REVISTA DE LA
UNION MATEMATICA ARGENTINA
Volumen 52, Numero 1, 2011, Paginas 47-56

WEIGHTED LOCAL BMO SPACES AND THE LOCAL
HARDY-LITTLEWOOD MAXIMAL OPERATOR

ANIBAL CHICCO RUIZ AND ELEONOR HARBOURE

ABSTRACT. We define a local type of a weighted BMO space on Rt and
prove the boundedness of the local Hardy-Littlewood maximal function in
that space, provided that the weight belongs to the local class A}

loc*

1. INTRODUCTION

Let us fix k > 1. We say that I = (a,b) is a k-local interval whenever
0 < a<b< kaand we will call critical intervals to those of the form (a, ka) for
a > 0. Also we shall denote with Z,; the family of all local intervals with respect to
x. With this notation we introduce the definition of the x-local Maximal Operator
on RT = (0, 00) as follows: Given any measurable function f:RT — R, we set

M, f(z) = sup ﬁ / £ ()ldy,

x€le€Z,

for any € R™. This operator, being smaller than the regular Hardy-Littlewood
maximal function, is bounded on Lebesgue spaces LP(R™) for 1 < p < oo and of
weak type for p = 1. However, as it was shown in [4], LP-weighted inequalities hold
for a wider class than Muckenhoupt’s A, weigths, the A7  classes, which require
control of averages only for local 1ntervals Nowak and Stempak studied this prob-
lem in connection with transplantation theorems associated to Hankel Transforms.
Such classes of weights were also used in [2] to prove weighted inequalities for
the maximal operator of the diffusion semigroup associated to Laguerre functions
systems.

To be precise, we call a weight on R* to any nonnegative and R*-locally inte-
grable function. We shall denote by Aloc .. the class of all weights w on R such
that there exists C, > 0 satisfying, for all I € I,

(/I“(x)dx) " (/Iw(x)p'/de) W < Cil1], (1.1)

w(I) < CulI|essinf erw(z), (1.2)

when p > 1, and

when p = 1.
The semi-norm [w], , is the least constant Cy for which (1.1) or (1.2) holds.
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48 A. CHICCO RUIZ AND E. HARBOURE

In [1], the authors prove that, for a fixed p, the classes are independent of &,
namely, that A} . = A}, for any & > 1. Therefore we will denote that class just
with AP . Nevertheless let us observe that the semi-norms [w]p . actually depend
on £ and could happen, for some weight w € AY | that [w], . — 0o as Kk — oo.
Such is the case of w(x) = 1/x.

In the same article, the authors also show that M}’  is bounded on L”(w) if and
only if w € A7, for 1 < p < oo, and that M is of weak type (1,1) with respect
to w(x)dw if and only if w € A} | with boundedness constants depending on x only

loc?
by [w]p. k-

On the other hand, it is well known that M, the usual Hardy-Littlewood maximal
operator, is not bounded on BM O, the space of John and Nirenberg. In fact, it
was shown in [1] that for a BMO(R™) function, M (f) is either identically co or it
does belong to BMO. They also show that if the underlying space is a cube then
M is actually bounded on BMO.

The purpose of this work is to investigate the behavior of the Local Maximal
Operator on appropriate weighted BM O spaces. We believe that our result is new
even in the unweighted case.

The weighted local BMO space, BM Oy, .(w), will be defined in section 3. In the
theorem 3.4, we will show the boundedness of My . on BMO}: (w) for weights w
such that w € A} . Let us note that if we define L>>, = {f : fw™! € L=(RT)},
it is clear that My, : L2, — Lo%, for weights w € Alloc' Such class of weights
can be seen as the limit case of the weighted LP-inequalities M} : LP(wP) —
LP(wP), since the condition required, w? € A} . is equivalent to w? € AP ;C.
Since L, € BMO(w) C BMO}, (w), it is natural to ask w € A}, in order to
obtain boundedness of Mj} . on BM Oy, (w). Observe that for the classical Hardy-
Littlewood maximal function (see Theorem 2.3 below), that boundedness does not

hold.
2. SOME PRELIMINARY RESULTS

From their definition it is clear that A}
(1) A7 . Cc Al . 1<p<g;

loc loc?

(2) we AP if and only if W' € A

loc loc*

classes satisfy

As usual, we denote AJS. = Up>1 A} .. The following property, that we borrow
from [4], will be useful in the sequel.

Lemma 2.1. Let w € A} 1 < p < co. Then, for every k > 1, there exists a

constant Cy; depending on k, p and the A} -norm of w, such that

for any I € Z,; and any measurable set S C I.
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Remark 2.2. The case p = 1 of this Lemma arises directly from A} _ class definition,

since for all S C I we have essinfzerw(zr) < essinfyesw(x) < |S|w(S). Thus, (1.2)
give us

—=w(S) (2.1)

for any I € 7,; and any set S C I.

Next we introduce the precise definitions of the Hardy-Littlewood maximal op-
erator supported on a given cube and the corresponding BM O space.

Let @ a fixed cube in R™. The Hardy-Littlewood maximal function Mg sup-
ported on @ is given, for any @-locally integrable function f and any x € @, by

Maf(w) =sw g | 1wy

where the supremum is taken over all cubes Q' contained in () and containing x.

Given a weight w defined on @, the weighted Bounded Mean Oscillation Space
on ), BMOg(w), is defined as the set of Q-locally integrable functions f that
satisfies

ﬁﬂ[mm—mm<a (2.2)

for all cubes I C @, where f; = ‘—}‘ J; f(x)dz. The semi-norm || f|| garog () is the
least constant C' that satisfies this condition.

With BMO,,(w) we denote the space when @ = R™ and in that case we required
f to be locally integrable and satisfying (2.2) for any cube I C R™.

In [1], the unweighted version of the following result is established (see theorem
4.2 there). We claim that the same proof, with some obvious modifications, can be
adapted to this setting.

Theorem 2.3. (1) Let Q a fized cube in R™ and w a weight of AY(Q) class.
If f belongs to BMOg(w) then Mqf belongs to BMOg(w) and

Mg fllBrogw) < Cllfll Brogw)s

where C' depends only on the dimension n and the A'(Q) constant of w.
(2) Let w € AY(R™). If f belongs to BMO,(w) and if M f is not identically
infinity, then M f belongs to BMO,,(w) and

M fllBaro,w) < CllfllBaro, w)s

where C depends only on the dimension n and the A' constant of w.
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3. LocaL BMO SPACE

For k > 1 and a R" weight w, we denote with BMO} (w) the family of all

loc

functions f € Li (R™) that satisfy the bounded oscillation condition

loc

1
— — <Cy, forall I €Z,, 1
w(I)/IV(x) filde < Cy, forall T ¢ (3.1)
and the bounded mean condition
7l
—— | |f(z)|de < Cy, forall I € Z¢, 3.2
7 i) (32)

where we consider Z¢ = {(a,b) : a > 0,b > ka}.

The BMOj: .(w) norm of f is the least constant that satisfies both conditions
and will be denoted with || f[|paor (w)-

Observe that, since ﬁ J; 1f(x) = frlda < 2ﬁ J; |f(z)|dz for any measurable
set I, we have that, for f € BMO}} (w), the bounded oscillation condition (3.1)
actually holds for any interval I CC R*. Also, if 1 < k < &’ then BM O} (w) —
BMOY, (w). Moreover, we have:

loc

Lemma 3.1. Ifw € A% then BMO} (w) = BMOF (w) for any k, &' > 1, with

norms and equivalence constants depending on w, k and k'.

Proof. Consider 1 < k < x/. By the observation made before, it will be enough to
prove, for f € BMOJ (w) and I € ¢, that ﬁ S [f()|de < CHfHBMO[i,/U’ with
C =C(k, K, w).

If I € Zf,, then there is nothing to prove. If I = (a,b) € Iy NI we have
ka < b < k’a. Then, using Lemma 2.1, we obtain

/I f@ldr < / () |dx
< HfHBMof(juw((W“/a))
< Ol oy @((a,xa))
<

C”f”BMOfO'Cw(I)a

and this complete the proof.

The following Lemma says that is enough to prove the bounded mean condition
(3.2) only for critical intervals to conclude that a function is in BM O} (w).

loc

Lemma 3.2. Let w € A}S.. If a function f satisfies (3.2) for any I = (a, ka) with
a >0, then f satisfies (3.2) for any I € Z¢.
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Proof. Let I = (a,b) with b > ka and let jo > 1 an integer such that xk’°a < b <

k10t 1q. Then
kitlg

/|f |dx<§:/n 2)\dz.

Since each (k’a, x’t1a) are critical intervals, by hypothesis we have

[l < € 3w (wania)
=0
< Cpw) +w ((K°a, k70 a))].

Since the interval (k°~1a, k’°*1a) belongs to Z,s, Lemma 2.1 implies

w((k°a, k" a)) < w((K° " a, k0T a))
< Cp w((ko a, k10a))
< Crw(I).
Thus, we have obtained [, |f(x)|dx < Cy w(I) for any I € Zf. O

Another useful property is the following one. Note that, in the classic BMO
context, this is a consequence of the John-Nirenberg inequality.

Lemma 3.3. Equivalence of norm’s property. Let w € AV —and k > 1. For
1 <r <p', there exists a constant C\, = C(r, K, |wlp,x) such that if f € BMO} (w)
then

1 r, 1—r Y
(WI) /1 |[f(@) = fil'w (x)dx) < Cw [IfllBMmog, () (3.3)
forall I € Z,,, and

1 1/r
(E /1 |f(a:)|7"w1_7"(a;)da;> < Cx, IflBmog, (@) (3.4)
forall I € I¢.

Proof. Let w € A} and f € BMO}, (w). First, we will prove that (3.3) holds.
For any i € Z, let J; = (k*, k'™3). Then, w € AP and J; € T,.« implies w € AP(J;),
with [w]ar(s,) < [W]p,x, for any i € Z.

Since BMOj; (w) € BMO(w), the BMO space supported on R, f|; €
BMOy,(w) and from the known equivalence of norm’s inequality for BMO j, (w)
we have

loc

1 r 1—r T
(aﬂ[V@—ﬁhv<@M) < il fl paog, o),

for any I C J;. Since the constant C; depend of i only by [w] 4»(s,), we can replace
it by a constant C} independent of J;. Thus, since every I € Z, is contained in
some J;, i € Z, we obtain the desired result (3.3).

To prove that (3.4) holds for I = (a, xa), observe that
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(ﬁ / If(a?)l”"wl"“(w)dary/r < (ﬁ e —frl’“wl‘”"(x)dx> "
1/r

<w;<}(>l)> V)

The first term of the right side is bounded by ||f||B]\40ﬁw(w)7 we can prove this

following the same argument as in the proof of (3.3). For the second term, observe
that I belong to Z,.» and w'~" belong to A? | since w € AP and p <1/, and this

loc?

implies w!="(1)/"w(I)*/"" < C, |I|. Then

(Y i < e b [

Cr IflBmog (w)-

IA

To extend this result to intervals I = (a,b) with b > ka, we proceed as we did
in the proof of Lemma 3.2. (]

We now state our main result.

Theorem 3.4. If k > 1 and w € A}, then there exist a constant C' = C(k, [w]1,x)
such that

M fll Brros
for all f € BMO}: (w).

loc

Proof. Let f € BMO}: .(w).

We will prove first that the bounded oscillation condition (3.1) holds for My _f.
Consider I = (a,b) € Z,;, i.e., 0 < a < b < ka. We want to prove

1 K
w0 / MG (@) — cldz < Cllfllparog (), (3.5)

w) < CllfllBmog, (w)

loc

for some constant ¢ depending on f and I and C' = C(k, [w]1,x)-

Let jo € Z such that k70 < a < x/*! and call Iy = (k701 k%+3). Then, for
any « € I and any J = (a/,V') € Z,, with « € J, we have J C I. That is true since
INJ #( implies @’ < b and b’ > a and therefore b’ < ka' < kb < k?a < k7013 and
a' >b/k>a/k > kO Then, for any x € I,

Mfocf(x) < Mfof(x)v

where M7, is the Hardy Littlewood maximal operator supported in Iy. That is, for
x € I we take averages only over intervals contained in Ij.
We bound the left side of (3.5) by the sum of A and B, where

1 K — x)|dz
A= 2 [0 - 0
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and
1

B=——[|M _ )

w(])/l Iof(J?) C|d$

We first consider A. Since for all z € I we have My _f(zx) < M, f(x) <
ME . f(z) + Mlocf( x), where

N s = s o [ s

x€JClo,JELE

< / NG f (2)de

It Je 7t = {(o, ) ca > 0,8 > ka} and J C Iy = (k071 k%0F3), then
-1

we have

[J| > (k — 1)/43 = |. This implies that
Mfocfu) < G 1S w)ldy
|IO|
< w(lo)

Ii ||f||BMO,OC(w) |I |

for any x € I, where the last inequality arises from (3.2) since f € BMO}; .(w) and

Iy € T¢.
Then
|f| w(lo)
A<C(C . 3.6
Since w € A}, Iy € Z,;s and I C I, (2.1) nnphes
I
(o) < €l

and then A is bounded by || f||paor: () times a constant C' = C(k, [w]1 ).

In order to obtain the same for

- ﬁ / M, f(2) — elde,

consider ¢ = (M, f),;. Observe that My, f < oo a.e., since f € BMO(w). Also,
w € A}, and Iy € Z,;s implies w € A'(Iy), with the A'(Iy) constant depending only
of [w]y x5, that is, independent of Iy and hence of I. Then, we use Theorem 2.3 with
Q@ = Iy to obtain B < CHfOHBMOI (), With C' = C(k,w). Since ||f0HBMOIO(w) <
| fllBrow) < IfBaog, (w), We obtain the desired inequality.

Now we will prove that the bounded mean condition (3.2) for M _f. By Lemma
3.2, it will be enough to prove
1 K
S | et @)l < Gl lnasor, o (37)

for I = (a, ka), where a > 0.
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Let I* = (a/n,ﬁ;%a) and write f = f1 + fo, where f1 = fx7« and fo = fxr«e,
where the complement is taken on R™. We will prove (3.7) for Mf _f; and M fo
separately.

Consider first Mj) _fi. From Holder’s inequality we have

5 [l < (i [ -1<x>dx)1/2. (35)

Since w € A}, C A? _ and hence w™! € A? | we have, by Proposition 6.3 of [4],
that M£  is of strong type (2,2) with weight w™'. Then, the right side of (3.8) is

bounded by a constant times

( / i )m) 1/2. (3.9)

Since I* € Z,s, I C I* and |[I*| = C|I], (2.1) implies w(I*) < C\, w(I), and then

(3.9) is bounded by
o (o [P e

Finally, since I* € Z¢, we use the equivalence of norm’s inequality (3.4) with r = 2
and we obtain that the left side of (3.8) is bounded by a constant C' = C([w]1 x, k)

times Hf”BMO;Or(wy

Consider now My fa(z), with x € I = (a,ra). Let us observe that here is
enought to take the supremum of the averages over those J € Z,; such that = € J
and JNI*“ # (. Remember that I* = (2, (k%a)). If an interval .J = (d/, b') satisfies
JNI#0,then ¢’ < ka and a < V. If it also J € Z,, then a’ > a/k and b’ < xa.
Then we have J C I**, where I** = (a/k, x%a). Otherwise that I* C I**, since
k> 1. Also, if J N I* # 0 then ' > k%a and this, together with a’ < ka, implies
|J| > C|I**|. Thus, for every x € I we have

locf?( ) < |I**| / |dy

w(l™)
Cy HfHBMOlUL(w) T (3.10)

IN

where the last inequality arises since f € BMO}; (w) and I'** € Z¢.
Finally, since w € A} ., I** € Z,.« and I C I**, (2.1) implies

locy

1
77 | cha(@)lds < Cu | llasror, o

Therefore, the proof of Theorem 3.4 is complete.
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4. A NECESSARY CONDITION

In [3], Muckenhoupt and Wheeden introduced another version of weighted BMO.
More precisely, for a given interval I, w(I) is replaced by essinf,e;w(x)|I]. Sim-
ilarly, we consider now the corresponding local version BM O} (w), the space of
all R*-locally integrable function f that satisfy

1
— frlde < Cy, f 7€l 4.1
essinfxelw(a;)|[|/l|f(x) frldz < C orall [ € (4.1)
and !
= o for I = ’ ’ ) 4.2
ess infper w(z)|I| /I|f(a?)|dx < C,, for (a,ka),a >0 (4.2)

and the norm [ f|| pasor= () Will be the least constant satisfying both conditions.

It is clear that BMO;"" (w) C BMOY, .(w), since for any weight w and any ball
I we have w(B) > infyerw(x)|I|, and, by Lemma 3.2, a function need to satisfy
the bounded mean condition only for crltlcal balls in order to be in BMOy (w).
Also, if we suppose w € A}, ., then BMO};"(w) = BM O} (w), with equivalence of
norms. Thus, from Theorem 3.4, we have that My is bounded from BMO; (w)
to BMO;)"(w), if w € Aj,.. We will see now that the converse statement also
holds.

Theorem 4.1. If k > 1, then M}, : BMO};, (w) — BMOJ)"(w) if and only if
we Al

loc*

Proof. From the above remark we only need to prove the necessity of w € A}

loc*
Suppose then that M} is bounded from BM Oy (w) into BM O} (w) and consider

an interval I € Z,. Since L®(w™!) = {f : fwu™! € L®(R")} is continuously
contained in BM Ol P (W), we have

e [ M @) M sy < Cl e, (03)

for every f € L>=(w™!).
We divide the interval I into six disjoint subintervals of equal measure, that is,
I=15LUlLUl3Ul,ulsUlg

where all the I; are disjoint and |I;| = %.

I =(a+ %2 —1),a+ 2%5%),i=1,...,6.

More precisely, if I = (a,b) then

If we take f = wxy,, then from (4.3) we get

[ [ Mt @) M f)ldndy < LT nf o), (4.4
Iy x

If z € Iy then clearly M} f(z) > \11\ fh lf| = w(Illl). If y € I, then for any

interval J such that y € J and J N1 # 0 we have |J| > |I, U I3| = 2|I|, thus
My f(y) < 3200 Then we have [My, f(x) — M, f(y)| > Cw(l1)/|I] for any

loc

x € I; and y € I4. So, if we integrate over I; and I4, (4.4) gives us
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56 A. CHICCO RUIZ AND E. HARBOURE

w(h) < O] inf w(a).

Analogously, we can obtain the same inequality for the other intervals I;, i =
2,...,6, considering f = wyy, and integrating x over I; and y over I;, where [; is
at least at a distance |I|/3 away from I;. For example, we may compare Iy with I5
and I3 with I; or Ig and so on.

In this way we will arrive to

w(l;) < C| inflw(x), fori=1,...,6.
S

Finally, adding on i we obtain the A! condition for the interval I € Z,,. Therefore,
we A}

loc*

O
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