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Abstract

A network model, originally designed for an electrokinetic study of soft particle suspensions, has been used for an in-depth a
the physical behavior of these systems under the action of an externally applied DC electric field. The versatility of the network
tion method used makes it possible to obtain information readily not only about the electrophoretic mobility, but also about any
variable of interest at all points around the suspended particle: electric potential, ion concentrations, fluid velocity. The field-ind
larization of the double layer is described in terms of the dependence of these and other derived variables (volume charge dens
field components, ion flux components) on the distance to the membrane–solution interface. In contrast to colloidal suspensio
particles, which basically depend on just two parameters (the reciprocal Debye length multiplied by the particle radius,κa, and the zeta
potential,ζ ), soft particle suspensions require a wider parameter set. First, there are two characteristic diffusion lengths in the sy
inside the membrane and the other in the solution) and two geometrical lengths (the core radiusa and the membrane thickness (b − a)).
Furthermore, there is the fixed charge density inside the membrane (and possibly a surface charge density over the core) tha
represented by aζ potential. Finally, the parameter that characterizes the interaction between the fluid and the permeable memγ ,
strongly influences the behavior of the system. Dependences on all these parameters (except the geometrical ones) are incl
study.
 2005 Elsevier Inc. All rights reserved.
Keywords:Soft particles; Charged membranes; Spherical particles; Network simulation method; Velocity profiles; DC electric field
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1. Introduction

Dielectric and electrokinetic properties of colloidal su
pensions are powerful analytical tools in colloidal scien
often used for the characterization of colloidal syste
[1–3]. This is why many theoretical models relating the d
ferent dielectric and electrokinetic properties of suspen
particles to the properties of the whole system have b
proposed. Among these, the properties of colloidal s
tems formed by charged insulating spherical particles h
a special significance, since they constitute the first
* Corresponding author. Fax: +34-953-21-28-38.
E-mail address:jhorno@ujaen.es(J. Horno).

0021-9797/$ – see front matter 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcis.2005.01.021
proximation to real colloidal suspensions. While these s
tems have been exhaustively studied in the past cen
[4–23], in recent years several authors have extended
rigid spherical particle model and associated boundary
ditions to more realistic physical situations, e.g., sphero
particles[24–26], surfaces containing dissociable function
groups[27], amphoteric surfaces[28–30], and surfaces cov
ered with an ion-permeable layer[31–41].

The case of colloidal particles coated with an io
permeable layer (soft particles) is especially important
the description of bare and polymer-coated latex particle

can also be used for many biological systems such as plant
cells, which have a permeable membrane made of polysac-
charides surrounding the cellular membrane, called a cell

http://www.elsevier.com/locate/jcis
mailto:jhorno@ujaen.es
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wall, that provides and maintains the shape of these c
and serves as a protective barrier[42].

Ohshima[34,37]presented an extensive series of theo
ical papers dealing with the electrophoretic mobility and
dielectric properties of soft particles in which approxim
analytical expressions were obtained. However, their ra
of validity is limited by the requirements thatκ(b − a) � 1
and λ(b − a) � 1. Herea is the radius of the core,b is
the outer membrane radius,κ−1 is the Debye length, an
λ2 is the ratio between the drag coefficient of the membr
and the viscosity of the fluid. The solution of the proble
in the general case necessarily requires the use of nu
ical methods. Recent works by Hill et al.[38,39] and by
López-García et al.[40,41]provide numerical results for th
electrophoretic mobility and the dielectric properties of p
ticles coated with a charged permeable membrane, ta
into account the double-layer polarization and without a
restriction on the thickness of the membrane, its charge
number of ion species, etc.

It should be noted that these works are based on diffe
models: a polymer coating with a fuzzy outer boundary
[38,39]and a permeable membrane with sharp outer bou
ary in [40,41]. Both approaches have advantages and lim
tions. Hill’s model is certainly more general, since it includ
a parameter that makes it possible to vary the type of coa
continuously from a rather sharp outer boundary (brush
coating) to segment densities that slowly decay with dista
to the core surface. It also simplifies the numerical calc
tions, since the continuous transition from the coating to
electrolyte solution avoids the necessity of introducing n
boundary conditions. On the down side, the extra param
required to characterize the system complicates the inte
tations. This is why, in the results published so far[38,39],
only brushlike coatings are considered.

As for López-García’s model[40,41], its main advantage
is simplicity: the coating is represented just by its segm
and charge densities and by its thickness. The outer bo
ary is perfectly sharp. It also coincides with the represe
tion used by Ohshima in previous theoretical works[34,37],
for which limited analytical results exist. From the nume
cal standpoint, it requires a new set of boundary conditi
to be satisfied at the coating–electrolyte solution interfa
Actually, the existing expression[37] for the force balance
boundary condition had to be corrected in[40], including an
additional term corresponding to the force exerted by the
uid on the core of the moving particle.

However, neither of the existing numerical works analy
fundamental questions such as how the ionic concentra
are influenced by the field, or what is the geometry of
fluid velocity profiles around the particle and inside the co
ing. The answer to these questions is required for a comp
understanding of the studied system. The aim of this wor
to use the network model already designed[40] to increase

our knowledge of the response of a suspended spherical par
ticle coated with a charged permeable membrane to a DC
electric field.
and Interface Science 286 (2005) 400–409 401
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2. Theory

We consider a rigid insulating particle of radiusa, ab-
solute permittivityεin, and fixed surface charge densityσ0.
The particle is coated with a permeable membrane with
ternal radiusb bearing a fixed homogeneous charge d
sity ρv , and is immersed in an arbitrary electrolyte so
tion formed bym ionic species with charge numberszi

(i = 1, . . . ,m), bulk concentrationsc∞
i (mol/m3), and diffu-

sion coefficientsDi . The electrolyte solution is incompres
ible and has a viscosityη, a mass densityρf , and an absolute
permittivity εex. While the membrane is permeable to t
electrolyte solution, the fluid flow inside it exerts a friction
drag on the polymer segments that is characterized by a
coefficientγ .

The standard set of equations governing the dynamic
this system was presented in detail in[40]. They are written
here for sake of completeness and to specify the nome
ture:

(1)

ci(r)vi (r) = −Di∇ci(r) − zieDi

kT
ci(r)∇φ(r)

+ ci(r)v(r),

(2)∇ · [ci(r)vi (r)
] = 0,

(3)∇2φ(r) =




−eNA
∑m

i=1 zici(r)
εex

if r > b,

−eNA
∑m

i=1 zici(r)
εex

− ρv

εex
if a � r � b,

−η∇2v(r) + ∇P(r) + eNA

[
m∑

i=1

zici(r)

]
∇φ(r)

(4)+ ρf
[
v(r) · ∇]

v(r) =
{

0 if r > b,

−γ v(r) if a � r � b,

(5)∇ · v(r) = 0.

In these equations,vi andci are the velocity and the conce
tration (in mol/m3) of the ionic speciesi, φ(r) is the electric
potential,v(r) the fluid velocity, andP(r) the pressure. Th
constante represents the elementary charge, whilek, T , and
NA are the Boltzmann constant, the absolute tempera
and the Avogadro number. In the present study it is assu
for simplicity that the dielectric constant of the membra
phase is the same as that of the liquid phase, as shoul
proximately be the case for polymer-coated particles.
other types of membranes, for which the difference betw
these constants is appreciable, the ion-partitioning effect
arises from the Born energy needs to be considered
done, for example, in Ref.[43]. Also, for mathematical sim
plicity, the diffusion coefficients of all the ionic species a
considered to have the same values inside the membran
in the solution.

- This equation system is first simplified by combining
Eqs.(1) and (2)to eliminate the ion velocities. The pressure
is then eliminated by taking the curl of Eq.(4) and introduc-
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ing the vorticity, defined as

(6)�(r) = ∇ × v(r).

The resulting equations are first solved in equilibrium a
then under the action of a weak DC electric field,Ea. The
perturbed equations are linearized with respect to the ap
field, referring the perturbed variables to their equilibriu
values (upper index 0),

(7)ci(r) = c0
i (r) + δci(r),

(8)φ(r) = φ0(r) + δφ(r),

and keeping in the final equations only terms that are lin
in the perturbations.

The boundary conditions used have been analyze
length in[40]:

• Inside the core the electric field is uniform.
• At the surface of the core the electric potential and

normal component of the displacement vector are c
tinuous. The fluid velocity and the radial component
the ion velocities vanish.

• At the membrane–electrolyte solution interface,
electric potential, the normal component of the displa
ment vector, the fluid velocity, the ionic concentratio
the ionic velocities, the vorticity, and the pressure
continuous.

• Far from the particle, the electric potential reduces
that of the applied field and the fluid velocity to m
nus the electrophoretic velocity. The perturbations of
ionic concentrations and the vorticity vanish.

• The total force acting on the particle vanishes.

For computational reasons, the equations are first tr
formed using a new set of dimensionless variables. T
are then discretized and the network circuits designe
a way similar to that in[40]. After the network model is
constructed, an electric circuit simulation program is fina
used to obtain the values of the desired quantities, mainly
tentials at different points of the circuit, i.e., of the membra
and surrounding electrolyte solution. We found the PSP
package most suitable for this purpose.

3. Results and discussion

Although the equilibrium properties of the system ha
been extensively studied in previous papers[30,34–36], we
briefly describe the more important aspects needed to un
stand the behavior of the system out of equilibrium.Fig. 1
represents the reduced equilibrium potential (Fig. 1a) and
concentration (Fig. 1b) profiles for different values of th
membrane charge and for an uncharged core (σ0 = 0). It was

shown in previous papers[30,35] that the charge of the core
merely raises or lowers the electrical potential in the close
vicinity to its surface, leaving unaltered the electric potential
and Interface Science 286 (2005) 400–409

t

-

(a)

(b)

Fig. 1. Equilibrium profiles of the reduced electric potential (a) and
ionic concentrations (b) for the parameter values shown inTable 1and the
indicated volume charge densities.

and, therefore, the ion concentrations in the remaining sp
As expected, when the fixed charge of the membrane gr
the reduced equilibrium potential and the counterion conc
tration also grow, while the co-ion concentration decrea
It is important to note that when the membrane thicknes
larger than the Debye length (as is the case inFig. 1), an elec-
troneutral region appears inside the membrane, in which
electric potential and the ionic concentrations remain c
stant.

In what follows we shall examine the dependence of
field-induced changes of the electric potential, ion conc
trations, volume charge density, and fluid velocity profi
with the parameters of the system. The data set use
all calculations, except when indicated, is given inTable 1,
where the parameterλ is defined asλ ≡ γ /η.
It should be noted that the value of the applied electric
field Ea is set to 1 V/m. Since the theory is based on the
assumption that all the field-induced quantities are linear in
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Table 1
Parameter values used in the figures, except where indicated

εex = 80ε0 εin = 2ε0 T = 298 K a = 10−6 m
b = 1.1× 10−6 m m = 2 z1 = 1 z2 = −1
c∞
1 = 10−3 M c∞

2 = 10−3 M D1 = 2× 10−9 m2/s D2 = 2× 10−9 m2/s
ρv = 106 C/m3 η = 0.89× 10−3 poise λ(b − a) = 104 Ea = 1 V/m

(a) (b)

(c)
cent

r

o-
n-

order
the
par-
than

den-
ce

itive
Fig. 2. Perturbation profiles of the electric potential (a), of the ionic con
in Table 1and the indicated volume charge densities.

Ea, setting its value to 1 V/m is equivalent to using any othe
value and dividing the results byEa.

3.1. Dependence on the fixed charge density

Fig. 2 shows the perturbation profiles of the electric p
tential δφ(r) (Fig. 2a), of the co-ion and counterion co
centrationsδc1(r) andδc2(r) (Fig. 2b), and of the volume

charge density (Fig. 2c), calculated on the symmetry axis
(θ = 0) for the indicated membrane charge densities. Out-
side the membrane, the concentration changes are very clos
rations (b), and of the volume charge density (c), for the parameter values shown

to those corresponding to bare latex particles[44]: the elec-
trolyte concentration decreases over a distance on the
of a particle radius and up to a few Debye lengths from
membrane–electrolyte solution interface. Close to the
ticle, the co-ion concentration change decreases faster
that of counterions, leading to a negative volume charge
sity, Fig. 2b. Less than one Debye length from the interfa
the two curves intersect, which corresponds to a pos
e

charge density that extends inside the membrane,Fig. 2c.
The sharp minima just inside the membrane of the curves
corresponding to counterions arise because curves with a
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(a)

(b)

Fig. 3. Perturbation profiles of the radial component (a) and of the tan
tial component (b) of the electric field, for the parameter values show
Table 1and the indicated volume charge densities.

negative slope inside the membrane must join curves
a positive slope outside it. It should be noted that this p
tive slope is also present in bare particles, as it has alr
been discussed[44,45].

The inner part of the membrane, which is electroneu
in equilibrium,Fig. 1, remains electroneutral when a statio
ary field is applied,Fig. 2c. This stationary state is attaine
with counterion and co-ion changes inside the membr
that are lower (in absolute value) the higher is the fix
charge density,Fig. 2b. This dependence is a result of t
electric shielding of the inner part of the membrane by
surface conductivity of the particle, as can be seen inFig. 3.
This figure represents the profiles of the radial (Fig. 3a)
and tangential (Fig. 3b) nonequilibrium electric field com

ponents, calculated on the symmetry axis forδEr(r) and on
the equator forδEθ (r). As shown inFig. 3a, the radial com-
ponent of electric field tends to a limiting value of 1 V/m far
and Interface Science 286 (2005) 400–409

from the particle, has a very large value near the membra
electrolyte solution interface (where the field-induced cha
density changes sign), and decreases to very low value
side the membrane. In contrast, the tangential compo
tends to a limiting value of−1 V/m far from the particle,
as expected, it has a much weaker variation with the ra
coordinate, and its absolute value decreases with the
charge in the membrane,Fig. 3b.

The dependencies of the different variables on the ra
coordinate inside the membrane can easily be calculate
ing the condition of electroneutrality both in equilibrium a
with an applied field, together with the assumption that
convective flow is negligible (as is the case for the va
λ(b − a) = 104 used inFigs. 1–4). Under these conditions,

δc1(r) = δc2(r) = δc,

while Eq.(3) shows that the potential change is a solution
the Laplace equation,

(9)δφ(r) = −Ar + B

r2
,

so that the ion flows, derived from Eq.(1), have the form

ji (r) = −c0
i Di∇

[
δc

c0
i

+ zie

kT
δφ(r)

]

= −c0
i Di∇

[
δc

c0
i

+ zie

kT

(
−Ar + B

r2

)]
.

Using the condition that the radial flow must vanish on
surface of the core leads to

B = −a3A

2
,

so that the radial and tangential components of the ele
field and of the ion flows inside the membrane can be wri
as

(10)δEr(r) = A

(
1− a3

r3

)
,

(11)δEθ (r) = −A

(
1+ a3

2r3

)
,

(12)jir (r) = c0
i Di

zieA

kT

[
1− a3

r3

]
,

(13)jiθ (r) = c0
i Di

[
δc

c0
i

1

r
− zieA

kT

(
1+ a3

2r3

)]
.

Equation(10) explains the growth withr of the radial
field in the membrane (barely visible inFig. 3a), while
Eq. (11) explains the negative sign and the decrement w
r of the absolute value of the tangential field compon
Fig. 3b. Moreover, the strong variation ofδEθ with the fixed
charge density is a direct consequence of the variation oδφ

with ρv , Eq.(9) andFig. 2a.

The radial and tangential components of the ion flows are

represented inFig. 4. Inside the membrane, the flow of coun-
terions is much stronger than that of co-ions, mainly due to
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(a)

(b)

Fig. 4. Perturbation profiles of the radial component (a) and of the tange
component (b) of the ionic fluxes, for the parameter values shown inTable 1
and the indicated volume charge densities.

their much higher equilibrium concentration,Fig. 1b. More-
over, the counterion flow strongly increases with the fix
charge of the particle, while the co-ion flow is almost
dependent ofρv . This behavior is easily explained with th
help of Eqs.(12) and (13). For counterions, bothc0

2 andA in-
crease when the fixed charge density increases, leading
strong increase of both components of the ion flows (for
tangential component, the first addend on the right-hand
of Eq.(13) is small as compared to the second, in view of
high value ofc0

2). In contrast, for co-ions,c0
1 decreases with

the fixed charge density whileA increases, so that the radi
component of the flow, Eq.(12), remains approximately con
stant. As for the tangential component, the second adden
the right-hand side of Eq.(13) remains approximately con
stant when the fixed charge increases (c0

1 decreases whileA

increases), while the first one decreases in absolute value
Fig. 2b. This last decrement leads to the small variation ob-
served inFig. 4b.
and Interface Science 286 (2005) 400–409 405

a

Outside the membrane, the ion flows are similar to th
corresponding to bare charged particles. Far from the
ticle, the radial flow values tend, in all cases, to minus
corresponding value of the tangential flows, as expec
Moreover, these limiting values are larger for counterio
than for co-ions (Fig. 4), since the convective term adds
the electromigration term for counterions, while it subtra
for co-ions:

(14)jir (r → ∞) = −jiθ (r → ∞) = c0
i

[
zieDi

kT
Ea − vd

]
.

Near the particle, at distances on the order of its radius
radial flow of counterions is much larger than that of c
ions (in absolute value) and the difference increases with
fixed charge value. This is in full agreement with the i
concentration profiles (Fig. 2b), which contribute to increas
the radial flow of counterions and decrease that of co-ion

3.2. Dependence on the drag coefficient

We shall now analyze the effect of changes in the d
coefficient on the behavior of the system. When the p
meterλ is lowered, the fluid starts to flow inside the me
brane,Fig. 5. For high values of the drag coefficient, t
fluid velocity inside the membrane vanishes while, outs
the membrane, the velocity profile corresponds to tha
a charged rigid particle with radiusb. At great distances
it tends to the electrophoretic velocity, which has a rat
small value, since most of the fixed charge is screened
side the membrane (the reduced surface potential is equ
1.515). At intermediate values ofλ, the tangential compo
nent of the velocity inside the membrane presents a plat
decreases to zero on the surface of the core, and increas
the outer membrane boundary (Fig. 5b). For very low val-
ues of the drag coefficient this plateau disappears and
fluid velocity monotonically increases across the membra
Outside the membrane the velocity decreases to the
trophoretic value, which is much higher than for high dr
coefficients, because the electroosmotic flow arises ac
the whole membrane thickness and not just the external
ble layer[40].

These changes in the fluid flows have a very strong b
ing on the ion flows both inside and outside the me
brane, as can be seen by comparingFig. 6 with Fig. 4.
Since changes due to fluid motion have the same sign
both types of ions, the tangential flow of counterions ins
the membrane strongly increases, while that of co-ions
creases (in absolute value). The reverse is true for the r
component. Outside the membrane, the most notable ch
is that forλ(b−a) = 1, the electrophoretic velocity becom
so high that the flow of co-ions changes sign: positive i
outside a positive particle move in the direction opposite
the applied field (in the reference frame of the particle).

, The stronger tangential flow of counterions inside the
membrane leads to an increment (in absolute value) of the
ion concentration changes (Fig. 7a), to an increment of the
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(a)

(b)

Fig. 5. Perturbation profiles of the radial component (a) and of the tan
tial component (b) of the fluid velocity, for the parameter values show
Table 1and the indicated values of the productλ(b − a).

field-induced charge density (Fig. 7b), and to a correspond
ing decrement (in absolute value) of the electric poten
change (Fig. 7c). It should be noted that for the lowest dr
coefficient considered, the potential change inside the m
brane is positive, which means that the direction of the
gential field inside the membrane is opposite to that of
applied field.

3.3. Dependence on the electrolyte concentration

An analysis of the influence of the electrolyte conc
tration on the behavior of the system is complicated by
fact that equilibrium properties are also modified,Fig. 8.
This figure shows that the equilibrium potential strongly

creases when the electrolyte concentration decreases, keep
ing the fixed charge density constant, and that the double
layer thickness outside the membrane increases, as expecte
and Interface Science 286 (2005) 400–409

(a)

(b)

Fig. 6. Perturbation profiles of the radial component (a) and of the tange
component (b) of the ionic fluxes, for the parameter values shown inTable 1
and the indicated values of the productλ(b − a).

However, the double layer thickness inside the memb
remains approximately constant, since it mainly depe
on the density of counterions, which barely changes[30].
Therefore, in order to attain a situation where the e
troneutrality of the membrane is lost, both the electro
concentration and the fixed charge density must be lowe
This is illustrated inFig. 9, which shows the reduced equ
librium potential and ion concentration profiles calcula
keeping the quotientρv/c∞

i at a very low constant value o
5 × 104 C/(m3 M). As can be seen, under these conditio
the membrane ceases to be electroneutral at the lowest
centration (Fig. 9a). Moreover,Fig. 9b shows that the doubl
layer thickness increases both inside and outside the m
brane when the electrolyte concentration is lowered.

-

d.

Finally, Fig. 10 shows the corresponding field-induced
charge density profiles. In contrast toFig. 2c, the field-
induced volume charge calculated at the lowest electrolyte
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(a)

(b)

(c)

Fig. 8. Equilibrium profiles of the reduced electric potential for the para
ter values shown inTable 1and the indicated values of the ionic concent
tions in the solution.

concentration is positive over almost all the thickness of
membrane, not just near its outer boundary. On the cont
the electroneutrality of the central part of the membran
preserved for the highest electrolyte concentration and
this last case, a negative charge density appears clo
the surface of the core. This Maxwell–Wagner type volu
charge is due to the hypothesis that the core is insula
so that it should be present in all cases. However, it is o
visible in Fig. 10 because of the low values of the fixe
charge density, which lead to low surface conductivity v
ues (Fig. 9b) that minimize the shielding of the core.

4. Conclusion

Model colloidal suspensions of charged soft particles
important systems that are useful for the representatio
many biological particles, polymer-coated latex partic
and even real uncoated particles. However, these are
plex systems, defined by a series of parameters in add
to the usual ones that characterize hard particle suspens
namely the membrane thickness, membrane drag coeffic
and fixed charge density in the membrane. This last para
ter must be specified instead of theζ potential, which is ill
defined for soft particles[40,46]. Because of this complex
ity, a detailed understanding of the behavior of these syst
is relatively difficult. We hope that this work will be helpfu
in this aspect.

The dielectric and electrokinetic properties of susp
sions of hard particles are mainly dependent on their ch
and on the value of the productκa. In addition to this, soft
particle suspensions also depend on the values of the p
uctsλ(b − a) andκmem(b − a) (κmem is a reciprocal Debye
Fig. 7. Perturbation profiles of the ionic concentrations (a), of the volume
charge density (b), and of the electric potential (c) for the parameter values
shown inTable 1and the indicated values of the productλ(b − a).
length related to the equilibrium counterion density in the
membrane rather than to the ion densities far from the parti-
cle [30]). For largeλ(b − a) values, the fluid barely moves
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Fig. 9. Equilibrium profiles of the reduced electric potential (a) and the io
concentrations (b) for the indicated values of the ionic concentrations i
solution and keeping constant the quotientρv/c∞

i
at a very low value of

5× 104 C/(m3 M). Remaining parameters are given inTable 1.

inside the membrane, while, for largeκmem(b−a), the mem-
brane is electroneutral both in equilibrium and with an
plied field. The behavior of the system is greatly simplifi
when both conditions are met, since then, the electrokin
equation system can be analytically solved inside the m
brane.

The field-induced charge density outside the membr
is similar to that for bare particles, but it now extends ins
the membrane. It grows with the fixed charge density, p
tially shielding the membrane, so that the higher the fi
charge, the lower the field-induced ion density changes
electric field inside the membrane. However, the counte
flow increases with the fixed charge.

Low λ(b − a) values lead to a strong electroosmotic flo

inside the membrane, which greatly increases the convec-
tive flow outside the particle and its electrophoretic mobil-
ity. Actually, the electrophoretic velocity of the soft particle
and Interface Science 286 (2005) 400–409

Fig. 10. Perturbation profiles of the volume charge density for the indic
values of the ionic concentrations in the solution and keeping constan
quotientρv/c∞

i
at a very low value of 5× 104 C/(m3 M). Remaining pa-

rameters given inTable 1.

can become higher than the electromigration velocity of
ions in the electrolyte solution. Fluid flow inside the me
brane also increases the field-induced charge density
correspondingly, decreases the field-induced electric po
tial. This decrement can be so large as to reverse the dire
of the electric field inside the membrane.

Keeping constant the membrane thickness, a low valu
the productκmem(b − a) can only be attained by reducin
both the fixed charge density and the electrolyte concen
tion, since the counterion concentration inside the memb
is almost independent of the electrolyte concentration.
der these conditions, electroneutrality inside the memb
is lost both in equilibrium and with an applied field, when
field-induced charge density extends across the memb
Furthermore, the electric shielding of the inner volume
the membrane is greatly reduced, leading to a signifi
Maxwell–Wagner type charge density distribution over
surface of the core.
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