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Summary

The condruction of (asymptotic) Smultaneous confidence bands for some
time series problems is dudied, typicdly for the sample autocorrdogram and
windowed spectrd dengty edimate. The following approaches are explored: (1) To
use the closeform reallts avaladle in the literaiure (2) To use the asymptotic
independence of the sample quantities to derive new procedures (3) To resort to
inequdlities.

As expected, the bands turn out beng wider than those frequently
encountered  in  the literature, based on  point-by-point confidence intervals.
Numerica vaues of the necessary congants are given for sdected vaues of the joint
confidence coefficient and various numbers of sample quantities

The use of confidence sets of non-uniform width is dso briefly explored.

Monte Calo dmuldions are presented, for problems in the time and in the
frequency domains,

Key words. Simultaneous confidence bands. Autocorrelogram. Windowed spectrd density estimate.
Asymptotic independence. Bonferroni inequality



1. Introduction

Given an obsarved time sies vy, ,...,Y;, two useful data-andytic techniques
are to compute, plot and interpret the sample autocorrdogram in the time domain, or
a (windowed) spectrd dendty edimate in the frequency domain. These are just two
ingances among severd sample quantities often conddered: in the time domain, the
sample patid, invese, and patid inverse adtocorrdograms for univariate series
and the cross corrdogram for bivariate series; in the frequency domain, the sample
coherence and phase for bivariate time series.

From an empiricd point of view, and in agreement with what the theoreticd
sampling properties indicate, it is often the case that the sample autocorrdogram and
sanple soectrd dendty tend to exhibit fluctuations tha must be accurady
interpreted. The question then arises as how to st "control lines' or "confidence
bands' on these sample functions.

Sating contral lines in the sample autocorrdogram has been defined to meen
thet (asymptotic) point-by-point confidence intervals are plotted for the whole set of
sanple edimates. In a smple case, draght control lines & +cs have been
suggested by Box and Jenkins (1976, page 185), and used by maeny authors and
practitioners. Here c is a condant (often taken to be 1 or 2) and s 2 is an esimate of
the resdud variance of an underlying lineer modd.

Smilaly, control lines for gpectrd dendty edimates have been often
recommended and used in the literature see, for example, Granger and Haanaka
(1984, page 66). The technique used here is dso to derive an (asymptotic) confidence
interval for one ordinate and to use it for the whole sample function.

The agpproach of contral lines has the advantage of its smplicity, but hes the
obvious shortcoming of udng a point-by-point inference tool to make inferences
about the whole set of vaues under condderation. This means thet control of the
confidence coefficient is los. To avoid this difficulty a joint or Smultaneous
confidence approach is need, and that will be discussed below.

In this pgper and in terms of frequency andysis, we consder estimation of the
goectrd dengty function by means of edimators rdaed to the sample specird
dengty or periodogram We congder smoothing the periodogram by using adequate



“windows’ (that is, sysems of weights) defined in the time or in the frequency
domeain.

An dternative gpproach to edimate the spectrd dendty of a Sationary time
series, is to use an autoregressive estimator, defined as follows: the given seies is
approximated by a finite-order autoregresson, denoted by AR(p)., whose order is

qitably edimate. Then dl parameters ae esdimaed, and the resulting vaues ae
“plugged-in” the formula of the spectra densty of the AR(p) modd. The
resulting esimaior posseses some good propaties, and is in generd, quite smooth,
in comparison with the sample periodogram.

This gpproach is dosdy rdaed to what is cdled the maximum entropy
spectral estimator. On these topics, see, among othears, Akake (1969), Pazen
(1974), Prietley (1981), Beamish and Priesley (1981), Newton and Pagano (1984),
Kodov and Jones (1985) , Seka and Sakaguchi (1990), Hrafnkelsson and Newton
(2000).

In Section 2 we review point-by-point confidence intervas, in Section 3 we
condder smultaneous confidence sets in Section 4 we present some Smple or
eementary gpproaches to solve or gpproximae the smultaneous inference problem.
Sections 5 and 6 contain dmulation results, and Section 7 is of discusson and
condusons

2. Basic Definitions and Point-by-point Confidence Bands
According to one sandard definition, the sample autocorrdlogram is the st of

sample quantities
T-s
a. (yt - y)(yt+s - Y)
ro=-= I , s=12,...,m, 21
a (yt - Y)z

t=1
where m is usudly taken to be condderably smdler than T. Other definitions of the
sanple autocorrdations are conddered in Mentz (19838 in connection with their
roles in the sample autocorrelogram.

The sampling propeties of (21) are usudly Sudied in terms of asymptotic
results, when T ® ¥ while m remains fixed. If the underlying stochestic process is



detionary and  linear (yt:m+é_i_¥gjut_j, where the innovaions u are

independent, identicdly didributed, with O expected vadue and finite fourth-order
moment, and &lg;|<¥) it can be shown thet 1.1, ...,1, is aymptotically normd

around thetrue parameter r ,,r ,,..., r ,, With variances and covariances given by

t

|| QJOK

(r r+grr+h+rr gl reh 2rhrrrr+g- . 2.2)
2r r.r +2rgrhrr), g,h=12,...,m

g ' r r+h

1
gh_?

See, for example, Anderson (1971). Whenever (2.2) can be evauated numericaly
(i.e, whenever the r; can be expressed as functions of some set of parameters) we
have a way to solve problems of inference, in the sense of approximating the needed
digributions by ther asymptotic normd limits In paticular, a confidence interva
for rsisthen

rxct4, s=12...,m, (2.3
where ¢ is chosen from sandard normda tables to give the desired confidence
coefficient.

One standard definition of the (windowed) spectral density estimator is

(R N S

where ¢ =T latl( V) y..- ¥)=c., ad k is a "kend fundion”: it is

1 9)03

normdized, bounded, symmetric about O, and sufficently smooth (see, for example,
Anderson, 1971, Section 9.4). Notethat in (2.1) r, = ¢, /¢,.

The sampling properties of (24) ae usudly dudied in terms of asymptotic
reslts when T® ¥ and m=m; ® ¥ insuch away tha m¢ /T® O for some
alitable d. If. The underlying stochastic process is dationary and linear (see above),

it can be shown that f(vo ) f(v1 ) f(vg ) is asymptoticdly norma around

the spectrd ordinates f (VO ) f (v1 ) oo f (vf )With variances



t2(y,) = 22(0)k2(x)dx, v, =0, 25)

=
=$2f 2(p)(fllkz(x)dx, vV, =4, (2.6)
:?W(vj )de(x)dx, v, 1 0,xp, (27

and covariances equd to O.

Snce thee integrds are known for the standard windows proposed in the

literature, we have a way to congtruct confidence intervals a each frequency. One
such formiis

) £ f(v-)E—f(Vj)

1+tedm/T 1 tedm/T

where t % = ékz(x)dx, and c is chosen from standard normdl tables. It can dso be

v;10,%p, (2.8

shown that to thetransformation In f(vj) confidence intervas can be st by

|nf(vj)-tc\@£|n £(v,)£1n f(v,.)+ta\/§. 29

Two important differences between the two cases that we considered in this section
are the following: (8) Asymptotic theories are developed in such a way that the find
results are comparable, but while in (21) mis trested as fixed when T ® ¥, in (24)
m=m, ® ¥ with T, (b) The asymptotic covariances for (24) are O, while (2.2) is
not necessarily equa to O when gt h.

In fact, it is wdl known tha sample spectrd dengity or periodogram obtained
from (24) by seting k@ and m=T-1 is such that for independent normd vy, ..., y;

the periodogram ordinates a different frequencies are independent for a finite sample
szeT.

3. Smultaneous I nference

The comments in the last pat of the preceding section about the asymptotic
uncorrelatedness of spectral dendty edtimators at different frequencies contribute to
explan why detaled (asymptotic) results for Smultaneous inference ae avaldble
only for the frequency domain. An early contribution is by Walker (1967).



Woodroofe and Van Ness (1967) proved that under certain conditions on the
underlying process and the kend function, the asymptotic didribution of the

(normdized) maximum of the windowed spectra dendty edimaor's ordinates can
be found in an explicit form ussful for datidica inference. Their main result can be

written as
A
e . : u
< 1] , ]
ToY P?o‘{:ns?sxm - _ £ axs bg: eXp(' e )’(3-1)
€ C U
e m @ 9

where a =[2In(2m)] ¥?,b=a"* - %a[ln In(2m) +In 2p].

Some remarks about this result follow.

a) Assumptions of the theorem. It is assumed that the underlying process is
liner and the innovations have finite eighthrorder moment. Some other regularity
conditions ae st on the coefficients of the linear representation, on the spectra
dengty, and on the kernd function.

b) Nature of the result Expresson (3.1) shows that a key consequence of
this gpproach is that the limiting extreme-value distribution function exp|- exp(- )|
is usad to determine the congtant in the confidence =, instead of the standard norma
digribution function of our Section 2. Tables of Sgnificance points of this extreme-
vaue digribution are given by Owen (1962).

c) Asymptotic order of the result. Woodroofe and Van Ness (page 1558)
indicate that “the difference between the maximum deviation and the devidion a a
single frequency point ... manifests itsdf in the factor (Inm)™*'2. Thus in practice a
confidence band for al frequendes is o(lnm)“times that for a finite st”. This
observation has aso been recorded by Priestley (1981, page 486).

It should be noted that the comment refers to the “asymptotic order” or the
result, and should not be interpreted to meen that, for example, in (2.8) ¢ should be



replaced by c(in m)?. In effect, even when the order of megnitude is correct in an

asymptatic sense, the congant for a finite set of observed vaues may have to be
dtered. See Appendix 1.

d) Usefulness of the result. Refearring to this result, Hannan (1970), page 2%4,
wrote:

“Thee resllts are important in principle but surrounded by some
doubt in practice, of a grester magnitude than that accorded to results
of earlier sections, because of their asymptotic nature. It is known that
such extreme vadue formulas ae rdevant only in enormoudy large
samples, when the lagest of a saies of indegpendent and identicaly
digributed random varigbles is under consderaion. Here further
goproximations are involved and for the rdevance of the formulas it is
evidenty m as much as T whose magnitude is of importance. One
conjectures  that the formulas are the roughest of agpproximations
only”.

e) Other problems in the frequency domain. Hannan (1970), page 294, notes
that the gpproach of Woodroofe and Van Ness can be used to derive smultaneous
probability statements andogous to (3.1) for sample coherence and phase in multiple
time series andysis

All these results and remaks correspond to edtimation in the frequency
domain. It is important to discuss what can be sad about a closeform asymptotic
result smilar to (3.1) for the sample autocordogram and other quantities in the time
doman.

One can conjecture that the extreme-vaue distribution function exp(— e‘X)
used in (3.1) should be dso rdevat for the sample autocorrdogram, under suiteble
conditions on the undelying process and after suitable normdization. From generd
results in Cramer and Leadbeter (1962), for example, it follows that the normdized
maximun of a daionay Gaussan sochedic process follows the didribution atained
in (31). However, the sample autocorrdations can be regaded only as an
asymptotically Gaussan dochedic process, this will then reguire an  explicit
treatment, that we have been unable to trace in the literature.

4. Other Approachesto Simultaneous I nference
4.1 Introduction



The solution dudied in Section 3 has two man shortcomings or difficulties
(@ Its derivation is quite complicated, and it will not be easy to extend the gpproach
to other cases of intered, in paticular, to those in the time domain; (b) The sample
Szes implied by the result may be too high for some fidds of gpplication. These and
other reasons indicate thet it pays to sudy further the problem, with smpler tools
and to derive exact or gpproximate results that may be ussful.

In generd, we want to sudy what can be sad about joint probabilities that in

the case of the sample autocorrelogram have the form

PTIr £ ... T]ra] € ¢ H) = Plrex/Tr, | £ ¢ H), a1)

sEm

where H is some suitable hypothes's on the underlying process.

4.2 Using the asymptotic independence

Mentz (1983b) evaduaed (4.1) when H is that the underlying process is white
noise. Then if the probability in (4.1) issat equd to g c is defined by

F(c)- F(- ¢)=40. (42
where F isthe sandard norma cumulative digtribution function.
This approach was applied to the joint inference based on ry,...,r,, to tes the

null hypothesis that the process is white noise. It uses the fact that the set of sample
autocorrdations is asymptoticaly normd, as indicaed in Section 2. However, in
view of (2.2) the independence of the rj hasto be assumed.

The gpproach can be extended to the frequency doman as follows the st
JTTmE(v,)- £ v, vito #p, is aymptoticdly unit noma, thet s
multivariate normd with means O, variance 1, and covaiances 0. Hence the
condants defined by (42) are dso those needed for sSmultaneous confidence
intervas for f(vj). These will then be of the forms givenin (2.8) or (2.9).

Note that the main difference between the results in the time and frequency
domains is that in the former the asymptotic independence of the sample quatities has
to be assumed, whilein the laiter is given as part of the asymptatic distribution.

4.3 Some useful inequalities



In Section 1 we discussed the fact that the accurate interpretation of the
fluctuations exhibited by a sat of sample quantities, reguires the evdudion of the
probebilities of some events in the joint didribution of the sample quantities This is
often difficult due to two main reasons (1) In generd, the joint digtributions are not
known for finite sample sSzes (2) Even tha the asymptotic joint didributions often
tun out being multivarite normd, the evadudion of probabiliies for the events of
interest is complicated.

In this section we present three inequdities ussful to condruct confidence
bands for a st of parameters. The inequdities will he presented in generd form, for

a random vector X =(X,,...,X,,); then in Section 44 they will be used to derive
confidence bands for the problems discussed so far.
Theorem 1. Let X =(X;,...,X,,) be distributed as multivariate normal

N(O,a).Thenfor all a; >0,i=1...,m,
P(X.|Eay.... | X, £2,)3 ElPQXi|£ai). 43)

The inequality is drict if & is positive definite and at least one pair (Xi , Xj) has

non-null correlation.
This theorem was proved by Dunn (1958) for n£3, and by Katri (1967) and
Sidé&k (1967) for arbitrary m The hypothesis of normdity can be relaxed asfollows.

Corollary 1. Let X =(X1,...,Xm)' be a random vector. Assume that there
exist Bord measurable and montone functions gl:A® A, i=1...,m which are
symmetric in the sense that g, (x) =g, (- x) for all real x and such that the vector
Y =(Y,,...,Y,)) hasa normal distribution, where Y, =g, (X ), i =1,...,m. Then the
conclusion of Theorem 1 holds.

Theorem 2 Let X =(X,,...,X,,) be distributed as N(O,s B), where B is

a positive semidefinite matrix, and let S be independent of X such that nS? /s *hasa
c ?(n) digtribution. Let T, =X, /S, i=1,2,...,m. Then

P(T£ay....[T.|£a,)° p P(T|Ea), a4)
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fordl & >0,i=1...,m.

The proof of this theorem can be found in Sdé&k (1967) and Tong (1980),
pege 37.

The inequdities for probabilities of rectangles of the type (4.3) are badsc for
condructing confidence bands for a st of parameters. In this sense, Theorem 1 and
Cordlay 1 ae usful. They ae limited, however, because they require the
assumption of anormd (or cdlosdly rdated) joint digtribution.

Fndly, we pressnt Bonfaroni’'s inequdity which does not require any
assumption about the didribution of the random variadles involved. In soite of its
generdity, Bonferroni’s inequdlity if quite sharp and hence very useful.

Theorem 3. Let X =(X,,...,X,,) bearandom vector and 1et A, ..., A,, be

Borel measurable sets of thereal line. Then

le s p&O(X. 1 Us g
1- Q. +20, ngl(xll A)H 1-Q, (45
where
Q=4 P(X1 A) (4
Q ;‘r;_’;_ P(x, T A,X,TA) @)

o
a
For aproof of this theorem see Chung and Erdos (1952).
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4.4 Evaluation and Comparison of Simultaneous Confidence Bands

4.4.1 Introduction
We now evduae the congtants needed to set confidence bands in the sample

autocorrdlogram and a windowed speciral dengty edimate. We shdl continue with
the generd notation introduced in Section 4.3. In fact, it should be dear that the
congtants to be evauated to usein (2.3) and (2.8), correspond to the following set up.

Let X :(Xl,... , Xm)' be a random vector with which we want to congtruct a

confidence band for the st m,...,m, of expected vdues. We assume tha the

corresponding variances s Z,...,s 2 ae known, and tha the confidence band is of

the form
PEGIX, - ml£cs &g (48)
i=1 [}

Without loss of generdity weassumethet s, =1, i =1,...,m.

When deding with the autocorrdogram, we have that in generd r; is not the
expected vaue of ri, and that the variance of ri is not known Snce it depends on the
unknown ri , see (23). In this case the condants to be determined below ill apply
in an asymptotic sense, and the variances will have to be estimated on the bass of the
sanple obsavaions (as indicaed in (23); this will be another source of
goproximation.

In the case of the spectrd dendty, forms (28) and (2.9) are such that the
component t +/m/T  is aconstant for a given window.

Usng the inequdities introduced in Section 4.3 we now evduae the
congtants to be used in the bands.

From (4.3) we have that

PEIxi- m£c® P R(x - mlEc)=[F(@)- F(-c]"=g. @9
Y P
where we assumed tha the joint didribution is normd. Solving (4.9) for c, that we

may denote as ¢, (g) to emphasizeits dependence on m and g we have that

c.(0)=F -1aq+§/g_g. (4.10)

a
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This st of vaues was presented in Section 4.2 for the case of asymptotic
independence.
Using Bonferroni’ s inequdity we have:

P§§|xi - m|£b221- équi - m|>b)=- mP(X,- m|>b) .
_ =1- 2m1- F (b)] =g,
and from this we ceduce the congtant
1% 1-90 412
b (g) = F gl — L @12
In the ca= of the frequency doman we can dso use the asymptotic

distribution of the maximum. This can be written as

lim P(ma>1xi - m|£z):exp(— e‘X):g, 413

TE¥  giEm
where z=ax+b,and a and b ae gven bdow (3.1). Explictly, the congtants to be
used here are
z.(g)=b- aln(- Ing). (4.14)
Note that even when g is the confidence coefficient of the joint procedure, the
evduaion in the margind normd  didribution of (4.13) is done as if the level were
1- (1- g)/2m; a smilar agument holds for (4.11). This means that the normal
dendty is used far goat in the tals and hence that the use of the resulting vadues
should be done with care.

4.4.2 Numerical results
We now evaduae and compae numeicdly ¢ (g), b.(g) ad z(g)

introduced in section 44.1. We recal that z,_(g) is only jutified in the case of the
spectrd dengty function estimator.

Table 1 presents vaues of the indicated expressons for sdected vaues of g
and m To facilitate the writing gis often omitted.

Detailed tables are appended to the present work; see Appendix 2.

About by, and ¢, note that we congder the variance as known (cf. Section
44.1); this is reasonable in our case snce we have in mind large sample szes for
practicd gpplications. For bm, when the variance is unknown and replaced by an

13



edimae, Miller (1966) presents a table of percentage points of the corresponding
(Student) digtribution; our condant correpond to Miller’'s table for a number of
degrees of freedom tending to ¥. However, even for smdl numbers degrees of
freedom the gpproximation is very good.

For z, in Table 1 and in Appendix 2, we note that for example for g=0.99, z,

firgt decreases and then increases. This behavior is

Tablel

Condants to be used in (asymptotic) joint
confidence bands derived under different

assumptions
ConfidenceLeve g
m 0.90 0.95 0.99
Cm bm Zm Cm bm Znm Cm bm Zm
1645 | 1645 1960 | 1960 2576 | 2576

1949 | 1960 | 2367 | 2236 | 2241 | 2799 | 2806 | 2807 | 3778
2311 | 2326 | 2572 | 2569 | 2576 | 2908 | 3089 | 3090 | 3667
25060 | 2576 | 2768 | 2800 | 2807 | 3062 | 3289 | 3291 | 3728
2791 | 2807 | 2966 | 3016 | 3023 | 3231 | 3480 | 3481 | 3831
3075 | 300 | 322 | 3283 | 3291 | 345 | 3718 | 3719 | 39%
3276 | 3291 | 3408 | 3474 | 3481 | 3629 | 3889 | 3891 | 4130
3467 | 3481 | 3588 | 3656 | 3662 | 3.79%6 | 405 | 4056 | 4.266
3706 | 3719 | 3815 | 3885 | 3891 | 4000 | 4265 | 4265 | 4447
3878 | 3891 | 3980 | 4050 | 4056 | 4165 | 4417 | 4417 | 4583
4043 | 4056 | 4140 | 4209 | 4214 | 4317 | 4565 | 4565 | 4717
4253 | 4265 | 4343 | 4412 | 4417 | 4511 | 4751 | 4751 | 4891

885888 Ewm.

contrary to expectation, and we interpret that for the corresponding vaues of g the
asymptotic results should not be used for very smdl m

Table 2 presents values of the reative differences between ¢, by and zy,
respectively.

Table 1 and 2 show that for m as low as 10 or 20, the differences among the
vaues are smdl, in the order of 10% or less cm ad bm are aways less than zm, and
Cmisawayslessthan by, see Section 4.4.3 below.

The firg line of Table 1 contains the sandard normd deviates. For n¥50 the
congants bear to those in the firg line the following relaions they are about twice
for g=0.90. It fdlows tha joint confidence bands are condderably wider then point-

14




by-point confidence bands, for the usud vdues of g and for the frequently
encountered values of m

Table2

Rdative differences of the congtantsto beused in
(asymptatic) joint confidence bands derived

under different assumptions
Confidence Leve g
m 0.90 0.95 0.99
C.oZq0p |Pr o) Sl Fua0 (Bm Zggp| Sl Zam | B2 g0
z g Zy z Zy z

2 -17.7 -17.2 -20.1 -19.9 -25.7 -25.7
5 -10.2 -96 -11.7 -114 -15.8 -15.7
10 -75 -6.9 -8.6 -83 -11.8 -11.7
20 -59 -54 -6.7 -6.4 -9.2 -91
50 -4.6 -41 -5.1 -49 -70 -6.9
100 -39 -35 -4.3 -4.1 -5.8 -58
200 -34 -30 -3.7 -35 -50 -4.9
500 -29 -25 -31 -30 -4.1 -4.1
1000 -2.6 -2.3 -2.8 -2.6 -36 -36
2000 -24 -20 -2.6 -24 -33 -32
5000 -2.3 -18 -24 -2.1 -3.1 -2.9

4.4.3 Analytic and Asymptotic Results
Sincefor 0<g <1 it holdsthet 5fg <1- (1- g)/m, we have that

1+5g 1- g
1- , 4,
2 ) 2m (419
and since F " is monatone incressing,
Cn ()< bn(0) (416)

fordl mPlandg O0<g <1.

As m incresses, it is interesting to Sudy the behavior of the condants. In
Appendix 1 we derive asymptotic expressons for them, and show that
im&:lim =1 417

® ¥ bm

(@]
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Moreover, these as wedl as the various condants themsdves, are asymptoticaly
independent of the confidence coefficient g

The interpretation of these asymptotic results should be done with care, due to
the very large vaues of m (and hence of the sample sze T) involved. We recdl the
comment by Hannan tha we reproduced in Section 3. This fact motivates our
induson of values aslarge as m=5000 intebles 1 and 2.

5. A Smulation Study: Freguency Domain, Estimation by Confidence Bands
To dudy empiricdly the peformance of some confidence bands for the

spectrd dengty function, we cary out a Monte Carlo experiment. We teke three
autoregressve modeds consdered by Beamish and Priestley (1981) and Newton and
Pagano (1984), namdly,

Modd | yi— 0.4y — 045y, = u,
Modd Il vt + L7yt1+24yt.2 +1.634yt3+0.872yt-4 +0.168y¢5 = U,
Modd 11l y-2.7607y-1+3.8106yt-2 —2.6535.3 +0.9238yt.4 = U,

where y is a Gaussan white noise with unit variance. These models are used because
they can be dasdfied as beng easy, moderady difficult and very difficult to fit,
respectively, and dso because they were sudied by the indicated authors. Modds
will be identified as I, 1l and IIl. For eech modd we smulae N=1000 replicates of
trgectories of length T=100, 200 or 400, and for each of them we condruct joint
confidence bands.

Intead of the spectrd dendty estimaor defined in (24) by usng the lag
window, we use the average spectral density estimator defined by

f(v,)=(2 )‘1“45. WK1 (Vi ),

where In is the periodogram, h = | is a sequence of integers, and W is a sequence of
weight functions. We take 1=2 and W(-2)=W(2)=1/8, W(-1)=W(0)=W(1)=12/4. Then,
the asympitotic variance of f (v;) forv,unequa toOor p isgivenby

7

b2=§W2k)=—.
|k|£2 32
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This choice corresponds to modified Danid’s window w(x) = sne(px)/(px)
for -1ExE1, and m=T/5.

Five dfferent definitions of the confidence bands are consdered, where
logarithms are decimd, namely:

() log f(v,)+logv, - logc2 ,,W), log f(v,)+logy, - logc2, ),

where u =2b"%=9.14.

(i) Confidence band for log f(vj) defined in the SPLUS program, which is based
onc? with 8.29 degrees of freedom.

(iii) log f(v;) 7, 1,0,
based on anormd approximation to the ditribution of  1og fA(vj ).
(iv) log f(v,)+b-2/2xz7,,,b,

bassd on a normd approximation to the didribution of  log f(vj) corrected for
(asymptoatic) bias.

(v) log f(v,)-log(1+b), logf(v,)- log(1l- b).
Thisisbasad on teking logarithmsin (2.8)

Bands ae computed with a joint confidence levd of 0.95. They will be
identified by (i) to (v).

Table 5 shows the results when the cdculations are done a T/10 frequency
points, whch is the number used in the desgn. We dso consdered shown the results
when dl T/2-2 frequencies, 4p £u £ 2p(T/2- 1)/T, ae used in the
cdculaions, this however, is too demanding, and only the gpproach in Table 5 is
shown.

Table 5 shows the frequencies of coverage of the bands in N=1000
replications. Method (iv) based on the norma gpproximation corrected for bias, and
method (i) based on the ¢? goproximation avalable in SPLUS, give the best results.
Method (v) produced poor results and it was discarded. Method (jiii) based on the
normal gpproximation without correction for bias is dearly inferior.
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Even when the frequencies of drict coverage are not too close to the 95%
theoreticd levd, we can accept the peaformance of the confidence bands as
providing a correct frequency of coverage, if we are willing to dlow up to one point
out of the band.

Fgures 1, 2 and 3 show tha methods (i), (i) ad (iv) give dmog the same
confidence bands.

Fgures 4 to 8 show bands for five replicates cdculated with method (iv) for
each modd and sdected sample szes. In the case of Modd I, figures 6, 7 and 8, it
is dear the effect of increesng sample Sze, in tha the bands tend to show less bias
and are more concentrated among them.

6. A Smulation Sudy: Testing Hypotheses

In this section we explore the use of confidence bands to test the hypothesis that
a given time series is white noise. The procedures in the frequency and time domains
ae compared with the use of the modified Ljung-Box.Pierce portmanteau statistic
(Box, Jenkins and Reinsdl, Section 8.2.2), defined by

2

- T %

(6.2 Q=T(T+ 2){’11 .

T-t

where the r; are the sample autocorrdations of the given series, and K is a suitably
chosen timelag o thet little islost by omitting ri’ swith t>K (Box et al, op. cit.)

Fgure 9 shows the kind of Stuation that we are studying. Represented are the

logaithms of the gpectrd quantities, the center draight line corresponding to

log[D(s¥2p)] = log(s®) = log 1 = 0, where s%2p is the spectra density of white

noise. The solid line is Iog[pr (u)], where f comes from the SPLUS program,
and the broken lines are the 95% (joint) confidence bands for white noise compute
by SPLUS. The spectrd dendties are computed at T/10 frequency points, a none of
these the edtimated spectrd densty fdls out of the bands. However, the plot is made
a T/2 frequency points, and a some of these the solid line lies out of the bands.
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FHgure 9 ds0 shows the sample autocorrelogram of the generated white noise
sies, with the 95% (joint) confidence bands cdculated with the congtant
corresponding to the Bonferroni inequdity, as discussed in sections 4.3, 441 ad
44.2; the numericad vaues is 3.0230T. We find one autocorrdaion out of the
bands.

Table 6 shows the results of 100 repetitions of these caculations. In the first
column the vaues of Q are shown, ordered by size. The next four columns contain
the counts of the points of the sample spectrd dendty fdling out of the confidence
bands, they correspond to the four esimation procedures consdered in Table 5. The
lad column contains the counts of vaues of the corrdogram fdling out of the
corresponding  confidence  bands. Since the criticd vaue of Q is

2 ~
C0.05 (K) = 00.05 (20) = 31.41, we find that 8 of the 100 repetitions have Q
larger than 3141, a results conggent with the leve of dgnificance a=0.05. Table 5
dso shows tha the empiricd levd of dgnificance of the SPLUS and of the
corrdogram bands, are consstent with the 0.05 leve: in effect, there are 3 series with
point faling out of the bands in the frequency case, and 5 points in the correlogram.
At the same time the other spectrd esimaes give empiricd dgnificance leves of
011, 030 and 0.10, respectivdy. As in the andyss of the bands for edimation
purposss, the results are in favor of the SPLUSbands.

We next aoply the indicaied procedure to gan some indication of the
discriminatory power of the procedures. For this purpose, we test whether smulated
AR(1) szies, lead to rgection of the white noise hypothess. We generate by Monte
Calo, 100 AR(1) szies of lengths T = 200 udng the S-PLUS program aimadm
(Smulate a univariate ARIMA series), edimae ther parameters with SPLUS
program aimamle (ARIMA modding via Gaussan maximum likdihood). We usd
0.30 and 0.60 for the modd parameter, and 1 for the innovetions variance. Then we

proceed as in the andyss of the white noise series we compare the (5 datistics
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2
with c005(K - 1), and we determine the numbers of points fdling out of the

confidence bands for the spectrd densty as compute by the S-PLUS program under
the hypothess of white noise. Figures 10 and 11 are comparable to Figure 9.

Table 7 is a summary of these empiricd power cdculdions In this table we
find that the empiricd power of the procedures are etimated as follows. when the
model parameter is set a 0.30, the vaues are 0.76 for Q, 0.34 for the SPLUS
spectrd egtimate, and 0.90 for the sample autocorrdogram; when the parameter is set
at 0.60, the 3 estimates of power areequal to 1.

Table 7 dso reports the results when the smulated series corresponds to the
AR(2) modd introduced in Section 5, and the finding is that the empiricd power is
dsoequd to 1.

It is intereding to note that for the AR(1) modd with paameter 0.30, the
empirical power of the corrdogram for this particular set of series is 0.90, which
represents an improvement over the value of 0.76 corresponding to the use of the Q
datisic. More detailled sudies should be conducted to investigate the power of the
vaious procedures consdered in the present dudy, but this is beyond the scope of
the present paper.

7. Discussion and Conclusions

The question was rased about how to condruct Smultanecus confidence
bands in time saries problems, typicdly for the autocorrdogram in the time domain
and for the gpectrd dendty function in the frequency doman. Smultaneous
procedures ae such tha control of the confidence coefficent is given to the
researcher, who then knows wha probability level (either exact or agpproximate) is
asocisted with the Smultaneous inferencid statement he makes on the bads of his
observations.

A formd solution to one such problem was given by Woodroofe and Van
Ness (1967) for the spectrd densty, as discussed in our Section 3. With some
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adequate generd assumptions on the underlying stochadtic process, and assuming
that as the sample size T® ¥ the number of ordindes m=m, ® ¥, an asymptotic
probability Statement was derived that uses one of the extreme vaue didributions
known in theliterature.

It was noted by Hannan, (1970) that this result may be “the roughest of
gpproximations only”, as we discussed in Section 3.

A dox-form result of smilar nature is not avaladle for the time domain
guantities, at least to the knowledge of the present writers.

At least for the two previous arguments, it pays to investigate further the
problem. In this note we conddered two posshiliies (1) To use the asymptotic
independence of the sample quantities; (2) To resort to inequdlities.

The use of asymptotic independence is explored briefly in Section 4.2. It
tuns out that the asymptatic joint didribution of windowed spectrd edimaors a a
st of frequencies is indegpendent multivariatle normd, so that the evdudion of
congants to be used in Smultaneous confidence bands is draightforward. We denote
these congtants by c_(g). These same congtants can be used in the time domain far
the autocorrdations, but here the asymptotic independence has to be assumed; then
we interpret that the confidence band is directed to a comparison agang a white
noise hypothesis.

The congtants c,,(g) evaduaed under the asymptoic namdity and
independence can dso be judified on the bass of asymptatic joint normdity only, as
folows For a multivariate norma dengty there is an inequdity (4.3) that leads to the
use of the c_(g) in the congtruction of conservative smultaneous confidence bands
for mquantities, with probability levd g

The need to use the asymptotic joint normadity can in turn be relaxed:
Bonferroni’s inequaity is used in Section 44.1 to deive (conserveive) condants
b.(@) that use the asymptotic marginal normd distribution of each sample quantity
under congderetion.

In terms of assumptions we see that the three approaches (for the frequency
domain) can be interpreted as follows (a) Bonferroni’s inequdity, and hence the use
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of the associated congtants b_(g), requires only that the margina distribution of esch
sample quantity be gpproximated by its normd limit; (b) The inequdity in (4.3), ad
hence the constant ¢_(g), require that the joint distribution of the ssmple statistics be
goproximated by its normd limit; (¢) The gpproach of Woodroofe and Van Ness and
the corresponding condtants, denoted z,,(g) by us requires not only that the sample

sze T®¥ but tha m the sample quantities under consdeaion, sdidfies
m=m. ® ¥ ,insuchaway that g(m. )/ T ® 0 for somesuitablefunction g.

We conclude that the use of inequdities in the way we we did in Section 4.4.
has several advantages (1) It requires less assumptions on the st up of the problem;
(2 It is ampler, dnce for example the proof of the results in Woodroofe and Van
Ness is quite complicated; (3) It provides more flexibility, in particular, can be used
to derive bands of non-uniform width.

About this lagt point, the results we presented 0 far are for bands of uniform
width. This is not what is dways recommended in the literature. The BMDR81
packege, for example, produces a “control ling’ for the sample autocorrdogram of
the form given in (2.3), where the gpproximation

1 s-1
t.@=3qr? (7.1)
T %

is used, as suggested origindly by Bartlett (1946). This then produces a band tha in
generd has increesng width, and that in the computer agppears with nondecreasing
width, due to rounding.

The idea of nonuniform ggnificance levels was dso conddered in multiple
decison problems by Anderson (1971). In our case this will lead to dlowing m to be
congderably large, but gill smdl compared with T, and letting the width increese
with the index of the sample datitics. This appears as a reasonable procedure, and
will meke less important the exact determination of m in the definition of the sample
autororrelogram.

The numerica values of z_(g), c.(g) ad b (g) derived for the resuit of
Woodroofe and Van Ness the inequdity in (4.3), and Bonfaroni’s inequdity,
respectively, were evaduated and compared. They differ for very smdl vaues of m
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for which in fact z_(g) is not recommended. For about 20 or 30 sample quantities,
which may be a useful number for practicd use, ¢ (g) and b_(g) differ only
dightly, and their differenceswith z, (g) aredso small.

For gandard vaues of g (0.90, 095 0.99) and for m in the order of 30, the
congants are roughly in the order of 1.5 times those of the univariae confidence
intervals. Hence, smultaneous confidence bands will be wider that those formed
with point-by-point constants.

To see how wdl this kind of procedure works for finite sample szes (T),
Monte Carlo smulation experiments were conducted. In terms of egtimation, four
procedures are compared for T=100, 200 and 400 with 1000 replications. The results
are interedting: defining as sdisfactory coverage of the true spectra densty by 0.95
confidence bands, the occurrence up to one point out of the band, three of the
procedures work reasonable wel. As expected, they are wider than point-by-point
bands of the same probability levd. In terms of usng some of the results to tet the
hypothess of white noise, the joint confidence bands for the corrdogram  showed to
perform better then using the Q  dtatistic, and dso that the bands in the frequency
doman. The sudy of power presented in this paper is, however, quite limited, and
further sudies are required to evauate the corresponding empirica measures.
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Appendix 1
In this Appendix we prove some assations made in Section 44.3. For

m® ¥ we deive asymptotic expandons for by, ¢, ad z, show tha they are
independent of the confidence coefficient g, and that they are asymptoticaly equd.
Thefallowing inegudity holds for x>0 (Pickands (1969)),
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y (- 5 281- 1 (3Ey (¥, A1)

e X

where f (x) isthe standard normal distribution function, and

y (%) =§f (x)o %%p 7 A2

Lemma 1 Let 0<b <1, and X, X, and x3 be respectively the roots of the
equations

y (Xl)gi- %gf b, A3

1- f(x,)=b, A4

y (x;)=b. (A5)

Then x; 3 X, 3 X3.
To find asymptotic expangons for bm and cm we find asymptotic expansons
for % =x(m ad x =xs(m) by sing b=(1-g)/2m ad b=(- gg)2,

respectively.
Lemma 2. Let by, be theroot of the equation
1-g9
fib, )J=—,
(b.) 2m

from (A.4) and (4.14). Then b2 ~2In(2m) as m® ¥ , where the notation ~ means

asymptotically equal.
Proof. Equation (A.5) isnow

L gw.lg,
2PX; 2m
isfollow that
X2 =-2Inx, - IN2p - 2In(1- g)+2In(2m). (A6)
Equation (A.3) isnow
% & 101-g.
£ %5 om

from it follows that
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x2=-2Inx -In2p - 2In(1- g)+2|n(2m)+|n 5. L2 (A7)
X g
From (A.6) and (A.7) it follows that both x> and x’ are asymptoticaly equ
to 2In(2m). From Lemma 1 it follows that b2 ~ 2In(2m).

Lemma 3. Let ¢, be the root of the equation

195
o)==

from(A.4) and (4.12). Then c2 ~ 2In(2m)as m® ¥ .
Proof. Equation (A.5) is now

1 o3 1A8 10, 05800
NEXS 2. 2m g magg
and therefore
L 2 5d- g o W
e? =2px¢ > g+0%é 22
g§2m e moeg,
x2=-2In% - In2p(1- g)+2|n(2m)+0gaé_ng- (A8)
émg
Equation (A.3) isnow
é s 10 1%
g Xg 2
and therefore
2= o - 906
x2=-2Inx - In2p - 2In(1- g) +2In(2m)+ Og - ;
A9
fin(1- =
X

Hence, from (A.8), (A.9) and Lemma 1 it followsthat ¢ ~2In(2m) asm® ¥ .

Lemma 4. Let zn be defined by (4.16). Then z2 ~2In(2m) asm® ¥ .
Proof. From the definitions of aand b following (3.1) we have that

1
=«/2I 12 )—
mem 21/2In12mi

and the condusion of the lemmafollows.

[Inin(2m)+In2p +2In(- Ing)].  (A10)
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By usng Taylor's theorem, the following asymptotic expanson can be
derived,
z2 ~2In(2m)- InIn(2m) - In2p - 2In(- Ing), (A11)

which compares directly with those for x> and x? derived in the proofs of lemmas 2

and 3.
The reaults in (4.19) follow immediaidy from lemmas 2, 3 and 4. Further Cm

bn and z, ae asymptaticdly (as m® ¥ ) independent of the confidence coefficient
g
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Table 3

Constants c,(g) to be used in (asymptotic) joint confidence band.

0.6 0.7 0.8 0.9 0.95 0.99 0.995 0.999

1 0.84162 1.03643 1.28155 1.64485 1.95996 2.57583 2.80703 3.29053
2 1.21228 1.39393 1.61842 1.94882 2.23648 2.80623 3.02296 3.48069
3 1.41671 1.58884 1.80113 2.11405 2.38774 2.93416 3.14349 3.58783
4 1.55524 1.72068 1.92477 2.22627 2.49092 3.02220 3.22668 3.66216
5 1.65898 1.81940 2.01746 2.31066 2.56876 3.08904 3.28996 3.71892
6 1.74140 1.89787 2.09123 2.37800 2.63104 3.14276 3.34090 3.76472
7 1.80948 1.96273 2.15229 2.43386 2.68280 3.18757 3.38345 3.80306
8 1.86732 2.01787 2.20424 2.48148 2.72701 3.22596 3.41993 3.83600
9 1.91747 2.06571 2.24937 2.52292 2.76553 3.25950 3.45183 3.86484
10 1.96168 2.10791 2.28921 2.55955 2.79963 3.28926 3.48015 3.89048
20 2.23805 2.37234 2.53969 2.79102 3.01599 3.47948 3.66165 4.05552
30 2.38924 2.51751 2.67781 2.91951 3.13675 3.58665 3.76422 4.14930
40 249237 2.61675 2.77248 3.00791 3.22009 3.66101 3.83551 4.21469
50 2.57018 2.69174 2.84416 3.07500 3.28348 3.71777 3.89000 4.26478
60 2.63243 2.75180 2.90164 3.12893 3.33450 3.76359 3.93401 4.30531
70 2.68417 2.80176 2.94952 3.17391 3.37712 3.80194 3.97089 4.33931
80 2.72836 2.84447 2.99048 3.21244 3.41366 3.83489 4.00258 4.36857
90 2.76687 2.88171 3.02622 3.24610 3.44561 3.86374 4.03035 4.39423
100 2.80095 2.91469 3.05790 3.27596 3.47398 3.88939 4.05505 4.41707
200 3.01724 3.12438 3.25975 3.46682 3.65575 4.05446 4.21424 4.56468
300 3.13796 3.24170 3.37300 3.57432 3.75846 4.14826 4.30487 4.64903
400 3.22127 3.32277 3.45139 3.64890 3.82984 4.21367 4.36813 4.70803
500 3.28464 3.38449 3.51114 3.70583 3.88440 4.26377 4.41663 4.75332
600 3.33565 3.43421 3.55931 3.75178 3.92848 4.30431 4.45590 4.79004
700 3.37825 3.47576 3.59958 3.79024 3.96540 4.33832 4.48885 4.82088
800 3.41478 3.51141 3.63416 3.82327 3.99713 4.36758 4.51722 4.84744
900 3.44673 3.54258 3.66441 3.85220 4.02494 4.39325 4.54211 4.87077
1000 3.47508 3.57027 3.69129 3.87792 4.04966 4.41609 4.56426 4.89154
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Table 4

Constants z,(g) to be used in (asymptotic) joint confidence band.

0.6 0.7 0.8 09 0.95 0.99 0.995 0.999
2 1.41856 1.63429 1.91595 2.36663 2.79893 3.77782 4.19561 5.16338
3 1.60839 1.79814 2.04590 2.44232 2.82257 3.68360 4.05109 4.90235
4 1.73862 1.91476 2.14474 2.51271 2.86569 3.66494 4.00607 4.79625
5 1.83644 2.00383 2.22238 2.57207 2.90751 3.66705 3.99122 4.74214
6 1.91426 2.07539 2.28578 2.62239 2.94529 3.67644 3.98849 4.71133
7 1.97861 2.13496 2.33911 2.66575 2.97907 3.68854 3.99135 4.69276
8 2.03331 2.18585 2.38502 2.70370 3.00938 3.70156 3.99698 4.68129
9 2.08077 2.23017 2.42524 2.73736 3.03675 3.71468 4.00402 4.67424
10 2.12263 2.26938 2.46099 2.76757 3.06164 3.72754 4.01175 4.67009
20 2.38490 2.51715 2.68982 2.96610 3.23111 3.83120 4.08731 4.68058
30 2.52890 2.65443 2.81833 3.08057 3.33212 3.90171 4.14482 4.70795
40 2.62736 2.74870 2.90713 3.16061 3.40376 3.95435 4.18934 4.73367
50 2.70179 2.82015 2.97469 3.22196 3.45915 3.99623 4.22545 4.75643
60 2.76141 2.87750 3.02907 3.27158 3.50421 4.03096 4.25578 4.77655
70 2.81103 2.92529 3.07447 3.31318 3.54215 4.06062 4.28190 4.79448
80 2.85344 2.96619 3.11340 3.34894 3.57488 4.08648 4.30484 4.81063
90 2.89043 3.00189 3.14742 3.38028 3.60364 4.10941 4.32527 4.82530
100 2.92320 3.03354 3.17762 3.40815 3.62928 4.12999 4.34370 4.83873
200 3.13163 3.23539 3.37088 3.58766 3.79561 4.26647 4.46743 4.93295
300 3.24832 3.34874 3.47986 3.68966 3.89091 4.34661 4.54110 4.99162
400 3.32899 3.42723 3.55550 3.76074 3.95761 4.40339 4.59365 5.03437
500 3.39043 3.48707 3.61326 3.81515 4.00881 4.44734 4.63450 5.06804
600 3.43993 3.53532 3.65987 3.85915 4.05031 4.48316 4.66789 5.09583
700 3.48131 3.57568 3.69889 3.89604 4.08515 4.51337 4.69613 5.11949
800 3.51680 3.61032 3.73241 3.92777 411516 4.53949 4.72059 5.14009
900 3.54786 3.64063 3.76177 3.95558 4.14150 4.56248 4.74215 5.15835
1000 3.57544 3.66757 3.78786 3.98033 4.16495 4.58300 4.76142 5.17472
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Frequency Distributions of Points Falling out of the 0.95 Confidence Band,

Table5

and Percentage of Coverage (0 or 1 points). (n; =2p j10/T, j=3,8,..,T/10- 2)

Sample Model Points out of the Band Percentage
Size and Method of1] 2|3 4or of Oorl Average
more
I (splus) 876|123 | 1 0 99,90% 0,125
T=100 | (df =9.14) 7951191 | 14 0 98,60% 0,219
I (Normal) 662|282 54| 1 1 94,40% 0,397
I (Normal corr.) 860|135 5 0 99,50% 0,145
I (splus) 2| 71| 7 0 99,30% 0,085
T=200 | (df =9.14) 836|149 14| 1 0 98,50% 0,18
I (Normal) 609|311 72| 7 1 92,00% 0,48
I (Normal corr.) 865|125 10 0 99,00% 0,145
I (splus) 936 | 63| 1 0 99,90% 0,065
T=400 | (df =9.14) 861|124 14| O 1 98,50% 0,156
I (Normal) 571|314 96 | 14 5 88,50% 0,569
I (Normal corr.) 864|123 12| 1 0 98,70% 0,15
Il (splus) 276 |1 548 142 | 32 2 82,40% 0,936
T=100 Il (df = 9.14) 290 | 526 | 160 | 23 1 81,60% 0,919
I (Normal) 365|504 | 115 | 16 0 86,90% 0,782
Il (Normal corr.) 433(502| 60| 5 0 93,50% 0,637
Il (splus) 582|3%4 | 24 0 97,60% 0,442
T=200 |ll(df=9.14) 567|383 47| 3 0 95,00% 0,486
I (Normal) 569|336 | 82| 12 1 90,50% 0,541
Il (Normal corr.) 6981280 21| 1 0 97,80% 0,325
Il (splus) 820|168 | 12 0 98,80% 0,192
T=400 |l (df=9.14) 772|211 14| 3 0 98,30% 0,248
Il (Normal) 579|325| 83| 8 0 90,40% 0,525
Il (Normal corr.) 8441 145( 9 2 0 98,90% 0,169
1l (splus) 13 1122|291 |331| 243 13,50% 2,74
T=100 |l (df=9.14) 20 | 144|336 (316 | 184 16,40% 2,552
1l (Normal) 60 | 226 | 412 [ 229 73 28,60% 2,039
Il (Normal corr.) 64 | 236 | 418 | 217 65 30,00% 1,991
11l (splus) 4821382116 | 19 1 86,40% 0,675
T=200 Il (df =9.14) 444 | 403 | 123 | 28 2 84,70% 0,741
Il (Normal) 416 | 417 [ 139 | 23 5 83,30% 0,785
Il (Normal corr.) 644 (300| 50 | 5 1 94,40% 0,419
11l (splus) 886 (108 | 6 0 99,40% 0,12
T=400 |ll(df=9.14) 842|145 | 13 0 98,70% 0,171
Il (Normal) 621 (298| 63 | 16 2 91,90% 0,48
Il (Normal corr.) 880 (114| 6 0 99,40% 0,126
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Table 6

100 simulated white noise series, T = 200, tested for Hg
white noise by six procedures, level of significance 0.05

Time Domain

Frequency Domain

Time Domain

Q

S _Plus

DF=9.14 Normal Normal Correc.

Correlogram

9.090
11.096
11.526
11.954
12.244
12.325
12.387
12.399
12.604
12.626
13.683
13.732
13.774
13.9%4
14.165
14.282
14.418
14.483
14.516
14.595
14.666
14.786
14.880
15.013
15.424
15.443
15.445
15.617
15.632
15.858
16.243
16.244
16.618
16.770
16.787
16.805
16.912
17.069
17.130
17.206
17.400
18.075
18.284
18.495
18.608
18.751
18.767
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18.777
18.810
18.916
19.258
19.289
19.429
19.595
19.615
19.868
19.877
20.203
20.217
20.506
20.663
21.396
21.409
21.563
22.013
22.195
22.197
22.368
22.529
22.733
23.192
23.303
23.655
23.694
23.761
23.765
24.134
24475
25.379
25.560
26.289
26.426
26.887
26.896
27.258
27.625
28.476
29.354
30.051
30.419
31.109
31.318
31.483
31.793
32.372
32.792
33.748
34.513
42475
50.619

OO O OO0 00 OO FRPR OO0OO0DO0O0O0D0DO0OO0OFR OO0 0000000000000 O0O0DO0ODO0D0 0000000 OoOOoOOoOOo

OO PP OO O0OFRP,R OO FRP OO0 000000 RFRPPFPORFPOODODODODODODODODOORFRR OO0 O0OO0DO0ODO0DO0D 00000 O0OO0OOoORr oo

OO FrRrPPFPPFPOPFPORFRPMNMOPFPORPPOOONMNPORPRPORPPOPOOOOONPOOOOOOPRPROPOOOOR,ORL,ODO

OO PP OO O0OPFRP OO0OPFP OO0 000000 FRP P OOODODODODODODODODODOORFRrF OO0 O0O0DO0D0D0D0DO0ODO0OD0ODO0ODO0OO0OO0OOoOkRrOoo

NO OFPORFPOOOODODODODODODODODODODODO0ODO0ODO0ODO0ODO0ODO0ODO0DO0OO0DO0DO0DO0DO0DO0OO0DO0ODO0DO0OPFP, OO0O0O0DO0DO0O0OO0O0OO0OOoOOoOOoOOo

Number of
Rejections of b

w

[N
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o
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Levels

0.08

0.03

0.11

0.30

0.10

0.05
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Table 7

Summary of results obtained in testing Ho: white noise in simulated
series of length T = 200. Empirical power, level of significance 0.05

Time domain Frequency Domain
Series Q Correlogram S-Plus df=9.14 Normal Normal correct.
\White noise 0.08 0.05 0.03 0.11 0.30 0.10
AR(1), 0.30 0.76 0.90 0.34 0.37 0.58 0.25
AR(1), 0.60 1.00 1.00 1.00 1.00 1.00 1.00
AR(2)[Sect.5] 1.00 1.00 1.00 1.00 1.00 1.00




Figure 1

185 Confidence Bands for the Spectra Density,
ARZ) Model |, T =400, Methods (i) ta {iv)
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Figure 2
0.95 Confidence Bands for the Spectral Density,
AR(S) Model 11, T = 400, Methods (i) to (iv).
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Figure 3

=400, Methods (i) to {iv).
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Figure 4
400, Method (iv), 5 replicates.
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Figure 5

0.95 Confidence Bands for the Spectral Density,
ARIS) Model I, T =400, Method (iv), & replicates.
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Figure 6
0.95 Confidence Bands for the Spectral Density,
AR(4) Model 11I, T =100, Method {iv), 5 replicates.
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Figure 7

200, Method {iv), 5 replicates.
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Figure 8

400, Method {iv}, 5 replicates.
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Figure 9

An example of a simulated white noise series, T = 200
tested for Ho: white noise, level of significance 0.05

a) Spectral density series

N(0,1), con banda NORMAL, T = 200
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b) Correlogram
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Figure 10

An example of a simulated AR(1) series with parameters 0.30,
T = 200 tested for Ho white noise, level of significance 0.05

a) Spectral density series
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Figure 11

An example of a simulated AR(1) series with parameters 0.60,
T = 200 tested for Ho white noise, level of significance 0.05

a) Spectral density series
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b) Correlogram

AR(1), con banda NORMAL, T =200
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