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ABSTRACT

Having capabilities for the simulation of the radiation field in

suspensions of microalgae constitutes a great asset for the

analysis, optimization and scaling-up of photobioreactors. In this

study, a combined experimental and computational procedure is

presented, specifically devised for the assessment of the coeffi-

cients of absorption and scattering, needed for the simulation of

such fields. The experimental procedure consists in measuring

the radiant energy transmitted through samples of suspensions of

microalgae of different biomass concentrations, as well as the

forward and backward scattered light. At a microscopic level,

suspensions of microalgae are complex heterogeneous media and

due to this complexity, in this study they are modeled as a

pseudocontinuum, with centers of absorption and scattering

randomly distributed throughout its volume. This model was

tested on suspensions of two algal species of dissimilar cell

shapes: Chlorella sp. and Scenedesmus quadricauda. The Monte

Carlo simulation algorithm developed in this study, when used as

a supporting subroutine of a main optimization program based

on a genetic algorithm, permits the assessment of the physical

parameters of the radiation field model. The Monte Carlo

algorithm simulates the experiments, reproducing the events that

photons can undergo while they propagate through culture

samples or at its physical boundaries.

INTRODUCTION

Microalgae are highly valuable microorganisms because they

are the light harvesting ‘‘cell factories’’ that convert carbon
dioxide into biomass or a variety of bioactive compounds (1).
They are used in such diverse areas as oil source for biofuel

production, food manufacturing, cosmetics and pharmaceuti-
cals industries; and as a means for wastewater treatment in
bioremediation (2–9).

The mass production of microalgae can be carried out in
either open or closed systems. In open systems, microalgae are
grown in large land areas with minimal care regarding weather

conditions and contamination risks (1,10). On the other hand,
closed photobioreactors (PBRs) make possible the efficient
control of the culture variables, such as pH, temperature,

concentration of carbon dioxide in the air streams fed to algal
suspensions, etc.; as well as a better contamination prevention
(1,11).

Light is the only source of energy in photoautotrophic
microorganisms’ growth. Therefore, one of the major concerns
in microalgae production is achieving an efficient use of light in
the culture. A suitable design of a PBR necessarily includes

intrinsic growth kinetics, specific to each photosynthetic
microorganism, which must be related to the suitable property
of the light field at each position throughout the volume of the

algal culture (12,13). Typical submerged cultures of microalgae
are nonhomogeneous suspensions, which consist in a cloud of
algal cells dispersed throughout the volume of a saline

solution. A bubbling gas stream (usually atmospheric air) is
used as a means to deliver CO2 to the medium and to stir the
suspension. If the culture medium is transparent to visible

light, every beam of light can be either absorbed or scattered
while it travels through the culture, only if one of these
obstacles is found along its trajectory.

In several studies, physical and mathematical models of

light transfer have been proposed for the analysis, simulation,
design, scale-up and optimization of PBRs (14). These
approaches are based on the Beer–Lambert law (15,16), the

two-fluxes approximation (17–19) and on discrete ordinate
methods (20). Although it is always a difficult task, the
solution of the radiative transfer equation (RTE) for the

system under study gives the spatial and directional distribu-
tion of radiation intensities (21).

To solve the RTE inside PBRs the spectral radiative

properties (volumetric absorption coefficient ak, volumetric
scattering coefficient nk, and parameters of the models chosen
for the scattering phase function BðX̂0 � X̂Þ) of the culture
suspension are required. These properties can be estimated

either with experimental methods (22,23) or with theoretical
approaches (i.e. by Mie theory; 24).

Numerous experimental investigations have been performed

to study the scattering of electromagnetic waves. A compre-
hensive review of the experimental techniques for measuring
radiation field properties has been published by Agrawal and
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Mengüc (25). One of those methods consists of determining
the extinction coefficient bk by measuring the normal–normal
transmittance (26,27). Another practice is the use of an
integrating sphere.

The methodology used in this study implies measuring the
radiant energy transmitted through samples of different
microalgal suspensions, as well as the scattered light in the

forward and backward directions using an integrating sphere.
The mutually independent experimental measurements carried
out in this study are: the monochromatic direct transmittance;

the monochromatic diffuse transmittance and reflectance.
The experimental measurements were performed within the

wavelength range from 400 to 700 nm, corresponding to the

radiation useful for photosynthesis (28,29).
The values of ak, nk, as well as those of the parameters of the

mathematical model chosen for the scattering phase function
were not directly measured in this set of experiments. Instead,

they were obtained as the set of values that result in the ‘‘best
fit’’ between experimental results and those predicted by the
simulation of the experimental measurements using a specif-

ically devised stochastic algorithm, based on the Monte Carlo
method (30–32).

The effectiveness of the methodology was proven on

suspensions of two different algal species: Chlorella sp. and
Scenedesmus quadricauda. With the optical parameters corre-
lated with different algal concentrations, the Monte Carlo
simulator can be used as an autonomous predictive tool for

PBRs design, simulation and optimization purposes. The
advantage in using a Monte Carlo based simulation module
relies on the fact that, by ‘‘mimicking’’ the path of photons

throughout the PBR, it is possible to reproduce with accuracy
the radiation field in the culture medium, considering the
geometry and boundaries of the reactors, the presence of

bubbles, and the characteristics of the light emitting systems
(emission properties, configuration, etc.).

MATERIALS AND METHODS

Algal strains and culture medium. Two algal strains were used as model
microorganisms: S. quadricauda (from Culture Collection of Algae and
Protozoa, UK) and Chlorella sp. (kindly provided by Dr. A.M.
Gagneten, FHUC and UNL). Cylindrical cells of S. quadricauda are
assembled in planar clusters of up to four parallel units, while Chlorella
sp. resembles ellipsoids revolving about their major axis (Fig. 1). These
algae strains were chosen due to their different shapes, thus opening
the possibility of experimentally assessing the impact of the shape of
the model microorganism on the scattering properties of an algal
suspension.

Batch cultures of each of the microalgae strains were conducted
under similar conditions. Each of several Erlenmeyer flasks, partially
filled with equal volumes of sterilized BG-11 (33) culture medium
(750 mL each) was inoculated with a single isolated algal species. Each
strain was axenically grown exposed to artificial light from a daylight
lamp (20 W Philips). The culture medium is totally transparent to
radiant energy within the 400–700 nm wavelength range.

The suspension was well mixed by a bubbling atmospheric air
stream, previously sterilized by flowing through a 0.45 lm pore size
filter. The air stream also supplies the culturing flasks with the
necessary CO2 and strips out the O2 generated by oxygenic photosyn-
thesis. The operation was continued until a sufficiently high-biomass
concentration was reached (typically 1.0 g L)1).

The preparation of reference suspensions and measurement of biomass
concentration. The algal cells suspended in an aliquot volume of the
original culture were separated by centrifugation and then suspended
again in the volume of fresh medium just needed to obtain a more
concentrated reference suspension. The algal mass concentration of
this initial reference suspension was determined by measuring the dry
weight (DW) of the total suspended solids (TSS; 34). The algal mass
contained in a 50 mL sample was retained by a 0.45 lm pore diameter
filter, and then washed with 30 mL of distilled water and dried at
100�C for 60 min. The DW of solids suspended in the concentrated
reference suspension was calculated as the difference between the DW
of the clean filter and that of the filter with the retained solids. The
algal mass concentration was reported as the DW of suspended solids
per unit volume of the sample. From aliquots of the concentrated
reference suspension, diluted samples were prepared of 1=5, 2=25 and
1=25 dilution ratios.

The measurement of the specific chlorophyll content of the reference
suspensions. The total chlorophyll content of the reference suspensions
was determined by the method reported by Ritchie (35). Aliquots of
the samples were centrifuged to collect the suspended cells. The cells
were washed with distilled water and centrifuged once again. The
harvested cells were suspended in methyl alcohol and the chlorophylls
were extracted by heating the methylic suspension at 80�C for 5 min.
The chlorophyll content was calculated from the values of the light
absorbance at wavelengths of 632, 652 and 665 nm, using the
absorbance coefficients reported in the article quoted elsewhere. The
biomass and chlorophyll concentrations of the prepared reference
suspensions are summarized in Table 1.

Measurement of direct transmittance, diffuse reflectance and
transmittance. Three complementary and mutually independent exper-
iments were carried out to measure the monochromatic direct
transmittance, the spectral diffuse transmittance and the spectral
diffuse reflectance on algae suspensions of different concentration of
biomass. Although the experimental setup is the same to that used by
Satuf et al. (36) for metallic oxide suspensions, the results were
processed in an entirely different manner.

Measurements were made first on the sterile culture medium, and
then on the prepared algal suspensions of different concentration (DW),
contained in a polystyrene cuvette of 10 · 10 · 40 mm. Spectrophoto-
metric readings were made within the visible region of the electromag-
netic spectrum, with wavelengths ranging from 400 to 700 nm.

The spectral direct transmittance was measured with an Optronic
OL series 750 spectrophotometer (Optronic Laboratories, Inc.,
Orlando, FL) with the sample placed between the radiation source
and the detector (Fig. 2a). The detector used in this experiment has a
large angle of acceptance and no precaution was taken to eliminate the
scattered light or to ensure the prevalence of simple scattering, in
contrast to what is usually done in normal–normal transmittance
measurements.

Figure 1. Micrographs of the two microalgal species used in this work:
(a) Scenedesmus quadricauda and (b) Chlorella sp. Scale.

Table 1. Preparation of microalgae suspensions from algal cultures.
Biomass concentration and chlorophyll content of reference suspen-
sions.

Algal species Chlorella sp.
Scenedesmus
quadricauda

Biomass DW concentration [g L)1] 1.650 1.355
Chlorophyll [mg gDW)1] 47.4 57.8

DW, measurement of biomass dry weight.
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The measurements of diffuse transmittance and reflectance were
performed using an OL 740–70 integrating sphere attachment,
assembled as it is schematically shown in Fig. 1b,c, as it is required
by each experiment. The internal wall of integrating sphere is coated
with poly-tetrafluoroethylene (PTFE) to ensure diffuse total reflection
and the detector is positioned on a port mounted on top of the sphere.
The design of the integrating sphere includes internal baffles, also
coated with PTFE, conveniently placed to avoid the possibility that
light may directly reach the detector, thus ensuring that only indirect
(or reflected) energy beams are recorded.

Simulation method. Physical and mathematical model of light trans-
fer: As it was previously mentioned, physical and mathematical models
of light transfer have been proposed for the analysis, simulation,
design, scale-up and optimization of PBRs (14–20). Approaches based
on Beer–Lambert law predict the energy loss experienced by a light
beam while passing through an algal suspension, accounting for both
absorption and out-scattering, but disregards in-scattering contribu-
tions, which could lead to errors when predicting the light intensity
profile in PBRs (14). The two-flux approximation and the discrete
ordinate methods avoid this problem by including in-scattering
contributions in the solution of the RTE (14,21).

The RTE (Eq. [1]) accounts for the factors that bring about changes
in the local monochromatic radiation intensity Lk;X̂ of a radiation

beam in a participative medium like the previously described micro-
algal suspension; including radiation absorption; ‘‘out-scattering’’
(i.e. loss of radiant energy from the beam by dispersion); and
‘‘in-scattering’’ (increase of the energy of the beam due to contribu-
tions of dispersed radiant energy from other beams).

X̂ � rLk;X̂ r; tð Þ þ ak r; tð Þ þ nk r; tð Þ½ �Lk;X̂ r; tð Þ

¼ nk

4p

Z
X̂
0

d 2ð ÞX̂
0
B X̂

0 � X̂
� �

L
k;X̂

0 r; tð Þ ð1Þ

In Eq. (1), akðr; tÞ is the local volumetric absorption coefficient;

nkðr; tÞ is the local volumetric scattering coefficient and B X̂
0 � X̂

� �
is the

scattering phase function. For our purposes, the latter can be thought
of as the conditional probability distribution that a photon, which

travels in the X̂ direction is deflected into the X̂
0
direction. The

scattering phase function satisfies the normalization condition

1

4p

Z
X̂

d 2ð ÞX̂
0
B X̂

0 � X̂
� �

¼ 1

4p

Z2p
0

d/0
Z1
�1

dl0B l0ð Þ

¼ 1

2

Z1
�1

dl0B l0ð Þ ¼ 1

ð2Þ

where l0 ¼ X̂
0 � X̂

� �
.

The spectral radiative properties (akðr; tÞ, nkðr; tÞ and B l0ð Þ) of the
culture suspension are required to solve the RTE inside PBRs.
Theoretical approaches are often based on the assumption that the
scattering centers are particles of relatively simple shapes (e.g.
spherical), each one acting as an independent scattering center in a
medium in which single scattering prevails. In contrast, cells of
microalgae are complex particles, consisting of a cell membrane
surrounding the nucleus, vesicles, mitochondria, chloroplasts, ribo-
somes, cytoskeleton and other cellular components, such as lipids,
macromolecules and starch grains, each having their own size, and
different radiative properties. Moreover, some of them have a cell wall
around the outside of the cell membrane. Besides, the relative amounts
of cellular components, their properties and the cells size change
during the different phases of the cell cycle and depend on its
physiological state. The complexity of the interaction of the radiative
energy field with suspensions of microalgae transcends the mere shape
of the cell as well as its possible characterization as made of a uniform
material with rather specific and well-characterized dielectric proper-
ties, and entails issues as the presence of particles inside particles and a
nonuniform refraction index. Because no adequate theory has yet been
proposed to predict scattering of radiation in such complex situations,
experimental approaches are the only means to determine the radiation
scattering in microalgal culture suspensions (14).

As it was previously mentioned, numerous experimental investiga-
tions have been performed to study the scattering of electromagnetic
waves (25,26). The determination of the extinction coefficient bk by
measuring the normal–normal transmittance (26) requires very dilute
microalgal suspensions to ensure that simple scattering prevails.
Because the light beam has a finite diameter and the detector a finite
acceptance angle, care must be taken to ensure elimination of all
scattered radiation that could reach the detector, otherwise several
corrections will be necessary (14).

Another common practice is the use of an integrating sphere
(Fig. 3a). Suspensions of microorganisms scatter light strongly in the
forward direction and so a significant fraction of the scattered
radiation is collected by the integrating sphere; then, the light
attenuation is attributed solely to the light absorption and the
absorption coefficient ak could be directly determined. Despite the
fact that this is a technique simple to implement, the absorption
coefficient obtained suffers from errors due to light scattering and
various correction methods should be applied (14,26,27). When

Figure 2. Schematic representation of the configurations of the detec-
tor for the optical properties measurements. (a) Direct transmittance;
(b) diffuse transmittance and (c) diffuse reflectance. S, sample,
D, detector, AA, detector acceptance angle and B, collimated
monochromatic beam.

Figure 3. Experimental setup for directly determining (a) absorption
coefficient ak from hemispherical transmittance and (b) the extinction
coefficient bk from normal–normal transmittance. D, detector; MS,
slim section of diluted microalgal suspension; AA, detector acceptance
angle; P, pinhole; LB, incident light beam; IS, integrating sphere.
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measured in ideal conditions, from these two experiments, the
scattering coefficient can be directly determined from the equality
bk ¼ ak þ nk.

The methodology used in this study implies measuring the radiant
energy transmitted through samples of different microalgal suspen-
sions, as well as the scattered light in the forward and backward
directions using an integrating sphere. Any assumption regarding ideal
behavior has been avoided with the objective of obtaining the radiation
field parameters from experimental measurements carried out under
the same conditions encountered in large-scale microalgal mass
production.

As it was previously mentioned, the measurements were performed
within the wavelength range from 400 to 700 nm, disregarding the rest
of the electromagnetic spectrum, because of our interest consists in
modeling the field of the radiative energy that serves as a ‘‘substrate’’
for microalgal growth.

In this study, a stochastic algorithm based on the Monte Carlo
method (30) is devised for the simulation of the radiation field in the
algal suspensions and to reproduce the results of the experimental
procedure. In such an algorithm, the algal suspension is modeled as a
continuum, where the particles have lost their identity, and have been
replaced either by centers of absorption or scattering, randomly
distributed throughout the suspension. The Monte Carlo method
requires knowing the parameters (ak, nk and B(l0)) necessary to
simulate the interaction between the radiative field and the suspension
so as to assign a probability to each of the events that photons can
undergo while traveling across the culture. To assess these properties
through the simulation of the experiments performed, the Monte Carlo
simulation module was used as an external subroutine of an optimi-
zation program based on a Genetic Algorithm (37,38), as will be
discussed in forthcoming sections.

The scattering coefficient was correlated with the mass concentra-
tion of algae in the suspension, and it was experimentally demon-
strated that it is independent of the algae size and of their shape, at
least within the range of concentrations usually found in PBRs. The
actual objects that cause light dispersion are the cellular components,
which are present in a variety of sizes and shapes and in different
relative proportions. The scattering phase function was expressed as a
truncated series of Legendre polynomials.

Monte Carlo simulation of the algal suspension: The algal suspension
was modeled as a continuum where the suspended cells have been
replaced either by centers of absorption or of scattering, distributed
randomly throughout the suspension. The Monte Carlo simulation of
the radiative field in the liquid phase consists of the following steps, as
sketched in Fig. 4:

Step 1: For a given set of values of k, ak, nk and Ds, compute P(A),
P(S) and P(NA, NS) = P(NA, NS) from Eqs. (3–5) (see Appendix).
These values remain unchanged as long as those of k, ak, nk and Ds
remain the same.

P Að Þ ¼
n

absð Þ
p sþDs; X̂;k

� �
np s; X̂;k
� � ¼ ak

ak þ nkð Þ 1� exp � ak þ nkð ÞDs½ �f g

ð3Þ

P Sð Þ ¼ nk

ak þ nkð Þ 1� exp � ak þ nkð ÞDs½ �f g ð4Þ

P NA;NSð Þ ¼ exp � ak þ nkð ÞDsf g ¼ 1� P Sð Þ � P Að Þ ð5Þ

Step 2: Choose an initial position r0 on the illuminated sector of the
light entrance boundary of the cuvette containing the algal suspension.
Choose an initial direction of motion X̂0ð/0; l0Þ for an entering ðkÞ
photon. Move the photon a distance Ds from its initial position r0 in its
X̂0 initial direction to reach a position r0 þ X̂0Ds in the suspension, but
still very close to the light entrance boundary.

Step 3: At every stage of the computation, take a Ds step forward
from the current photon position r in the current photon direction X̂,
to pinpoint a new r0 ¼ rþ X̂ Ds position that the photon might reach.

If this were the first photon move after Step 2, the current photon
position would be r0; the corresponding direction of motion X̂0; and
the new position r0 ¼ r0 þ X̂0 Ds.

Step 4: On the basis of the values of P(A), P(S) and P(NA, NS)
from Step 1, the problem we have to deal with now is to establish
which event among absorption (event A), scattering (event S) and
their complementary compound event (NA, NS) will occur to the
photon as it moves in the direction X̂ from the position r toward the
new position r¢. For this, a random number d, (0 £ d £ 1), is
generated and check whether 0 £ d £ P(A), P(A) £ d £ P(A) + P(S)
or P(A) + P(S) £ d £ 1.

If 0 £ d £ P(A), the photon is assumed to have been absorbed. We
increase by one the absorbed photons counter at the position r¢ and
a new photon has to be fired, regaining the computation scheme at
Step 1.

If P(A) £ d £ P(A) + P(S), then the photon at point r¢ is assumed
to have been deflected from its original direction of motion X̂ into a
new X̂

0
direction. The likelihood of a X̂! X̂

0
transition depends on the

‘‘dot’’ product ðX̂ � X̂0Þ through the scattering phase function BðX̂0 � X̂Þ,
which has the physical meaning of a transition probability distribution
function. In the context of the Monte Carlo simulation of the radiant
field in a homogeneous algal suspension, the scattering phase function
is the means at our disposal to choose the new direction of motion of
the deflected photon, as we shall see in the next section. With the new
direction, the algorithm is restarted at Step 3.

If P(A) + P(S) £ d £ 1, then the photon is assumed to have
preserved its direction of motion X̂ and the algorithm is restarted from
Step 3. If we follow the path of a large number of photons ‘‘fired’’ to
the cuvette we can reproduce by simulation the experimental results.

When used in its simulation mode, the Monte Carlo algorithm just
described requires knowing the values of the volumetric scattering and
absorption coefficients of the homogeneous solution, as well as its
scattering phase function, to compute the probability of each of the
events, which determine the fate of a tracked photon. In this study, the
Monte Carlo algorithm was first used as a supporting subroutine of an

Figure 4. Schematic representation of the Monte Carlo algorithm
employed for the simulation of the radiant energy field in the algal
suspension.
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optimization program based on a Genetic Algorithm (37,38) to regress
ak and nk from experimental data as functions of the chlorophyll
content and of the algal mass concentration of the homogeneous

suspension, as well as the parameters involved in BðX̂0 � X̂Þ.
The light scattering phase function and the Monte Carlo simulation

of a radiant field in an algal suspension: A ðX̂; kÞ photon, which

undergoes a scattering event is deflected into a new X̂
0
direction of

motion, but the scattered photon, which still carries the quantum of
radiant energy h ðc=kÞ, remains in the radiation field available for
eventual absorption or for a new scattering event.

Let P l0;/0ð Þ be the cumulative probability that photons previously

moving in the X̂ direction, are deflected into new directions at h0 angles
from it, within the interval 0; h00

� �
, and at rotation angles of rotation u0

around the direction X̂, within the interval 0;/0ð Þ:

P l00;/
0� �
¼ 1

4p

Z/0
0

d/0

Zl00
�1

dl0B l0ð Þ ð6Þ

From Eq. (6), it readily follows

P l00;/
0� �
¼ P l00

� �
P /0ð Þ ¼ 1

2

Zl00
�1

dl0B l0ð Þ

2
64

3
75 1

2p

Z/0
0

d/0

2
64

3
75

¼ 1

2

Zl00
�1

dl0B l0ð Þ

2
64

3
75 /0

2p

� � ð7Þ

where

P l00
� �

¼ 1

2

Zl00
�1

dl0B l0ð Þ

2
64

3
75 ð8Þ

P /0ð Þ ¼ 1

2p

Z/0
0

d/0

2
64

3
75 ¼ /0

2p

� �
ð9Þ

In this study, the phase function was expressed as a truncated
Legendre polynomial expansion (39,40)

B l0ð Þ ¼ 1þ
X5
n¼1

cnPn l0ð Þ ð10Þ

where

Pn l0ð Þ ¼
Xn=2½ �

k¼0

�1ð Þk 2n� 2kð Þ!
2nk! n� kð Þ! n� 2kð Þ!

" #
ln�2k
0 ð11Þ

In Eq. (11), the symbol [n ⁄ 2] stands for the largest integer equal or
less than n=2. Substituting Eqs. (10) and (11) in Eq. (8), the integral
gives a polynomial expression in the variable l¢0. A random number
0 £ dl £ 1 is obtained and assigned toP l00

� �
, thus generating an

equation in the unknown l¢0, which has to be solved numerically.
On the other hand, the u¢ angle can be obtained by generating a

random number 0 £ du £ 1 and then calculating u¢ = 2p(1 ) du),
according to Eq. (9).

With the values of l and u already known from the photon
direction before scattering, and with the values of l¢0 and u¢, which
have been generated as described, the value of the unknown l¢ can be
obtained by solving the following equation

l00 ¼ X̂
0 � X̂

� �
¼ 1� l2
� �1=2

1� l02
� �1=2

cos /0 � /ð Þ þ ll0

ð12Þ
thus determining completely the direction of deflection of the photon
after scattering.

Monte Carlo simulation module of the direct transmittance, the
diffuse reflectance and diffuse transmittance of the algal suspension: In
the computational model employed to simulate the experiments, the
monochromatic light beam emerging from the radiant source is
assumed to be made of a large number of individual k photons. Each
photon is treated as a particle that is fired from the monochromatic
light source with an initial direction X̂0 and impacts on the cuvette
transparent wall facing the light source. At that point the photon can
be either reflected or transmitted into the algal suspension. If the
second possibility holds, the photon trajectory is simulated according
to the strategy previously described. When the photon reaches a
boundary it can be reflected toward the suspension, or can exit it.
Those photons leaving the algal suspension from the cuvette wall
facing the light source, in addition to those that were initially reflected
on the same wall, contribute to the simulation of the diffuse
reflectance. On the other hand, the photons that leave the suspension
through the face opposite to the light source contribute to the direct
and diffuse transmittance.

For the direct transmittance simulation, among the directions of all
the photons leaving the cuvette only those that impact the detector
positioned as it is schematically shown in Fig. 2a are considered. The
comparison of simulation results with those of experimental measure-
ments is based on the ratio of the computed number of photons that
impact the detector to the total number of photons emitted from the
light source during the same period of time.

The reflectivity q1,2 on the interface between two dielectric media is
computed according to Fresnell’s law

q1;2ðX̂; X̂
0
; n̂2;1Þ ¼

1

2

g1ðn̂2;1 � X̂Þ � g2ðn̂2;1 � X̂
0Þ

g1ðn̂2;1 � X̂Þ þ g2ðn̂2;1 � X̂
0Þ

 !2

þ 1

2

g1ðn̂2;1 � X̂
0Þ � g2ðn̂2;1 � X̂Þ

g1ðn̂2;1 � X̂
0Þ þ g2ðn̂2;1 � X̂Þ

 !2
ð13Þ

where X̂ is the direction of the beam incident on the interface from the
medium 1 side; X̂

0
is the direction of the beam refracted into medium 2;

n̂2;1 is the local unit normal to the interface pointing to medium 1; and
g1 and g2 are the refraction indices of medium 1 and medium 2,
respectively. The direction X̂ of the refracted beam is related to the
direction X̂ of the incident beam through Snell’s refraction law.

After the reflectivity q1,2 on the interface between dielectric media 1
and 2 has been computed, a random number 0 £ dq £ 1 is generated. If
0 £ dq £ q1,2 then the photon is considered to be reflected and the new
direction is computed according to Fresnel’s reflection law. Otherwise
the photon is refracted into the second media and the new direction is
computed according to Snell’s law.

The case of a rigid transparent material was treated as two parallel
interfaces without thickness separated from one another by the wall
width. The total reflectivity was computed as follows:

q1;2;3 ¼ q1;2 þ 1� q2;1

� �
q2;3 1� q1;2

� �
þ q1;3q2;1q2;3 1� q1;2

� �
ð14Þ

where subscripts 1 and 3 denote the two media separated by the wall;
subscript 2 refers to the thin transparent wall; and qi,j is the reflectivity
of the (i, j) interface, computed by means of Fresnell’s law, as before.

Parameter estimation: For the estimation of the scattering and
absorption probabilities, as well as the parameters of the phase
function, an optimization program based on a genetic algorithm was
used (Fig. 5). This program provides the Monte Carlo subroutine with
randomly generated sets of parameter values. Each set of values is
called an ‘‘individual’’; each value of the parameters given rise to an
individual is expressed in the binary numerical system and is called a
‘‘gene’’; and simultaneous ‘‘individuals’’ form together a ‘‘generation.’’
The Monte Carlo subroutine is run for each ‘‘individual’’ of the
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current generation and computes an error between predicted and
experimental values. The ‘‘fittest’’ individual of a generation is that
which causes the least error compared to those of the other trial
individuals. This individual is spared for the next generation. The other
individuals of a generation are obtained by simple operations on the
genes: ‘‘mutations’’ and ‘‘hybridization.’’ The procedure is repeated
until an individual causes the error to fall below an acceptable ceiling
value.

A genetic algorithm is a non deterministic optimization method of
global search. In those cases in which the general features of the target
function are poorly foreseeable, an optimization program based on a
genetic algorithm is an excellent means to provide the solution to the
system avoiding falling in local minima. This stochastic method has
the advantage of avoiding often cumbersome manipulations of the
mathematical model to derive expressions on which the assessment of
the predicted results will be based. Furthermore, the choice of the
initial conditions has a marginal effect on securing the solution to the
problem (37,38).

The probability of absorption and scattering was individually
optimized for each wavelength and algal species assuming a linear
dependence of the absorption and scattering coefficients with the
chlorophyll concentration and the algal DW concentration. The
regression for the absorption ak and scattering nk coefficients were
then computed as it was described elsewhere in the section.

RESULTS AND DISCUSSION

The availability of algorithms for the prediction of the local
light density at any position in a culture medium is necessary
either for the computation of the local microalgae growth
kinetics or for the regression of its parameters, as well as for

PBRs’ design and optimization. In any case, it is essential
knowing the optical properties of microalgae suspensions.

In this study, two microalgae species of quite different

shapes were chosen as model microorganisms (S. quadricauda
and Chlorella sp.) to experimentally confirm the soundness of
the assumption that light scattering depends very weakly on

the algal cell shape, considering the fact that not only the algal

cell causes the dispersion of light but also its cellular contents,
including a set of components differing in their number, size,
shape and optical properties.

Measured direct transmittance, diffuse reflectance and

transmittance

The results of these experiments for different suspensions of

Chlorella sp. are shown in Figs 6–8. Although not shown for
brevity, graphs of the same measurements on suspensions of
S. quadricauda closely follow these patterns.

Figure 6a shows that the diffuse reflectance decreases as the
algal DW concentration increases in the entire range of

Figure 5. Schematic representation of the Genetic Algorithm–Monte
Carlo Simulation Module ensemble used for the regression of the
absorption and scattering spectral volumetric coefficients, and of the
scattering phase function parameters.

Figure 6. Relative diffuse reflectance: (a) as a function of wavelength
at four different dry weight (DW) algal concentrations {1.650 g L)1

(·), 0.660 g L)1 (4), 0.132 g L)1 (h) and 0.066 g L)1 (s)}; (b) as a
function of DW algal concentrations at 450 (·) and 540 nm (h)
wavelengths.

Figure 7. Relative direct transmittance: (a) as a function of wavelength
at two different dry weight (DW) algal concentrations {1.650 g L)1

(·), 0.660 g L)1 (4)}; (b) as a function of DW algal concentrations for
450 (·) and 540 nm (h) wavelengths.

Figure 8. Relative diffuse transmittance (a) as a function of wave-
length for four different dry weight (DW) algal concentrations
{1.650 g L)1 (·), 0.660 g L)1 (4), 0.132 g L)1 (h) and 0.066 g L)1

(s)}; (b) as a function of DW algal concentrations for 450 (·) and
540 nm (h) wavelengths.
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scanned wavelengths, and that the attenuation is more
important at those wavelengths where photosynthetic absorp-
tion occurs. In Fig. 6b, it can be seen that the values of the
diffuse reflectance for very low algal concentrations are close

to those of the reflectance measured on the cuvette filled with
distilled water, where its two opposed walls, transverse to the
direction of the incident beam, contribute to the total diffuse

reflectance. In the case of concentrated suspensions, the
measured values of the diffuse reflectance approach those of
the reflectance on the first wall encountered by the light beam.

Strong evidence can be found in the literature indicating
that the scattering phase function is nonisotropic and that it
favors forward scattering over backward scattering

(14,20,22,23). Thus, at low biomass concentrations, where
single scattering prevails, the lowering trend of the diffuse
reflectance with the biomass concentration is an expected
result, due to the increasing energy absorption by photosyn-

thetic pigments along the way of the photons toward the
second cuvette wall, and backward after they have been
reflected on it. In the case of concentrated suspensions, the

measured values of the diffuse reflectance approach those of
the reflectance on the first wall of the container. This is so
because the contribution to the diffuse reflectance from

photons undergoing multiple scattering events until they move
backward, which increases with the biomass DW concentra-
tion, competes against a simultaneously larger probability of
photon absorption, giving rise to the observed decreasing trend

of the diffuse reflectance with algal DW concentration.
The direct transmittance decays with the DW algal concen-

tration in an exponential-like fashion, as shown in Fig. 7b.

Direct transmittance shows wavelength dependence over the
entire concentration range. The difference between direct
transmittances at photosynthetic and nonphotosynthetic

wavelengths becomes smaller as the biomass concentration
increases. At low concentrations the difference is mainly due to
absorption, but with increasing biomass concentration this

difference becomes smaller due to the fact that scattering
becomes the dominant phenomenon (Fig. 7a). Light scattering
reduces the ratio of recorded energy to incident energy as the
algal concentration increases, thus progressively smoothing the

dependence of the direct transmitted spectrum with wave-
length due to selective absorption.

The diffuse transmittance decreases steadily with the algal

mass concentration, but this trend is clearly dependent on the
wavelength of the incident radiation, as shown in Figs 8a–b.
As it can be expected, energy beam attenuation by absorption

is more pronounced at photosynthetically active wavelengths.
As in the case of direct transmittance measurements, the light
rays coming out of the suspension are scattered into many
directions. The difference is that in the case of diffuse

transmittance experiments, light scattering has virtually no
effect on the ratio of recorded energy to incident energy as the
algal concentration increases, thus enhancing the wavelength

dependence of the transmitted spectrum due to highly selective
light absorption.

In this study, our aim is developing a simulation method for

the prediction and optimization of the radiation field in PBRs
and for that end, it is essential knowing the radiation field
parameters governing the interaction of radiative energy with

microalgae suspensions. Having capabilities to predict the
local specific rate of energy absorption is particularly important

when proposing algal growth kinetic expressions based on
mechanisms that depend on the energy density in the expres-

sion of the rate of their initial step (41). The selectivity on
wavelength of the light absorption by the photosynthetic
system of green algae, which uses the radiation included in the

ranges of 400–500 nm and 620–690 nm, led us to compute the
local density of radiant energy for wavelengths within these
ranges, as they are the ones of major interest in growth

kinetics.

Regression of the scattering and absorption coefficients from

experimental data. Selection of the scattering phase function

and assessment of the parameters involved

The optimization program supplies the Monte Carlo simula-
tion subprogram with provisional values of the scattering and
absorption coefficients as well as those of the parameters of the

phase function, and it returns the corresponding value of the
error function to the main genetic algorithmic program, which
minimizes the differences between the experimental data with

those predicted by the stochastic model.
Different bibliographic sources point out that the phase

function for scattering in microalgal suspensions can be

modeled using the Henyey–Greenstein phase function
(14,20,22,23). The performance of the Henyey–Greenstein
model for the prediction of the outcome of the experimental
measurements was tried, but these were not reproduced with

acceptable accuracy. Instead, we followed the strategy used by
Chu and Churchill (42). The scattering phase function was
expanded in a series of Legendre polynomials as functions

of the cosine of the scattering angle, whose convergence to
the correct function at any point in the interval
�1<l0 ¼ X̂

0 � X̂<1 is guaranteed if a sufficient number of

numerically meaningful terms are included. As we shall see
later on, a truncated expansion including six terms (i.e. that
includes five parameters to be regressed. See Eqs. [10] and [11])

suffices to reproduce the experimental measurements with
great accuracy.

The ‘‘best fit’’ parameter set obtained with the truncated
Legendre expansion approximation of the scattering phase

function for the reference suspension of Chlorella sp at 450 nm
is given in Table 2, together with the values for the scattering
and absorption coefficient for the most concentrated suspen-

sion at the same wavelength. In Fig. 9a, the shape of the phase
function is shown.

The scattering and absorption coefficients and the param-

eters for the Legendre expansion were obtained at every
10 nm, in the wavelengths region from 400 to 700 nm. The

Table 2. ‘‘Best fit’’ set of optical parameters at 450 nm for the
reference suspension of Chlorella sp.

Parameter Value

C1 2.496
C2 2.852
C3 2.173
C4 1.107
C5 0.302
n0450 0.552
a0450 0.276

Photochemistry and Photobiology 7



variation of the absorption coefficient shows the expected
result, presenting the larger values at those wavelengths where
the chlorophyll pigments are active to light (see Fig. 10a). Free

chlorophylls show strong absorption peaks around 435 and
676 nm (Chlorophyll a) and around 475 and 650 nm (Chlo-
rophyll b; 43). These peaks are not observed in the exper-
imental transmittance measurements on algal suspensions,

where chlorophylls are bound to their supporting proteins, and
their absorption peaks shift their positions with respect to
those of free chlorophylls to the point that they overlap, giving

rise to a smoother transmittance spectrum. For the same
reason, those peaks are also smoother in the plots of the
absorption coefficients vs wavelength.

From Fig. 11a, it can be observed that the values of the
experimentally measured direct transmittance, diffuse trans-
mittance and reflectance steadily decrease with increasing

values of the monochromatic volumetric absorption coefficient
describing a systematic pattern, regardless the corresponding
values of the wavelength within the experimental range from
400 to 700 nm. On the other hand, when the same experimen-

tal values of these properties are plotted against increasing
values of the volumetric scattering coefficient as in Fig. 11b, no
definite pattern can be observed and the experimental points

appear rather scattered. This is an indication that photon
absorption plays an important role in determining the outcome
of each of these experiments. Moreover, we could claim that

these experimental results depend on wavelength mainly
through the absorption coefficient. As they also depend on
the values of the volumetric scattering coefficient and the

phase function, the corollary is that these two properties are
almost wavelength independent. Moreover, the results shown
in Fig. 10b corroborate this assertion for the case of the
volumetric scattering coefficient.

The trapping of light energy is the key to photosynthesis.
The first event is the absorption of light by the photoreceptor
molecule. The principal photoreceptor in the chloroplasts of

most plants and microalgae is chlorophyll a. Light must cross
the cellular membrane to reach the chlorophylls’ molecules.
Microalgae also contain a collection of particles and organelles

(proteins, ribosomes, vesicles, liposomes, plastids, etc.) with
different sizes, shapes and different optical properties. In
Table 3, a short but illustrative list of cellular components is

detailed together with their typical size parameters computed
according to Özisik (43).

The difficulty of proposing rigorous theoretical approaches

for the interpretation of experimental results at a microscopic
level that incorporate all the variables involved in a manage-
able way, brings about the need to make arguable simplifying

assumptions regarding the scattering centers. In particular,
when microalgae cells are simplified into equal size spherical
particles, and considered as if they were made of homogeneous
materials of uniform physical properties, and it is assumed that

they are the actual centers of light scattering, the effects of the
differences in size of the actual intracellular scattering particles
are neglected and the influence of the nonhomogeneous

refractive index is ignored.
Instead, we propose a simple physical model of the

radiative field interaction with algae suspensions. The pro-

posed model lies on the assumption that the algal suspension

Figure 9. Phase function for the five-parameter truncated Legendre
polynomial expansion. (a) B vs l0, (b) B vs h0 in polar coordinates.

Figure 10. a0k coefficients of absorption vs wavelength (a) and n0k
coefficients of scattering vs wavelength (b) within the 400–700 nm
region for the 1.65 g L)1 Chlorella sp. suspension.

Figure 11. Relative direct transmittance (4), relative diffuse transmit-
tance (h) and relative diffuse reflectance (·) as a function of
coefficients of absorption a0k and as a function of coefficients of
scattering n0k.
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can be modeled as a continuum where the actual particles

that cause light scattering have been replaced with centers of
absorption or scattering, randomly distributed throughout
the suspension. In order that a Monte Carlo algorithm could

be developed based on this model, probabilities must be
assigned to the photon scattering event and to the photon
absorption events, respectively, which may occur along an

elementary distance travelled by the photons through the
suspension (see Appendix). The experimental measurements
were simulated with the Monte Carlo algorithm, using the
scattering and absorption coefficients previously obtained,

and with a representative set of parameters for the Legendre
polynomials’ expansion of the phase function (values pre-
sented in Table 2).

Experimental and predicted values of the direct transmit-
tance, the diffuse reflectance and transmittance of the reference
Chlorella sp. suspension using the set of coefficients of Table 2

are shown in Fig. 12a,b. This approximation to the phase
function shows a good agreement with experimental data.

The light energy harvested by the photosynthetic systems is

confined to the wavelength intervals from 400 to 500 nm and
from620 to 690 nmof the spectrum, andabsorptionwithin these
ranges ismainlymediated by chlorophyll pigments. Carotenoids
and phycobilins (in cyanobacteria and red algae) are accessory

pigments and protect cells against excess irradiance. Some
pigments in algae do not transfer excitation energy and some are
overproduced when grown under unfavorable conditions (i.e.

nutrient deficiency, temperature extremes and high irradiance;

45). The last conditions are not usually found in microalgae
biomass production in PBRs. Considering that the chlorophyll
content of the algal cells depends on the conditions of the culture
process, we will correlate the spectral volumetric absorption

coefficient with the concentration of chlorophyll in the algal
suspension rather than with the algal DW concentration. The
following linear relationships were proposed to correlate the

results from the set of four different suspensions ofChlorella sp.
prepared as described previously by dilution of the reference
suspensions of Table 1:

nk
1

mm

� �
¼ nDW

k
L

mgmm

� �
x

mg

L

h i
ð15Þ

ak
1

mm

� �
¼ aChlk

L

mgmm

� �
Chl

mg

L

h i
ð16Þ

where nDW
k is the specific scattering coefficient referred to unit

DW algal concentration and aChlk is the specific absorption
coefficient referred to unit Chlorophyll concentration.

For the validation of our assertion regarding that: (1) the

shape and size of the microalgae cells have a minor effect on
the scattering coefficient and on the scattering phase function;
(2) the scattering coefficient is proportional to the microalgae
DW concentration (independently of the algal species); and (3)

the absorption coefficient, at those wavelengths where chloro-
phylls are the principal absorption pigments, is proportional to
the chlorophylls total concentration, we proceeded as follows.

Using the set of coefficients of the expansion of the phase
function in terms of Legendre polynomials; the specific
scattering coefficient nDW

k and the specific absorption coeffi-

cient aChlk , all obtained for Chlorella sp. suspensions, we
simulated the outcome of the experimental measurements on
S. quadricauda suspensions and compare the measured data
with the simulation results.

In Fig. 13, the experimental values of the spectral direct
transmittance, the spectral diffuse transmittance and the
spectral diffuse reflectance, all measured on suspensions of S.

quadricauda at three different wavelengths, are plotted
together with the corresponding values predicted by the Monte
Carlo simulation algorithm using the optical parameters

obtained with the same experiments performed on suspensions
of Chlorella sp., of quite different shape compared with that of
S. quadricauda, and also of different chlorophylls’ content. As

it can be seen, the simulation method predicts the experimental
values with good accuracy.

CONCLUSIONS

In the present study, two important results are derived, a
computer simulation tool and the optical parameters of

microalgae suspensions relevant for PBRs’ design and opti-
mization purposes. The methodology proposed for the
simulation of the radiation field in algae suspensions was
coupled to an optimization algorithm for the assessment of

the optical parameters of Chlorella sp. suspensions. The
scattering coefficient was correlated with the algal mass
concentration and the absorption coefficient was correlated

with the chlorophyll concentration. The coefficients of the
truncated expansion of the scattering phase function in terms

Table 3. Sizes and approximate size factors of some cellular compo-
nents.

Cellular component

Average
diameter (D)†

(lm)

Approximate size factor*

k = 400 nm k = 700 nm

Mitochondria 0.5 3.9 2.2
Chloroplast 5 39.3 22.4
Nucleus 3–10 23.6–78.5 13.5–44.9
Lysosome 0.5 3.9 2.2
Ribosome 30 0.235 0.134
Typical globular protein 5 0.039 0.022

*Size factor = pÆD ⁄ k; †taken from Alberts et al. [44].

Figure 12. Direct transmittance (4,—), diffuse reflectance (·,– –) and
diffuse transmittance (h,...) experimental (dots) and modeled (lines)
results at 540 (a) and 450 nm (b), relative to those of the algae-free
culture medium; for Chlorella sp. suspensions. The model parameters
are: n0540 ¼ 0:671mm�1; n0450 ¼ 0:552mm�1; a0540nm ¼ 0:024mm�1and
a0450 nm ¼ 0:292mm�1.
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of Legendre polynomials remain practically unchanged in the
region from 400 to 700 nm.

When used as an autonomous simulation program the
Monte Carlo module, fed with the optical coefficients
regressed in the present study, permits calculating the local

monochromatic energy density at any position in the algal
suspension, which is crucial for the assessment of the local
specific rate of monochromatic energy absorption.

Biomass productivity in any culture system depends on the

degree to which the culture conditions match the requirements
of the selected microorganism. Because mineral nutrient
limitation is easily avoided in microalgal mass culture,

availability of light inside the PBR and temperature are the
main factors that determine productivity. Once the tempera-
ture is suitably controlled, light availability becomes the key

limiting factor. In an optimal system where no other limiting
factors are present, light availability determines the rate of
photosynthesis. However, excessive light can be harmful and it

is known to produce a photoinhibitory response. The central
issue involved in large-scale production of photoautotrophic
microalgae concerns efficient use of light for photosynthetic
productivity of biomass and secondary metabolites. In addi-

tion to a mathematical model of the momentum and mass
transfer in the culture media, rigorous PBR design must
include a model of the radiation field, which in turn is a

function of the algal mass concentration, as well as the
expression of the intrinsic growth kinetic, which also depends
on the local light density.

In this study, the physical model and the Monte Carlo
algorithm were successfully used for simulation purposes to
reproduce the experimental direct transmittance, diffuse

reflectance and transmittance measured on suspensions of
S. quadricauda (a strain with different shape and aggrega-
tion tendency), using the set of coefficients of the truncated
Legendre polynomial expansion of the phase function, the

specific scattering coefficient and the specific absorption
coefficients obtained for Chlorella sp., thus implying an
assurance regarding its validity. A more conclusive valida-

tion is made in a forthcoming study, for a situation closer
to those found at production scales, where a polychromatic
light source irradiating algal suspensions in a shallow

container from its base is used, and the angular deflection
of the rays and their energy is measured at different angles
from the normal of the suspension free surface as they
leave the suspension. This experiment can be thought of as

reproducing the situation prevailing in an open pond,
except that it was turned upside down for experimental

convenience (46).
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APPENDIX

Monte Carlo simulation of the radiant field in a homogeneous

algal suspension

In this model, we emphasize the particle aspect rather than the

wave characteristics of the radiant energy. The picture of the
radiant field will be that of a nonuniform gas of photons
moving in varying directions at each point with a unique speed
c (i.e. the speed of light). Moreover, we are going to assume

that in all cases of interest, the properties of the radiant energy
field do not depend on time as an independent variable, but
only through the time evolution of the phenomenological

parameters of the radiant field which might depend, for
instance, on the instantaneous composition of the background
suspension. As a consequence of this, the radiant energy field

will follow the changes with time of the properties of the
background medium going through a succession of steady
states without detectable delay.

Let’s consider a thought experiment, which consists of
picking a photon at a given time among those in a differential
volume at the position r within the radiant energy field and
keep record of its energy (i.e. of its wavelength k) and of its

direction of motion X̂. If we assume that all photons are
equally accessible to the observer, the sampling is not biased
and the fraction of photons that move with directions enclosed

by the elementary solid angle d 2ð ÞX̂ ¼ sin hdhd/ ¼ �dld/ and
have wavelength between k and kþ dk (i.e. the fraction of

Figure 13. Direct transmittance (4,—), diffuse reflectance (·,– –) and diffuse transmittance (h,...) experimental (dots) and modeled (lines) results
at 450 (a), 620 (b) and 680 nm (c), relative to those of the algae-free culture medium; for Scenedesmus quadricauda suspensions. The model
parameters are: a450 nm = 3.5310)3 mm)1 and n450 nm = 0.335 mm)1; a620 nm = 7.3010)4 mm)1 and n620 nm = 0.378 mm)1;
a680 nm = 2.5710)3 mm)1 and n680 nm = 0.356 mm)1.
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ðX̂; kÞ photons among all photons around r) can be regarded as
the differential probability d 3ð ÞPðr; X̂; kÞof occurrence of the
ðr; X̂; kÞ event.

The differential probability of this compound event can be

written in terms of the probability distribution function

d 3ð ÞP r; X̂; k
� �

¼ @ 3ð Þ

@ 2ð ÞX̂ @k
P r; X̂; k
� �

d 2ð ÞX̂ dk

¼ p r; X̂; k
� �

d 2ð ÞX̂ dk

ð17Þ

where

p r; X̂; k
� �

¼ @ 3ð Þ

@ 2ð ÞX̂ @k
P r; X̂; k
� �

ð18Þ

is the probability distribution function of the ðr; X̂; kÞ event.
As it is frequently carried out in the field of the kinetic

theory of fluids, we require that the cumulative probability
Pðr; X̂; kÞ satisfies the normalization condition:Z
k

dk
Z
X̂

d 3ð ÞP r; X̂; k
� �

¼
Z
k

dk
Z
X̂

d 2ð ÞX̂ p r; X̂; k
� �

¼
Z
k

dk
Z2p
0

d/
Z1
�1

dl p r; l;/; kð Þ ¼ np rð Þ

ð19Þ

where np(r) is the photon number density regardless of their

individual direction of motion and of the wavelength they
have. As a consequence of this normalization condition, we
can think of pðr; X̂; kÞ as the number density npðr; X̂; kÞ of k
photons around the field point r (Fig. 14), which move in the

direction X̂ðl;/Þ. Then we can write

d 3ð ÞP r; X̂; k
� �

¼ np r; X̂; k
� �

d 2ð ÞX̂ dk ð20Þ

For strictly computational purposes we will proceed as if we
were able to keep a detailed account of the series of events that

may occur to a tagged photon among those in the npðr; X̂; kÞ
subset, while it covers a distance Ds in its direction of motion
X̂. Along this elemental step from the field point r toward the

point rþ X̂ Ds, the ðX̂; kÞ photon can be removed from this set
at some intermediate point rþ aX̂ Ds, 0 < a < 1, whether it is
absorbed by the medium ‘‘or’’ deflected from its original

direction X̂. In either case, the ðX̂; kÞ photon will not reach the
field point rþ X̂ Ds. Therefore, the ðX̂; kÞ photon can undergo
only one of the following complementary, and mutually

exclusive, events:
• Absorption event (A).
• Scattering event (S).
• Neither absorption nor scattering compound event (NA,

NS).
Because these are complementary and mutually exclusive

events, their probabilities of occurrence must add to unity:

P Að Þ þ P Sð Þ þ P NA, NSð Þ ¼ 1 ð21Þ

The problem to address now is that of assigning a

mathematical expression to each of the probabilities included
in Eq. (21).

Let us consider the s coordinate along the direction of
propagation X̂ of a monochromatic radiant energy beam
through an absorbing and scattering medium. Let us also
consider an elementary right circular cylinder positioned

around the direction X̂ with base DA and height Ds as
sketched in Fig. 15. The monochromatic radiant energy due to
ðX̂; kÞ photons entering the elemental cylinder through its

virtual base at s per unit time is:

D _E s; X̂; k
� �

¼ c h
c

k

� �
np s; X̂; k
� �

DA DX̂ Dk

¼ c hm np s; X̂; k
� �

DA DX̂ Dk
ð22Þ

The monochromatic radiant energy due to ðX̂; kÞ photons
leaving the elementary right cylinder through its virtual base

at s + Ds per unit time, is

D _E sþ Ds; X̂; k
� �

¼ c h
c

k

� �
np sþ Ds; X̂; k
� �

DA DX̂ Dk ð23Þ

Let us denote by D _Eabsðsþ a Ds; X̂; kÞ, 0 < a < 1, the

radiant energy locally absorbed per unit time by the medium
while ðX̂; kÞ photons cover the distance from s to s + Ds. A
radiant energy balance performed on the elemental cylinder
leads to

Figure 14. Unit vector X̂ pointing in a generic direction (h, u) from a
field point r.

Figure 15. Radiant energy balance along an elementary beam prop-
agation step Ds in the X̂ direction: a supporting sketch.
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D _E s; X̂; k
� �

¼ D _E sþ Ds; X̂; k
� �

þ D _Eabs sþ aDs; X̂; k
� �

þ D _Escatt sþ a Ds; X̂; k
� �

ð24Þ

The following constitutive equations are proposed for the
local volumetric rate of radiant energy absorption and for the

local volumetric rate of radiant energy scattering:

D _Eabs sþ aDs; X̂;k
� �

¼ akc h
c

k

� �
np sþ aDs; X̂;k
� �

DsDADX̂ Dk

ð25Þ

D _Escatt sþaDs;X̂;k
� �

¼ nkc h
c

k

� �
np sþaDs;X̂;k
� �

DsDADX̂ Dk

ð26Þ

where ak and nk are the volumetric spectral absorption coeffi-

cient and the volumetric spectral scattering coefficient, respec-
tively, of the background suspension.

Substitution of Eqs. (22), (23), (25) and (26) in Eq. (24),

after some obvious cancellations, gives

np s; X̂;k
� �

¼ np sþDs; X̂;k
� �

þ ak þ nkð Þ np sþ aDs; X̂;k
� �

Ds

ð27Þ

Equation (17) can be cast into the following form

1

np sþ aDs; X̂;k
� � np sþDs; X̂;k

� �
� np s; X̂;k

� �
Ds

2
4

3
5¼� akþ nkð Þ

ð28Þ

for X̂; k¼ const. In the limit of Ds fi 0, we get

1

np s; X̂; k
� � @np s; X̂; k

� �
@s

2
4

3
5 ¼ � ak þ nkð Þ ð29Þ

Integration of Eq. (29) over a distance Ds along the straight

trajectory rðsþ DsÞ ¼ rðsÞ þ X̂ Ds across the homogeneous
suspension, gives

ln
np sþ Ds; X̂; k
� �
np s; X̂; k
� �

2
4

3
5 ¼ � ak þ nkð ÞDs ð30Þ

np sþ Ds; X̂; k
� �
np s; X̂; k
� �

2
4

3
5 ¼ exp � ak þ nkð ÞDsf g ð31Þ

In Eq. (31), the ratio npðsþ Ds; X̂; kÞ
.
npðs; X̂; kÞ is the

conditional probability that a ðX̂; kÞ photon reaches the position
s + Ds with X̂ direction given the fact that it comes from the
position s. This is equivalent to saying that a ðX̂; kÞ photon
that was fired from the position rðs; X̂Þ with direction X̂ has the
probability

P NA, NSð Þ ¼ exp � ak þ nkð ÞDsf g ð32Þ

of reaching the position rðsþ DsÞ ¼ rðsÞ þ X̂ Ds in a scattering
and absorbing medium (i.e. the probability of surviving to
absorption and scattering as aðX̂; kÞ photon).

From the Eq. (21), and taking into account the mutually
exclusive character of a single photon scattering and absorp-
tion events, we conclude that the probability of absorption or

scattering of a ðX̂; kÞ photon fired from the position r(s) after
traveling a small distance Ds in the X̂ direction through the
algal suspension is

P A00or00Sð Þ ¼ P Að Þ þ P Sð Þ ¼ 1� exp � ak þ nkð ÞDs½ � ð33Þ

From Eq. (25), we can see that the contribution of photon
absorption to the local decrease of ðX̂; kÞ photon number

density at any intermediate point s¢ over the straight trajectory
rðsþ DsÞ ¼ rðsÞ þ X̂ Ds in a homogeneous medium is

1

np s; X̂; k
� � @np s; X̂; k

� �
@s

2
4

3
5 ¼

¼ � 1

np s; X̂; k
� � @n

absð Þ
p s; X̂; k

� �
@s

2
4

3
5 ¼ �ak

ð34Þ

for constant X̂ and k.
From Eq. (25), around a position s¢, s < s¢ < s + Ds, we

have

dn absð Þ
p s0; X̂; k

� �
¼ �ak np s0; X̂; k

� �
ds0

¼ �ak np s; X̂; k
� �

exp � ak þ nkð Þ s0 � sð Þ½ �ds0

ð35Þ

Integration of Eq. (35) over the interval s < s¢ < s + Ds,
gives

n absð Þ
p sþDs;X̂;k

� �
¼ak np s;X̂;k

� � ZsþDs

0

ds0 exp � akþnkð Þ s0 �sð Þ½ �

¼ ak

akþnkð Þnp s;X̂;k
� �

1�exp � akþnkð ÞDs½ �f g

ð36Þ

by rearranging Eq. (36), we get

P Að Þ ¼
n

absð Þ
p sþDs; X̂;k

� �
np s; X̂;k
� � ¼ ak

ak þ nkð Þ 1� exp � ak þ nkð ÞDs½ �f g

ð37Þ

From Eq. (37) and the condition of Eq. (33),

P Sð Þ ¼ nk

ak þ nkð Þ 1� exp � ak þ nkð ÞDs½ �f g ð38Þ

Substitution of the expressions obtained from P(A), P(S),
P(NA, NS) in Eq. (25), gives

12 Josué Miguel Heinrich et al.



nkð Þ
ak þ nkð Þ 1� exp � ak þ nkð ÞDs½ �f g|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

P Sð Þ

þ akð Þ
ak þ nkð Þ 1� exp � ak þ nkð ÞDs½ �f g|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

P Að Þ

þ exp � ak þ nkð ÞDs½ �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
P Sð Þ�P Að Þ¼P NS;NAð Þ

¼ 1

ð39Þ
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