IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Coarse-grained approach for universality classification of discrete models

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2012 J. Phys. A: Math. Theor. 45 435202
(http://iopscience.iop.org/1751-8121/45/43/435202)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 190.178.186.59
The article was downloaded on 10/10/2012 at 21:00

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/45/43
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

TIOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 45 (2012) 435202 (11pp) doi:10.1088/1751-8113/45/43/435202

Coarse-grained approach for universality
classification of discrete models

R C Buceta'? and D Hansmann'

1 Departamento de Fisica, FCEyN, Universidad Nacional de Mar del Plata, Funes 3350,
B7602AYL Mar del Plata, Argentina

2 Instituto de Investi gaciones Fisicas de Mar del Plata (UNMdP and CONICET), Funes 3350,
B7602AYL Mar del Plata, Argentina

E-mail: rbuceta@mdp.edu.ar and David.Hansmann @ gmx.net

Received 26 June 2012, in final form 5 September 2012
Published 10 October 2012
Online at stacks.iop.org/JPhysA/45/435202

Abstract

Discrete and continuous models belonging to a universality class share the same
linearities and (or) nonlinearities. In this work, we propose a new approach to
calculate coarse-grained coefficients of the continuous differential equation
from discrete models. We apply small constant translations in a test space and
show how to obtain these coefficients from the transformed average interface
growth velocity. Using the examples of the ballistic deposition (BD) model and
the restricted solid-on-solid (RSOS) model, both belonging to the Kardar—
Parisi-Zhang (KPZ) universality class, we demonstrate how to apply our
approach to calculate analytically the corresponding coefficients of the KPZ
equation. Our analytical nonlinear coefficients are in agreement with numerical
results obtained by Monte Carlo tilted simulations. In addition to the BD and
the RSOS, we study a competitive RSOS model that shows crossover between
the KPZ and Edwards—Wilkinson universality classes.

PACS numbers: 02.50.—r, 05.10.Gg, 68.35.Ct, 89.75.Da

1. Introduction

Discrete and continuous models belonging to the same universality class are usually
characterized by a unique set of power-law exponents related to each other by scaling relations
[1-4]. Beyond that, discrete and continuous models within the same class share the same
linearities and (or) nonlinearities [5]. All this properties are a result of the evolution rules
determined by the transition rates between surface configurations. Usually these rules are
based on nested IF-THEN-ELSE structures, which alternatively can be expressed by means
of Heaviside unit-step functions ®. Starting from the Master equation of the configuration
probability, it is possible to derive an associated discrete Langevin equation performing the
Kramers—Moyal expansion [6-9]. Note that the ®-function is a distribution or generalized
function and therefore the drift function of the discrete Langevin equation is a distribution,
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too. The continuous Langevin equation can be achieved from its discrete counterpart following
the approach introduced by Vvedensky et al [10]. This approach is based on regularization
techniques and on the coarse-grained approximation, consistent with the limit of lattice
constant tending to zero [11-17]. The regularization method involves the replacement of
the Heavisides ® by smooth functions 6,. Here the regularizing parameter ¢ has to be chosen
in a way that §, — © when ¢ — O7. The coarse-grained approximation is carried out by a
Taylor expansion around the origin of either the entire regularized drift function or each single
regularized function 6, and its arguments (e.g. Laplacian or gradient). It can be observed that
the results of these two expansion methods are ambiguous, since they strongly depend on the
chosen regularization [12].

Within the group of discrete models, which describe deposition or evaporation processes,
the most studied ones belong to the Edwards—Wilkinson (EW) or the Kardar—Parisi—Zhang
(KPZ) universality class. Models of the EW class treat slow deposition processes with
relaxation under gravity [18]. Models of the KPZ class involve deposition (or evaporation)
processes that permit lateral growth (or decrease) [19]. Usually studies of these models were
focused on the characterization of statistical surface growing properties, e.g. roughness and
growth exponents of the surface width and scaling function in the steady state. The KPZ
universality class includes several discrete models, e.g. the restricted solid-on-solid (RSOS)
model [20], the Eden model [21, 22], ballistic deposition (BD) model [1, 23-25] and the
deposition—evaporation model [26]. Among these models, many authors chose to study the
RSOS model, as it shows a very good scaling behaviour even with small systems and in
addition rapidly reaches the steady state. First, Park and Kahng [11] have derived the KPZ
equation [19] from the RSOS model. More recently using the same method, Oliveira et al
[13] have derived the KPZ equation from a competitive restricted solid-on-solid (CRSOS)
model involving deposition and evaporation, with probabilities p and 1 — p, respectively.
Other authors have derived the KPZ equation starting from the BD model following different
schemes of regularizations [14-16].

In this work, we propose a new approach to derive the linear and (or) nonlinear coefficients
of a corresponding continuous equation starting from a discrete model, and thus to classify
discrete models. We introduce the concept of interface configuration space (ICS) in which
discrete processes are defined. The components of a point in the ICS are the height differences
between neighbour columns and the site column evolved. Within this configuration space,
the drift function of the discrete Langevin equation and the stationary probability density
function (SPDF) are defined. Additionally, we assume that the SPDF for a restricted (or
unrestricted) discrete process is embedded in a space of test functions with compact support
(or rapidly decreasing behaviour). We show that proper constant translations applied to the
test function transform the average velocity of the interface growth. The coefficients that
occur under the proposed transformations correspond to the coarse-grained coefficients of
continuous differential equation which defines the universality class. In the framework, we
focus on the RSOS and the BD model of the KPZ class, since they can be taken as a reference
of a restricted and unrestricted processes, respectively, where our theoretical approach can
be applied.

1.1. From the Master equation to the discrete Langevin equation

Let us consider a surface configuration H, which is determined by a set of heights {A;}
corresponding to the columns j, with i; € Z. The transition rate W (H, H') between two
surface configurations H and H’, for a process that evolves (increasing or decreasing ry-units)
at the selected column k, is

2



J. Phys. A: Math. Theor. 45 (2012) 435202 R C Buceta and D Hansmann

M
WMH, H)==Y wrH,HYAN, h+r) | | AW, b)), (1)
>3 []a0.n
where M is the system size and A(x, y) is equal to 1 if x = y and equal to 0 otherwise. Here
the hopping rules wy(H, H') take the restraints process into account. For restricted models,
e.g. the RSOS, wy is function of the height difference between the selected column k and
its next neighbours. For unrestricted models, e.g. the BD, w; = 1. The growth r; of the
column & depends on the underlying discrete growth model, e.g. r, = 1 for the RSOS model
and r; = max(oy,, ox_, 1), with oy, = s — . for the BD model. The first and second
transition moments are
K (ep)=ay_ (W,—h)WH, H",
"2

I{i(jZ) (0))=a Z (h; — hi) (W, — hp)W (H, H'),
I

where 0; = (0j1,...,0;y) € Z" and ojx = hy — h; is the height difference between the
neighbour column k and the selected column j. Here N is the number of nearest neighbours.
Using a Kramers—Moyal expansion from the Master equation the following Fokker—Planck
equation [P = P({o;}, )] is derived:

= P g

ot 8]’1] 7 2 8]’118}1]
The corresponding Langevin equation is (d, = 9/dt)

O hj = Kj(o;) +n;(), 3)
where K; ﬁK;I) is the drift term and n; is the Gaussian white noise with (n;) = 0 and
(ni®)n; (")) = Q;j6(t — t'). Here Q; jiKi(iz) is the noise intensity. Introducing the probability
current (9; = d/0h;)

K2'P). @)

Ji = KiP = 5 9;(Qi;P)., “)
the Fokker—Planck equation (2) is
o P = —0,J;. &)

In the steady state d;,F; = 0, where By = Py(o;) is the SPDF with the property
ZUEZN PSl(a) =1.

1.2. Transformations on interface configuration

The first approach that allows us to characterize nonlinearities of discrete models was the
surface tilt transformation [27, 28]. It is based on a global transformation VA — Vh+s which
is applied to the continuous KPZ equation [h = h(X, ) with x € R"]
o =uv2h+f|wz|2+n(x,z), (6)
at 2
and transforms the average velocity of interface growth as [4]

Ao
v(0) — v(s) =v(0) + Es , (7)

with s = |s|. Employing the tilt transformation and Monte Carlo techniques, several authors
characterized nonlinearities of discrete models belonging to the KPZ universality class
[28-30]. In this work, we propose direct transformations of the discrete Langevin equation (3).
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For simplicity, we consider only two next neighbours o; = (o0j,,0; ) and use the tilt
transformation h; — h; + sj with s € R. In this case, the height differences between the
nearest neighbours are transformed as o;, — o, £ 5. We define the two auxiliary variables

-1 1

nj =50, —0j) =31 —hj-1),

-1 1

¢j=3(0j, +0;)=35jt1 —2h;+ hj—y).
These new variables are the standard (or post-point) discretization of the gradient [16] and
the discretization of the Laplacian. Using the tilt transformation, these variables change as
nj —> nj+s and ¢; — ¢j, i.e. the transformation shifts the ‘gradients’ and leaves the
‘Laplacian’ invariant, respectively. In contrast, the transformation o;, — oj, + r leaves
‘gradient’ invariant and changes the ‘Laplacian’ to ¢; — ¢; + r. These transformations may
be interpreted as translations along the ‘gradient’ and ‘Laplacian’ directions of the surface
configuration space.

2. Discrete processes revisited from the theory of distributions

Let ZV¥ = {o j € ZVN /Py (o ;) # 0, Vj} be the set of surface configurations in the steady
state. Here ZV, called interface configuration space (ICS), is the N-dimensional lattice in
the compact set RN < (RV \ ZV) U Z¥, consisting of vectors ¢; with integer coordinates
ojk = hy —hj (k=1,...,N). The drift term of the discrete Langevin equation (3) can be
assumed as a generalized function K (@) with ¢ € R" evaluated at ¢ =0; € Z". In order to
calculate statistical observables of restricted and non-restricted discrete processes, it is needed
to define test functions ¢ on which the generalized functions of g are applied. The restricted
processes require that ¢ € D(RY). Here D is the test space of C*°-functions with compact
support’ in RY = & —neighbourhood (RN) = {0 € RN/d(e, RY) < &} . The compact support
excludes interface configurations in Z" \ Z" since supp(¢) C RY. In contrast, unrestricted
processes require that ¢ € S(RY). Here S is the test space of C*-functions that decay and
have derivatives of all orders that vanish faster than any power of o, ! (@ = 1, ..., N). Our
notation about distributions is the standard, first established by Schwartz [31]. The application
of a distribution f € D’ (dual space of D) to the test function ¢ € D is defined by

(. @) = /R f@e@d%. ®)

Note that (f, ¢) is the expectation value of f using the test function ¢ as a real analytical
‘representation’ of the SPDF F,. Thus, the test function is normed, i.e. (1,¢) = 1. The
translation T, of a distribution f, denoted by 7, f or simply by fy, extends the definition given
by equation (8) to

(Tuf, ®) =/RNf(e—oc)w(a)dN, )

where the translation operator is defined by 7, : y — y — x if y,x € RY [32]. Note that
equation (9) satisfies

(Tof. @) = (. T-a ). (10)

We assume that the test function ¢ takes fixed values in the configuration space ZV given by
the SPDF Py, i.e.

(85, ¢) = ¢(0) = Py(0), Vo e ZV,
where §, = T, 6 and § is the Dirac distribution.

3 The support of the function ¢ : RY — C, denoted by supp(g), is the closure of {0 € RY /(o) # 0}.
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2.1. Transformations on the average velocity

Applying a translation 7, to a point @ € supp(¢), the test function transforms as ¢ — T,¢ if
(0 —u) € supp(¢) and the average velocity of the growth interface changes as v(0) — v(u)
with

v(u) = (K, Tup) = / K(e) (e —u)d%. 1D
]RN
For small translations, the Taylor expansion of ¢ (@ — u) around u = 0 is

9@ —u) =) — %], e + 5 0550 ],_ tatts + O(3). (12)

Here repeated subscripts imply sums, u, is the ath component of u, 9, =09/900,, and
8‘3/3 = 82/(8Qaagﬂ), with o = g = 1,..., N. Since the test function ¢ is known only at
points of the lattice ZV, its derivatives cannot be calculated explicitly. In contrast, the drift
distribution K is derivable in all points. Since the test function either has compact support or
decreases rapidly, one can take advantage of the following identity:

(K, 85..00) = (=1)"(805..,K. 0). (13)
Using equations (11)—(13), the average velocity is transformed according to
() = (K. ¢) + (3K, ¢) g + 1(825K. 9)uqug + O(3). (14)

The physical meaning of the translations in test space can be made clear considering the case
N =2. It corresponds to a discrete process that describes the evolution of an interface in (1+1)
dimensions. K(o1, 02) is symmetric under the exchange ¢; <> ©», for an isotropic process.
Consequently, ¢ (01, 02) is symmetric under this exchange, too. Considering a translation u in
the supp(¢) with components u; = r + s and u, = r — s, the non-zero lower orders in the
Taylor series expansion are

v(r,5) = (K, @) + (31 + LK, ) r+ 2{(37, — 29, + 35,)K, ¢) 5> (15)

Here the linear term in s vanishes because (d; — 9,)K is antisymmetric. Taking into account
that (3; + 9,)K and (87, — 207, + 03,)K are symmetric equation (15) is

v(r,s):vo—i—vr—i—%)»sz, (16)
with the coefficients (¢, 8 = 1, 2 with @ # )

v =2(0,K, ¢), (17
n=2((02, — 2K, o). 13)
vo = (K, ¢) = v(0,0), (19)

where repeated subscripts do not imply sums. Assuming that higher order nonlinearities can
be neglected, discrete models belong to the KPZ universality class (1 # 0) if (32, — 955)K is
not zero and symmetric under the exchange g <> @, . Otherwise, the discrete models belong
to the EW universality class (A = 0). Equation (16) can alternatively be obtained applying
translations to the gradient and the Laplacian term of the KPZ equation, i.e. V?h — V?h +r
and Vh — Vh + s, and then taking averages over the interface. The set of parameters {v, A}
defined by equations (17) and (18) is unique for each isotropic discrete model.
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Figure 1. For the RSOS model we plot a smooth test function ¢ as a function of (o;, 02). The
non-zero values of the SPDF (bullets) obtained by the Monte Carlo simulation are ¢(0,0) =
o(1,1) = 0.1158, ¢(0,1) = ¢(1,0) = 0.0944, ¢(—1,1) = ¢(1,—1) = 0.1249, ¢(—1,0) =
(0, —1) = 0.1198, and ¢(—1, —1) = 0.0903. Note that supp(¢) is the projection of ¢ # 0 on
the plane (light grey).

3. RSOS model

For a single-step aggregation process in a one-dimensional substratum, the RSOS condition is
lox| < 1withk =1, 2. Evolving from a flat interface, we observe nine interface configurations
defined by 2 ={(i, j) € Z*/i, j = —1, 0, 1}. The test function (01, 02) is taken as a C*°-
function with compact support, defined in R? = & —neighbourhood(R?) an open subset of R?
that excludes all points of Z?\ Z2 . For simplicity, we take R> = {0 € R?/|ox| < 1, k=1,2}
(see figure 1). The drift of the Langevin equation (3) is the generalized function

K (o1, 02) = ©(01) ©(e2), (20)

where we take a/t = 1 without loss of generality and the Heaviside function ®(z) is equal to
1ifz > 0 and equal to O otherwise. The derivatives of the K up to second order are (o, § = 1,2

and o # )
9K = 3(04) ©(0p),
025K = 8(0a) 8(0p).
92K = 8'(0a) O(0p). Q1)

Applying these distributions to ¢, we obtain the coefficients v and A defined by equations (17)
and (18), respectively. Explicitly

1+e€
v=2 / @(0,y) dy, (22)
0

14+€
r=—-2100,0 3, dy|. 23
oo [ “0a], ] >

3.1. Numerical results

In this work, the SPDF were calculated via Monte Carlo simulations using system sizes
M = 1024, with periodic boundary conditions, at ¢+ > 10° monolayers, taking the average
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of 103 samples. In order to evaluate equations (22) and (23), we take ¢ — 0% and assume
that ¢ and 9,9 at x = 0 are very smooth functions of y in (0, 1). Straightforwardly, we
obtain v ~ ¢(0,0) + ¢(0,1). We obtain A >~ —2(p + d¢ + %ny(p)J(g,o) replacing
8:0) 0 = 80,0y 82,0 (0.0) in equation (23). Note that 8,0 0.0y = [¢ (1, 0} (1, 0)1/2,
and 0,9 0,00 = —[@(1, 1) =2 ¢(—1, 1)+¢(—1, —1)]/4. From the values given in the caption
of figure 1, we obtain v >~ 0.2102 1 ~ —0.2171.

4. CRSOS model

The simplest competitive model that shows a crossover between the EW and KPZ universality
classes is the deposition—evaporation model with the RSOS condition. The deposition (or
evaporation) happens with probability p (or 1 — p) in a one-dimensional substratum. This
model was first numerically studied by Amar and Family far from crossover [30]. Later
Olivera et al showed analytically the A—p relation at the associated KPZ equation [13]. Both
the ICS Z? and test space R are identical to those of the RSOS model. The drift term of the
CRSOS model is

K(01,02) =pO(01) O(02) — (1 — p) O(—01) O(—02), 24

and its derivatives up to second order are

3K = 8(0a)[pO(0p) + (1 = p) O(—0p)l.
dupK = (2p —1)8(0a) 5(0p).
aaK = 8'(0a)[p Olop) + (1 — p) O(—0p)]. (25)

Applying these distributions to ¢, we obtain the KPZ coefficients defined by equations (17)
and (18). The nonlinear coefficient is*

sgn(y) ij o) dy] - /

Thus, when p = 1/2 the process belongs to the EW universality class coinciding with the
results obtained by other approaches [13, 33]. Note that if p = 1/2 then 9:¢] (9 y) is the odd
function of y, and consequently A = 0. To understand the latter take into account that the test
function satisfies ¢ (x, y) = ¢(—x, —y), because the competitive processes are equiprobable.
When this symmetry breaks, the KPZ universality class appears.

14€ 1+€

A=—2p—1) |:2(p(0,0)+/

—1—€

O dy. 26
¢J O y (26)

1—e

5. Ballistic deposition model
The evolution of the BD model in (1+1) dimensions is defined for all (o;, 02) € R? by the

distribution (see figure 2)

K(o1, 02) = max(g1, 02, 1), 27

where we define a/t = 1 without loss of generality. Alternatively, the BD evolution rules can
be written as

K=g0@E-1)+[1-0(-1)] (28)
with

g =max(e1, 02) = ¢ + [nl. (29)

* Use pOO) + (1 = p)O(—y) = +2p— Dsgn(y) + 3[1 + A, 0)].
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Figure 2. For the BD model we plot the drift distribution K as a function of (o1, 02), given by
equation (27). The bullets show the discrete drift K (i, j) where (i, j) € 7Z2. The dashed line shows
where the distribution is not smooth.

Here the auxiliary variables ¢ and 7, are again defined as { = %(91 4+02)andn = %(Ql —02).
The second-order Taylor expansion of K({ 4+ r,n + s) around r = 0and s = 0 is
K@ +rn+s)~ K&, n) + (rd; +s0)K + 3 (79;, —2rsd;, + 570, )K. (30)
Taking into account that d,g = |n|" = sgn(n) = sgn(o; — 02) [34] and 8§ng =246(n) =
45(01 — 02), where sgn(n) = ©(n) — ©(—n) is the sign function, one achieves

0K=(@g—-Dég-1+0E-1),

WK =[g—-14dg—1)+06(—1)]sgn(n),

02K = d:[(g— 1)8(g— DI +8(g— 1),

9;,K = d,[(g—1)8(g— D]+ 8(g— 1) sgn(n),

o K=2[g—1)8(g—1)+O(— D]

+0,[(g— 1)8(g — )] sgn(n) + 8(g— 1) [sgn(m) . (€29)

Applying the distribution (equation (30)) to the test function ¢ (see figure 3), one obtains
equation (16) with

h=(07,K, 0) =4(0(g— 1) 801 —02), ¢) + (8 — D [1 — Alo1, 02)]. 9).
vo=(K,¢)=1—v4+(gO(g—1), ). (32)

Here we state only non-zero contributions and A(g, 02) = 1 —[sgn(o; — Qz)]z. Note that the
application of the distribution (g — 1) §(g — 1) (or its derivatives) on a test function is always
zero. Also, the antisymmetric sign distribution applied to a symmetric test function is zero.
The term of second order in r has a non-zero coefficient (6(g — 1), ¢), which is negligible
compared to v.

In order to calculate the coefficients and to understand their meaning, it is convenient to
express equation (32) explicitly; thus,

+00 1—e¢
A=4/ go(x,x)dx—i—Z/ o(1, x)dx. (33)
1

—& —0Q
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Figure 3. For the BD model we plot a decreasing test function ¢ as a function of (¢;, 02), which
takes fixed values ¢ (i, j) obtained from the Monte Carlo simulation (bullets). At the origin ¢ is
smooth though not visually fit.

Here ¢ 2 0 is a small constant that avoids double evaluation of the integral at x = 1. One
observes that on one hand, the coefficient A depends on integrals of ¢ in points where the
distribution K is not smooth (see figure 2). On the other hand, the coefficient v depends on the
integral of the ¢ where K is not constant. Numerical simulations confirm these observations.
In fact only the configurations (j, j) for all j < 1 and (1,i) or (i, 1) for all i < 1 contribute
to A, whereas other configurations of lateral growth are negligible. These conclusions were
not reached by other approaches and could be confirmed by other unrestricted models with
similar features, i.e. discrete Langevin equation with non-smooth drift functions.

5.1. Numerical results

The values of SPDF obtained at points of configuration space of rules by Monte Carlo
simulation in a steady-state regime have allowed us to calculate the coefficients. The numerical
values are A = 0.3265 and vy = 2.1356 which are in excellent agreement with those reported
by Barabasi and Stanley [4] using Monte Carlo simulation with initially tilted interface.
Additionally, we calculated the value v = 1.0302 which is not reported by other authors.

6. Conclusions

In this work, we have proposed a new approach to calculate coarse-grained coefficients and
hence to determine the universality class of unrestricted and restricted discrete models. We
present a theoretical framework which is based on well-established concepts of the distribution
theory.

First, we introduce the concept of a ICS where discrete processes occur. The analytic
extension of ICS into real space allows us to define a test space. The SPDF is embedded in
the test function space which is generated by test functions with compact support or rapidly
decreasing behaviour. The drift term of the discrete Langevin equation is understood as a
generalized function or distribution. We apply small constant translations in the test space and
show how to obtain the coarse-grained coefficients from the transformed average interface

9
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growth velocity. The coefficients are determined by linear combinations of nth-order partial
derivatives of a transformed drift distribution applied to the test function.

Then we study deposition models without relaxation, with and without restrictions, the
RSOS and the BD models, that define spaces of test functions that are rapidly decreasing
or with compact support, respectively. For these (1+1)-dimensional models, we determine
analytically the coarse-grained coefficients of KPZ class. The numerical values that we have
determined for the nonlinear coefficient A are in very good agreement with those calculated by
Monte Carlo simulation using the interface tilting method. In addition, our approach allows
us to calculate the linear coefficient v for these two models, which were not known until now.
Apart from the pure deposition models we also study a competitive RSOS model that describes
a restricted deposition—evaporation process. By this example, we show how the symmetries
of the distribution K explain the crossover behaviour from the KPZ universality class to EW
ones. We observe that in all study cases X is expressed through integrals of the test function
or its derivatives on the set of points where the K distribution is not smooth or has edges or
corners.

Currently, we have applied the formalism to volume conserving models [35, 36] which
shows its full potential to determine the coefficients of conserved KPZ equations. These results
will be reported shortly. For more complex lattice models, e.g. see [37], the coefficients of
the continuous equation will be dependent on the scale of observation. Recent works have
calculated such coefficients by the application of the renormalization group [38, 39].
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