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Abstract—A new nonlinear reduced-order observer to estimate
the rotor speed and position for permanent-magnet motors, with
arbitrary electromotive force (EMF) waveform, is presented. The
proposed observer is suitable for the realization of a torque control
with minimum torque ripple. In order to implement the observer,
the EMF generated by the motor is first obtained experimentally
offline. After that, it is approximated by a Fourier series in order
to develop the model to be used in the online estimation. From the
estimated EMF, rotor position and speed are calculated using the
relationship between the EMF and the rotor variables. The pro-
posal is validated with experimental results.

Index Terms—Nonlinear estimation, nonsinusoidal electromo-
tive force (EMF) waveform, permanent-magnet motors.

I. INTRODUCTION

PERMANENT-MAGNET ac machines (PMACMs) are
characterized by their high performance and high power

density, mainly due to the presence of high-energy density
magnets. One possible classification for these machines, de-
pending on the waveform of their induced electromotive forces
(EMFs), is the following [1]:

• sinusoidal PMACMs (sinusoidal-induced EMF, usually
called permanent-magnet synchronous machines);

• trapezoidal PMACMs (trapezoidal-induced EMF, also
known as brushless dc machines).

In both cases, the motor excitation current waveforms have
to be synchronized with the rotor position in order to obtain
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smooth, ripple-free, motor torque. The use of absolute encoders,
resolvers, or Hall sensors makes this synchronization possible.
However, these sensors increase costs and reduce the drive ro-
bustness.

In order to avoid using these sensors, different methods for
PMACM sensorless control, based on the measurement of elec-
trical variables, have been investigated and developed [2].

Different observers have been proposed for sinusoidal
PMACMs in order to obtain information about the rotor instan-
taneous position [3], [4]. They allow the machine excitation
using sinusoidal currents synchronized with the rotor position
in the whole cycle.

Trapezoidal PMACMs are usually excited with quasi-square-
wave current waveforms with a 2/3 duty cycle. These currents
only need a good synchronization every 60 electrical interval.
Thus, the sensorless control algorithm needs to detect only six
commutation instants per electrical cycle to generate the six-
step switched current [5], [6].

However, many PMACMs present EMF waveforms that are
neither sinusoidal nor trapezoidal. In this case, more than cur-
rent synchronization is required to obtain a smooth, ripple-free,
controlled torque. The current waveform should be shaped as a
function of the EMF waveform. Several techniques have been
proposed to obtain smooth torque by actively controlling the
excitation current waveforms [7]. One of the most popular ap-
proaches is the programmed current waveform control (PCWC).
It uses excitation current waveforms programmed as determined
functions of the rotor position to generate the desired torque
while canceling the pulsating torque components.

Since position estimation techniques for nonsinusoidal nor
trapezoidal EMF machines have not been widely investigated, in
previous proposals the information of the rotor position, needed
by PCWC strategies, is obtained using a mechanical rotor po-
sition sensor. Therefore, the objective of this work is to de-
sign an observer that is not limited to sinusoidal or trapezoidal
PMACMs, allowing the implementation of a sensorless control
strategy. Thus, a new nonlinear reduced-order observer to esti-
mate the EMF, the rotor position and the rotor speed for arbitrary
EMF waveform machines is proposed. The motor model used
to design the observer includes a Fourier series approximation
of the EMF waveform. The proposed observer is used in this
paper to implement an experimental PMACM sensorless drive,
using a programmed current waveform control strategy. Exper-
imental results demonstrate that the proposed scheme greatly

0278-0046/$20.00 © 2005 IEEE



808 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 52, NO. 3, JUNE 2005

improves the torque ripple reduction when compared with sinu-
soidal EMF-based observers.

This paper is organized as follows. In Section II, the PMACM
general model is presented. In Section III, the proposed observer
is developed. Section IV deals with some implementation as-
pects. In Section V, the proposal is validated with experimental
results obtained by an axial-flux PMACM drive prototype. Fi-
nally, some conclusions are drawn in Section VI.

II. PMACM MODEL

In order to develop the proposed observer, the dynamic model
of a PMACM is written in a stationary reference frame [8]

(1)

(2)

where represent the current, induced EMF,
and excitation voltage components, respectively, in the sta-
tionary reference frame and are the stator resistance
and inductance, respectively; , and represent the rotor
position and speed, and the electromagnetic torque produced by
the machine; and are the inertia and viscosity, respectively;
and is the load torque.

The EMF induced into the stator windings is given by

(3)

where and are the linked flux components, and and
are the components of the flux derivative with respect to the

rotor position.
In a sinusoidal PMACM, and are sinusoidal functions

of the position whereas in trapezoidal PMACMs they are trape-
zoidal. However, in many PMACMs, these functions are neither
sinusoidal nor trapezoidal. For this reason and are func-
tions to be determined according to the motor type. These func-
tions can be previously determined in an experimental way by
measuring the instantaneous voltage, rotor position and speed
under no-load condition, or by means of a self-commissioning
scheme, as proposed in [9]. To include these waveforms in the
PMACM model, a Fourier series approximation is used.

The components of the position derivatives of flux can be
represented using Fourier series as follows:

(4)

where is the magnitude of the harmonic.

The electromagnetic torque in the last equation of (2) is given
by [8]

(5)

so it is evident that in order to obtain a smooth controlled torque
the excitation current waveforms greatly depend on the func-
tions and .

The model presented in this section is not limited to sinu-
soidal or trapezoidal PMACMs. Based on this model, a non-
linear observer to estimate the induced EMF, the rotor position
and the rotor speed for arbitrary EMF waveform PMACMs is
introduced in the next section.

III. NONLINEAR OBSERVER

The information of speed and rotor position is contained in
the induced EMF, as shown in (3). Therefore, it could be pos-
sible to estimate the induced EMF by measuring currents and
voltages, and then calculate the motor speed and rotor position
from the estimated EMF. In order to do that, the time derivative
of EMF can be calculated from (3)

(6)

From (6), the following EMF observer can be proposed:

(7)

where is the estimated value of , and the time derivatives of
stator currents are used as correction terms. An appropriate gain

must be chosen when adjusting the observer in order to obtain
desired convergence as shown in [3] (see Section IV).

The estimated current derivatives, necessary for obtaining the
correction term, can be calculated with (1)

(8)

Furthermore, the time derivative of the estimated speed (acceler-
ation, ) used in (7) can be obtained from (2) and (5), assuming
that no load torque exists

(9)

The estimate of the machine’s speed can be found taking into
account (3), so

(10)

and

(11)
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The calculation of the measured current derivative, used in
the correction term (7), may end up in a noisy estimation. To
avoid that, the following change of variables is proposed:

(12)

Taking the time derivative of (12), and substituting from (7) and
(8), the proposed observer will result in

(13)

and the estimated EMF can be obtained by solving (12)

(14)

This observer can be applied to any PMACM, independently
of its EMF waveform. The only requirement for its implementa-
tion is to know the waveforms of the flux derivative with respect
to the rotor position. These functions are incorporated in the ob-
server by evaluating (4) in the estimated rotor position. Taking
into account that the EMF waveform has several harmonic com-
ponents, the estimated position can be calculated from the EMF
fundamental, using

(15)

where are the induced EMF waveform fundamental
components, which can be obtained by eliminating the harmonic
components, as proposed in [10]. These harmonic components
can be calculated at sample from Fourier series approxima-
tion (4), evaluated in an approximation of the current position

. In order to do that, constant speed between two consecu-
tive samples is considered, then,

(16)

where are the harmonic components of the esti-
mated EMF (note that the sum is taken from ).

The approximation of the current position is obtained consid-
ering the speed as

(17)

in a sample time , so,

(18)

Then, the induced EMF fundamental components can be
calculated subtracting the harmonic components (16) from the
EMF estimated by the observer (14)

(19)

and the new estimated position is calculated from (15). Then,
the estimated position derivative of flux is obtained as

(20)

and their estimated time derivatives can be calculated as

(21)

which completes the proposed observer for PMACMs with ar-
bitrary EMF waveform.

IV. IMPLEMENTATION

The observer proposed in Section III shows the same indis-
tinguishability problems as all those that use currents or their
derivatives in the correction term [3]. Therefore, the sign of
the speed cannot be obtained from (11). Therefore, in a prac-
tical implementation, the speed sign can be obtained from the
sign of the time derivative of the estimated position

.
Another implementation aspect is the calculus of the func-

tions that are approximated by Fourier series. Although the ob-
server was developed using infinite series, harmonics greater
than 12 or 15 are generally small, and their contribution to the
torque ripple is insignificant [7]. Therefore, Fourier series ap-
proximations used in the implementation are considered from

to , in such a way that is the maximum
harmonic considered.

Truncation of the Fourier series introduces a nonvanishing
perturbation in the estimation error dynamics. This causes the
nonconvergence of the error to zero; indeed, it will be ultimately
bounded by a small bound [11, ch. 5]. The ultimate bound value
can be reduced either by increasing the number of harmonics or
by increasing the gain . Also, the observer gain must correctly
be chosen to guarantee the stability of the control system when
using the estimated variables in a sensorless control strategy.
Using a singular perturbation argument [11, ch. 9], observer
and control dynamics can be separated if gain is chosen high
enough to ensure the observer dynamics faster than the con-
trol dynamics. In this case, if the observer converges quickly
enough, the control system using the estimated variables could
be approximated by a system without the observer. However, the
maximum value of is limited by the influence of the measure-
ment noise. Then, the selection of gain results from a tradeoff
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Fig. 1. Experimental setup.

between observer convergence speed and measurement noise as
will be shown with the experimental results.

Finally, considering the previously stated equations, the ob-
server algorithm can be implemented as follows:

• initial conditions:
• inputs:
• algorithm:

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

Fig. 2. Position derivative of linked flux versus rotor position (in electrical
radians). (a) For each phase. (b) In �� coordinates. (c) Fourier series
approximation.

V. EXPERIMENTAL RESULTS

Fig. 1 shows the experimental setup that was used to validate
the proposed observer. The motor is an experimental prototype
of an axial-flux PMACM [12], driven by a pulsewidth-modu-
lated inverter with a fast current control loop, available at the
laboratory of the Grupo de Electrónica Aplicada, Universidad
Nacional de Río Cuarto, Río Cuarto, Argentina. The motor pa-
rameters are a follows:

three-phase axial-flux permanent-magnet motor, 16
poles, 4000 r/min, 30 kW;

m ;
H;

kg m ;
kg m /s.

Fig. 2(a) shows the experimentally determined waveforms of
the position derivatives of flux versus rotor position (induced
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Fig. 3. Position derivative of linked flux at low speed. (a) Measured. (b)
Estimated.

EMF divided by speed). The position derivative of flux compo-
nents in coordinates is needed to implement the observer.
These functions are shown in Fig. 2(b). A good approximation
of these waveforms, using Fourier series, can be obtained with
only two terms ( , and ), as shown in
Fig. 2(c).

The proposed observer was implemented using a PC, running
the algorithm presented in Section IV, programmed in C++ lan-
guage. Differential equations were discretized using the Euler
method with sampling period equal to 200 s. Motor voltages
and currents were measured using standard Hall-effect sensors
and acquired by means of 12-b A/D converters. The observer
gain was set at 800.

A. Proposed Observer

Experimental results showing how the proposed observer
works are presented here. First of all, the drive speed control
loop was closed by the measured variables, using a 1024–pulse
encoder. Measured data are compared with the estimated data
in order to validate the observer.

Fig. 3(b) shows the estimation of the position derivative of
flux in coordinates, when the motor runs at low speed, 300
r/min (0.075 p.u.). The waveforms shown here are a very good
estimation of the actual ones presented in Fig. 3(a).

A low-speed test is presented in Fig. 4. The unloaded motor
is running at 100 r/min (0.025 p.u.) when a sudden change in
the reference speed occurs. The estimated and actual speeds are
shown in Fig. 4(a) and (b), respectively. The estimated speed
shows some ripple, which is the consequence of the noisy mea-
surements and the observer gain. This ripple may be improved
by either reducing the observer gain or improving the measure-
ments.

Position estimation at low speed is shown in Fig. 5. In
Fig. 5(a) the actual rotor position at 100 r/min (0.025 p.u.) is
shown. The estimated position is shown in Fig. 5(b), while the
estimation position error is presented in Fig. 5(c).

A speed reversal test is shown in Fig. 6. It can be seen that the
speed sign cannot be precisely determined at low speed, due to
the above-mentioned measurement noise.

Fig. 4. Rotor speed at low speed. (a) Measured. (b) Estimated.

Fig. 5. Rotor position (in electrical radians) at low speed. (a) Measured. (b)
Estimated. (c) Estimation position error.

Fig. 6. Rotor speed during speed reversal. (a) Measured. (b) Estimated.
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Fig. 7. “Offline” calculation of the phase-a current reference. (a) With the
proposed observer. (b) With an observer with sinusoidal EMF.

Fig. 8. “Offline” calculation of the motor torque using (a) the proposed
observer and (b) an observer with sinusoidal EMF.

B. Comparison Between the Proposed Observer and a
Sinusoidal One

As mentioned in Section I, a popular approach to reduce
torque ripple is the PCWC technique. In this technique, excita-
tion currents are generated as functions of the EMF waveform,
synchronized with the rotor position [7]. The proposed observer
can be used with a PCWC technique in order to minimize the
torque ripple in a sensorless PMACM drive, avoiding the use
of a mechanical position sensor.

In order to validate this application, the observer was used
to calculate the excitation currents together with the PCWC
scheme proposed in [13], which allows the reduction of the
motor torque ripple, provided that the functions and are
well known or estimated. Current references were calculated as
in [13], using the estimated position derivatives of flux [shown
in Fig. 3(b)]. Fig. 7(a) shows the calculated current references
using the proposed observer. If a sinusoidal EMF distribution
is supposed, sinusoidal current references will be generated, as
shown in Fig. 7(b). With these currents and the experimentally
determined position derivative of flux [Fig. 2(b)], the electro-
magnetic torque can be calculated using (5). The result of this
“offline” calculation with both current waveforms is shown in
Fig. 8. As can be seen, the use of the proposed observer greatly

Fig. 9. Speed reference (dashed line) and measured speed (solid line).

Fig. 10. Speed reference (dashed line) and measured speed (solid line).

reduces the torque ripple with respect to a conventional sinu-
soidal approximation.

C. Application of the Proposed Observer in a Closed-Loop
Sensorless Drive

Experimental results using the proposed observer in a sen-
sorless speed control strategy are presented in this section. The
estimated variables are used to close the torque and speed con-
trol loops in the experimental drive.

In Figs. 9 and 10, reference speed (dashed line) and measured
speed (solid line) are shown for different operating conditions.
In Fig. 9, sensorless operation in the low-speed range is pre-
sented. Reference speed is changed from 100 r/min (0.025 p.u.)
to 500 r/min (0.125 p.u.), and to 100 r/min again, at 8 s. Even
when operation at lower speed is possible, speed estimation
is affected by measurement noise in this speed range. Fig. 10
shows motor operation from low speed (100 r/min) to high speed
(1000 r/min).

As can be seen, closed-loop system operation using the esti-
mated variables is satisfactory in a wide speed range.

VI. CONCLUSION

A new nonlinear reduced-order observer to estimate the rotor
speed and position for permanent-magnet motors has been pro-
posed in this paper. Unlike previous proposals, this observer is
not limited to sinusoidal or trapezoidal PMACMs. Indeed, the
observer allows the estimation of the induced EMF with ar-
bitrary waveforms. Consequently, this proposal, used together
with a programmed current waveform control strategy, repre-
sents an advantageous option for the realization of a torque con-
troller with minimum torque ripple.

The proposed observer was used to implement a sensorless
PMACM drive prototype, with torque ripple minimization. Ex-
perimental results confirm the good performance of the observer
in the estimation of EMF as well as rotor speed and position.
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