H ® ¢ ® H) (A ® A). Moreover, if ¢
is involutive then H ® H, endowed with these structures, is a braided bialgebra
H ®¢ H, with braid (H®c® H) (¢c®¢) (H ® c® H). Finally, if ¢ is involutive and
H is a braided Hopf algebra, then H ®¢ H also is, with antipode S ® S.

Remark 3.9. Let H be a braided bialgebra. A direct computation shows that
H= (H, pur,m,7A, €) is a braided bialgebra with braid ¢ := rer, where 7: HQ H —
H ® H, denotes the flip. Moreover if H is a braided Hopf algebra with antipode .S,
then H is also.

Remark 8.10. If H is a braided bialgebra, then HP := (H,uc ' n,Ae) and
HSP = (H, pu,n,c 1 A, €) are braided bialgebras, with braid ¢~!. By combining
these constructions we obtain the braided bialgebras HP P := (H, et n,c A, €)
and HSPOP := (H, puc,m,c~t A, €), with braid c¢. Moreover, if S is an antipode for
H, then S is also an antipode for H2P°°P and HS°PP, and if S is bijective, then
the composition inverse of S is an antipode for H2P and HZ°P. For a proof of these
facts see [A-G, Prop. 2.2.4].

3.1. Rigid braided bialgebras

In this subsection we recall the definition and some properties of rigid braided
bialgebras, that we will need later.

Let H be a finite dimensional braided bialgebra, ev: H*® H — k the evaluation
map ev(¢ @ h) = ¢(h), where ¢ € H* and h € H, and coev: k — H @ H*
the coevaluation map coev(1l) := ) . e; ® e, where {e;} and {e}} are bases of H
and H*, respectively, dual to each other. Lyubashenko [L1] has introduced the map
& H*®H — H®H*, defined by: ¢ := (ev@HRH*) (H*®cH*) (H*® H®coev).

Definition 3.11. A finite dimensional braided bialgebra H is called rigid if the
map ¢” is bijective.

Let H be a rigid braided Hopf algebra.
Theorem 3.12 [T2, Theorem 4.1]. The antipode S is bijective.

Definition 3.13. An element ¢t € H is a left integral if ht = e(h)t, for all h € H,
and it is a right integral if th = e(h)t, for all h € H. We let fllq denote the set of
left integrals and we let | ;I denote the set of right integrals.
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Theorem 3.14 [L2, Theorem 1.6], [F-M-S, Corollary 5.8], [T2, Theorem 4.6], [D1,
Theorem 3. The sets fIl{ and f; are one dimensional vector subspaces of H.

Theorem 3.15 [T1, Section 7]. The sets fIl{ and [;, verify c(fll{ ®@H)=H® fIl{,
C(H® [h) = [LeH, o[foH) =Ho [} and c(H® [}) = [} H.

Corollary 3.16. There exist unique isomorphisms of braided Hopf algebras
fbooH—-H and  fi:H— H,

such that c(h®t) = t ® fL(h) and c(u ® h) = fi(h) @ u, for all t € fIl{ \{0},
ue [;,\{0} and h € H.

Corollary 3.17. Let t € [5,. Since S(t)S(fi(h)) = u(S@ S)e(h @ t) = S(ht) =
e(h)S(t) = e(S(f4(h)))S(t), we have S(f;_l) = [4;- In a similar way it can be proved
that S([;;) = ffll Moreover, using Corollary 3.16, it can be proved that f;l = fgop

and [, = lefgp'

Remark 3.18. Using that ¢ and S are compatible, S(f;I) = [ and S([};) = fIl{, it
is easy to see that c(t®h) = fi(h)®@t and c(h®@u) = u® fL(h), for all t € flli \{0},
u € [;;\{0} and h € H. From this it follows easily that there exists ¢ € k\ {0}
such that ¢c(t ®t) = gt ® t and c(u ® u) = qu ® u.

Let ¢t be a non zero left integral. There is an algebra map «: H — k such that
th = a(h)t, for all h € H. This map « is called the modular function. From
Corollary 3.17 and Remark 3.18 it follows that if u is a non zero right integral, then

hu = a(S(f};(h)))u.
Theorem 3.19 [T2, Section 7]. We have (a®@H)c= H®a and (HRa)c = a® H.

Let H be arigid braided bialgebra and let ¢: H*Q@H* — (H® H)* be the isomor-
phism defined by ¢(f ®g)(x®y) = g(z) f(y). Then H* is a braided bialgebra, with
the structure defined by cy- := ¢~ tc* @, pg- = A*d)c,}l, Apg- = cy- ¢~ ¥,
N+ = €%, eg+ :=n*. Furthermore if H is a braided Hopf algebra with antipode .5,
then H* is also and the antipode of H* is Sy« := S*. For a proof of this assertion
see [A-G, Lemma 2.2.3].

Theorem 3.20 (Maschke’s Theorem). A rigid braided Hopf algebra H is semi-
simple iff there exists t € fép such that €(t) # 0.

Using this theorem it is easy to see that if H is semisimple, then |, 151 =/ I; and
the maps fi; and fL of Corollary 3.16 are the identity maps.

4. TRANSPOSITIONS

Let H be a braided bialgebra and let A be an algebra. In this section we
introduce a particular type of twisting maps of H on A, called transpositions,
which are compatible with the braided bialgebra structure of H.
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4.1. Definition, basic properties and examples

Definition 4.1. A transposition of H on A is a twisting map s: H@ A - A H
that satisfies the equation (s @ H)(H® s)(c® A) = (A®c)(s® H)(H ® s)
(compatibility of s with ¢) and is compatible with the bialgebra structure of H.
When H is a braided Hopf algebra we require that s(S® A) = (A® S)s. By
Proposition 4.3 below, this condition is automatically verified when s is a bijective
map.

Remark 4.2. Using the compatibility of s with ¢, it is easy to check that s is a
transposition of H on A iff it is a transposition of HSP on A and that this happens
iff s is a transposition of H°P on A. Moreover, a direct computation shows that,
if 5 is a bijective map, then s is a transposition of H on A iff 5! := 75 7 is a
transposition of H on A°P, where H is the braided bialgebra of Remark 3.9 and
A°P is the opposite algebra of A.

The following result is a variant of Proposition 5.5 of [T1] and its proof is iden-
tical.

Proposition 4.3. Let H be a braided Hopf algebra, A a vector space and let s: H®
A — A® H be a bijective map. If s is compatible with the bialgebra structure of H,
then s(S® A) = (A® 9)s.

The following result generalizes Proposition 2.1.5 of [G-G] and it can be proved
in the same way.

Proposition 4.4. Let Prim H be the space of primitive elements in H. For each
transposition s: H @ A — A® H, it is true that s(PrimH ® A) CA®PrimH.

Example 4.5. Let T,(V) be as in Example 3.4. Amap s: V@A — A®V extends
to a transposition of T,(V) on A iff

y s S SRR
i)Q:T‘\/7 ii)%:@ i iii)%:%.

If ¢? = id, the same fact is valid for the quantum symmetric algebra S.(V).

Remark 4.6. In relation to Example 4.5 it is useful to note that:

(1) If A is the tensor algebra T.(W), then each map s: VoW — W@V
verifying (s @ V) (V@ s)(c@W) = (W®Rce)(s®V)(V®s) extends to a
unique map s: V® A — A® V that satisfies conditions i), ii) and iii).

(2) Assume that ¢, = id. If A is the symmetric algebra S.(W), then each map
$: VW — WV verifying (s@V) (V®s) (c@W) = (WRe) (s@V) (V®s)
and (e @ V)(WRs)(s@W)=(W®Rs)(s®W)(V®cw) extends to a
unique map s: V® A — A® V that satisfies conditions i), ii) and iii).
Example 4.7. Let k,[0/0X] = ky[:2-, ..., -2-] and ky[X] = kq[z1,. .., x,] be two

Oz’ ) Oz

r-dimensional quantum affine spaces (see Example 3.7) and let p € £\ {0}. Item (2)
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of Remark 4.6 implies that the map s: (9/0X) ® (X) — (X) ® (0/0X), defined by

9
¢l 5— ifi<j,

al’j
O ou)=d pmo 2 ifi=j
S 371‘] T | = bx; 5xj =7
0 e
qr; ® — if1> 7,
ax]-

determines a transposition of kq[0/0X] on k4[X].

Example 4.8. Let A and B be algebras and let A ®, B be a twisted tensor
product (see Example 2.6). Let sy: H® A - A® H and sg: H® B— B® H be
transpositions. It is easy to check that if

(X@H)(B®sa)(sp®A)=(A®sp)(s4®B)(H®Y),

then (A® sp) (s4 ® B) is a transposition of H on A ®, B.

Example 4.9. Let H be a braided bialgebra and let s: H® A — A® H be a
transposition. Assume that the braid ¢ of H is involutive. Using Corollary 4.21
below, it is easy to check that (s ® H) (H ® s) is a transposition of H ®¢ H on A.

4.2 Transpositions of Groups

The aim of this subsection is to characterize the transpositions of a group algebra
k[G] on an algebra A. We begin noting that each map s: k[G] ® A — A ® k[G]
determine univocally maps af: A — A (z,y € G), by s(x®a) =3 g 0a¥(a) ®y.

Proposition 4.10. s is a transposition iff, for all x,y,z € G, the following condi-
tions hold:

(1) o (v e G)is a complete family of orthogonal idempotents,

x

(2) of =1id,
3) Ay =2 pw=s 0 Oy,
(4) oz (1) =1,
(5) af(ab) =3, cq az(a)ai(b).
Proof. It is easy to see that s is a transposition iff a¥ = afc: and ay o) = ay/ ag,

for all ,y,v,w € G, and properties (1)-(5) are verified. Hence, we must prove that
(1)-(5) imply the first two equalities. From (1), (2) and (3), we have

1 -1 -1 -1 -1
Yy Yy U U —_ Y A Y _ v v Y — Y
Q= E Q01 = O Ozx,l = E Qg O 1 Oéx,l = az,l.

velG velG

This prove the first equality. By (1), in order to prove the second one it suffices to

Z’)z and a¥ (v/ € @) is a com-
plete family of orthogonal idempotents, it suffices to check that o} o) af o/ (a) =

verify that a;”l ay o) =0 if w # w'. Since oy = («
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0, for each v € G, a € Imay’. Let 2/ = v'w’ and z = vw. First suppose z # 2'.
Then, we have

0=aZ, o ( > ol a ) (Z al 0‘2) @= 3 af af a¥a¥(a).
T/S/fz/ rs=z T/S/:Z,
Because the images of the maps o (' € @) form a direct sum, from the above
equalities it follows that o a;“l oy ay’(a) = 0, as desired. Now, suppose z = v'w’ =
vw. Then, we have

Zaa az,(a) = (a Zaaaa(a)

rs==z rls! =z

Because the images of the maps o, (r’ € G) form a direct sum and v/ # v, the last
g apay(a)=0. O

Proposition 4.11. Let s: k[G]® A — A ® k[G] be a map. Given z,y € G, we
write AY ={a € A:s(x®a) =a®y}. We have that s is a transposition iff the
family AY(s) verifies:

(1) @yGG AY = A, forallx € G,

equations imply that a;/ «

(2) A
(3) A @vw LALNAY, forall z,y, 2 € G,
(4) 1€AI for all x € G,

)

(5) Ifa € AY and b € A%, then ab € A%, for all v,y,z € G.

Proof. Tt is immediate that if s is a transposition, then (1), (2), (4) and (5) are
verified. It is easy to check that the maps aj ay’ (v,w € G) are a complete family
of orthogonal idempotents. So,

Pa,=4= P Arnay.

z€G v,weG

Since A7 N A C AZY, also (3) is valid. To prove the inverse assertion it suffices
to check that the idempotents a¥ € Endg(A), associated with the decompositions
A= @yeG AY. satisfy the properties enunciated in Proposition 4.10. We leave this

task to the reader. O
Remark 4.12. Using item (3) of Proposition 4.11 it is easy to prove by induction

on n that, for each finite family z1,...,z, of elements of G,
A= @ apnenan,
Y1, Yn €G

Proposition 4.13. A transposition s: k[G] ® A — A ® Ek[G] is bijective iff A =
P, AY, for each y € G. In this case

= Zy@a?j(a) forallx € G, a € A.
yeG

Proof. It is immediate that s is bijective iff, for each y € G and each a € A, there
exist x1,...,2, € G and ay,...,a, € A, unique such that s(x; ® a;) = a; ® y and
ay + - + a, = a. That is, iff A &P , for all y € G. The last assertion can
be easﬂy checked. 0O

CEGG
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Theorem 4.14. Let G be a finitely generated group and let A be a k-algebra.
Fach transposition s: kE[G] ® A — A ® k[G] determines an End(G)°P-gradation

A= ®C6End(G) A on A, by

Ac = ﬂ AP ={aeA:s(z®a)=a®((x) foralxeGY.
zeG

The map defined in this way is bijective. Moreover, a transposition s is invertible

iff Ac =0, for all ¢ € End(G) \ Aut(G).

Proof. Fix a transposition s: k[G] ® A — A ® k[G]. Let z1,...,z, be a set of
generators of G. By Proposition 4.11, for each ¢ € End(G), the homogeneous
component of degree ¢ of A is

Ac= () AL = AT e A,

Tn

zeG

By Remark 4.12, to check that A = @(EEnd(G) Ag, it suffices to see that if A%l N
-+« M AYr # 0, then there exists an endomorphism ¢ of G verifying ((x;) = y;. Let
a be a non zero element of AY1 N---N AY and let K C G be the set of all z € G
such that a € AY for some (necessarily unique) y € G. By items (2) and (3) of

Proposition 4.11, and the fact that AY = Az: for all z,y € G, K is a subgroup
of G. Since z1,...,z, € K, we have that K = G. We define ¢ by ((z) := y if
a € AY. Tt is easy to see that ¢ € End(G). By items (4) and (5) of Proposition 4.11,
A= @CeEnd(G) A¢ is an End(G)°P-graded algebra. Conversely, given an End(G)°P-
gradation A = @ cpnq(q) A¢ of 4, the formula s(z®a) = a®((z) if a € A¢ defines
a transposition. The last assertion can be easily checked. [

4.3. Transpositions and integrals
The relation between integrals and transpositions is given in the following result.

Theorem 4.15. Let H be a rigid braided Hopf algebra, A an algebra and s a
bijective transposition of H on A. There is a unique automorphism of algebras
gs: A — A, such that s(t ® a) = gs(a) ® t for all left or right integral t € H.
Moreover, we have s (f5; ®gs) = (gs®@ f5) s and s (fL, ®9:1) = (951 @ f4) s, where
f% and fY are the maps introduced in Corollary 3.16.

Proof. 1t is clear that if there exists a map as g, then it is unique. Let ¢t € H be a
left integral. By Remark 3.18 and the compatibility of s with € and pg, we have:

e(h)s(t @ a) = €(fy(h))s(t ® a) = s(fi(h)t @ a)
(2) =(Au)(s®H)(H®s)(c® A)(t®h®a)
=A@ ) (A®c) (s H)(H®s)(t®h® a),

where f7, is the map introduced in Corollary 3.16. Let us write s~ '(a ® h) =
>_;hj®a;. By replacing 3 ;t® h; ® a; by t ® h ® a in (2), we obtain:

(Ao p) (A®c)(s@ H)(t®a®h) = Ze(hj)s(t ®a;) = e(h)s(t @ a),
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where the last equality is valid because (e® A) s~! = A®e. Let us write s(t ®a) =
> a; @ t;, with the a;’s linearly independent. We have proved that

Zai®e(h)ti:§:ai®uc(ti®h) forall h e H.

Since the a;’s are linearly independent this equality implies that each t; is a right
integral of HP°P and then a left integral of H (Corollary 3.17.). Hence, there exist
Ai’s in k, such that ¢; = A;t. So, s(t®a) = gs(a) ®t, with g,(a) = >, A\ja;. By the
compatibility of s with the algebra structure of A, the map g, is an endomorphism
of algebras. Since S(flli) = [, and s(S® A) = (A® S) s, we also have s(u®
a) = gs(a) ® u, when u is a right integral. A similar argument applied to the
transposition 57!, introduced in Remark 4.2, proves that g, is bijective. Finally, if
s(fh(h)®a) = >-;a; ®hy and s(h ® gs(a)) = >, aj, ® hy, then

Y gslap)@t@h;=(s@H) (H®s)(c®A)(hotoa)
—(A®c) (s@ H)(H®s)(h®t®a)

=S a0t ® fhh).

Hence (gs ® H) s (fL, ® A) = (A® fL) s (H ® g5). In a similar way we can see that
s(fr®9s) = (95 @ fir) s O

Remark 4.16. Let s: H® A — A® H be a bijective transposition. If H is a rigid
semisimple braided Hopf algebra, then g; = id 4. In fact, let ¢ be a non zero integral
of H and let a € A arbitrary. Since €(t)a = €(t)gs(a) and, by Maschke’s Theorem
€(t) # 0, we obtain gs(a) = a.

Proposition 4.17. Let H be a rigid braided Hopf algebra, a: H — k the modular
function of H, A an algebra and s: H ® A — A® H a bijective transposition. We
have that (A® a)s =a® A.

Proof. Let t be a non zero left integral of H. Write s(h ® a) = > a; ® h;. Since
s is compatible with the multiplication of H and, by Theorem 4.15, there is an
automorphism of algebras g5: A — A, such that s(t ® a) = gs(a) ®t for all a € A,
we have a(h)gs(a)®t = s(a(h)t®a) = s(th®a) = > gs(a;)th; = > a(h;)gs(a;)Qt.
Hence, a(h)a =Y alh;)a;. O

Corollary 4.18. Let H be a rigid braided Hopf algebra «: H — k the modular
function of H, A an algebra and s: H® A — A® H a bijective transposition. We
have that (A a— ())s=s(a— () ® A).

Proof. By Proposition 4.17 and the compatibility of s with A, we have

J-fi-b

as desired. O
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4.4. A technical property

We finish this section by proving an elementary result which gives sufficient
conditions for two diagrams to represent the same map. We will use this result
again and again in the following sections.

Recall that the Braid Group B, is the group defined by generators 71,...,7._1
and relations

(3) TiT; =TTy lf‘Z—j‘ZZ
(4) TiTit1Ti = Tit1TiTit1-
The symmetric group S, is the group defined by generators o1,...,0,_1 and rela-

tions (3), (4) and (0;)? =1 (1 <1 < r). We think the elements of S, as functions
in the usual way. The canonical map ¢: B, — S, is the morphism defined by
¢(1;) = o0;. For each 7 € B,, the permutation associated with 7 is by definition
o(r).

An element 7 € B, is simple if there exist 7;,,...,7;, such that 7 = 7;, --- 75,
and oy, -+ -0, is a reduced expression of ¢(7) (i.e., for each pair of indices p < g,
there exists 0 < s < n such that oy, --- 0y, (p) < 04, -+ 0y,(q) for all j > s and
oi; 04, (p) > 04, -+ 04,(q) for all j < s). Such an expression of 7 is called simple.
A simple expression 7;, - - -7, of 7 is normal if

A(7iy -7y ) (1) < O(Tiy - 7,) (G + 1) for all j and each i > ;.

For example by (4), 7o7170 = T17271. Both expressions are simple. However, the
first one is normal, but the second one is not.

Proposition 4.19. FEach simple element 7 € B, has a unique normal expression.

Proof. Existence: We are going to prove that if 7 has a simple expression 7 =
Tiy -+ Ti,, then there exists a normal expression 7 = 75, ---7;, . By inductive hy-
pothesis we can assume that 7;, ---7;,_, is a normal expression. Let m be the
maximum of all the indices ¢ such that ¢(7)(i) > ¢(7)(¢ + 1). It is clear that
in, < m. We divide the proof in three cases

Case 1) m = i,: In this case it is easy to see that 7;, ---7;, ,7;, is a normal
expression of 7.

Case 2) m > i, + 1: In this case, using that 7;, --- 7, _, is a normal expression, can
be proved that i,,_1 = m and that

Til U Tin—lTin = Til o Tin—ZTinTinfl °

By inductive hypothesis we can write 7;, ---7;,_,7;, in a normal form 7, ---7;, _,.
This finish the proof, since the resultant expression 7 = 7, --- 7, _, 7, _, of 7 verifies
the conditions of case 1).

Case 3) m = i, + 1: In this case, using that 7;, --- 7, _, is a normal expression, can
be proved that i,,_1 = m and that there exists [ > 1 such that i,,_s = i, + s for
1<s<landi,_;_1=1,. So,

Tin " TinaTin = Tin Tina o Tin 4l Tin+2Tiy Tip 1 Tiny

=Ty Tigg—2Tin+l" " Tig+2Tin 1 Tin Ting1s
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where the last equality follows from (4). By inductive hypothesis we can write
Til e Tin—l727-in+l e T’L'n"r27-in+1 Tin

in a normal form 7, ---7;, _,. This finish the proof, since the resultant expression
T =Tj, -+ Tj,_1Ti,+1 Of T verifies the conditions of case 1).

Uniqueness: Suppose 7j, ---7; , = T;, - - - T3, are two normal expressions of 7. Then,
by definition j,» = m = i,,. The proof can be finished immediately by induction on
min(n,n'). O

Corollary 4.20. Let 7 and 7' be two simple elements of B,.. If ¢(7) = ¢(7'), then
T=1.

Proof. Let 7 =7, -7, and 7" = 7;, ---7; , be the normal expresions of 7 and 7’
respectively. We note that j,» = m = i,, where m is as in the proof of Proposi-
tion 4.19. The proof can be finished immediately by induction on min(n,n’). O

Next, we consider diagrams obtained by composition of morphisms of the form

Vi H H Vy \% Vy Vo H H Vg

L 3;{\,4 Vs H Vg
X X AL g Y

where V1,..., V7 are tensor products of A’s and H’s. We enumerate the vertices at
the top and the bottom of such a diagram D from left to right. Let [ be a line that
join the top with the bottom of D. We let ¢(I) and b(l) denote the vertex at the top
and at the bottom of [, respectively. Given vertices ¢ at the top and j at the bottom
of D, respectively, we let np(i, ) denote the cardinal of the set of descending lines
that join ¢ with j. For instance, for the diagrams representing ¢ and s, we have
np(l,1) = np(2,2) = 0 and np(1,2) = np(2,1) = 1. We say that a diagram D
as above is admissible if two descending lines [ and I’ from the top to the bottom
of D, cross (by means of ¢, s or a multiplication followed by a comultiplication) at
most once and, in this case, t(I) # t(I') and b(l) # b(l').

Corollary 4.21. Let Dy and Dy be two admissible diagrams. If

(1) Dy and Do have the same domain and the same codomain,
(2) np,(i,7) = np,(i,5) for each top vertex i and each bottom vertex j,

then the maps represented by D1 and Do coincide.

Proof. Let ¢1 and ¢o be the maps represented by Dy and Ds, respectively. By the
compatibility of A and p with ¢ and s, and the fact that Ap = (¢ ® p) Aggen,
we can replace D7 and D5 by admissible diagrams that represent the same maps,
but that have, from up to down, first the comultiplications, then the braiding
maps and finally the multiplications. Hence, ¢; = ¢ ¢P ¢§ and ¢ = ¢3! 2 ¢S,
where ¢M | p2! consist of multiplications, ¢, ¢L are made out of braiding maps and

¢ ¢S consist of comultiplications. We claim that ¢¢ = ¢§. In fact > 1, (4, )
is the number of comultiplications that occurs in the vertex ¢ of the top of the
diagram Dy, for [ = 1,2. Since np, (i,5) = np,(4,7), for all 4, j, the claim follows
from the coassociativity of the comultiplication. Similarly, ¢/ = ¢2?. Finally, the
fact that ¢ = @2, follows from Corollary 4.20. [
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5. H-COMODULE ALGEBRAS AND H-MODULE ALGEBRAS

Let H be a braided bialgebra. The aim of this section is to adapt to our con-
text the notions of H-comodule algebra and H-module algebra. Although in this
section the maps s (sometimes adorned with a subscript) are not necessarily trans-
positions, we represent geometrically these maps using the same diagrams as for
true transpositions.

An H-braided space (V,s) is a vector space V endowed with a map s: H ®
V — V ® H which is compatible with the bialgebra structure of H and verifies
(s@H)(H®s) (c@V)=(V®c) (s®H)(H®s) (compatibility of s with the braid).
When H is a braided Hopf algebra we require also that s (S@ V) = (V®s)s. A
map g: V — V’ is said to be an homomorphism of H-braided spaces, from (V, s) to
(V',s¢"),if (9@ H)s =5 (H® g). We let By denote the category of all H-braided
spaces. It is easy to check that this is a monoidal category with unit (k, 7), where
T: H®k — k® H is the flip, tensor product (V,sy) ® (U,sy) = (V@ U, syeu),
where sygu: HQV U — VU ® H is the map sygu := (V ® sy) (sy @ U),
and the usual associativity and unit constraints.

Note that (H,c) is a coalgebra object and an algebra object in By. Hence, one
can consider left and right (H,c)-modules and (H, ¢)-comodules in this monoidal
category. To abbreviate we will say that (V, s) is a right H-comodule, to mean that
it is a right (H, ¢)-comodule in By and that (V, s) is a left H-module, to mean that
it is a left (H,c¢)-module in By. Note that if (V,s) is a right H-comodule, then V/
is a right H-comodule in the standard sense. Similarly for left H-modules.

For instance, when H is a standard bialgebra and s: H®V — V ® H is the flip,
then (V) s) is a right H-comodule iff V' is a right standard H-comodule and (V, s)
is a left H-module iff V' is a left standard H-module.

Let V be a right standard H-comodule with coaction v. Recall that v € V is
coinvariant if v(v) = v ® 1. As usual V°H denotes the set of coinvariants of V.

Remark 5.1. If (V,s) is a right H-comodule, then V°H is stable under s (that is,
s(H @ Veelly C veol @ ). So, (V°H | ) is an H-braided space.

Given right H-comodules (V, sy) and (U, sy), with coactions vy and vy respec-
tively, we let vy gy denote the codiagonal coaction

vweu =V oUeu) (Vesy®H) (v uvy).

In the following proposition we show in particular that (V,sy) ® (U, sy) is a right
H-comodule via vyg.

Proposition 5.2. The category (Br)™, of right H-comodules in By, endowed with
the usual associativity and unit constraints, is monoidal.

Proof. First note that (k,7), endowed with the trivial coaction, is an H-comodule.
This is the unit of (By)®. Next, we prove that the tensor product of two H-
comodules (V, sy) and (U, sy) is an H-comodule. It is easy to check that vy gy is
counitary. So, we only must prove that vy gy is a morphisms in By and that vy gy
is coassociative. We check the second assertion and left the first one to the reader.
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N R

where the first equality follows from the fact that H is a braided bi algebra, the
second one follows from the compatibility of sy with the comultiplication of H and
the coassociativity of vy and vy and the third one follows from the fact that vy is
a morphism in By. Finally, it is immediate that the usual associativity and unit
constrains are morphisms in (Bg)?. O

We have

Definition 5.3. We say that (V, s) is a right H-comodule algebra if it is an algebra

For instance (k,7) and (H,c) are right H-comodule algebras and 7n: (k,7) —
(H,c) is an H-comodule algebra homomorphism.

Remark 5.4. Let (B,s) be a right H-comodule, where B is an algebra. It is easy
to see that (B,s) is a right H-comodule algebra iff s is a transposition and the
coaction v: B — B ®¢ H is an algebra homomorphism, where B ®¢ H is the
algebra mentioned in Example 2.6.

The following result will be used in Section 10 in order to prove that a crossed
product B# ;H with invertible cocycle (for the definition see Section 10) is a free
right B-module.

Proposition 5.5. Assume that H is a braided bialgebra. Let s: HR@ B — B® H

cop

be an bijective transposition. By Remarks 3.9 and 3.10, H:™" is a braided bialgebra
with braid ¢l = 7¢ 7. Let 571 HS® ® BP — B°P © HSP be the transposition
571 = 75717 introduced in Remark 4.2. If (B,s) is a right H-comodule algebra

—

with coaction v, then (B°P,371) is a right H:°"-comodule algebra with coaction

vi=71stu.

Proof. This result generalizes Proposition 4.4 of [G-G] and it can be proved mim-

icking its proof. [

Given right H-modules (V, sy ) and (U, sy), with actions py and py respectively,
we let py gy denote the diagonal action

pveu = (pv @ pv) (H@ sy @U) (A@V @ U).
In the following proposition we show in particular that (V,sy) ® (U, sy) is a left
H-module via pygu.

Proposition 5.6. The category g (Br), of left H-modules in B, endowed with
the usual associativity and unit constraints, is monoidal.

Proof. 1t is similar to the proof of Proposition 5.2. [J

Definition 5.7. We say that (V,s) is a left H-module algebra if it is an algebra
in H(BH)

Note that if (B, s) is an H-module algebra, then s is a transposition.
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6. WEAK s-ACTIONS AND SMASH PRODUCTS

Let H be a braided bialgebra, A an algebra and s: H ® A — A ® H a transpo-
sition. In this section we generalize the classical concept of smash product A#H
to our setting. The twisting map x involved in the construction of these smash
products have the form xy = (p®@ H) (H ® s) (A® A), where p is a map from H ® A
to A. Therefore, we begin by determining the hypothesis x must satisfy in order
the map p exists. Note that in this case, p is uniquely determined by the formula
p=(A®€)x.

Proposition 6.1, Theorem 6.3, Proposition 6.4 and Proposition 6.5 below, are
direct generalizations of Proposition 3.2, Theorem 3.4, Lemma 3.5 and Proposi-
tion 3.6 of [G-G], respectively. All the proofs given there work in our setting.

Proposition 6.1. Let x: H® A — A® H be a map. The following assertions are
equivalent:
(1) There is an arrow p: H® A — A such that x = (p@ H) (H ® s) (A ® A).
(2) (x®H)(Hes)(A®A) =(AxA)y.

An object (V, s) in By, endowed with a map p: H®V — V| is said to be a weak
left H-module in By or simply a weak left H-module, if

(1) pl1 ®a) =a, for all a € A,
(2) s(Hop)=(p@H)(H®s)(c® A).

The category . g (B), of weak left H-modules in Bp, becomes a monoidal
category in the same way that g (Bp). A weak left H-module algebra (A, s) is by
definition an algebra in this category.

Remark 6.2. (A,s) is a weak H-module algebra iff A is an usual algebra, s is a
transposition of H on A and the structure map p satisfies the following conditions

(L) p(Hop) =plpep)(Hos®A) (Ao A A),
(2) p(h®1)=¢(h)1, for all h € H,

(3) p(1®a)=a, for all a € A,

4) s(Hop)=(p@H)(H®s)(c® A).

Let A be an algebra and s: H®A — A® H a transposition. A map p: HRA — A
is said to be a weak s-action of H on A if it satisfies the conditions of the above
remark. An s-action is a weak s-action which satisfies

(5) p(H®p)=p(p®A).
Note that (A,s) is an algebra in y(By) via p: H® A — A iff A is an usual
algebra, s is a transposition of H on A and p is an s-action of H on A.

Theorem 6.3. Letp: HRA — A be a map. The map x: HR A — AR H, defined
by x = (p@ H)(H®s)(A® A), is a twisting map of H on A iff p satisfies the
first three conditions of Remark 6.2. More precisely, condition (1) happens iff x is
compatible with pa, condition (2) happens iff x(h® 1) =1® h, for all h € H and
condition (3) happens iff x(1®@a) =a® 1, for all a € A.

In the rest of this section x : H ® A — A ® H is the twisting map associated
with a weak s-action p: H ® A — A. Note that y is a map in By, since, by
Remark 6.2(4), so is p.
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Proposition 6.4. LetT = (H?®s®@ H) (H3®3s) (Aggen @ A). The twisting map
X satisfies:

(x®H) (Hox) = (poH?) (HepoH*)T and x (1©A) = (p@p) (n©AQH?)T.

Proposition 6.5. The map p is an s-action iff the twisting map x satisfies the
equation x (0t @ A) = (A® u)(x @ H) (H ® x). Hence, if p is an s-action, then
(H, A, x) forms a matched pair of algebras in By .

Remark 6.5.1. Let H be a braided Hopf algebra with antipode S. If p is an s-
action, then s is univocally determined by the formula s = (p@ H) (S® x) (A® A).
Indeed, in this case we have

o B Y

Definition 6.6. Let p: H ® A — A be an s-action. We define the smash prod-
uct A#H as the matched product associated with the matched pair of algebras
(H, A, x). By Proposition 6.5 and the discussion in Example 2.6, A#H is an asso-
ciative algebra with identity 1#1.

It is easy to see that A ~ A#1 and H ~ 1#H. For this reason we frequently
abbreviate the element a#h by ah.

Remark 6.7. When p is the trivial action h ® a — €(h)a, then the algebra A#H
introduced in Definition 6.6 is called the twisted tensor product by s of A with H,
and it is denoted A®,H. This notation is coherent with the one used in Remark 3.8.

Lemma 6.8. Let H be a braided Hopf algebra with bijective antipode S. Let S be
the composition inverse of S. Then, (n® H) (H ® ¢) (A® S)c " A= (ne® H)A
and (Hop)(Ho S@H)(c'@H)(A®@H)c ' A= (H®ne)A.

Proof. From A S = c¢(S®S) A it follows that p (H®S)c ' A=pu(SoH)c 1A=
ne. Using this, the compatibility of ¢~ with A, the coassociativity of A and ¢™! A
and the fact that ¢ commutes with S, we obtain

PR

as desired. O
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Proposition 6.9. Let H be a braided Hopf algebra, s: H® A — A® H a trans-
position, p an s-action and A#H the corresponding smash product. If the antipode
S and the transposition s are bijective, then the map 0: H ® A — A#H, defined
by 6(h ® a) = ha, is an isomorphism of right A-modules. Consequently A#H is a
free right A-module.

Proof. Let S be the composition inverse of S. We assert that
0:=Hop)(HRS@A) (c'0A) (A A)s™?

is the inverse of 6. In fact, by conditions (3), (4) and (5) of Remark 6.2, and
Lemma 6.8, we have

S 7 7
AR
fofl = = C@ -N® :ﬁ = idagn
N\, N\, j
S S
)

and

D06 = = - - = idyga. O

7. THE RING OF INVARIANTS

Let H be a braided bialgebra, A an algebra, s: H ® A — A® H a transposition,
p: H® A — A an s-action and x the twisting map associated with p. In this section
we study the ring of invariants of H in A.

Definition 7.1. An element a € A is said to be invariant if p(h ® a) = €(h)a, for
all h € H. We let AH denote the set of invariants of H in A.

Proposition 7.2. An element a € A is invariant iff x(h ® a) = s(h ® a), for all
heH.

Proof. If x(h®a) = s(h®a), then p(h®a) = (ARe)x(h®a) = (A®€)s(h®a) =

e(h)a. Conversely, if p(h ® a) = ( )a for all h € H, then by condition (4) of
Remark 6.2 and the fact that (H ® €)c ™' =e® H,
x(h©a)=(pe H)(H®s) (A A)(h©a)
=(p@H)(H®s)(c®A)(c'®@A) (A A)(h®a)
=s(H®p)(c'®A)(A®A)(h®a)
=s(h®a),

forallhe H. O
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Proposition 7.3. It is true that A" is a subalgebra of A.

Proof. It is clear that 1 € A” and A is closed by sums and action of scalars. Let
B = AH . The equalities

H”i%@

show that A is closed by products.

Proposition 7.4. Assume that s is bijective. It is true that s(H® A7) C AH @ H.
Consequently, the map gs: A — A, introduced in Theorem 4.15, verifies gs(A%) C
A

Proof. Let B = A¥. By condition (4) of Definition 2 and the definition of A,

18- @q

From this it follows easily that s(H @ A%) C AH @ H. O

Lemma 7.5. Assume that H is a rigid braided Hopf algebra and s is bijective. Let
te fi] The map t: A — A, given by ?(a) =t-a, is a right AT -module map with
values in A® | where the dot denotes the s-action. Moreovert-(ab) = gs(a)(t-b) for
alla € A" and b € A, where gs: A — A is the map introduced in Theorem 4.15.

Proof. From item (5) of Remark 6.2 and the fact that ¢ € flli, we obtain that
h-(t-a) = (ht)-a=e(h)(t-a), for all h € H and a € A. This shows that the image
of t is included in A”. Let a € A and b € A”. For h € H and a € A we write
s(h®a) =3, a; ® h;. By item (1) of Remark 6.2, the fact that b € A and the
compatibility of s with €, we have t- (ab) = >, (t(1) - ai)(t(2), - b) = (t(1)€(t(2)) -a)b =
(t - a)b. The proof of the last assertion is similar. [J

Definition 7.6. The map t: A — A¥ in Lemma 7.5 is called a left trace function
for H on A.

Ttems (1), (2), (3) and (4) of Theorem 7.7 below generalize Lemma 4.3.4, Corol-
lary 4.3.5, Theorem 4.3.7 and Theorem 4.4.2 of [Mo], respectively. Moreover,
Proposition 7.8 and 7.9 generalize Lemma 4.4.3 and Proposition 4.4.4 of [Mo] re-
spectively. All the proofs given there, except the one of Lemma 4.4.3, work in our
setting. The unique point that requires some attention is the fact that the map
i LWagn) — L(Van), of page 49 of [Mo], is Af-linear. Next, we check this fact.
LetveV,h€ Handac A", Since x(h®a) =s(h®a) and (ARe)s =e® A, we
have p(v®@aha) = p(v@48(h®a)) =vR4 (A®e)(s(h®a)) =vR4(e® A)(h®a) =
e(h)va = p(v ® h)a.

Theorem 7.7. Assume that H is a rigid braided Hopf algebra and thatt: A — AH
is surjective. Let ¢ € A such that t-c= 1. The following facts hold:

(1) e = tc is an idempotent of A#H verifying e(A#H)e = Ale ~ AT,
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(2) If A is left Noetherian, then so is AM.
(3) Assume that s is bijective. If A is right Noetherian, then so is AH.

(4) If A is left Noetherian and finitely generated as a k-algebra, then AH is
finitely generated as a k-algebra.

(5) Assume that s is bijective. If A is right Noetherian and finitely generated
as a k-algebra, then AH is finitely generated as a k-algebra.

(6) If A is right Noetherian, then A is a right Noetherian A™ -module.

Proposition 7.8. Assume that H is a rigid braided Hopf algebra and that s is
bijective. Let t be a non zero left integral of H and let S be the composition inverse
of S. Then, for alla € A, h € H,

(1) hat = (h-a)t and tah = Y, t(S(a = h); - a;), where a: H — k is the
modular function of H and Y., S(a = h); ® a; = s ' (a ® S(a — h)),
(2) AtA is an ideal of A#H.

Proof. The second item follows immediately from the first one. The first equality
of item (1) can be obtained arguing as in [Mo, Lemma 4.3.4]. We prove the second
one. Let h € H and a € A. Write s™1(a ® h) = > hi®a; and c’l(him ® hi(z)) —
Zj hi(z)j ® hi(l),»' From the proof of Proposition 6.9, we get

ot~ X (0, (5 (1, ) o)
2,7

Hence, from Theorem 3.19,
() (atth) = > (#) (1#hi,, ) (5 (hig, ) - aittl)
2%

- Z (1#a (hi<2>j> t) (§ (hi(lh‘) ' ai#l)
= Z(l#t) (§ (himo‘ (hi@))) : ai#l) :

Put (H@s ) (s '@ H)(A® A)la® h) = iihay, ® h(2), ® a;;. From the
compatibility of s with A and S, and from Proposition 4.13, we get

() ah) = 3 00) (5 (he,a (b, ) ) - s, #1)

%]

= Z (1#t) (S (hqy, (b)) - ai#l)
= Z 1#4)(S(a — h); - a;#1).

Proposicion 7.9. Assume that H is a rigid braided Hopf algebra. Let t be a non
zero left integral of H. The following assertions hold:

(1) For any a € AN AtA, there exist {b;},{c;} € A, such that for all d € A,
ad = Y7 bit(cid). Consequently, aA C 31 | b AM
(2) If AtA = A#H, then A is a finitely generated right AT -module.

(3) If AN AtA contains a reqular element of A, then A is a right A™ -submodule
of a finite free A -module.
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8. A MORITA CONTEXT RELATING A#H AND AH

Let H be a rigid braided Hopf algebra, A an algebra, s a bijective transposition
of H on A and p an s-action of H on A. Throughout this section we assume that
s(H® A) = A” @ H. For instance this happens if A has finite dimension over k
or if H is a Hopf algebra in a Yetter-Drinfeld category £)), A is an H-algebra in
fy and s: H® A — A® H is the braid of fy.

We construct a Morita context between A and A#H, generalizing the main
result of [C-F-M]. It is immediate that A is a left A”-module via a>b := g;*(a)b,
where g;: A — A is the k-algebra isomorphism introduced in Theorem 4.15 and a
right A¥-module by the right multiplication. Moreover, it is easy to check that A
is a left A#H-module via (a#h) -b = a(h - b), where h - b denotes p(h ® b). With
this action A becomes an (A#H, A™)-bimodule.

Proposition 8.1. Then A is a right A#H-module via b — (a#th) = >, S((a —
h);) - (ba);, where a: H — k is the modular function of H, Y .(o = h); ® (ba); =
s71(ba ® @ — h) and S is the composition inverse of S. Moreover, A is an
(A A#H)-bimodule.

Proof. First we prove that A is a right A# H-module. For this it suffices to check
that A is a right A-module, a right H-module and that (b < h)a = b < (ha), for
all a,b € A and h € H. The first assertion is evident. We check the other ones.
Proof of the fact that A is a right H-module viab «— h =Y, S((a = h);) - b;: It is
clear that b « 1 = b. Now, we prove that (b «— h) «— 1 =b+« (hl), forallbe A
and h,l € H. To abbreviate we write & instead of @« — (). By items (4) and (5)
of Remark 6.2, the facts that ¢! (S® H) = (H ® S) ¢~!, the map s is compatible
with 4 (S ® S)c™! = S and & is an algebra map, we have

g ¢
el

$

.

Proof of the fact that b « (ha) = (b < h)a, for all a,b € A and h € H: In fact,

_ ///
(/jé @@%
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where the first equality follows from Corollary 4.18 and the compatibility of s with
14, the second one follows from items (1) and (4) of Remark 6.2, the third one
follows from the fact that AS = (S® S) ¢~ A, the forth one follows from the fact
that s (S® A) = (A ® S) s and from item (5) of Remark 6.2, the fifth one follows
from the compatibility of s and ¢ with ¢™1 A (see Remarks 3.10 and 4.2), the sixth
one follows from the fact that (H @ A) (H ® &) A = (A ® &) A, the seventh one
follows from the compatibility of ¢ with A and the eight one follows from the fact
that 4 (S® H)e P A =ngep.

It remains to prove that the left A7 and the right A#H actions commute. To
check this it suffices to note that, by the compatibility of s with p4, condition (1)
of Remark 6.2, Proposition 7.4 and the fact that (S® A7) s™! =571 (AT @ S), we

have
B A H

j:i/é;é/j / 5)
5 6 Wl N

where B denotes A and g, denotes g; 1. [

Lemma 8.2. Let ¢ € k\ {0} such that c(t®@t) = qt @t for each t € fIli Then, it
is true that qt - gs(a) = gs(t - a), for all a € A.

Proof. Since, ¢(t ® t) = qt @ t, by item (4) of Remark 6.2, we have g4(t-a) @ t =
st@t-a)=(H)(H®Ss)(c®A)(tRt®a) =qt-gs(a) ®t. The assertion follows
immediately form this fact. O

In the proof of the next lemma we follows closely the arguments given in [D-N-R,
Pg. 224].

Lemma 8.3. For eacht € fIl{ it is true that S(t) = qt(1ya(t()), where q € k\ {0}
s as in Lemma 8.2.

h*(t(2)). Since ¢ is

Proof. Let ¢: H* — H be the map defined by ¢(h*) = ()
) = 1. A pplying € we obtain

bijective, there exists T' € H*, such that ¢y, (
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T(t) = 1. Hence, we have
S(h) = S(hay)e(h@)ta)T ZS Wheyta),T(ha)te)
= Z W)t T(he) te) Ztu) T(hit(2)),

where ), [; ®h; denotes c(h®1). Consequently, by Remark 3.18 and Theorem 3.19,

S(t) = fr(t@)T(tt2) = futa))a(fi(t@)T(t) = qtayat@)T(t) = qtayalte),
as desired. O

Recall that a Morita context, connecting two rings R and S consists of an (R, S)-
bimodule M, an (S, R)-bimodule N and two bimodule maps

[, N®g M — S and (,): M®s N — R,

such that m - [n,m'] = (m,n)-m’ and [n,m]-n’ = n-(m,n’) for all m,m’ € M and
n,n' € N.
Theorem 8.4. The bimodules M =1 Aapp and N =a415 Aan, together with
the maps

[,]: NQuu M — A#H, given by [a,b] = atb

( ) )I M@A#H N — AH7 given by (aab) =t (Cl,b),

give a Morita context for AH and A#H.

Proof. By Proposition 7.2 and Theorem 4.15 ta = g4(a)t for all a € A”. From
this it follows easily that [, ] is middle A*-linear. Now, we prove that [, ] is an
A# H-bimodule map. Since hbt = (h-b)t, for all b € A and h € H, we have

(a#h)[b, ¢] = (a#h)btc = ahbtc = a(h - b)tc = [a(h - ), c] = [(a#th) - b, c].

Thus, [, ] is a left A#H-module map. Let us see that [, ] is a right A#H-module
map. Let b € A and h € H. By Proposition 6.9,

bh=) higa);(S(hiqry ;) - bi),s
(2%

where Zl h; ® b; = S_l(b X h) and Zj hi(Q)j ® hi(l)j = C_l(hi(l) ® hz(2)) Hence,
by Theorem 3.19. the compatibility of s with A and Corollary 4.18,

la, b](c#¢h) = atbch = at ) hiz),(S(haqyy ) - (be)i)

.3

= az 1(2) 1(1) ) - (be);) =

a, Za(hi@)ﬁ(m(l)) . (bc)i]

)

a, Z?(a — hi) - (bc)z} = |f"7 > S((a—hy)- (bC)i] = la,b — (c#h)],

i
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as desired. Now, we prove that ( , ) is middle A# H-linear. Since (H ® S)c™! =
¢ (S® H), A is compatible with ¢ and pc™! (S ® H) A = en, we have

@}&m

On the other hand, by items (1), (4) and (5) of Remark 6.2, we have

Y

Using this fact and Theorem 3.19, we get

kaA kt A A A
ktAAHA ktA7A
kt A A A
= = = 9,

which shows that (¢ < (a#h),b) = (¢, (a#h) - b), for all a,b,c € A and h € H. Let
us see that (, ) is left and right A”-linear. Let a,b € A and ¢ € A”. By item (1)
of Remark 6.2, Proposition 7.4 and Theorem 4.15, we have

Thus,
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Similarly ( , ) is right A”-linear. To finish the proof we must see that
a <« [b,c] = (a,b)>c and [a,b] - ¢ = a(b,c),

for all a,b,c € A. Let g € k\ {0} defined by c¢(t®t) = ¢t ®t. Using the compatibility
of s~ with S, Theorem 4.15 and Lemmas 8.2 and 8.3, we obtain

0 [bc] = (a = b#t) — c#l = q (¢ g7 (ab))e = g7 (¢ - (ab))e = (asb) b c,

and from item (1) of Remark 6.2, we get

[a,b]-c = atb-c = Z(at(l)-bi)#t(g)i)-c = Z(at(l)-bi)(t(g)i-c) = a(t-(bc)) = a(b, ),

where ZZ t1) ® b; ® t(2)i = Zt(l) X S(t(g) ®b). O

Corollary 8.5. Ift: A — AH is surjective and AtA = A#H, then A#H is Morita
equivalent to AH.

9. NORMAL COCYCLES AND CROSSED PRODUCTS

Let H be a braided bialgebra and A an algebra. In this section we introduce the
notion of crossed product to be studied in this paper. The twisting maps x and
the cocycles F involved in the construction of these crossed products have the form
Xx=(p@H)H®s)(A®A)and F = (f®u) Aggen, where s: HR A — AQH isa
transposition, p is a map from H ® A to A, H ®° H is the coalgebra of Remark 3.8
and f is a map from H? to A. In Section 6 we have determined the hypothesis x
must satisfy in order the map p exists, and we also proved that x is a twisting map
iff p satisfies the first three conditions of Remark 6.2. In this section we assume
that p is a weak s action and x = (p® H) (H ® 5) (A ® A), and we study the
relations between the maps F' and f. We start by determining the conditions that
F must satisfy in order the map f exists. Note that in this case, f is uniquely
determined by the formula f = (A®¢€) F. In a further step, we establish necessary
and sufficient conditions on f for F to be a normal cocycle that satisfies the twisted
module condition respect to .

Proposition 9.1. Let F: HQH — AQH be a map. Thereis amap f: HQH — A
such that F = (f @ p) Aggen iff (F@ p) Aggen = (A® Ag) F.

Proof. Left to the reader. [

Definition 9.2. Let f: H @ H — A be a map. We say that f is normal if
fA®z) = f(zr®1) =e(z) for all x € H, and that f is a cocycle that satisfies the
twisted module condition if
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More precisely, the first equality is the cocycle condition and the second one is the
twisted module condition. Finally we say that f is compatible with s if it is a map
in By. In other words if

(fOH)(H®c)(c® H)=s(H® f).

Let f: H> — A be a map and let F: H® H — A ® H be the map F :=
(f ® 1) Aggen. It is immediate that F is a map in By iff f is compatible with s.
Theorem 9.3. Let f: H> — A be a map and let F := (f @ pu) Agger. Assume

that f is compatible with s. Then, F is a normal cocycle that satisfies the twisted
module condition iff f is.

Proof. Clearly F is normal iff f is. Let us consider the cocycle conditions. By the
compatibility of f with s, the fact that Ay = (p@ p)(H®c® H) (A ® A) and
Corollary 4.21, we have:

olas)

and by the fact that Ap = (u® p) (H ® c® H) (A ® A), the compatibility of p
with ¢, and Corollary 4.21, we have

%%@%}gﬁ

These facts imply that the cocycle conditions on F and f are equivalent. To finish
the proof, it remains to show that F satisfies the twisted module condition iff f
does. To check this, we do not use the fact that f is compatible with s. From the
second formula of Proposition 6.4 and Corollary 4.21, we obtain:

@@4@] N
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and again from the first formula of Proposition 6.4 and Corollary 4.21, we obtain:

x| \
==L U001

From these equalities it follows easily that the twisted module conditions on F and
f are equivalent. [

Definition 9.4. Let H be a braided bialgebra, A an algebra, s a transposition
of Hon A, p: H® A — A a weak s-action, y the twisting map associated with
p, f: H> — A a normal cocycle compatible with s, satisfying the twisted module
condition and F: H® H — A® H the map F = (f @ u) Aggen. By definition, the
crossed product associated with (s, p, f) is the algebra A#;H, constructed from x
and F in Definition 2.1. By Theorems 2.3, 6.3 and 9.3, we know that A#;H is
associative and unitary.

Next we consider several examples of crossed products constructed from data
which satisfies the conditions of Definition 9.4.

Example 9.5. When H is a standard Hopf algebra and s is the flip, Definition 9.4
gives the classical crossed products introduced in [B-C-M] and [D-T]. When H is
a Hopf algebra in a braided category C whose underlying monoidal category is the
category of vector spaces and s is the braid of C, then we obtain the algebra crossed
products underlying to the bialgebra crossed products considered in [M].

Example 9.6. Suppose f is trivial (that is, f(h ® ) = e(h)e(l) for all h,l € H).
Then, f is automatically a normal cocycle and the twisted module condition holds
iff p is an s-action. From this it follows that the crossed products with f trivial
are the smash products introduced in section 6. In [G-G] we show that the Ore
extensions Alz,a,d], with &: A — A a homeomorphism and 6: A — A an a-
derivation such that ad = § «, are smash products in this sense. Another example
is the algebra of differential operators D p (X, 6%) (p,q € k\ {0}), which is the
)

algebra generated by the variables x4, ..., x,, Farr % and the relations

T 0 0 0 T

Tix; = quir; ife , ——— =q——= ifi

I arity J 8a:j sz qaxi 8$j I

0 40 T 0 0 L1

—x; = r;— ifs —X; = Ppr;—

3Ij i=4q Z@:Cj J oz, i =D zaxi )

0

0
—x; =qu;— ifi> 7.
(91'j (9:11j

Let s be the transposition of k,[0/0X] on k4[X] considered in Example 4.7, and for
1<ji<r, let §§p): kq[X] — kq[X] be the map defined by

nr) _ { q_nl_m_njil[nj]P if n; > 0,

5P (gL
IR 0 if n; =0,
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where [n], =14+ p+---+p" L. It is easy to check that the formula

0
gy ®P) = o (P)

defines an s-action of k4[0/9X] on ky[X], and that Dg, (X, a%) is isomorphic to
the smash product constructed from these data.

Example 9.7. Suppose p is the trivial s-action p(h®a) = €(h)a. Then the twisted
module condition is satisfied iff p (A ® f)(s@ H)(H® s) = p(f ® A). So, if
this equality is valid and f is a normal cocycle compatible with s (for the trivial
action), then A# ;H is a crossed product denoted by A;[H] If f is also trivial,
then A°[H] := A}[H] equals A®; H.

Example 9.8. Let G be a finitely generated group, A a k-algebra and s: k[G] ®
A — A ® k[G] a bijective transposition. By Theorem 4.14 there is an Aut(G)°P-
gradation A = @ ¢ pu(q) Ac on A, such that s(z®a) = a® ((z) for all a € A¢. It
is easy to check that a map g ® a +— ¢ - a is a weak s-action of k[G] on A iff

(1) z-(ab) = (z-a)(¢(z)-b) if a € A¢c and z € G,

(2) z-1=1,forall z € G,

(3) 1-a=a,forallac A,

(4) z-a€ A¢, forallz € G, a € Ag,
and that a map f: k[G] ® k[G] — A is a normal cocycle compatible with s, that
satisfies the twisted module condition, iff

(1) Im f C Aja,

(2) fael)=f1lex) =1, foral x € G,

@) zfly@2)f(z@yz) = flx@y)flzy ®2), for all z,y,2 € G,

(4) (@ (- ) (@) ® W) = Fe©y)((zy) -a), for all 2,y € G, a € Ac.

The multiplication map of the crossed product A# sk[G], constructed from these
data, is given by

(5) (atta) (btty) = alz - D) F(((x) ® y)#C(a)y. i be Ac.

The group of automorphisms Aut(G) acts on G°P via ¢ -z = ((x). Consider the
semidirect product G°P x Aut(G). From (5) it follows immediately that A# ¢k[G]
is a (G°P x Aut(G))°P-graded algebra, with A ® « the homogeneous component of
degree (z, ().

We finish this section showing that if f is convolution invertible, then the map
s univocally determined.

Theorem 9.9. Let H be a braided Hopf algebra, A an algebra, x: H® A — AQH
a twisting map and F: HRH — A® H a normal cocycle which satisfies the twisted
module condition. If there exists a map s: H ® A — A ® H compatible with the
coalgebra structure of H, a map p: H® A — A satisfying p(1®a) = a for alla € A,
and a convolution invertible map f: H ®° H — A, such that

XxX=(peH) (H®s) (A A) and F=(f@uAugen,
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then p=(A®e)x, f=(A®¢)F and

s=oH) (f'OAfOH)(HRHRx®A) (H®c® A® H)
(A@H® AR H)(S®H®X) (A2 A).

Proof. The formula for f is immediate, and using the compatibility of s with € it
is easy to check that p = (A ® €) x. It remains to prove the assertion about s. By
the compatibility of s with A, we have:

O

Using this, the twisted module condition of F, Corollary 4.21 of [G-G] and the fact
that p(1 ® a) = a for all a € A, we obtain:

@* %%ﬁx, where '/

as desired. O

Note that the formula for s in the previous theorem is very more involved that
the one obtained after Proposition 6.5.

10. INTRINSIC CHARACTERIZATIONS

Let H be a braided Hopf algebra. In this section we adapt to our context
the notions of cleft, H-Galois and normal H-extensions and we prove that the
characterization of a crossed products A#yH with convolution invertible cocycle
as an H-Galois normal extension and as a cleft extension remains valid in our
setting. We follow very closely the exposition of [S]. As in that paper we begin by
recalling a well known result (see [Mo, Page 91])
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Lemma 10.1. Let R be an algebra, C' a coalgebra and let End%(R ® C) be the
k-algebra of all left R-linear and right C-colinear endomorphisms of R ® C. The
map TS : Homy(C, R) — End%(R ® C), given by TS (9)(r ® ¢) = rg(cay) ® c(2),
is an anti-isomorphism of algebras (here Homy(C, R) is considered as an algebra
via the convolution product and Endg(R ® C) is considered as an algebra via the
composition of endomorphisms). The inverse map of TS is given by (TS)™(g)(c) =
(Ree)g(l®ec).

Propositions 10.3 and 10.4 below, are direct generalizations of Propositions 4.7
and 4.8 of [G-G], respectively. The proofs given there work in our setting.

Definition 10.2. Let H be a braided Hopf algebra, (B,s) a right H-comodule
algebra and i: A — B an algebra inclusion. We say that (i: A — B,s) is an
H-extension of A if i(A) = B°H. Let (i’: A < B’,s’) be another H-extension of
A. We say that (i: A — B,s) and (i': A< B’,s’) are equivalent if there is an H-
comodule algebra isomorphism f: (B,s) — (B’,s’), which is also a left A-module
homomorphism.

Proposition 10.3. Let s be a transposition of H on A, p: H® A — A a weak s-
action and f: H?> — A a normal cocycle compatible with s, which verifies the twisted
module condition. Let A#yH be the crossed product associated with (s, p, f). The
map §:= (AQc)(s® H) is a transposition of H on A# sH.

Proposition 10.4. (A#;H,3) is an H-comodule algebra via v := A® A. More-
over, (A — A#¢H,5) is an H-extension and the map v: (H,c) — (A#¢H,53),
defined by y(h) = 14th, is an H-comodule homomorphism.

Definition 10.5. An H-extension (i: A — B, s) of A is cleft if there is an convo-
lution invertible H-comodule homomorphism «: (H,c) — (B, s); it is H-Galois if
the map Sp: B®4 B — B® H, defined by S(b®b') = (b®1)v(b'), where v denotes
the coaction of B, is bijective; and it has the normal basis property if there exists
a left A-linear right H-comodule isomorphism ¢: (A ® H,54) — (B, s), where the
coaction of AQ His AQ A and 54 = (AQ¢c)(sa®H), being sa: HRA —> AQH
the transposition induced by s (see Remark 5.1).

Let v: (H,¢) — (B,s) be a cleft map. For h € H write s(h ® y71(1)) =
S vt @ hy. Since s(h®@v(1)) = y(1) ® h, we have that y(1)y ' (1)@ h=1®h =
s(h1) = s(h@r(1)771(1)) = 2, /()97 @hy. Hence, s(hey~1(1)) = v~ (1) @h.
Using this fact we get that 4" := (1) "1y is a cleft map verifying 7/(1) = 1.

If (A — B,s) is an H-extension with a normal basis ¢: (A ® H,s4) — (B, s)
satisfying ¢(1 ® 1) = 1, then B is isomorphic via ¢ to the crossed product A# ;H
constructed from the transposition s4: H ® A — A ® H induced by s, the weak
sa-action p(h ®a) = (A®€)p Hd(1 @ h)p(a ® 1)) and the cocycle f(h ® 1) =
(A®e) ¢ (p(1 ®h)p(1 @1)). In fact, arguing as in [S, Section 3] we get that the
multiplication map pay,m of A® H, obtained by transporting through ¢~ ! the
multiplication map of B, has the form

pag,a =R H)(neF) (AR x® A),

where x = (p®H) (H®s4) (A®RA) and F = (f®u) Aggen. By Theorems 2.3 and
6.3, we know that p satisfies the first three conditions of Remark 6.2. Using that
54: HOA#sH — A#;H® H is compatible with pax g, it is easy to check that it
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also satisfies the fourth one, and that the cocycle f is compatible with s4. Finally,
from Theorems 2.3 and 9.3, it follows that f is a normal cocycle that satisfies the
twisted module condition. Conversely it is clear that each crossed product is an
H-extension, which has the normal basis property in an obvious way.

Theorem 10.6. Let H be a braided Hopf algebra and (A — B, s) an H-extension.
The following assertions are equivalent:

(1) (A<= B,s) is cleft.
(2) (A<= B,s) is H-Galois with a normal basis.

(3) There is an isomorphism (B,s) — (A#;H,S), where A#H is a crossed
product whose cocycle f: H®° H — A is convolution invertible.

Proof. (1) & (2) Let v: (H,c) — (B, s) be a cleft map. Then, vy = (y® H) A is
a convolution invertible map, since v: B — B ®, H is an algebra map. Moreover,
for b € B,

Tg@)sH(V7)(”(5(0)7_1@(1))) ®b(2)) = Tg®5H(V7) (Tg®5H(V ’Y_l)(V(b(O)) ® b(l)))
= b0y (b)) ¥(b2)) ® bzy ® by = Thg. (v ® H) A)(boyy™  (b1)) ® 1 ® beay).

Applying (B® H ®¢) (Tg&H)_l(y ) to this equality we obtain I/(b(o)’}/_l(b(l))) =
by (b)) ®1. Thus, the map ¢: (A®H,51) — (B, s), given by ¢(a®@h) = ay(h)
is a normal basis, since b — b(ow_l(b(l)) ® b(z) is a well defined map from B to
A® H, which is the composition inverse of ¢. Let a: BQ H — B®4 B be the map
a:=B®4y. Forbe B and h € H, we have

(6) Bealb®h)=Bp(be(h) =by(ha)) ® e =TH () (b h).

Hence, Bp o = TH (). Then 85 is an isomorphism, since T# () and « are. Now,
assume that (A — B, s) is Galois with a normal basis. Let ¢: (AQ H,54) — (B, s)
be a normal basis. Let v: (H,c) — (B, s) be the map defined by v(h) = ¢(1 ® h)
and let o«: B® H — B ®4 B be as above. Then, the equality (6) holds. Since
OB « is a bijective map and Tg is an algebra anti-isomorphism, this shows that
is convolution invertible.

(2) = (3) Let ¢: (A® H,54) — (B,s) be a normal basis of (A — B,s). By the
equivalence between items (1) and (2) and the discussion below Definition 10.5, we
can assume that ¢(1®1) = 1 (simple take ¢p(a®h) = ay(h), wherey: (H,c) — (B, s)
is a cleft map satisfying v(1) = 1), that (B, s) is a crossed product (A#;H,s) and
that the cleft map v is the inclusion h +— 1#h. For a#h € A#H, we have

Be (B®7)(a®h®1) = (a#th)(14 1)) @ Loy = (A@ Bu) THE H (f)la@ h®1).

Since fp (B ® ) and B are bijective maps and T4 ®°H ig an algebra anti-isomor-

phism, we get that f is convolution invertible.

(3) = (1) We can assume that (B,s) = (A#sH,54) for some crossed product
A# s H with convolution invertible cocycle. Let 7 be the inclusion h +— 1#h. For
a#h € A#;H, we have

Ty, u(M(@@h@1) = (a#h)(1#0) ® Loy = (A® Bu) T " (f)la@ h @1).
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Since (A ® Br) TH®H(f) is bijective and T4,y is an algebra anti-isomorphism,
we get that 7 is convolution invertible. [J

Let A#;H be a crossed product, with f a convolution invertible normal cocycle.
Let v: H — A#¢H be the cleft map h — 1#h. The map 7 p is convolution
invertible, since v is and u: H ®° H — H is a coalgebra map. Moreover (yu)~! =
7~ p. On the other hand, it is immediate that pas, m (v ®7y) = (f @ 1) * (v ).

Hence,

(7) F @1y = (pag,m (y©7)* (v~ ).

This gives a formula for f in terms of v. Next, we get a formula for the convolution
inverse of v. From the proof of Theorem 10.6 it follows that

V= (@l )T (T (A )

where f~! denotes the convolution inverse of f: H ®° H — A. Making the com-
putations we get that

Y HA) =(fTPoH) (S®H®S)(H®c) (c® H) (A® H)A(h).

Lemma 10.7. Let (A — B,s) be an H-extension. Assume that s and S are
bijective. If v: (H,c) — (B, s) is a cleft map, then

(1) (Hey el =st(y @ H).
(2) vy = (v ®8S)cA, where v is the coaction of B.

Proof. (1) It suffices to check that s (H ® y71) = (y7! ® H)c. By the fact that
(y® S)e=s(S®~) and the compatibility of s with pg and pp, we have

where 7 is the convolution inverse of 7. Hence s (S ® v~1) is a convolution right
inverse of s(H ® v): H®° H — B ®, H. In a similar way, we can check that
(v~ ® S) ¢ is a convolution left inverse of (y® H)c: H®° H — B ®, H. Since,
s(H®7v) = (y® H) ¢, we get that s (S®~71) = (v ®9) c¢. The assertion follows
easily from this fact.

(2) First note that since v: B — B ®, H is an algebra map, vy ~! is the inverse of

vy = (y® H)A. On the other hand, by item (1), the coassociativity of A and the
compatibility of ¢ with A and €, we have

B85~
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Thus, (y7! ® S)cA is a right inverse of v+, and so (Y ! ® S)cA =v~y~t. O

Next, we generalize Proposition 6.9. Our proof is very close to the one given in
[Mo, Corollary 7.2.11].

Proposition 10.8. Let H be a braided Hopf algebra, s a transposition of H on
A, p: H® A — A a weak s-action and f: H?> — A a normal cocycle compatible
with s, that satisfies the twisted module condition. Let B = A#;H be the crossed
product built from (s, p, ). If s and the antipode S of H are bijective maps and f
is convolution invertible, then B ~ H @ A as right A-modules.

Proof. Let sg: H® B — B ® H be the transposition sp = (A®c¢) (s® H) and let
75: H® B — B® H be the flip. By Proposition 5.5, we know that (B°P, .§]§71) is an
HEP_comodule algebra with coaction 7 = 75 55 v, where v = A ® A. We assert
that (B°P)°H = A°P_ Tt is clear that A°P C (BOP)COH Since B=(A®k)® (A®
ker €), to prove the converse inclusion it suffices to see that (B°P)*°Hn(A®ker €) = 0.
Now, using that 757! = (A® e ® H) 7, it follows easily that 757! and A @ ny e

coincide on (B°P)*°H, Hence, 757! = 0 on (B°P)*°H N (A ® kere). Since 757! is
an injective map, we have that (B°P)H N (A @ kere) = 0. So, (A% — B, 557 ")

is an H¢P-extension of A°P. Let v: (H,c) — (B, sp) be the map vy(h) = 1#h. By
Theorem 10.6, we know that  is a convolution invertible map of right H-comodules.
Let S be the composition inverse of S. The equalities

pper (VS ®YS) A =pp (VS @I S) TP A=pp (Y@ ) AS =npe

show that y~1 S is a convolution left inverse of v S: Hc°® — B°P. Similarly, we can
check that y~1 S is also a convolution right inverse of 7 S. Moreover, by item (1)
of Lemma 10.7 and the fact that the fact that (S® H)rc 't =77 (H® S),
we have

(WSeH)cl=nWSeH) rc ' r=rp(y®H)rc ' r(H®S)
—rpspl T3 (H®~8) =55 ' (H®7S).
Finally, by Lemma 10.7 and the fact that ¢! (S® H) = (S ® H) 7¢™!, we have
vy 'S =1psp vy 'S

—7555 (v ®5)cAS

=735 (7' @9)(S@5)A

=rpsp " (v*SeH)A

=(y'eH)rc'(SeH)A

= 'SeH)Tc A

— (~—173d .

= (5@ H) A,
So, (A°P — B°P 55 ') is cleft via v~ 1 S: (HCOp _1) — (B°?,55"). Conse-
quently, by Theorem 10.6, the map ¢: A°? ® HCOp — B°P, given by ¢(a ® h) =
a(y~1 S(h)), is an isomorphism of left A°P-modules. This implies that H ® A ~ B
as right A-modules, via h ® a — v~ 1 S(h)a. O
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11. MASCHKE’S THEOREM

In [L-S] the classical theorem of Maschke about the semisimplicity of the group
algebras was extended to Hopf algebras: A finite dimensional Hopf k-algebra is
semisimple iff e(z) # 0 for a left integral  of H. The proof was obtained via
a similar argument to the one used in the classical proof of Maschke. Let A#H
be a smash product. Using an extension of this argument, in [C-F, Theorem 4]
it was proved that if A and H are artinian semisimple, then A#H also is. In
[B-M, Theorem 2.6] this theorem was generalized to crossed products in the sense

f [B-C-M], with invertible cocycle. Now, let H be a braided Hopf algebra and
let s: H® A — A® H be a bijective transposition. In this section we show that
Maschke’s Theorem remains valid for crossed products A# ;H, constructed from a
weak s-action h ® a — h-a and a convolution invertible cocycle compatible with s.
This generalizes Theorem 5.1 of [G-G], where the case when H is a standard Hopf
algebra was considered.

Theorem 11.1. Let H be a semisimple braided Hopf algebra, s a bijective trans-
position of H on A, h®@ a — h-a a weak s-action of H on A and f: H> — A
a normal cocycle compatible with s, satisfying the twisted module condition. Let
A s H be the crossed product constructed from these data. Assume that f is con-
volution invertible. The following assertions hold:

(1) If V is a left A#rH-module and W C V is a submodule which has a com-
plement in the category of A-modules, then W has a complement in the
category of A# ¢H-modules.

(2) If A is artinian semisimple, then so is A#sH.

Proof Clearly (1) implies (2). In order to prove (1), consider an A-linear projection
: V. — W and choose t € [;, with €(t) = 1. As in [B-M], let 7: V. — W be the
map defined by

Z’y t(l t(g)) v) forallv e V,

where v: H — A#H is the map defined by ~(h) = 1#h. It is easy to check that
7 is a projection of V onto W. We must see that 7 is A-linear and H-linear. The
former assertion can be proved as in [G-G, Theorem 5.1]. Let us see the last one.
Let 7 denote the convolution inverse v~! of v. We have
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k
_®0 o _JR

where the first equality follows by the definition of 7 and the fact that V is a left
A ¢ H-module, the second one follows from the definition of the multiplication of
E, the third one follows using the fact that 7 is A-linear, the fourth one follows
from (7) and the fact that V' is a left A#¢H-module, the fifth one follows from
the coassociativity and the fact that 7 is the convolution inverse of v and the sixth
one follows from the fact that ¢ is compatible with the comultiplication. Since, by
Corollary 3.16 and the discussion below Theorem 3.20,

(Hop@p) (H®Apgen) (c® H) (H®A)(t®h) = ha) @ Ath)
= h(l) ®A(t€(h(2)))
= h®A),

for all h € H, we obtain that 7(y(h)v) = y(h)y=V (t1))m((t2))v) = v(h)T(v) for
all h € Hyv eV, as desired. 0O

12. EQUIVALENCE OF CROSSED PRODUCTS

The purpose of this section is to give necessary and sufficient conditions for
two crossed products to be equivalent. As a corollary we obtain that a crossed
product A#¢H is equivalent to one of the form A3[H] iff the action is inner (see
Definition 12.5). It will be convenient to work in the more general context allowing
A4 ¢H to be a not necessarily associative algebra.

Fix an associative unitary k-algebra A and a braided bialgebra H. Let s be a
transposition of H on 4, p: H ® A — A a map satisfying conditions (2), (3) and
(4) of Remark 6.2 and f: H> — A a normal map compatible with s. Let A#;H be
the (not necessarily associative) unitary k-algebra, constructed as in Definition 9.6,
from the triple (s, p, f). It is easy to check that

(1) The map § = (A®c)(s® H): H® A#sH — A#¢H ® H, satisfies the
properties required in Definition 4.1,

(2) A#sH is a right H-comodule via A ® A: A#;H — A#;H ® H and
(A#pH) M = A,

(3) A® A: A#;H — A#;H ®p H is a homomorphism of unitary algebras,
where A# ¢H ®p H is (A#H) ® H with the multiplication twisted by &,

(4) AR A: (A#;H,5) — (A#H,s5) ® (H,c) is a map of By.

In fact it is easy to see that in the proofs of Propositions 10.3 and 10.4 the associativ-
ity of A#H is not used. So, it has sense to say that (A#;H,s) is a not necessarily
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associative H-comodule algebra, and that (A C A#,H,3) is an H-extension of A.
Finally, the notion of morphism of general H-comodule unitary algebras is identical
to the one given in the associative setting.

Definition 12.1. Fix a Hopf algebra H and an algebra A. Let (s,p, f) and
(s',0', f') be two triples as above. Let (A C A#;H,s) and (A C A#f/H,;’) be
the H-extensions associated with (s, p, f) and (s', p/, f), respectively. We say that
(AC A#¢H,5) and (A C A#p H, sA’) are equivalent if there is an isomorphism of

H-comodule algebras g: (A#¢H,s) — (A#, H, ;\/), which is also an A-linear map.
Remark 12.2. If there is an A-linear and H-colinear map g from (A#¢H,s) to

(A#f/H,sA’), then s = s’. In fact, write s(h ® a) = Y ,a; ® h; and s'(h ® a) =
> air @ hyr. We have,

Y ar#l@hy =5 (Hog)(h@a#l) = (9@ H)S(h@a#l) = > a;#1 @ hy,

where the first and the third equality follows from the fact that g is an A-linear
map and g(1#1) = 1#1. In spite of this remark, we will follow using the notations
s and s’ to emphasize the difference between 5 and s , which are not equal as
transpositions, since the products of A# ;H and A#  H are different.

Let g: AQ H — A® H be an A-linear and H-colinear map. By the definition
of the coaction v of A ® H, we have:

g1®h)=(A®ex H)rvg(l®h)

=(ARe®H) (g H)nu(l®h)

=(A®eg(l® h(l)) & h(g).
Hence, g(a ® h) = ag(1 ® h) = au(h()) @ hy), for all a € A and h € H, where
u(h) = (A®¢€)g(1 ® h). This gives a bijective correspondence between the maps
from H to A and the A-linear and H-colinear maps from A ® H to A® H. We
assert that ¢ is bijective iff u is convolution invertible. Moreover, in this case,
g Ha®h) = au™(h1)) ® h), for all a € A and h € H. In fact, suppose g is
invertible. Let v(h) = (A®¢€) g (1 ® h). We have,

1®h= g_l g(l®h) = g—l (u(h(l)) & h(z)) = u(h(l))v(h(z)) ® hz)-

Applying A®e to both sides of this equality, we get u(h))v(he)) = €(h)1. A similar
argument shows that v(h))u(h(2)) = €(h)1. So, v is the convolution inverse of w.
The converse is immediate.

In the next theorem we give necessary an sufficient conditions on « in order that
g to be a morphism of H-comodule algebras. When H is a standard Hopf algebra
and the transposition is the flip, this result was independently obtained by Doi [D2]
and R. J. Blattner (unpublished).

Theorem 12.3. Let g and u be as in the previous discussz’/gn. Then g is a mor-
phism of H-comodule algebras from (A#sH,3s) to (A#p H,s') iff
(1) w(1) =1,
(2) (W@ H)c=s(H®u),
@) AU x=puep) (Ao A),
@) n(Aeu)F=p?(peA?) (Heueue f') (Hec® H?) (A H?) Aug-n,
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where x = (p@ H) (H®s) (A® A), F = (f @ u) Aggen and p: A2 — A is the
multiplication map. Moreover g is an isomorphism iff u is convolution invertible.
In this case, p is a weak s-action and f is a cocycle which satisfies the twisted
module condition iff p' and f' are.

Proof. Assume that ¢ is a H-comodule algebra map. From g(1#1) = 1#1 we
obtain that (1) = 1, and applying A ® ¢ ® H to the both sides of the equality

(9@ H)5(h@14l) = ' (H @ g)(h® 14),  forall h,1 € H,

we get (u® H)c = s' (H ®u). Moreover, since g((1#h)(a#1)) = g(1#h)g(a#1)
and g((1#4h)(14#1)) = g(1#h)g(14t]), for all a € A and h,l € H, we have

= and = N/ > where X = Y’

Applying A ® € to these equalities, we get condition (3) and the following equality:
(4") pAWF=p(pe f)(AX @H)(u® Hou® H) (A® A).

Conversely, suppose conditions (1)-(3) and (4’) are satisfied. By condition (1) we
have that g(1#1) = 1#1 and from condition (2) it follows easily that (¢ ® H)S =

s'(H® g). Let
b =p and ¥ = f".

By the compatibility of s with the comultiplication, the coassociativity, and condi-
tion (3), we get

gt oot

and using the coassociativity, the compatibility of ¢ and s with the comultiplication,
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condition (2) and (4") and the fact that Ap = (u@u) (HRc® H) (A® A), we get

RO
B B

Using these facts, the associativity of p4 and the compatibility of x’ with p4, we
obtain,

f@@@@

which proves that g preserves the multiplication. Since the left sides of the equali-
ties (4) and (4’) coincide, to finish the proof of the first assertion it suffices to check
that if conditions (1)-(3) hold, then the right sides of ( ) and (4') also coincide.
But, by the coassociativity of A and condition (2) and (

S
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The discussion above the theorem shows that g is an isomorphism iff  is convolution
invertible. The last assertion follows from Theorems 2.3, 6.3 and 9.3 and the fact
that A#;H is associative iff A#p H is. O

Corollary 12.4. Let p, o', f, f', x, F, g and u be as in Theorem 12.53. Assume
that u is convolution invertible, u(1) =1, (u® H)c = s' (H ® u) and p is a weak
s-action. Then g is an equivalence between (A#;H,S) and (A#p H,s") iff

(1) p=pp@u) (v ®x) (A A),
Q) ff=prAepop) (' ©oHou '@ A0u) (A® H®F)Apgen

Proof. Tt is immediate that being u convolution invertible, item (3) of Theorem 12.3
and item (1) of the present corollary are equivalent. Hence, we only need to check
that item (4) of the mentioned theorem and item (2) of the present corollary also
are. Since the right side of the equality in item (4) of the previous theorem is the
convolution product of p (p® A) (H@u®u) (H®c) (A® H) and f' in Homy (H ®°
H, A), to do this will be sufficient to prove that the first map is left convolution
invertible in Homy(H ®° H, A), with inverse u(A®p) (v ® H@u ') (A ® H).
But, by the coassociativity of A, the compatibility of A with ¢, the fact that
(u®H) ¢ = s' (H®u), the coassociativity of 14 and items (1) and (2) of Remark 6.2,

6®€1A

where u denotes the convolution inverse of w.

Definition 12.5. A weak s-action p: H ® A — A is inner if there is a convolution
invertible element v € Homy (H, A) satisfying (u ® H)c = s (H ® u), such that

(8) p=p*(u@Aout)(Hes) (A A),
where u~! denotes the inverse of w.

Let u € Homy(H, A) be a convolution invertible map such that (v ® H)c =
s(H®u). Let g: AQ H — A® H be the A-linear and H-colinear map, defined by
g(a®h) = au(h()) @ hez). By the discussion before Theorem 12.3 and the proof of
this theorem,

(W@ H)c=s(HRu) < (g H)5=5 (H®g)
= (g'@H) s =5Hxg¢ ")
— W 'leH) c=s(Hou?).
So, u™! satisfies the equality (v! ® H)c = s(H ® u~!). Using this fact it is easy
to check that such a map u defines a weak s-action via the formula (8) iff u(1)

belongs to the center Z(A) of A. We leave this and the proof of Proposition 12.7
to the reader.
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Definition 12.6. Let u,v € Homy(H, A) be convolution invertible maps such that
(uH)c=s(H®u), (v H)c=s(H®v), u(l) € Z(A) and v(1) € Z(A4). We
say that u is equivalent to v and we write u ~ v, if 4 and v induce the same weak
s-action of H on A.

Proposition 12.7. Let u,v as in Definition 12.5. We have that:
(1) u~w, where w € Homy(H, A) is the map h — u(h)u(1)7!,
2 uxviffpi (v OuRA)(A®A) =p4 (ARvT @u) (A®A)s.

Proposition 12.8. Let s be a transposition of H on A, p: H® A — A a weak
s-action and f: H> — A a map. Suppose p is inner via u € Homy(H, A). Assume
that u(1) = 1. Let f' € Homy(H?, A) be the map given by

ff=p*Aopepn)(u'oHou '@ Au) (A® H®F)AggH,

where F = (f @ u) Apgerr. Then f' is a normal cocycle compatible with s, which
satisfies the twisted module condition respect to the trivial action of H on A iff f
is a normal cocycle compatible with s, which satisfies the twisted module condition
respect to p. Moreover, in this case, (A#sH,5) ~ (Af:, [H],s'), where s' = s.
Conversely, if (A#;H,S) ~ (Ag/ [H], sA’), then p is inner.

Proof. Tt is immediate that f’ is normal iff f is, and a direct computation show
that f’ is compatible with s iff f is. The other assertions follow easily from Corol-
lary 12.4. O

Let s be a transposition of H on A. Suppose given an inner weak s-action of
H on A, implemented by an v € Homyg(H, A), with «(1) = 1. Then, the map
f: H*> — A, defined by

f= (u®u®u_1 W) Argen

is a normal cocycle compatible with s, which satisfies the twisted module condition.
We call f the inner cocycle defined by u. Using Proposition 12.8, we obtain that
A#fH ~ A ®s H.

REFERENCES

[A-V] J. N. Alonso Alvarez and J. M. Fernddez Vilaboa, Cleft extensions in braided categories,
Communications in Algebra 28(7) (2000), 3185-3196.

[A-G] N. Andruskiewitsch and M. Grana, Braided Hopf algebras over non abelian finite groups,
Boletin de la Academia Nacional de Ciencias de Cordoba (Argentina) 63 (1999), 45-78.

[A-S] N. Andruskiewitsch and H. J. Schneider, Lifting of quantum linear spaces and pointed
Hopf algebras of order p3, Journal of Algebra 209 (1998), 659-691.

[B] Y. Bespalov, Crossed modules and quantum goups in braided categories, Applied Cate-
gorical Structures 5 (1997), 155-204.

[B-D] Y. Bespalov and B. Drabant, Cross products bialgebras, Part II, math QA/9904142.

[B-C-M] R. J. Blattner, M. Cohen and S. Montgomery, Crossed products and inner actions of
Hopf algebras, Trans. Amer. Math. Soc. 298 (1986), 671-711.

[B-M]  R. J. Blattner and S. Montgomery, Crossed products and Galois extensions of Hopf
algebras, Pacific J. of Math. 137 (1989), 37-54.

[Br] T. Brzeziiiski, Crossed products by a coalgebra, Comm. in Alg. 25 (1997), 3551-3575.

[C-F] M. Cohen and D. Fischman, Hopf algebra actions, J. of Algebra 100 (1986), 363-379.

[C-F-M] M. Cohen, D. Fischman and S. Montgomery, Hopf Galois extensions, smash products
and Morita equivalence, J. of Algebra 133 (1990), 351-372.



42

[C-S-V]
[D-N-R]
(D1]
(D2]
[D-T]
[F-M-S]
[G-G]
(L-S]
(L1]
(L2]

(M]
[Mo]

[S]
[T1]

[T2]

[Ta]

JORGE A. GUCCIONE AND JUAN J. GUCCIONE

A. Cap, H. Schichl and J. Vanzura, On twisted tensor products of algebras, Comm. in
Alg. 23 (1995), 4701-4735.

S. Dascalescu, Constantin Nastasescu and Serban Raianu, Hopf algebras, vol. 235, Marcel
Dekker, Inc., New York.Basel, 2001.

Y. Doi, Hopf comodules in Yetter-Drinfeld categories, Comm. in Alg. 26 (1998), 3057—
3070.

Y. Doi, Equivalent crossed products for a Hopf algebra, Comm. in Alg. 17 (1989), 3053—
3085.

Y. Doi and M. Takeuchi, Cleft comodule algebras by a bialgebra, Comm. in Alg. 14
(1986), 801-817.

D. Fichman, S. Montgomery and H. J. Schneider, Frobenius extensions of subalgebras of
Hopf algebras, Trans. AMS 349 (1997), 4857-4895.

J. A. Guccione and J. J. Guccione, A generalization of crossed products, Contemporary
Mathematics 267 (2000), 135-160.

R. Larson and M. E. Sweedler, An associative ortogonal bilinear form for Hopf algebras,
Amer. J. Math. 91 (1969), 75-94.

V. Lyuvashenko, Hopf algebras and vector symmetries, Russ. Math. Surveys 4 (1988),
153-154.

V. Lyuvashenko, Modular transformations for tensor categories, Journal of Pure and
Applied Algebra 98 (1995), 279-327.

S. Majid, Crossed products by braided groups and bosonization, J. of Algebra 163 (1994),
165-190.

S. Montgomery, Hopf algebras and their actions on rings, vol. 82, CBMS Regional Con-
ference Series in Mathematics, AMS Providence Rhode Island, 1993.

P. Schauenburg, A generalization of crossed products, Preprint.

M. Takeuchi, Survey of braided Hopf algebras, Contemporary Mathematics 267 (2000),
301-323.

M. Takeuchi, Finite Hopf algebras in braided tensor categories, Journal of Pure and
Applied Algebra 138 (2999), 59-82.

D. Tambara, The endomorphism bialgebra of an algebra, J. Fac. Sci. Univ. Tokyo Sect.
IA, Math. 37 (1990), 425-456.

JORGE ALBERTO GUCCIONE, DEPARTAMENTO DE MATEMATICA, FACULTAD DE CIENCIAS
EXACTAS Y NATURALES, PABELLON 1 - CIUDAD UNIVERSITARIA, (1428) BUENOS AIRES, AR-
GENTINA.

E-mail address: vander@dm.uba.ar

JuaN JosE GUCCIONE, DEPARTAMENTO DE MATEMATICA, FACULTAD DE CIENCIAS EXACTAS
Y NATURALES, PABELLON 1 - CIUDAD UNIVERSITARIA, (1428) BUENOS AIRES, ARGENTINA.
E-mail address: jjgucci@dm.uba.ar



