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0. Introduction

The notion of torsion pair, or torsion theory, in an abelian category was introduced
by Dickson in the 1960’s, see [8]. Modeled after properties of torsion and torsion-
free abelian groups, it gives information on the morphisms in the category. The
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analogous concept in a triangulated category is that of ¢-structure, introduced by
Beilinson, Bernstein and Deligne in [7].

The objective of the present paper is to compare torsion pairs in a hereditary
category . and t-structures in the bounded derived category 2°(.#) with special
attention to those which are split. Let k be an algebraically closed field. Follow-
ing [12], we say that a connected abelian k-category .7 is hereditary whenever the
bifunctor Extif vanishes and the category has finite-dimensional Hom and Ext!-
spaces.

We specialize our study to the split torsion pairs, namely those for which every
indecomposable object is either torsion or torsion-free. We wish to study when they
lift to split ¢-structures, that is, to t-structures (%, %) for which every indecompos-
able object belongs either to % or to ¥ [—1]. We start by looking at tilted algebras.
Let H be a hereditary algebra. An algebra A is called tilted of type H if there exists
a tilting H-module T such that A= EndT. Tilted algebras are characterized by
the existence of complete slices in their Auslander—Reiten quivers, see [3]. Denoting
by % the transjective component of the Auslander-Reiten quiver of 2°(mod H)
obtained by gluing the preinjective component of H with the first shift of the post-
projective component, we prove the following theorem.

Theorem. Let A be a representation-infinite tilted algebra of type H having a com-
plete slice in the preinjective component. Then there exist bijective correspondences
between

(a) Split torsion pairs (7 ,F) in mod A with all preinjectives in J and all post-
projectives in F.

(b) Split torsion pairs (7', F') in mod H with all preinjectives in J' and all post-
projectives in F'.

(c) Split t-structures (% , % +[1]) in 2°(mod H) with 61 lying in the heart.

While the bijection between (b) and (c) is constructed categorically using the
description of the derived category and does not require the splitting hypothesis,
the bijection between (a) and (b) requires the use of the tilting functors and uses
essentially that the torsion pairs are split.

We complete our results by deriving a classification of the split t-structures in
the derived category of a hereditary algebra.

1. Preliminaries
1.1. Notation

Throughout this paper, k denotes a fixed algebraically closed field. All our algebras
are finite-dimensional k-algebras and our modules are finitely generated right mod-
ules. The module category of an algebra A is denoted by mod A. All our categories
are additive Krull-Schmidt k-categories. If € is a category and Z a full subcate-
gory of €, we write X € 2 to express that X is an object in 2. The right and
left orthogonals of & are the full subcategories of € defined respectively by their
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object classes as
9+ ={Y € €|Homy(X,Y) =0 for all X € 9}, and
19 ={Y € €|Homy (Y, X) =0 for all X € 2}.

Given two full subcategories 21, %> of ¥ such that Home (X2, X1) = 0 for all
X1 € 27 and X5 € 95, then we denote by 21 V 95 the full subcategory of &
generated by all objects of 27 and %s. For all basic notions of representation theory,
we refer the reader to [3, 5].

1.2. Torsion pairs in hereditary categories

A connected abelian k-category 47 is hereditary if, for all X, Y € 4, we have
Ext%,(X,Y) = 0 while Hom_(X,Y) and Extl,(X,Y) are finite-dimensional k-
vector spaces.

An object T in a hereditary category ¢ is tilting if Ext;f(T, T) = 0 and if
Hom (T, X) = 0 = Ext’, (T, X) imply X = 0.

It is shown in [10] that, if J# is a hereditary category with tilting object, then
J is derived-equivalent to mod H for some hereditary algebra H, or to mod C,
for some canonical algebra C, in the sense of [16]. In each of these two cases, the
bounded derived category 2°(J#) is a triangulated category with Serre duality.

A torsion pair (T, F) in S is a pair (7,.%) of full subcategories such that:

(1) Forall X € 7,Y € .%, we have Hom »(X,Y) = 0.

(2) For any Y € S, there exists a short exact sequence (the canonical sequence of
Y) of the form 0 — X —Y — Z — 0 with X € J and Z € .Z.

(3) .7 is contravariantly finite (or, equivalently, .# is covariantly finite).

Objects in 7 are called torsion, while those in .# are called torsion-free. Observe
that condition (3) holds automatically if ¢ is a hereditary length category.

Equivalently, a pair (7, %) of full subcategories is a torsion pair if and only
if 7 = L+.Z, or if and only if # = 7+ For instance, any tilting object T in J#
induces a torsion pair (7 (T), . #(T)) where 7 (T) = {X € | Ext’, (T, X) = 0}
and Z(T) ={Y € 5| Hom(T,Y) = 0}, see [11, 12].

A torsion pair (7, %) is split if every indecomposable object in 52 belongs
either to 7 or to 7.

1.3. t-structures in triangulated categories

Let € be a triangulated category with shift [-]. All triangles considered will be
distinguished triangles. A full subcategory % of €, closed under direct summands,
is suspended if it is closed under positive shifts and extensions, that is,

(1) f X € %, then X[1] € % .
2) X —Y — Z— X|[1] is a triangle in ¢, with X, Z € %, thenY € %.

1850218-3



20 Reading

January 13, 2018 12:16 WSPC/S0219-4988 171-JAA 1850218

1. Assem, M. J. Salorio € S. Trepode

Dually, one defines cosuspended subcategories.
A t-structure, see [7, (1.3.1)], is a pair (%, 7) of full subcategories of € such
that

(1) If X € # and Y € #[—1], then Hom¢(X,Y) = 0.

(2) % C%|—-1] and ¥ D ¥V [-1].

(3) For any Y € ¥, there exists a triangle X — Y — Z — z[1] in € with
Xe¥w,Zey[-1].

The t-structure (%,7) is split if every indecomposable object in € belongs
either to % or to ¥[—1].

A suspended subcategory % of € is an aisle if it is contravariantly finite in €.
It is proved in [13, (1.1) and (1.3)] that the following conditions are equivalent for
a suspended subcategory % of €

(a) % is an aisle.

(b) (%, +[1]) is a t-structure.

(c) For any Y € ¥, there exists a triangle X — Y — Z — X[1] in ¥ with
Xeu,Zecut.

The dual notion is that of coaisle, for which the dual statement holds.

The heart of the t-structure (%, % *[1]) is the full subcategory % N % *[1],
which is abelian, because of [7, (1.3.6)].

Given a full subcategory % of € closed under extensions, an object X € % is
Ext-projective in % if Home(X,Y[1]) = 0 for all Y € %, see [6]. If € has Serre
duality, then an indecomposable object X € % is Ext-projective in % if and only
if X € %+, see [4, (1.5)]. The dual notion is that of Ext-injective in % , for which
the dual statement holds.

2. The Case of Hereditary Algebras

Let sZ be a hereditary category. We start by specializing to J# the following
lemma [12, (1.2.1)].

Lemma 2.1. A torsion pair (J,.%) in a hereditary category H induces a
t-structure (%, %7 [1]) in D°(H) by

Uy ={X € P°(A)| H(X) =0 for alli >0, H(X) € T}, and
UF ={X € P*(H)| H(X) =0 for all i < -1, H }(X) € F}.

Thus, there exists a map ¢ : (7,.%) — (%7, %>[1]) from the class of torsion

pairs in  to the class of t-structures in 2°(#). The map ¢ is called the lift map.
The next result is an easy consequence of [17, Proposition 2.3].

Proposition 2.2. Let 5 be a hereditary category, then the lift map is a bijection
between the class of all torsion pairs (7, F) in S and the class of all t-structures
(% ,%+1]) in D*(H) such that 1] C U and H#[-1] C U+,
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The inverse bijection is the map v : (%, % *[1]) = (% N, %+ N ) which
we call the trace map.

From now on, we assume our hereditary category to be of the form J# = mod H,
where H is a representation-infinite hereditary algebra. The representation the-
ory of such an algebra H is well-known, see, for instance, [3, 5]. Indecomposable
H-modules are divided into three classes: & consisting of the postprojective mod-
ules, Z consisting of the regular, and .# consisting of the preinjective. Moreover,
mod H = £V %V .# and any morphism from an object in & to one in .# factors
through the additive category add # generated by Z#. Also, the derived category
9"(mod H) is described, for instance, in [9]. Its indecomposable objects are also
divided into classes: 4}, consisting of the transjective objects, and Z%;, of the regu-
lar ones, with j running over Z. These are related to H-modules as follows. We have
Co = S|—1] VvV & and, for each j, €; = €o[j]. Similarly, Zy = Z and Z; = Z[j]
for each j. We then have 2°(mod H) = V ez (€ V Z#;) and any morphism from %;
to €41 factors through add %;. The following picture (with morphisms going from
left to right) may be helpful for the reader.

Lemma 2.3. Let H be a representation-infinite hereditary algebra.

(a) If % is an aisle in 2°(mod H) such that €1 C %, then \/j>0(‘5j V%) CU.
(b) If ¥ is a coaisle in 2°(mod H) such that 6y C ¥, then V,ico(CGVZ))VC C V.

Proof. We only prove (a), because the proof of (b) is dual. If €, C %, then, for
each j > 0, we have ¢; = €1[j — 1] C %. Now, consider #; for some j > 0. If
Y € %, there exists X € € such that Homgp moq i) (X, Y) # 0. Because ¢; C %,
we get Y ¢ % *. In particular, Z; N %+ =0 for all j > 0. We now prove that
Y € % . Consider the triangle

f g

X Y Z

X[1]

with X € %, Z € %*. Let Z' be an indecomposable summand of Z. Then Z’ ¢ %,
for any t > j + 1, because 6; C % . Therefore, Z' € %, for some t > j. However,
RN U+ =0 fort > j >0, a contradiction. Therefore, g = 0 and so Y is a direct
summand of X. In particular, X € % . O

As a first corollary, we consider split torsion pairs and t-structures induced by
sections. For sections in translation quivers, we refer the reader to [3] and recall
that faithful sections are complete slices. We need the following notation. Let ¥ be
a section in a translation quiver I'. We denote by Succ X the set of all successors of

1850218-5



20 Reading

January 13, 2018 12:16 WSPC/S0219-4988 171-JAA 1850218

1. Assem, M. J. Salorio € S. Trepode

3 in ') that is, of all x in I" such that there exists e in ¥ and a sequence of arrows

e =x x e =x inI.

Corollary 2.4. Let H be a representation-infinite hereditary algebra. The lift and
the trace maps restrict to inverse bijections between

(a) Split torsion pairs (7 ,.%) in mod H such that all indecomposable Euxt-
projectives in J form a section ¥ in I'(mod H).

(b) Split t-structures (% , % *[1]) in P*(mod H) such that all indecomposable Ext-
projectives in % form a section ¥ in T'(2°(mod H)).

Proof. First, because of proposition 2.2 and their very definitions, the lift and
the trace maps restrict to inverse bijections between split torsion pairs in mod H
and split t-structures (%, *[1]) in 2°(mod H) such that mod H[1] C % and
mod H[—-1] C %*. Clearly, if (7,.%) is a split torsion pair as in (a), then 7 =
Suce X if ¥isin .#, while J = Succ X VZV £ if X lies in &. Because of Lemma 2.3
above, in the first case, it lifts to the t-structure (%, % *[1]) such that % = Succ LV
Z1N (Vj=1(€5VZ;)), and in the second case, it lifts to the t-structure (%, w 1))
such that % = SuccX V Zo V (V+0(€; V #;)). Conversely, taking the trace of a
t-structure of one of these two types in mod H yields a torsion pair of the required
form. |

We are now able to state and prove the main result of this section. Observe
that the two conditions € C % and %, C % * are equivalent to the sole condition
€ C % N+[1], that is, ) is contained in the heart.

Theorem 2.5. Let H be a representation-infinite hereditary algebra. The lift and
trace maps restrict to inverse bijections between the class of all torsion pairs (T ,.F)
in mod H such that % C T, P2 C F and the class of all t-structures (%7 ?/J-[l])
in 2°(mod H) such that ¢, C % NU*[1].

Proof. Let (% ,%*[1]) be a t-structure in 2°(mod H) such that 61 € % and €, C
U+, and (7,.F) is its trace, that is, 7 =  "Nmod H and .% = %+ N mod H.
We claim that (7, %) is a torsion pair in mod H such that .# C .7, & C #. And
(7, %) is a torsion pair follows from Proposition 2.2 and the fact that, because
of the hypothesis and Lemma 2.3, we have mod H[1] C € V %1 V 6> C % and
mod H[—1] C €1 VZ_1VCy C %+. Moreover, .# = ¢ Nmod H C % Nmod H =
T, so that £ C 7. Similarly, % contains & = %y N mod H.

Conversely, let (7,.%) be a torsion pair in mod H such that .# C ., & C .F,
and let (%7, %#[1]) denote its lift to 2°(mod H). We claim that ¢, C %z
and ¢y C %;- Let X € €. If X is an H-module, then X € & C 7 C
U . If not, then X = M|1] for some H-module M. Taking cohomology, we get
H'(X) = M and H/(X) = 0 for all j # —1. In particular, X € %z. Similarly,
Go C Uz
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Because of Lemma 2.3, we have \/,.,mod H[j] C %z and \/;_,mod H[j] C
%; Then Z7 N %; = ( yields

U7 = (%7 Nmod H) V (j\i)modH[j])

Uk = (\/ modHU]) V(%+ Nmod H).

3<0

It is now clear that the lift and the trace maps are inverse bijections. O

For future reference, it is useful to observe that, because of their definitions, the
lift and trace maps also restrict to inverse bijections between split torsion pairs and
split ¢t-structures satisfying the conditions of the theorem.

Let H be a wild hereditary algebra and M a quasi-simple module. Following [2],
we define the left cone ( —— M ) to be the full subcategory of mod H generated
by all the indecomposable H-modules X such that there is a path of irreducible
morphisms X = M M, My = M with all M; indecompos-
able. The right cone ( M —— ) is defined dually.

Corollary 2.6. Let H be a representation-infinite hereditary algebra. Then U is
an aisle in 2°(mod H) without Ext-projectives and such that ¢, C % N % +[1] if
and only if one of the following two statements holds

(a) (?/, %J‘[l]) is a split t-structure with no Ext-projective objects, or
(b) H s wild, and each regular component I' of the Auslander—Reiten quiver
I'(mod H) contains quasi-simple modules My, Np such that

w :\F/(—>Mp)\/ (\/(‘KJ‘V%)) and

3>0

wt =\ (€ V&)V <\/(NF—> )).

§<0 r

Proof. This follows at once from Theorem 2.5 and [2, Theorem (B)]. O

3. Tilting and Torsion Pairs

Let S be a hereditary category, with tilting object T'. The endomorphism algebra
A = Endue T is then said to be quasitilted, see [12]. Typical examples of qua-
sitilted algebras are the tilted algebras, see [3] or [9], and the canonical algebras,
see [16]. The tilting object T" induces a torsion pair (7 (T"), #(T')) in S and a split
torsion pair (2 (T),#(T)) in mod A by F(T) = {X € | Ext\,(T,X) = 0},
F(T) = {Y € #|Homy(T,Y) = 0} and 2 (T) = ImExt’, (T, -), Z(T) =
Im Hom (T, —). Considering these subcategories as embedded in 2°(#), we have
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Y (T)=7(T) and Z (T) = Z(T)[1]. We first prove that any split torsion pair in
¢ induces a split torsion pair in mod A.

Lemma 3.1. Let 5 be a hereditary category with tilting object T and A =
Endye T. A split torsion pair (7, F) in H induces a split torsion pair (T, F'
in mod A.

Proof. Let (Z,%) be a split torsion pair in . We claim that ' = (#(T) N
TV Z(T) is a torsion class in mod A.

We first prove that 7’ is closed under quotients. Let X ——=Y be an epi-
morphism in mod A with X € .7/. We may assume that X is indecomposable. If
X € Z(T), then Y € Z'(T) because 2 (T) is a torsion class. Therefore, in this
case, Y € J'. Otherwise, X € #(T)N 7. Because X € 7, it is an object in S,
hence so is Y and then Y € .7. But also, X € # ()N = T (T) givesY € 7(T),
because .7 (T') is a torsion class in 5. But then Y € #(T)N T = F'.

We next prove that .7/ is closed under extensions. Let

0 X Y Z 0

be a short exact sequence in mod A, with X, Z € 7’. We may assume that both
X and Z are indecomposable. If X and Z both belong to 2 (T) or both belong to
#(T)N .7, then so does Y because each of these classes is closed under extensions.
Because (Z°(T),# (T')) is split, the only case to consider is when X € #(T)N T
and Z € 2 (T). Using again that (2°(T),#(T)) is split we have Y = Y/ @ V"
with Y € Z(T),Y" € #(T). It suffices to prove that Y € 7. Now, Y" € #(T)
implies Y € . Then, either the short exact sequence above splits, and we are
done, or else there exists a nonzero morphism X ——= Y in J#. Because X € 7,
no indecomposable summand of Y belongs to .. But (7, %) splits in mod A4,
therefore Y” € 7. This establishes our claim.

Let #' = Z'*. In order to prove that (7', F') is split, it suffices to prove
that ' = #(T)\T = #(T) N .Z. Assume that X € #(T)\7, we claim that
HomA(—,X)lg, = 0. Indeed, X € . implies that HomA(—,X)lg = 0, hence
HomA(—,X)’gm@(T) = 0. But also X € #(T) implies HomA(—,X)’%(T) = 0.
Therefore, HomA(—,X)’g, = 0, as required. Conversely, let X € .#’ be indecom-
posable. Then X ¢ 7. In particular, X ¢ 2 (T). Therefore, X € #(T') because
(Z(1),%(T)) is split. But then X ¢ 7’ also implies that X ¢ 7. Therefore,
X € #(T)\ 7. The proof is now complete. m|

Observe that nontrivial torsion classes in % map to nontrivial torsion classes
in mod A. Indeed, 7 N Z(T') # 0 above implies 7' N & (T') # 0.

Let H be a hereditary algebra. We recall that an algebra A is tilted of type H
if there exists a tilting H-module T such that A = End Ty, see [3]. We denote
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by P4, S, respectively the postprojective and the preinjective components of the
Auslander—Reiten quiver I'(mod A), and by Py, £y those of I'(mod H).

Proposition 3.2. Let A be a representation-infinite tilted algebra of type H hav-
ing a complete slice in the preinjective component. Then there exists a bijective
correspondence between the class of split torsion pairs (7, %) in mod A such that
Py CF, Ix C T and the class of split torsion pairs (', F') in mod H such
that Py C F', 95 C T'.

Proof. There exists a tilting module T" such that A = EndT'. The correspondence
between mod A and mod H induced by the tilting functors is summarized in the
following picture (see [3]).

F T
P ] o A
I'(mod A) 7 (T) Z(T)
—®aT JTorf(—,T)
Extly (= T) | Homp (7, -) F! T
I'(mod H) F(T) T(T)
Py o o I

Note that, while (Z(T"), % (T')) is split in mod A, (Z(T),.#(T)) is usually not
split in mod H. The proof is done in three steps.

(1) We start by defining a map ¢ from the set of split torsion classes 7 in mod A
with #4 C 7, P4 C T+ =.F to the set of split torsion classes .7’ in mod H
with Sy C T', Py C T = F'.

Let .7 be a split torsion class in mod A and let

T'=Im(T7 @aT)={M@sT|M e T}

in mod H. Thus, .7 is actually contained inside .7 (T).
We claim that, in fact, 7' = Im((#(T) N T) @4 T). Indeed, let M € T
and consider its canonical sequence in the torsion pair (2 (T), % (T))

0 Mo M May 0

1850218-9
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with Mg € Z(T), My € #(T). Applying — @4 T, we get M@, T =
Moy @4 T, because Mg @4 T = 0. Moreover, M € 7 implies Ma € 7 hence
Mgy € % (T)N 7. This establishes our claim.

We next claim that g N Z’ = 0. Indeed, let X € £z N .7’ be indecom-
posable. Because X € J, there exists M € #(T)N.7 such that X X M @4 T.
Because M € #(T), we have Homy (T, X) 2 Homyg(T,M @4 T) 2 M € 7.
On the other hand, X € £y implies Hompy (T, X) € £ 4. This contradicts the
fact that #4 C .% by hypothesis. Our claim is proved.

We now prove that .7’ is a split torsion class by proving that it is closed
under successors. Assume we have a nonzero morphism X — Y with X, Y
indecomposable and X € .77’. We first show that, under these hypotheses, Y €
T (T). Consider the canonical sequence of Y in the torsion pair (7 (T),.Z (T))

0 Yo Y Yz 0

with Yo € I(T), Yo € F(T). Assume Yz # 0. Because Yo € F(T) C
add Py, every indecomposable summand of Yz lies in &y. Because Py
is closed under predecessors, ¥ and also X are in £y. But this con-
tradicts the facts that X €7’ and Py N 7' =0. Therefore, Yo =0 and
Y =Yy € J(T), as required. Hence Homy (T,Y) € #(T). Because X €
T C F(T), the tilting theorem asserts the existence of a nonzero morphism
Hompy (T, X) —— Hompg(7T,Y) in mod A. Now, Homy (T, X) € 7 indeed,
X € J' says that there exists M € #(T)N.7 such that X 2 M ®4 T'. There-
fore, Hompy (T, X) =2 Homy (T, M @4 T) 2 M € Z, where we have used that
M € #%(T). Because .7 is closed under successors, we have Hompy (T,Y) € 7.
Because Y € (T), we have Y 2 Hompy (T,Y) @4 T € T'.

Let .#' = 7'%. Then (.7',.%') is a split torsion pair in mod H. Moreover,
T'N Py =0 implies Py C %' and also Iy = (LaNX(T)) @4 T C T,
because ¥4 C 7.

For future use, we characterize the modules in .%’. We have X € %' if and
only if Hompy (—, X)|s = 0, that is, Homg (L ®4 T,X) =0 for all L € F or,
equivalently, Hom 4 (L, Homy (T, X)) = 0 for all L € 7. Thus, X € %’ if and
only if Homy (T, X) € Z.

This completes the definition of the map ¢ : 7 +———= 7.

We next define a map x from the set of split torsion classes .7’ in mod H with
Iy C T, Py C Tt = F' to the set of split torsion classes .7 in mod A
with 4 C T, P, C T+ =7.

Let .7’ be a split torsion class in mod H and .#’ = 7'+, Let

F =Homy (T, #') = {Homy (T, X) | X € F'}.

Asin (1) above, it is easy to see that, in fact, # = Hom(T, . #'N.7 (T)) C #(T).
We claim that .#4 N.% = 0. Indeed, assume M € 2 (T'), then M ¢ % (T') hence
M ¢ F. Otherwise, M € % (T)N.#4 implies that M@, T € T (T)NIy C T.
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If M € &%, then there exists X € %' N .7 (T) such that M = Hompg (T, X).
But then, X € Z(T) yields M @4 T =2 Homy(T, X) @4 T = X € F', a
contradiction. Therefore, M ¢ .7, establishing our claim.

We prove that % is a split torsion-free class by proving it is closed
under predecessors. Assume we have a nonzero morphism L —— M , with
L, M indecomposable and M € %. Because of our claim above, M ¢
J4. Hence, M € % (T). Because #(T) is closed under predecessors, L €
Z(T)so LaT € J(T). The tilting theorem yields a nonzero morphism
LRAT——>M®aT. Because M € Z, there exists X € ' N J(7T)
such that M = Homp(T,X). Because X € J(T), we have M ®4 T =
Hompy (T, X) @4 T = X € Z'. Because %’ is closed under predecessors,
L®saT € Z'. Then L € #(T) yields L = Hompy(T,L ®4 T) € . We
are done.

Letting .7 = +.%, we get a split torsion pair (.7,.%) in mod A. Also, #4 N
F = 0yields 4 C 7, and #4 = Homy(T, Py N T (T)) C F, because
Py CF'.

We now characterize the modules in 7. We have L € 7 if and only if
Homyu (L, —)|# = 0, that is, if and only if Hom (L, Homgy (T, X)) = 0 for all
X € %' or, equivalently, Hompy (L ®4 T,X) =0 for all X € .Z#'. Thus, L € 7
ifandonly if LT € T'.

This completes the definition of the map x : 7' +——— 7.

Finally, we prove that ¢ and x are inverse to each other. We first show that
x o ¢ = id. Let 7 be a split torsion class in mod A such that .£4 C 7,
Py C T Let L € T, then LoaT € Im(7 @4 T) = ((T). Therefore,
T Cx¢(T).

Conversely, let L € x((7). Then L ®4 T € ¢(7) and there exists L' €
T N#(T) such that L®4 T = L' ® 4 T. Denoting by §7, the unit of the ® —
Hom —adjunction, we have §y, : L —— Hompg (T, L ®4 T) = Hompy (T, L' ®4
T) = L' because L' € #(T'). Now, % (T) is closed under successors, hence L €
% (T) and so 0y, is an isomorphism. Thus, L = L' € 7. Therefore, x((7) C T
and we have proven that y o { = id.

In order to prove that o xy = id, let .7’ be a split torsion class in mod H such
that Sy C 7', Py C 7'+ Let X € (x(7'). Then there exists L € x(7")
such that X 2 L ®4 T. But L € x(7') implies L ®4 T € 7'. Therefore,
X € I and so (x(T') C 7.

Conversely, let X € 7'. Because ' C 7 (T), there exists L € #(T)
such that X = L ®4 T. Because L®4 T € 7', we have L € x(7') so L €
x(Z"YN#&(T) and then X € Im((x(Z")NX(T)®@aT) = ¢(x(7'). Thus,
T C(x(T") and so (o x =id. O

This leads us to our main result of this section.

Theorem 3.3. Let A be a representation-infinite tilted algebra of type H hav-
ing a complete slice in the preinjective component. Then there are bijective
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correspondences between the following three classes:

(a) Split torsion pairs (7, F) in mod A such that 4 C T, Py C F.
(b) Split torsion pairs (7', %') in mod H such that Iy C T', Py C F'.
(c) Split t-structures (%, % *[1]) in 2°(mod H) such that €1 C % N U*[1].

Proof. We combine Proposition 3.2, Theorem 2.5 and the remark just following it.
O

We shall give a precise description of the ¢-structures considered above in Sec. 4
below. Note that, if A is a representation-infinite tilted algebra of euclidean type,
then, up to duality, we may assume that it has a complete slice in the preinjective
component. The above theorem then applies.

4. Split t-Structures

The objective of this final section is to give a complete description of the split
t-structures in 2°(mod H) when H is a hereditary algebra. We start by considering
the case where the aisle of the t-structure admits an indecomposable Ext-projective
object. For the notion of presection, we refer the reader to [1].

Lemma 4.1. Let Q be a quiver and (%, %L[l]) a split t-structure in 2°(mod kQ).
If a component T' of T'(2°(mod kQ)) contains an indecomposable Ext-projective in
U, then

(a) T is a transjective component in I'(2°(mod kQ)).
(b) The indecomposable Ext-projectives in % form a section in T.
(¢) There are no indecomposable Ext-projectives in % in the other components of

['(2°(mod kQ)).

Proof. Let Ey € % be an indecomposable Ext-projective in % lying in I'. Then
TEy € wt.

(a) Assume first that T' is a stable tube. Then there exists s > 1 such that Ey =
75Ey. Because s > 1, 7°E, precedes 7Ey and hence lies in % +. But now
Ey € %, and we have a contradiction. If I is a component of type ZA o, there
exist ¢ > 1 and a nonzero morphism Ey —— 7' E) , see [14, (1.3)]. Again, 7' F)
precedes 7Eg and hence lies in % +. Then Ey € % yields the same contradiction
as before. Therefore, Ej lies neither in a stable tube, nor in a component of
type ZA . Hence, T is a transjective component.

(b) Because I' is transjective, it is of the form Z@. In order to prove that the
Ext-projectives constitute a section in I', it suffices to prove that they form a
presection, because of [1, Proposition 7]. Let Ey —— X be an arrow in T,
with Fy indecomposable Ext-projective in % . Observe that, because X succedes
Ey, we have X € % . Assume X is not Ext-projective. Then 7X ¢ % *. Because
(%, *+11]) is split, we get 7X € %. On the other hand, there is an arrow
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72X — = 7Ey and 7Ey € % *. Therefore, 72X € % . This implies that 7.X

is Ext-projective. Dually, if ¥ ——= FE; is an arrow in ', then either Y or
771Y is Ext-projective in % . This completes the proof.

(¢) Tt follows from (b) that the number of isomorphism classes of indecomposable
Ext-projectives in % lying in I' equal |Qo| = rk K(kQ). Because of [4, Theo-
rem 2.3], there are no other Ext-projectives. O

Corollary 4.2. Let Q be a quiver and (%,%L[l]) be a split t-structure in
2°(mod kQ). Then the number of isomorphism classes of indecomposable Ext-
projectives in U is either equal to zero or to |Qo|.

We are now able to state and prove our main result of this section, which
describes completely the split ¢-structures considered in Corollary 2.4 and Theo-
rem 3.3.

Theorem 4.3. Let Q be a quiver and (%ﬂi/ﬁl]) be a split t-structure in
2°(mod kQ). Then we have one of the following:

(a) If % admits at least one indecomposable Ext-projective, then it admits |Qol,
the set of which forms a section in a transjective component €; and then

U = (SuccT) V B; V (\/(ij V%’)).
J>i

(b) If % has no Ext-projective and kQ is tame, then there exist i € Z and a subset

L C Pq(k) such that

@ - ( \V %) v (\/(%v%)),
AeL §>i

where X = (In) rePi (k) -
(¢) If % has no Ezt-projective and kQ is wild, then there exists an i such that

either

w =\ GV R) or U=V (V(%V%)).

§>i J>i

Proof. Assume first that k@ is representation-finite. In this case, either % is trian-
gulated or else there exists an indecomposable object X € % such that X[—1] ¢ % .
Hence there exists an indecomposable object Fy in the 7-orbit of X such that
Ey € % but TEy ¢ %. Because (%, %*[1]) is split, TEy € #* and Ey is Ext-
projective. Lemma 4.1 then gives a section ¥ in I'(2°(mod kQ)) consisting of Ext-
projectives. It is then easily seen that % = Succ X.

Thus, assume that k@ is representation-infinite.

Assume first that k@ is wild. In this case, the transjective components %; are of
the form Z@Q, while the regular families %; consist each of infinitely many compo-
nents of type ZA .

1850218-13



20 Reading

January 13, 2018 12:16 WSPC/S0219-4988 171-JAA 1850218

1. Assem, M. J. Salorio € S. Trepode

In case, % admits an indecomposable Ext-projective, then, because of
Lemma 4.1, this Ext-projective lies in some %, there is a section in %; consist-
ing of Ext-projectives and we conclude as in the representation-finite case. We may
thus assume that % has no Ext-projectives.

Let X, Y be any two indecomposable regular k@-modules. Because of [14,
(1.3)], there exists ¢ > 0 such that Hompg (X, 7'Y) # 0. Thus, if X € % then
so does 7Y and hence so does Y. Dually, if Y € %+, then X € %*'. This
proves that either all regular components in a given %; lie in %, or they all lie
in % +. Thus, we have one of the following cases: either there exists i € Z such that
i C % =0 and G4y C % and then % =\, (%) V %;), or else there exists
i € Z such that €;_1 N% =0 and %; C %, in which case we have % =%; V (\/
(6 v 2))).

Finally, assume that k@ is tame. Again the % are of the form Z@ while each
regular family %; consists of a separating family of pairwise orthogonal stable
tubes indexed by the projective line Pq(k). If % admits an indecomposable Ext-
projective, then we proceed as in the wild case above. If not, then there are two
cases. If there exists i € Z with ;N % = 0 and Z; N % # 0, let 7, be a tube
in #Z; such that 7\ N % # 0, then 7\ C % . If, on the other hand, 9, N % =0,
then 7, C % *. The pairwise orthogonality of the tubes implies the existence of a
subset L C P (k) such that

%:(V %)%\/(@-V%)).

el j>i

j>i

If, on the other hand, there exists i € Z such that Z; "% = 0 and 6,21 N % # 0,
then we proceed as before taking L = @ and we get % =V ,;.,(%; V %;). O
For the notion of tilting complex, we refer the reader to [15].
We also need the following lemma.

Lemma 4.4. Let # be a Krull-Schmidt triangulated category, and (%7 gZ/J-[l]) be
a t-structure in & . Then % is triangulated if and only if the heart % N % *+[1] is
zero.

Proof. If % is a triangulated subcategory of J#, then the heart of the t-structure
(%,%J—[l]) is zero. Conversely, if the heart is zero, let U be an object in % .
Consider the triangle X ——=U[-1] —=Y ——= X[1] with X e %, Y € .
It says that Y is an extension of U[—1] € % [—1] and X [1] € %, therefore Y[1] € %,
and hence Y[1] € % N % *[1]. Because the heart is zero, Y = 0. Hence U[-1] € % .
This shows that % is a triangulated subcategory of 7 . O

Corollary 4.5. Let (%,%™*[1]) be a split t-structure in 2°(modkQ) and
Ey, ..., E, be a complete set of representative of the isomorphism classes of inde-
composable Ext-projectives in % . Let E = @, E;. Then
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(a) E belongs to the heart, so % is not triangulated.
(b) E is a tilting complex in 2°(mod kQ) and % is the smallest suspended subcat-
egory of 2°(mod kQ) containing E.

Proof. (a) We claim that, for any i, E;[—1] ¢ %. Indeed, if this were the
case and E;[—1] € %, then we get Homgp (medkg) (Ei, Ei) = Homgs (medkq)
(E;, E;[—1][1]) = 0 because E; is Ext-projective in %, and this is an absurdity.
This shows our claim. Because (%,#%*[1]) is split, E;[~1] € %~ and so
E; € % *1]. Because E; € % , we indeed get E; € % N% *[1]. Finally, E lies in
the heart, because each F; does. The last statement follows from Lemma 4.4.

(b) Because of corollary 4.2, we have n = |Qo|. Applying [4, Corollary 4.4], we get

that E is a generator of 2°(mod kQ). Hence it is a tilting complex. The second
statement also follows from [4, Corollary 4.4]. O
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