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a b s t r a c t

Oil storage tanks are short cylindrical shells fabricated with an external fixed roof or floating roof on the
inside. Some features of the structure tend to be simplified in practice and research in order to perform
stability and strength analyses using a much simpler model. This paper considers the structural
consequences of such simplifications, including the substitution of a supporting structure of the roof
or a wind girder by an equivalent thickness or by a fictitious boundary condition. Three load cases are
investigated: thermal loads due to an adjacent fire, uniform external pressure, and wind pressure.
Results of finite element analyses to evaluate bifurcation loads and modes are reported as estimates of
buckling. Equivalent thickness models are derived by establishing equivalences in moment of inertia or
sectional modulus of the components that are not represented in detail. The differences in buckling loads
associated with equivalent thickness models depends on the load case considered, but range between
7–15% for a case studied with a fixed roof, with smaller differences (3%) for opened top tanks with wind
girders. Substitution of a wind girder by a boundary condition, on the other hand, yields large errors
under thermal loads exceeding 80% of buckling loads.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Liquid-storage tanks have relatively simple geometries, basi-
cally a vertical cylindrical shell with a roof, but they often present
some additional complexities in practice. Depending on the
diameter of the cylinder, tanks may have a fixed roof or a floating
roof, or may be opened at the top. There are also tanks having both
floating and fixed roofs.

Tanks with a fixed roof are frequently fabricated with a conical or
flat roof, which are not self-supported but require of an additional
supporting structure: a three dimensional grid formed by rafters,
rings, and columns, as shown in Fig. 1. In the example of Fig. 1 there
are two intermediate rings that delimitate three annular regions on
the roof; 16 rafters run through the three regions, 16 additional rafters
span the second and third annular sectors, and 32 rafters are added in
the third sector, so that altogether there are 64 rafters in the third
sector. A typical cross-section of a rafter is shown in Fig. 1c, taken
from a real tank located in USA.

Because of the complexity added by the grid of rafters and rings,
researchers and designers attempt to simplify the structural analysis
by eliminating the three dimensional grid and substituting it by a
modification in the thickness of the roof. Such “equivalent” roof is a
self-supported shell with a modified thickness, but also the weight
needs to be adjusted in order to avoid having an excessively heavy
roof which would buckle under self-weight. This approach may be
found in many research papers, such as Refs. [1–5]. Even simpler
models have been considered in the literature, in which the roof is
completely eliminated and its influence is represented by simply
supported boundary conditions at the top of the cylindrical shell [6].
Such simplifications are not motivated by computer time constraints,
but are frequently made to simplify modeling and data entry.

Open top tanks, on the other hand, are usually designed with a
wind girder at the top to provide stability to the cylindrical shell
and thus avoid snap-through buckling. Design provisions in the
United States [7] and Europe [8] provide guidance regarding the
cross-sectional shapes of wind girders. Such girders have been
taken into account in some research papers [9,10,11], whereas
they have not been included in the analysis by other researchers
[12]. Simplifications to eliminate a wind girder from a model
include substitution by boundary conditions to restraint radial
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displacements (such as in Ref. [12]) or substitution by a modified
shell thickness in the region where the wind girder should be
present.

Because tanks are formed by very thin-walled shells, buckling
becomes a major design constraint, and collapses due to environ-
mental actions and accidents have been reported in many occa-
sions in the literature [13–15]. A state of the art on the buckling of
shells may be found in the work of the European Convention for
Constructional Steelwork (ECCS) [16]; however, the ECCS book
employs some of the simplifications mentioned above without
further discussion. At present, the ECCS committee is seeking
response to such uncertainties and has called for research in this
area; this paper is part of such inquiry addressing those topics
identified as voids in current knowledge.

Questions arise as to what are the consequences of such simpli-
fications on the buckling behavior of the structure. Are those effects
independent of the loading condition, or do they have different effects
depending on the nature of the load (i.e., thermal, lateral pressure).
This paper addresses these problems in order to elucidate how such
simplifications affect buckling of the shell, and specifically considers
thermal loads, uniform pressures, and wind pressures as separate
loading cases. Case studies are discussed for two tank configurations,
namely fixed roof and open top configurations.

2. Tanks with conical roof

2.1. Case study

A specific fixed roof geometry is considered in this section in
order to identify the structural consequences of the assumed
simplifications. The shell is shown in Fig. 1, with step-wise variable
thickness and a conical roof; the overall geometry is given by a
diameter D¼30.38 m, cylinder height H¼12.19 m, and 2.86 m max-
imum elevation of the roof with respect to the cylinder. Details of
the structural grid supporting the roof are shown in Fig. 1b. The shell
thickness as well as the roof structure have been designed according
to API 650 regulations [7]. Two equally-spaced intermediate rings
were placed between the roof center and its junction with the
cylinder. In the outer section there are 64 rafters; 32 rafters in the
middle sector, and 16 rafters in the inner sector. The cross-section of
the rafters is shown in Fig. 1c. ASTM A36 steel is assumed for all
components of the tank, with density γ¼7850 Kg/m3, elastic mod-
ulus E¼206 GPa, and Poisson's ratio 0.3.

The cylinder was assumed to be fixed at the base. A finite element
discretization of the structure was made by means of the general

Fig. 1. Geometry of the tank and supporting structure, (a) front view, (b) plane view, and (c) cross-section of rafters.

Fig. 2. Self-supported model, (a) inertia Ixx¼ Izz, (b) inertia Iyy, and (c) equivalent
density.

C.A. Burgos et al. / Thin-Walled Structures 91 (2015) 29–3730



purpose program ABAQUS [17]. Eight-node shell elements with redu-
ced integration (identified as S8R5 in ABAQUS) were used for the
cylinder, whereas triangular elements were employed on the roof
(STRI65). Rafters were represented by beam elements, and columns
were not explicitly included in the discretization but vertical restraints
were applied at the points where they support the structural grid.
Results obtained with this model will be identified as exact models.

The moments of inertia of the exact roof model were evaluated
using ABAQUS as follows: there is a facility in ABAQUS to evaluate

the inertia of the complete or part of a structure, in which case the
density of the material needs to be provided. In this case a unit
value of density was employed because this was one of the
variables to be adjusted as part of the equivalence. The moments
of inertia were computed with respect to the center of mass of the
roof. An orthogonal system of coordinates was used for the
evaluation of inertias, in which axis YY is the vertical direction
(the axis of symmetry of the conical roof); whereas axis XX and ZZ
are symmetry axis, so that the moments of inertia with respect to
XX and ZZ are the same value.

Thus, the values of inertia for the specific roof configuration
considered were

Ixx ¼ Izz ¼ 5;846;414 m4

Iyy ¼ 11;869;274 m4 ð1Þ

These are the target values which will be used to make equiva-
lence between exact and simplified models.

2.2. Simplifications investigated

A structure with similar dimensions to those considered in the
previous section was investigated by assuming a self-supported
conical roof (without columns as supporting structure) in which
the roof thickness is modified in order to satisfy an equivalence
condition in terms of total roof inertia. There is no unique way to
establish equivalence relations, and only one is explored in this
paper using the equivalence between inertia values.

The same procedure described in the previous section to evaluate
the inertia of the exact model was next used for the roof with a
uniform thickness. To obtain a parametric representation of the
inertia as a function of the shell thickness, referencewas made to the
thickness of the cylinder in the bottom course indicated in Fig. 1a.
For different values of roof thickness, the moment of inertia of the
roof was evaluated and results are shown in Fig. 2a and b as a
function of roof thickness.

Using regression analysis, the moment of inertia can be written
in terms of the thickness at the base of the tank (tbottom) as

Ixx ¼ Izz ¼ 328;450;223 tbottom
Iyy ¼ 666;813;160 tbottom

ð2Þ

Fig. 3. Critical modes for the tank with roof and supporting structure under thermal load, (a) first roof mode, TC¼94 1C, (b) first cylinder mode, TC¼205 1C, and (c) first
combines roof and cylinder mode, TC¼208 1C.

Fig. 4. Buckling mode for tank with equivalent roof thickness, under thermal load.

Fig. 5. Critical temperature versus equivalent roof thickness.
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The density of the material needs to be adjusted in order to keep the
same roof weight. The density in terms of the thickness (Fig. 2c) is

ρequiv ¼
136:12
tbottom

ð3Þ

The results of inertia for different values of t given in Fig. 2 indicate
that the same moment of inertia as in the exact roof model are
obtained for an equivalent thickness t* of 17.8 mm, or

tn ¼ 1:4 tbottom ð4Þ

Alternatively, this may be written in terms of the course thickness at
the top of the cylinder as tn¼2.25 ttop.

Of course, an equivalence established between moments of inertia
does not guarantee that buckling loads will also satisfy equivalence;
thus, this needs to be investigated by means of computational
modeling of the exact and simplified structure under various loading
conditions. This is the subject of the following sections.

2.3. Buckling under thermal loads

Thermal loads arising as a consequence of an adjacent fire have
been investigated by Liu and coworkers [2,18,19]. These authors
performed a detailed heat transfer study from the source of fire to
the shell, and proposed using a cos2θ variation of temperature in
the circumferential direction of the cylinder, where θ is the
angular coordinate measured from the meridian of incidence of
fire. Fire is assumed to increase temperature on a sector of the
shell most directly exposed to the heat source.

Fig. 6. First critical mode for case studied under uniform pressure (pC¼2.53 kN/m2), for the exact roof model. (a) Side view and (b) top view.

Fig. 7. Tank under uniform pressure, first critical mode for simplified self-supported roof, (a) 1.4 t (pC¼0.81 kN/m2), (b) 24 t (pC¼2.55 kN/m2), and (c) 24 t (23
circumferential waves).
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Fig. 9. Assumed wind pressure distribution on the roof [22].
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In the research presented in this paper, a sector covering half of
the perimeter of the cylinder is assumed to be affected. The
temperature distribution is written in the form

TðθÞ ¼ λT0 cos 2θ; for �π
2rθrπ

2

TðθÞ ¼ 0; for π
2rθr3π

2

(
ð5Þ

where λ is a scalar multiplier used to increase the reference
temperature T0. The influence of the vertical distribution has been
studied by Liu [2] and is here assumed to be uniform in elevation.
The influence of the zone affected by heat on the buckling of the
shell has been studied in Ref. [20].

Because relative changes for exact and simplified models are
investigated in this work, a bifurcation analysis (designated as LBA
in Ref. [16]) is computed in each case, in order to have an estimate
of buckling load. This yields an eigen-value problem [21]

K0þλCKG

� �
φC ¼ 0 ð6Þ

where K0 is the linear stiffness matrix of the shell, KG is the load-
geometry matrix which includes the nonlinear kinematic rela-
tions, the eigenvalue λC represents the critical load or temperature
at bifurcation, and the eigenvector φC is the shell configuration at
bifurcation, i.e. the critical mode. Depending on the assumed load
condition, the eigenvalue multiplies a temperature or a pressure.

For the tank having an exact roof model, the first mode occurs
at a critical temperature TC¼λCT0 equal to TC¼94 1C and the
bifurcation mode is seen to mainly have displacements on the
roof (see Fig. 3a). The cylinder shows deflections in another mode
for a critical temperature TC¼205 1C (Fig. 3b), whereas deflections
on the roof and cylinder are obtained in a mode at TC¼208 1C.
Interest in this work focuses on cylinder modes, which may have
severe structural consequences by blocking the floating roof on

top of the fluid. Thus attention focuses on the mode with
TC¼205 1C.

Models with equivalent thickness tn have been investigated for
the same load distribution. For tn¼1.4 tbottom, a critical tempera-
ture TC¼191 1C is obtained, with displacements in the cylinder and
also in the roof. The bifurcation buckling mode is shown in Fig. 4,
and is similar to that obtained for the exact model of the roof.
Differences between the simplified (equivalent thickness) and
exact roof models are of approximately 7% for this case-study.

To illustrate the influence of tn on the critical temperature,
results for increasing values of tn normalized with respect to
tbottom are presented in Fig. 5. For 1.4otn/tbottomo8 there is a
decrease in TC, reaching a low value at TC¼129 1C, with a 37%
difference with respect to the exact model. If the value of tn is
further increased to even larger values, the results increase and
approach the “exact” value at tn/tbottom¼27. Such large equivalent
thickness is unrealistic, but it shows that there are large roof
thicknesses for which the same buckling load would be recovered
as in the exact roof model. Notice that there are two equivalent
thickness values for which the “exact” critical temperature is reached:
one is associatedwithmembrane stiffness for small thickness, whereas
for large thickness values equivalence is reached by bending stiffness
in a thick shell.

2.4. Buckling under uniform pressure

To better understand how the load case considered affects the
buckling of a tank with an equivalent roof thickness, the case of
uniform external pressure (internal vacuum) has been investi-
gated. The critical pressure is here designated as pC¼λCp0, where
p0 is a reference unit pressure.

For the exact roof model, a LBA leads to a lowest eigenvalue
pC¼2.53 kPa, with an associated eigen-mode shown in Fig. 6. This
is symmetric pattern around the circumference, and is character-
ized by 23 waves, shown in Fig. 6b.

The equivalent thickness model has next been computed for
tn¼1.4 tbottom: it displays a roof mode (shown in Fig. 7a), with a
low value of pC¼0.81 kPa. The first mode for which a cylinder
mode occurs is tn¼2.0 tbottom, in which case pC¼2.18 kPa (14%
difference with respect to the “exact” case).

Parametric studies have been performed by increasing tn. The
results of Fig. 8 indicate that the critical pressure increases and
reaches the “exact” values at tn¼24 tbottom. The eigen-mode for
tn¼24 tbottom is shown in Fig. 7b and c, having 23 full waves in the
circumferential direction.

Results are also compared in Fig. 8 between models with an
equivalent density (as in Fig. 3c) versus models in which self-weight
of the roof is neglected. The eigenvalues pC are only marginally
affected by the roof weight, and either assumption provides similar
results.

Fig. 10. Tank under wind, first critical mode for the tank, (a) with supporting structure (pC¼3.36 kPa) and (b) self-supported roof tn¼32 tbottom, roof weight neglected
(pC¼3.33 kN/m2).
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2.5. Buckling under wind pressures

The simplifications regarding the roof are next studied under
wind pressures. There are a number of proposals in the literature to
represent a static pressure due to wind in vertical cylindrical
structures; in this paper the assumed pressures follow the Australian
regulations [22]: the external pressure coefficient Cp around the
circumference of a cylinder is given by

CpðθÞ ¼ kcCp1ðθÞ
Cp1ðθÞ ¼ �0:5þ0:4 cos θþ0:8 cos 2θþ0:3 cos 3θ�0:1 cos 4θ�0:05 cos 5θ

ð7Þ
where θ is the central angle measured from the windward meridian.
Factor kc takes the form

kc ¼ 1:0�0:55ðCp1þ0:15Þlog H=D
� �

for Cp1o�0:15 ð8Þ
A uniform pressure distribution in elevation is adopted according to
this code. The pressure distribution on the conical roof is shown in
Fig. 9, with Cp¼�0.8 in region A and Cp¼�0.5 in Region B. In all
cases, negative coefficients indicate suction and positive coefficients
indicate pressure.

Analysis of the tank with a supported conical roof has been
performed using the same finite element mesh previously employed.
Under wind pressures, the shell reaches a bifurcation load computed
via LBA at pC¼3.36 kPa, which is higher than what is obtained under
uniform pressure. The eigen-mode is shown in Fig. 10, mainly
affecting the cylindrical body of the structure, with large deflections
in the windward region.

Results for a self-supported roof with an equivalent thickness has
been computed for tn¼1.4 tbottom, leading to pC¼2.94 kPa, a value
12% lower than the “exact” value considering the exact roof model.

For increasing values of equivalent thickness, the results have
been plotted in Fig. 11: as the thickness increases, the gap between
the “exact” and approximate solutions becomes smaller, and
coincidence is reached for tn¼40 tbottom. Two conditions have
been considered: with a modified density of the equivalent roof
and neglecting the roof weight. Both conditions yield approxi-
mately the same results.

The mode shapes obtained with the simplified models are
similar to that computed in the supported roof structure.

3. Tanks opened at the top

3.1. Case studied

The specific tank considered in this section is shown in Fig. 12,
with D¼37.9 m and H¼9.47 m, and step-wise variable thickness.
There is a wind girder at the top in order to restraint displace-
ments in the upper part of the tank. The dimensions of the wind
girder are shown in Fig. 13a, and were designed according to API
650 [7]. This is one of the typical stiffening ring sections for tank
shells illustrated in API 650 (see Detail e in Figure 5.24 of API 650
[7]). The minimum thickness of the shell is ttop¼9.5 mm, with a

maximum tbottom¼12.7 mm. The same empirical expression is
given in API 650 and BS 2654 [8] to calculate the minimum
sectional modulus W of the wind girder in the form

W ¼D2H
17

ð9Þ

for wind velocities of 190 km/h. In the present case, a wind
velocity of 165.6 km/h has been assumed for the northern part
of Patagonia in Argentina, so that the value of W needs to be
adjusted by the factor (165.6/190)2. The assumed material proper-
ties are the same as in the tank with a fixed roof.

For the thickness of the top course (which is 9.5 mm in the
present case), API 650 indicates that a stiffener should be designed
as indicated by detail e of Figure 5.24 in API 650 [7]. This yields a
value of W¼607.85. Table 5.20 in the same document API 650
provides possible dimensions to be adopted by the designer. In this
case, for b¼40 mm, the API table gives a modulus Wadop¼723 cm3,
which has been adopted in the present case.

3.2. Simplifications investigated

Two simplifications have been considered in this case-study: one
of them substitutes thewind girder by an “equivalent” thickness at the
top of the shell in the regionwhere the ring is located. The equivalence
is established by equating the moment of inertia with respect to a
vertical axis of the tank sector with the wind girder shown in Fig. 13b,
with the inertia of the same sector with an equivalent thickness
(h¼0.31 m). For this case studied, the equivalent thickness is 4.75 ttop.

A second simplified model has been investigated by eliminating
the wind girder and adding boundary conditions at the top to
prevent radial displacements.

Bifurcation loads and modes were computed using the same
software and finite elements as in the tank with a fixed roof.
Convergence studies were performed to identify a suitable finite
element mesh, resulting in elements of 0.2 m height for the cylinder,
which were reduced to 0.1 m at the top course.

3.3. Buckling under thermal load

The effects of structural simplifications on open top tanks under
thermal loads were investigated under the same temperature dis-
tribution around the circumference and in elevation as discussed in
Section 2.3.

For the model with a wind girder, the lowest critical temperature
was TC¼267 1C. The eigen-mode, given in Fig. 14, has displacements
at the bottom of the shell in the region of incidence of fire.

Results for the simplified shell with an equivalent thickness were
the same, i.e. TC¼267 1C, with the shape at bifurcation shown in
Fig. 15a. The mode is clearly the same as in the tank with the wind
girder, so that this represents an excellent approximation.

The model in which the girder is substituted by boundary
conditions, on the other hand, provided a low value of TC¼74 1C,
with a bifurcation mode (Fig. 15b) showing a different patterns of
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Fig. 12. Geometry of opened tank investigated.
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deflections (given by symmetric bulges on a large circumferential
zone and ranging from top to bottom in elevation) than the “exact”
model. Problems under thermal loading are sensitive to the con-
straints enforced on displacements: more stringent displacement
constraints, as in the fictitious boundary conditions model, do not
allow realistic displacements under temperature and yield very low
buckling loads. Not just the critical temperature but also the bifurca-
tion mode are seen to significantly differ fromwhat is obtained in an
“exact” wind girder model.

3.4. Buckling under uniform pressure

The tank with a wind girder, under lateral uniform pressure,
has a critical pressure at pC¼3.14 kPa, with the mode shape having
28 full waves around the circumference (Fig. 16).

The simplified model with an equivalent thickness yields
pC¼3.25 kPa, which is 3.5% higher than the “exact” result. The
associated eigenmode is shown in Fig. 17b and c, and is almost
coincident with the exact mode, again having 28 full circumfer-
ential waves.

For the model with boundary conditions at the top, a critical
pC¼3.06 kPa is computed, a value 2.5% lower than the tank with a
wind girder. The bifurcation mode again has 28 full waves around
the circumference (Fig. 17a).

Because of the small differences with the exact value, para-
metric studies for different values of W in the equivalent thickness
model have not been performed.

3.5. Buckling under wind pressure

To investigate buckling under wind, the same standard [22] has
been used as in the fixed roof case. The same pressure distribu-
tions are employed in the circumference and in elevation, but a
suction coefficient 0.18 is added to account for the tank being
opened at the top.

For the tank with wind girder, the critical pressure reaches
pC¼3.38 kPa, which is slightly higher than under uniform pres-
sure. The shape of the structure at bifurcation buckling is shown in
Fig. 18a, affecting just the zone at windward.

The tank with equivalent thickness in this case leads to
pC¼3.47 kPa (a value 2.7% higher); whereas the model with

15
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Fig. 13. Wind girder (a) details of wind girder and (b) simplified model with equivalent thickness.

Fig. 14. First critical mode for tank with wind girder (TC¼266.9 1C).

Fig. 15. First critical mode, (a) equivalent thickness model (TC¼266.9 1C) and
(b) simplified model with boundary conditions at the top (TC¼74 1C).

C.A. Burgos et al. / Thin-Walled Structures 91 (2015) 29–37 35



assumed boundary conditions provides pC¼3.28 kPa (3.1% lower
than the exact value). The bifurcation modes are similar in all cases,
as shown in Fig. 18b.

4. Conclusions

The consequences of introducing simplifications in the analysis
of thin-walled oil storage tanks on buckling loads and modes have
been discussed in this work by means of computational analysis.
Two basic ways in which a shell structure is simplified in practice
and research are by means of a modification in the thickness to
represent some additional structural features, or by introduction
of an artificial boundary condition. In the first case, changes in the
density of the material need to be introduced; however, it is
shown that a modified density or neglecting the roof weight does
not substantially modify the results.

For a fixed roof with a supporting structure, a model in which the
supports are eliminated and the roof thickness is modified to obtain
the samemoment of inertia lead to an equivalent thickness of 2.25 the

thickness at the top of the cylinder. For thermal loads, the simplified
results are 7% lower than the exact model, and the differences increase
with increasing equivalent thickness. Under uniform pressure, the first
cylinder mode gives results 14% lower than in the exact model. Finally,
the simplifiedmodel under wind is 12% lower than in the exact model.
In the three loading cases, the exact solution is recovered for large
equivalent thickness values of 27 tbottom for temperature load; 24
tbottom for pressure; and 40 tbottom for wind. Mode shapes are well
described provided a cylinder mode is considered.

For an open tank with a wind girder, the equivalent thickness
results in 4.75 ttop. Predictions under temperature are the same for
exact and equivalent thickness models; for uniform pressure the
equivalent thickness is 3.5% higher than the exact value; whereas
the difference is 2.7% under wind.

Substituting the wind girder by a boundary condition yields
poor results under thermal loads, but differences of 2.5% lower for
pressure and 3.1% lower for wind are computed.

The models discussed in this work do not represent bounds:
depending on the configuration, the equivalent thickness model
may yield lower or higher values than exact.

Fig. 16. First critical mode with wind girder under uniform pressure (pC¼3.14 kN/m2), for the exact girder model. (a) Side view, (b) top view, and (c) detail of deformation at
the top edge.

Fig. 17. First critical mode under uniform pressure, (a) simplified model with boundary condition at the top (pC¼3.06 kPa), (b) equivalent thickness model (pC¼3.25 kPa),
and (c) detail of deformation at the top edge.

Fig. 18. First critical mode under wind, (a) tank with wind girder (pC¼3.38 kPa), (b) equivalent thickness model (pC¼3.47 kPa), and (c) detail of deformation at the top edge
for equivalent thickness model.
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Depending on the load case, for a fixed roof the differences are
between 7% and 14%, and reduce to about 3% for opened tanks
under pressures (either uniform or wind).

A limitation of this study is that only bifurcation loads have been
evaluated, and more refined results would be obtained via geome-
trically nonlinear analysis with imperfections. However, interest in
this work concentrates on the differences between a model that
represents all details of a fixed roof or wind girder and a simplified
version in which equivalent thicknesses or boundary conditions are
employed. Such differences would be reflected in bifurcation as well
as in nonlinear analyses.
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