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Abstract

We establish sharp higher-order Holder regularity estimates up to the boundary for solutions
to equations of the form d;u — Lu = f(t,x)in I x Q where I C R, @ C R" and f is
Holder continuous. The nonlocal operators L that we consider are those arising in stochastic
processes with jumps, such as the fractional Laplacian (—A)*, s € (0, 1). Our main result
establishes that, if f is C” is space and C?/%5 in time, and  is a C>? domain, then u/d*
is C**7 up to the boundary in space and u is C'*7/25 up the boundary in time, where d is
the distance to d€2. This is the first higher order boundary regularity estimate for nonlocal
parabolic equations, and is new even for the fractional Laplacian in C* domains.

Mathematics Subject Classification 35B65 - 60G52 - 47G30

1 Introduction
In this paper we address the boundary regularity for solutions of nonlocal parabolic equations
of the form

du— Lu= f(t,x). (1.1)

Here L is a nonlocal operator of the form

n

Lu(t,x) = P.V./ (ut, x +y) —u(t, x))K (y)dy
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with K (y) = K(—y),

A
0< W <K(y) < W and K (y) homogeneous.

Equivalently, L can be written as

a(y/ly

|y|n+25 dy’ (1'2)

Lu(t,x) = / (ut,x +y) +u(t,x —y) —2u(t, x))
Rﬂ
with s € (0, 1) and a : §"~! — [A, A], for some ellipticity constants 0 < 4 < A. In fact,
to prove our higher-order regularity estimates we will also require the kernels to be regular,
see Theorem 1.1 below.

Operators of this form arise naturally in the study of Lévy processes with jumps, where
the infinitesimal generators of stable processes take the form (1.2). These operators have
been studied both from the point of view of Probability and Analysis and have become
quite popular to model very different phenomena in Physics, Finance, Image processing, or
Ecology; see [2,11,22,27] and references therein. The most canonical and important example
of such operators is given by the case where a = ctt on $”~! and L becomes a multiple of
the fractional Laplacian —(—A)*:

Lu(x) = cps / ux + ) +|z|(:+;y) — Zu(x)dy

’

see [1,7,14,15,21] and references therein.

The regularity theory for integro-differential elliptic equations started already in the fifties
and sixties, and has experienced a huge development in the last 20 years; see for example [23]
and references therein. In particular, an important question in this context is to understand
the boundary regularity of solutions, which presents many differences and challenges with
respect to the case of local second order equations. Such question has been studied in the
works [4-6,16,17,25,26,30], and it is now quite well understood. For Dirichlet problems of
the form

[Lu:f in (1.3)

u=>0 in R"\ €2,

with L as above, the main known results of [16,17,25,26] establish that, if d (x) is the distance
to 0Q2:

(a) If Qis C!', then

fel®Q) = u/d’eC Q) foralle > 0,
(b) If Qis C>” anda € C17(§" 1), then

feC’(Q) = u/d°eC’™(Q) fory e(0,s),

whenever y + s is not an integer.
(©) If Qis C*® anda € C*®(S"~!), then

feC’(Q = u/d*eC’™(Q) forally >0,

whenever o + s ¢ Z. In particular, u/d* € C*®(Q) whenever f € C®(Q).
Part (a) was proved in [25] (for any a € LY (8"~1)); (b) was established in [26] in the more
general context of fully nonlinear equations; and (c) was established in [16,17] for elliptic
pseudodifferential operators satisfying the s-transmission property. Furthermore, when s + y
is an integer in (c), more information is given in [17] in terms of Holder-Zygmund spaces
C ’; We refer to the expository paper [24] and to [17] for more details.
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In case of parabolic equations, the interior regularity theory has been developed in the last
years, and is now well understood; see [9,10,13,20,28,29]. However, in such evolutionary
setting, the boundary regularity is not so well understood. The results of [25] were extended
to the parabolic setting by Ferndndez-Real and the first author in [13], and more recently the
case f € L” was treated by Grubb in [18]. These results correspond to the case (a) above,
and yield at best an expansion near the boundary of order 2s — ¢ in space and 1 — ¢ in time.
No higher order boundary regularity result like those in (b) or (c) above is known in the
parabolic setting.

It is important to notice that parabolic estimates for nonlocal equations offer new specific
challenges over elliptic ones. Indeed, this already happens in the setting of interior regularity,
where even solutions to the fractional heat equation d;u + (—A)*u = 0 in B; are always C*
in space but in general not C! in time.

In the context of boundary regularity, a related counterexample was recently found by G.
Grubb [19]: solutions to d;u + (—A)*u = fin (0, T) x @, withu = 01in (0, T) x Q€, do
not satisfy in general u/d* € C3$7¢(Q) for any ¢ > 0, not even when f and 2 are C*°. This
is in sharp contrast with the elliptic case, in which solutions satisfy u/d* € C*®(Q).

The aim of this paper is to extend the boundary regularity result (b) above to the parabolic
setting. For this, we develop a parabolic version of the boundary blow-up methods developed
by the first author and Serra in [26]. Our main result gives an expansion near the boundary
of order 2s + y in space and 1 4 y/2s in time, for y € (0, s), and reads as follows.

Theorem 1.1 Let s € (0, 1), and y € (0, s) such that y + s is not an integer. Let Q be any
C%Y domain, and u(t, x) be any solution of

ou—Lu=f in(—1,0) x (B1NQ) 1.4)
u=~0 in (—1,0) x (B1\Q) (1.

r _
with L of the form (1.2). Assume a € CYV(§""YY and f € Cﬁ‘}’y (—1,0) x Q). Let
CO = “u“Ctyﬂs((—l,O)X]Rn) + ||f||c}f£23,y((_1,0)><§)-

Then,

S
[EX o (- 1.0)x@nme) + [usd®| CLEP R (- o) <@ ) = CCo. (15
The constant C depends only on 'y, ||lalc1.y (gn-1), 1, 5, and the ellipticity constants.

Notice this is an estimate of order 2s + y in space and 1 + y/2s in time. This is precisely
the order one expects for this equation. In fact, for the local case (say when L = A) one
actually has u € C §+V and u € C,HV/ 2 Our estimate (1.5) extends for the first time the
results of [26] to the parabolic setting (in case of linear equations). It is new even for the
fractional Laplacian in C° domains. Furthermore, in view of the above mentioned counterex-
ample of Grubb, our Theorem is sharp (or almost-sharp) in the sense that it cannot hold for
y > s.

Notice also that the assumption that u € C ,y / 2s((—l, 0) x R") is necessary, even for the
interior regularity. Indeed, in [13] the first author and Ferndndez-Real showed that for any ¢ >
0 one can construct a solution to the homogeneous fractional heat equation d;u +(—A)*u = 0
in (—1,0) x Bj which is in C//* 7 ((—1,0) x R") and not C; /% in (—1,0) x B ».

As for the regularity assumption on the function @ in (1.2) and the domain €2, itis needed in
the proof of Proposition 3.3. These are the same assumptions as in the elliptic case. Indeed,
since L(d*) does not vanish identically (something that does happen in the case of a flat
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boundary, where we have L(x,)’. = 0) we need to control over [L(d*)]cv . Such an estimate
is obtained in terms of the C¥ norm of @ and the C%Y norm of ; see Lemma 8.3 in [26].

As an immediate consequence of Theorem 1.1, we get the following result for the Dirichlet
problem.

Corollary 1.2 Lets € (0, 1), and y € (0, s) such that y + s is not an integer. Let L be any
operator of the form (1.2) and Q be any bounded C*? domain. Suppose that u(t, x) is the
solution of

ou—Lu=f inQ T>t>0

u=20 inR"\Q, T>t>0, (1.6)

u(0,-) = ug in2, t=0,
Assume in addition that a € C"7 (8", and denote

Co = lluollz2e) + I fllcyrzsr 0,1y

Then, we have

10l (o ryy + 10/ | crennrn o 1y = €Co (1.7)

Jorany 0 <ty < T where C depends only onn, s, 2, to, T, |lallc1.v(gn-1) and the ellipticity
constants.

Remark 1.3 Notice that y + s could be bigger than 1 (and is always less than 2). This calls for
some care when defining the Holder seminorm being used, as well as the full norm. When
y + s < 1 there is no issue and the norm is defined as usual, i.e.

lw(t, x) —w', x|

[w] s+v = Ssup s
P " Ux) el |t =t + |x — /Y
x,x'eQ
and
lwll s+ = wllregxe) + W] str | .
. uxe) ¢, "uxe

However, when y + s > 1 we need a higher order Holder seminorm.
As in [13], we define in this case

[w] sty s = [w] str + [Vw] 451 .
o7 M axa) % (Ux . F TP e
where
[wlceaxg) = sup[w (-, x)]ce )
xeR
and
lwll str | = [lwllregxa) + IVwllLegxe) + [w] str .
. "uxe) * (I ¢, F " uxe)

Finally, in Proposition 4.1 we are going to need the case o 4+ B + s possibly bigger than 2.
So in that case, again as in [13], we set

[w] atpts = [0 w] wrps +[Vwl atps
T B (@) C,.= ‘”+’5—“(1><Q) C, ¥ (UIxQ)
2
* [wa]c%;k'”ﬂ“"zuxm
tx
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and
lwll str = llwllzoo(rx2) F I VWl Loz x@) + I D*w |l oo (1 x @) +[w] Yy .
CZF T Ux) G, F " uxe)

To prove Theorem 1.1 we extend the ideas from [26] to the parabolic setting. Namely, we
need to develop a parabolic version of the higher order boundary blow-up (elliptic) methods
of [26], and then combine this with appropriate interior estimates in order to get the fine
regularity estimate for u up to the boundary.

Remark 1.4 Besides its own interest, sharp boundary regularity estimates find usually appli-
cations in free boundary problems; see for example [12]. We think that the ideas introduced
in this paper could be used in order to establish the higher regularity of free boundaries in
the obstacle problem for the fractional Laplacian, at least in case s > 1/2; see [3].

The paper is organized as follows. We first prove a Liouville-type theorem in Sect. 2.
Then, in Sect. 3 we prove the main proposition, namely Proposition 3.3. Finally, in Sect. 4
we prove Theorem 1.1, and in the “Appendix” we prove Proposition 4.1.

2 A Liouville-type theorem in the half space

In this section we prove a Liouville type theorem in the half space for nonlocal parabolic
equations. Let us define first the parabolic cylinders:

0, (t,x) = (t — ™, 1) x By (x),

where B, (x) is the ball of radius r around x. Moreover, we will denote Q, (0, 0) by Q, and
(—=r%,0) x (B, N {x, > 0}) by OF.

Theorem 2.1 Lets € (0,1), y € (0,5), B € (y,Danda =s+y — B € (0,s). Let w
satisfy

@ —L)(w(+7t,-+h) —w ) =0 in(—o00,0) x RL
w=0 in (—00,0) x R"™.

forh € R", h, > 0, t < 0 where L is an operator of the form (1.2) and assume that w
satisfies the growth condition

[w/(xn)i]cﬁ)/(Zs,ﬁ(Q;) <CR% R=>1
for some positive constant C. Then
wx) = ()i (p-x+q)
for some p e R"andq e R. Ifa + B < 1then p = 0.
Proof Firstlet h,, = 0and v(f,x) = w(t + 7, x + h) — w(¢, x). Then v satisfies

dv—Lv=0 in(-00,0) x R}
v=20 in (—00,0) x R".

Moreover,

o, x)/(xn)* lze0r) < CR*,
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SO
[vllzoc(og) < CRYT
for R > 1. Then we can apply Theorem 4.11 in [13] (note that « + s < 2s) to get that
v(t, x) = K(x,)}
for some constant K. In particular, this implies that w is constant as a function of time and
w(t,x +h) —w(t,x) = K(x,)
for any & such that #, = 0. Therefore,
w(t, x) = K@) (a-x+b)+y(x)

for some one dimensional function .
Now, by Lemma 5.5 in [26] and the fact that w is constant in time and solves the equation
we have

L(w(t,-+h) —w, ) =LA C+h)—¥()=0 in R}
for h,, > 0 so  satisfies:

{ Ly(C+hy)—v()=0 inRy
Y =0 inR_.

Moreover, because of the hypothesis on w, ¥ has the growth control
[I/f/(xn)i]cﬁ([o,le]) <CR% R=>1
so we can apply Lemma 5.3 in [26] to get
V() = Cra)% + Cate) ™,

and the result follows. O

3 Main proposition

In this section we take the main step towards the proof of Theorem 1.1, namely we prove
Proposition 3.3. We start with th following technical lemma that allows us to take limits.

Lemma3.1 Let s € (0, 1) and {L;;}men be a sequence of operators of the form (1.2). Let
{wm tmen and { f }men be sequences of functions satisfying

@ — LYW (-+h,-+71) —wp(-,) = fninl xK

in the weak sense for a given bounded interval I C (—o0, 0] and a bounded domain K C R".
Assume that L, are given by (1.2) for some a,, : S"~' + [A, A] that converge uniformly to
some a. Let L be the operator associated to such a, and suppose that, for some functions w
and f, the following hypotheses hold:

(1) wy, converges to w uniformly in compact sets of (—oo, 0] x R”,

(2) fm — f uniformlyonl x K,

(3) sup;cy lwp(t +7,x +h) —wy(t,x) <C (1 + |x|2x_£) for some ¢ > 0, and for all
x e R™
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Then, w satisfies
O —LY(w(+h,-+1)—w(, )= finl xK
in the weak sense.

Proof Using the definition of weak solution we get, for each m and n € C°(I x K):

/ (W (- +h, -+ 1) —wy (-, )(=0 — Lp)ndtdx = / Smm dtdx.
IxK IxK

Because of the uniform convergence a,, to a we have that (—d, — L,,)n converges to (—d; —
L)n thanks to the dominated convergence theorem. Also, since 1 is compactly supported we
easily find |L,,n(x)| < C(1 + |x|">)~!, so we just need to prove a growth condition on
the difference quotients that allows us to pass to the limit, i.e. we want

C
|(wm(' +h -+ 7T)— wu(, (=0 — Lm)’l| = W

for some positive e. Because of the previous observation, this ammounts to show that
Wi 4B+ 7)) = wi ()] < CA+ 327

but since that is exactly the third assumption, the result follows. O
Next we are going to prove Proposition 3.3. First, let us give the following definition:

Definition 3.2 We say that I"is a C>? surface splitting R” into * and 2~ with norm smaller
than 1 if the following holds:

I' C R” is the graph of a %7 function with C%? norm less than 1

the two disjoint domains Q* and Q~ partition R”,i.e. R” = QT UQ~- and QT NQ~ = ¢
=90Qt=0Q and0 el

v(0) = e, where v is the normal vector to I".

Moreover, we will denote by d(x) any C 2’V(ﬁ) function that coincides with dist(x, 7)
in a neighborhood of I' N B4 and vanishes outside Bs.

Then we have the following result:
Proposition 3.3 Lets € (0,1), y € (0,5), e (y,)anda =s+y — B € (0,s). Let T

be any C>V surface splitting R" into Qt and Q= with norm smaller than 1. Let u be any
solution of

u—Lu=f in(—=1,0)x (B NQ") G.D)
u=>0 in(—1,0) x Q~ ’
with L an operator of the form (1.2). Assume that
[u/ds]cf)/fs'ﬂ((—],0)XQ+) < 1 and ”‘f“CK,{ZS,V((—1,0)X(B]ﬁ9+)) < 1 (32)
anda € C1v (s"71).
Then for any r > 0
r—a[u/ds —(pr-x+ q’)]Cﬁzs'ﬁ((—r25,0)x(B,ﬁS2+)) <C 3.3)
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where C is a constant depending only onn, s, &, B, |lall 1.y gn-1), and the ellipticity constants
and p, - x + qy is the least square approximation of u/d® in (—r%*,0) x (B, N Q1) i.e.

0
pr-x+qr =argmin/ / (u/d’ —(p -x+q))2 dx dt (3.4)
P J_r2 JB,nQt
where P is the space of all polynomials of degree at most |a + B] (i.e., pr =0ifa+ 8 < 1).
Proof The proof is by contradiction. Assume (3.3) does not hold. Then there are sequences
'k, ur, Ly and f; satisfying:

Iy is a C27 surface splitting R” into Q]j and €2, with norm less than 1
Ly is of the form (1.2) and ¢y € C1'7(5"~1)
s
L /di)cprss 1 0yxary = 1 a0d el crrsy (_y oyxpingyy =1
e 1y is a solution of

dur — Lyug = fi  in(—1,0) x (B1 N ) 35)
up =0 in(=1,0) x Q. ’
such that
—a s . —
Sl]’{lp fgg r [uk/dk Prk-x+ q’*k)]cfff“‘ﬁ((frh,o)><(Brﬂ§2;r)) =00
where 0
pracxtap=agmin [ - poxroRdvan 6o
P —r2s ,ﬂQ,‘:
Define

6(r) :=sup sup (') *[ur/d} = (prr k- X + @ O] cpres (e 0)x(8,000 )"

k r'>r

Notice that € is a nondecreasing function of r that goes to co as » — 0. Moreover, since for
any fixed r we have 6(r) < oo we can find a sequence r,, > 1/m, r], \( 0 and k,, such that

_ 1 1
)™ [tk [ = Pry X = b St s 013 s Z 500/ 2 560,

km

Let us denote

Um = Ukys Dm = Dr)kps 04 G = qp) k,

and
— 1 + I, - 1 ,
Ppw=—Tk,, Q,=-8 . and du(x)= —dg,(r,x).
rm rm rm
Notice that T, converges to {x, = 0}, 5; converges to R and a_f,ﬁ1 converges locally

uniformly to (x,)% as m — oo. Further, let us simplify the notation by defining
0f = (=r*.0)x (B, NQ) and 0., = (—r*,0)x (B, NQ,).
We define the blow-up sequence:

U ()51, 10,2) [ (g (X)) = (P~ (1}, X) + Gim)
1) O (r)) '

vy (2, x) =
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Notice that
[”’”]C,"fﬁ.“@m >1/2 3.7

and that 0
/ / Un(p-x+q)dxdt =0 3.8)
-1 Blf-\ﬁ;

for all p € R" and ¢ € R because of the minimization condition (3.6).
Let us show next that

[vm]cﬁ/Zs.f}(a; ) <CR" (3.9

forl <R < L For this need an estimate of the form

7
I'm

[Pio. Ry * X = Qi Rr, — (Ph o, - X + ka,r,’”)]ctﬂ/ZSﬁ(QJr ) = (Rry)%0(ry)  (3.10)
o r,/n R.km
which actually amounts to bound | px. g — pk - |. This will be achieved via a dyadic estimate,
i.e. for R = 2% k > 1 (notice that the estimate holds if R € [1, 1 /r),) by the definition of
vm). We will also prove here only the case where @ + 8 > 1, the case @+ < 1 is analogous.
Let us first estimate the difference when R = 2:

\Pear — prslri—® 3 [(Pr2r — Pk 'x]Cfﬁz‘v'ﬂ(Qik)

0 (r) - r*0(r)

B [Pk2r - X + Gk2r — D+ X — ‘Ik,r]cﬁ)/CZSvﬁ(Qik)
- re6(r)

209 (2r) Wkl di = Prar X = qrarlcpn op )
- WX I,
= 00 (2r)*6(2r)

N lue/di = per X = qrrlcprss gr )

re(r)

5 C’

where we have used the definition of # and its monotonicity. Now if R = 2¢ we have
k

|\Pkatr = Phrl < D 1Pr2iy = Prpi-t,|
j=1

k
=CY @ 't lei )
j=1
< Cor @ r) Pl

using thato + B8 — 1 > 0 and this readily implies (3.10). Now we can apply (3.10) as follows:

1 s
[vm]cﬁ)/(z.v,ﬁ(azvm) = m[um/dm —(pm - x + qm)]C,B/z’Y’ﬁ(

R“ )
= ﬁ[“m/d}fn = (Pm - x +qm)] 81258 ( 4
(Rr},)e60(r},) (), i)
RO(

< —_—
= (Rrp)*0(ry,) o

'm R.km)

z,

[um/d;,l - (pkm,Rr"n - X+ qkm-Rrr,n)]cﬂ/ZS,ﬁ(
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RO{

+W[Pk Rty X =Gk Ry, — (Pm - x"‘Qm)] poep <Q+ )

rmR km
o / o
_ RORn) . R
o) (Rr})*0(r,)
CR*,

(Rr,’n)ae(r,/n)

IA

and we get (3.9).
When R = 1, (3.9) implies that the oscillation of v,, in er is bounded by some universal
constant C, which in turn implies

lvm — M”Lw(Qrm) <C
for some M. This gives, by (3.8)
” Um ||LOO(QTm) < C.
Finally, the bound on the Holder seminorm (3.9) and the L bound in QT give
lomllegs 5 < CROP. (3.11)

By the Arzela—Ascoli theorem, the previous bounds imply that a subsequence of {v,,}
converges uniformly on compact subsets of (—oo, 0) x R” to a uniformly continuous function
v. Let

U ()28, 70%)d () (P = X =+ Gm)
(rp) P50 () ()P0 (ry,)

Wy (2, X) 1= vy (2, x) (X)) = (3.12)
and w(t, x) = v(t, x)(xn)5.

We claim that w satisfies the hypothesis of the Liouville-type Theorem 2.1. To see this,
note that, by (3.5) (and for fixed /& and ) and the scaling of the equation

B = Lig,) Gt ()™ (¢ + 00, 73, (6 + 1) = ()1, 7,))
() 0y,

_ S P40 @ D) — fio, ()Pt ey
1) B0 () = U o ()

in ﬁ; and this last term goes to 0 as m — oo (recalla + B = s + y).
On the other hand, using Lemma 8.3 in [26] and the definition of d,,, we get

Lig, (dy, (x + ) (P - 13 (6 4 1) + Gm) = doyy ) (P - 3y X + Gm))
=< C(r,’n)‘vw(mml + lgm)).
So we need to get the appropriate bounds on | py,| gnd |gm|. But with the same proof as in

Proposition 8.2 in [26] we get that, for r € [27F, 27111]

|Pr.r] + |9k.r| ECZG(Z )(1/2)/(a+ﬂ .

0(r) & 00

which goes to 0 as r N\ 0. Hence, recalling (3.12), we have that

(0 — L, ) (Wi (t + 7, x + h) — wy (2, x)) — 0
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uniformly on compact sets as m — oo. But thanks to Lemma 3.1 (condition 3 follows easily
from (3.9), (3.11) and the definition of « and B), this implies

o(w(t+t,x+h)—w(t,x)— Lwt+t,x+h) —wi,x)=0

in R forh € R", h, > 0, 7 < 0 and some L of the form (1.2). Also w = 0 in R”. by the
uniform convergence.
Moreover, because of (3.9) w also satisfies the growth condition

[w/(xn)i,.]cf)/czs,ﬁ(Q;) <CR*, R=>1

so we can apply by Theorem 2.1 and we get that w(t, x) = (x,)% (p-x +¢) for some p € R"
and g € R or, equivalently, v(¢, x) = p - x + ¢. This, together with (3.8) gives that v = 0 so
passing to the limit in (3.7) we get a contradiction. O

The following proposition gives a plane (the same) for all r.

Proposition 3.4 Let o, B € (0, 1) with o + B # 1 and let v satisfy

Supr_“ [U - (Pr * X + Qr)]cﬂz-xﬁ((frz.;’o)X(Brm9+)) S CO (313)

r>0

with p, = 0ifa + B < 1, if not assume that |p1| < Co. Then there exist p € R" and g € R
such that

p=Ilim p, and ¢q = lim g,
r—0 r—0
and forall r > 0
o= (p - x + Dl Lo(r2 0y (8,02t < CCor**P |pl < CCy
where C depends only on o and B.

Proof The proof is the same as in Lemma 7.4 in [26]. ]

4 Proof of the main theorem

In this section we prove Theorem 1.1. We will need the following decay on the Holder norm
(recall the definition of the seminorm in Remark 1.3):

Proposition4.1 Lets € (0,1),y € (0,5), B (y,Danda =s+y — B € (0,s). Let w be
a solution of

ohw—Lw=f in (—1,0) x Bi(ey)
Y
with e, = (0, ..., 0, 1). Assume thata € C*7($"~Y), f € €57 ((=1,0) x Bi(ey)) and

wll Lo (—00.0)xRM) < 00, [[wllze(g,) < Creth+s, Crots

5 ) <
[wlepes g, (@ryaren =

forall r > 0. Then, we have

(w] asp ., <Crf
C,. 2 (O (= 2r)% 2rey))
and
[w] atpts athts <C.
C T Q- 2ren))
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We will prove Proposition 4.1 in the “Appendix”. The next proposition, combined with
the interior estimates, will give the proof of Theorem 1.1:

Proposition4.2 Let s € (0, 1), T' be C>Y surface splitting R" into Q* and Q~ and u be a
solution of

{(%u—Lu:f in(—1,0) x QT N B @1

u=20 in(—1,0) x Q7

Y
with L of the form (1.2). Assume a € CYY (8" VY and f € Cg;’y (—1,0) x QT N By) with
y € (0,s) and y + 2s and y + s not integers. Let

Co = llull ey opxmmy T 1 lcrizsr (1 0yxarnmy-

Then, du € C/[*7 (=1/2,0) x Bi2) andu/d* € C/Z72517 (—1/2,0) x @F N By ja)
and

[|0;u ”CK)/(ZS’V ((7%’()) Xm) + H u/ds |’C[1’i2+y/2x“\_+y ((7%’0) XFQB]M) < CC(Cy. 4.2)

The constant C depends only on y, |alc1.y gn-1y, 1, 5, and the ellipticity constants.
Proof Let us assume that

||u||ct1’/2»"((71,0)an) + ”f”CZ',/CZX'V((fl,O)XQJrﬁB]) S 17

then we want to show that

”aﬂ/l||CKI<2S,V((_%’O)XBI/2) + |u/a* ||Ct1.§2+y/2s,:+y ((—%,O)XFQBW) <C. 4.3)

We will bound each term separately and combine interior estimates with estimates close
to the boundary.

Step 1: Spatial regularity Let (19, xo) € (—1/2,0) x QT N By4,
2r = dist(xg, I') < 1/4,
we will start with the following estimate:
s
||14/d ||C11142+y/2s,y+‘r(Qr(to,/m)) f C (44)

for a universal constant C. Thanks to Lemma 4.8 in [13], (4.4) ammounts to bound
[u/d*] CHPHYISYHS (0 (10 o We will prove the case y + s > 1 which is more difficult,
1,x r ’

the case y + s < 1 follows similarly.
By Propositions 3.3 and 3.4, we have that for z € I' such that

dist(xg, I') = dist(xo, z)
there exist /(x) defined by
I(x) = p(to, 2) - x +q (10, 2)
such that
lu/d® = U 20y, o500 < CroFP.
and

(u/d® — 1] cre

<
PP (0o tt0.x0) =
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(with g € (y, )anda =5+ y — B € (0, s)). This implies

llu = a1l L0y, (t0.x0)) < CreTPHs.

and

. V s+o
(u—d l]cfﬁz’s’ﬁ(er(to,xo)) e

Then, the estimates on Proposition 4.1 give

[I/i - dsl] atp + [V(u - djl)] zlv‘) < Cre
C,* (Qr(t0.x0)) CA (Qr(t0.x0))

withv =y 4+ s — 1.
Let (¢, x), (t/, x) € O, (to, xo). We want to show

(e, x)/d* () — u(t, ) [d* ()| < Clr 1|

with C independent of x and

|V (u(t, x)/d* (x)) = V', x")/d* (') < Ct = 1'% + |x = x'|").

4.5)

(4.6)

A7

4.8)

(4.9)

(4.8) follows using (4.7) and noting that the only ¢ dependence is by « and that d* and r*

are comparable. More precisely:

u(t,x)/d*(x) —u(t', x)/d*(x) <d*)[u—d’l] op [t — 1|

C, ¥ (0r(t0.x0))

s ‘ af

<Cd)r'lt -t
a+p

<Clt—="t|>.

For (4.9) we have
V(u(t,x)/d*(x)) = Vu(t, x)/d* (x) + u(t, x)V(d "’ (x)).
Let us write

V(u(t,x)/d*(x)) = V', x)/d* (")) = A+ B +C,

with
A V(u(t, x) —d*(x)l(x)) = V(u(t', x') — d* (x")[(x"))
d*(x)
B=(d " (x)=d 7 (')V@u@', x') —d ")
C = (u(t,x) —d*x)(x)Vd™*(x)
—u', x") —d* (xHIE))Vd ™ (x).
Now, by (4.7) we have

LAl < Crd™* (o) (It — 115 + |x = x']") < C(It — '] + [x —x"]")

since d* and r*® are comparable.
Now we need to bound B:

1Bl = [(d™*(x) —d ™ () V(u@', x") —d* (x")(x))].
On one hand, we have

ld™°(x) —d— (") < Cr™*
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(see Lemma 5.5 in [25]). On the other hand, (4.6) and (4.7) imply
V(' x') = d* (@HI)] < CratPst
hence
1Bl < CrotP—t < c(t — 1|5 + |x — x'|")

since 1% ~ |t — t/|% + |x = x')5.
Finally, by a classical interpolation inequality in Holder spaces,
—s s I "B
ICL = IVA ML onle — A 1 cprzss g gy sy (11— 1%+ 1x —x1%)
_ B
Fllu = d* 1 o0, t0.x0) [V 18 (B, (rgy (1 = /17 + 1x — X/ 1)
< Crfsflrcwrsrﬂ +ra+ﬁ+sr7s7ﬂr/5’ < CroH»ﬁfl

and we get (4.9) and hence (4.4).

To pass from (4.4) to bound the second term on the left hand side of (4.3) just notice that
we can cover (—1/2,0) x Qtn {xo € B1y4 : dist(xo, I') < 1/8} by a universal (dependent
on I') number of balls in which (4.4) holds and use interior estimates for the points in
(=1/2,0) x QT N {x € By : dist(xo, T') > 1/8}.

Step 2: Time regularity For the time regularity, Proposition 4.1 gives

[M - dsl] Bats

BAAES ot
Ci i (Q2r (t0,x0))

<C

for any r sufficiently small. Since the function d*/ is independent of time, this implies

[8;14] a+ﬂ_s,ﬂ+a—x < C.
Ct,x s (Qr(10,x0))
Now recalling that @ + 8 = s + y, we find
[0ru] C.

<
crP (0 (to,x0)) =

Hence,

19rell crsr (o, gy = € (4.10)

The bound on the first term of the left hand side of (4.3) follows similarly as the second term
followed from (4.4). ]

Proof of Theorem 1.1 The Theorem follows combining the interior estimates from [13] with
the boundary estimates from the previous Proposition. O

Finally, we can also give the

Proof of Corollary 1.2 The proof is the same as that of Corollary 1.6 in [13] but we sketch it
here for completeness. We can cover €2 with a (finite, universal) number of balls in which
we can apply Proposition 4.2 to get

N
”atu”CtVinS-V ((1/2.1)x3) + ”u/d Hctlz[2+y/2r,s+y ((1/2.1)x%) < CC(Cy.
with
Cr = Nullgrras s, yxmmy T 1 lcrsr s xe)
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((1/4.1)xR") properly (after that the result follows scaling

in time). But notice that by Lemma 6.1 in [13] with co = || fllL(0,1)x) and t > 1o = 1/4,

so we just need to bound ||M||Cy/2s
t

IIMIILOO((%’I)XQ) <C (IIM(1/4, o) + IIfIILm((i’])XQ))
< C (U0, )l 2@y + I flli=0,1yx2) -

Since we have estimates for ||u||cty/2s ) given in terms of ||M||LOC<(1 1)><Q> we are

((1/4,1)xR" L
done (recall u = 0 outside ). O
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5 Appendix

In this Appendix we prove Proposition 4.1. The proof will follow the same compactness
argument as the boundary regularity. We start with the following Liouville type result:

Lemma5.1 Lets € (0,1), B € (0,1) and a € (0, 5) satisfying a + B < 2s. Let w satisfy
0, —LY(w(+1,-+h) —w(,) =0 in (—o0,0) x R”
forall h € R" and t < 0. Assume also that

wl p, <CR*™ (5.1)
A (Qp)

forall R > 1. Then
w(t, x) :at+xTAx+p -x+q

for some p € R" and a, q € R. Moreover, ifa + 8 < sthena =0, ifa + B+ s < 2 then
A=0,andifa+B+s < 1then p=0.

Proof Let p > 0 and define
w(p™ (1 + 1), plx + h)) — w(p™1, px)

v = P (ot + phiF)
Note that
ov—Lv=0
in Q1 and, by (5.1),
[vllLo(og) < CRYYS
for all R > 1 and in particular
lvllL=(g,) < C.

Then, by the interior estimates of Theorem 1.3 in [13] with can get, for 6 > o + s

s <C.
||v||C;?_/2 9 = c

x
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Hence, the incremental quotients of order 8 of w are uniformly bounded in CQ/ 20 This
048

implies (see [8], Lemma 5.6) w € Ctjf ’ and scaling back we get

+5-0
(W] atpes oy <[w] oxp,., <p*

C .= (Qp) GF Q)

and when we let p — oo we get

['lU] at+f+s a+Bts =0.

. ((—00,0) xR")

This gives the desired result. O
The next proposition is the main tool to prove Proposition 4.1.

Proposition 5.2 Lets € (0,1),y € (0,5), e (y,Danda =s+y — B € (0, s). Let w be
a solution of

ow—Lw=f inQ

B
with L an operator of the form (1.2). Assume w € C,%ic’ﬁ((—oo, 0) x R"), a e cLy(s" 1
Y
and f € CZ7 (Q1). Then

supr =9 [w — (at +xTAx + prx + )] Lo <Clw] g, (5.2)
r>0 (0r) A" (—00,0)xRM)
where

0
art—}—xTArx—i—pr X+qr = argngn/ (w— (at+xTAx +p -x+q))2dxdt. (5.3)
2 B,

where P is the space of all polynomials of degree at most | (¢ +B+s)/2s| int and |+ B+
inx (ie,anda, =0ifa+p <s, Ay =0ifa+B+s <2, andp =0ifa+p+s < 1)
In particular

(W] wipss g, <Clw] s . (5.4)
Cry ™ (Q1)2) A" ((—00,0)xR™)

Proof The proof is similar to that of Proposition 3.3. Assume (5.2) does not hold. Then there
are sequences wy, Ly and f; satisfying:

o Liis oftheform(l 2)and a; € CLY(§" 1
o wi € €177 ((—00,0) x R") and fi € /127 (Q1)
e wy is a solution of
owg — Lywy = fr  in Q4 (5.5)

such that
sup sup = [wy — (arkt +x" Apkx + pric- X + ar D) cpen g, = 00
k r>0

with
0

ar,kt—l—xTAr,kx—i—pnk - x+q, =arg mgn/ , (wg — (at—i—xTAx—i—p . x—l—c]))2 dxdt.
—r 5 Bi’

Define

0(r) = sup sup(r') " [wg — (ay 1t +x" Ay X + pr - x+61r/k)]
k r'>r (Q)
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As before, 6 is a nondecreasing function of r that goes to co as r goes to 0. Moreover, since
for any fixed r we have 6(r) < oo, if we take the sequence 1/m there are r;, and k,, such
that 7, > 1/m and

/N —a—
()" wg,, — (ay

Tkt +xTAr,;,kmx t Pry kX +er’n,k,”)]cﬁﬁ2»\ﬁ(Qr;n) > %G(I/m) > %g(r'/n),
Let’s denote
Wi = Wk, Am = Ar ky Pm = Prjyk m = Gr}yky  Gm = ), ky,
to make the notation cleaner, and further denote
Prom(t,x) = amr>t + xT Apxr® + DPm - TX + .

With this notation we define the blow-up sequence

Wi (rp) 21,77, x) = Prr (2, )

v (t, X) = EATITN
Notice that
[vm]cfﬁzs,ﬁ(Ql) >1/2 (5.6)
and that 0
LLIum(az+xTAx+p-x+q)dxdt:0 (5.7)

forall A € R"*", p € R" and a, g € R because of the minimization condition (5.3).
Next we show that
[Vm]lcprspiop < CRET (5.8)

for any R > 1. As before, this requires an estimate of the form

LPRrgym = Priymleprss g,y < 6(ry,) (R, ). (5.9)

The only difference between the proof (5.9) and (3.10) is the presence of a quadratic term
so, to keep the presentation clear, let us assume for simplicity that the linear terms vanish
and prove the bound for the quadratic term.

Hence, proceeding dyadically as in Proposition 3.3, we have to show that

[x7 Agiyr it = xT Apy ] ) < COG) (R )™

2s,
CtﬂJ/c : ﬁ(QRr,/,,

Let us start with k = 1 and noticing that

ey Ao = A x5
m m

T T
S —amsar o X Ay mx — X7 Ay X psp
()0, e )

_xT , .
2a+39(2rr/n) [wy —x A2r,n,mx]cf£2~vﬁ(Q2r;’l)

o(r),) Q@2r} )etso2r})
1 T
M[wm —X Ar,’”,nzx]cfi_ZS-ﬁ(Qr;n)
<C
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so that, denoting by | - || is the L? matrix norm, i.e. | M| = SUP|y|=] |xT Mx| and taking
supremum over x

A2 m — Al < Cp)*TPH200)).
But on the other hand,

T T 7 \2—
T Ag x —xT Ay ] < CllAzy m — Ar mll )P

2s,
2P0,

so the result follows in this case. For R = 2¥ just use a telescopic sum as in Proposition 3.3.
Using (5.9) we have

1
[vm]Cf;/czs'ﬁ(QR) = M[wm - Pr,’ﬂ,m]cfﬁzs,ﬁ(gm;n)
Ra+s
= Ryt T el o)
Ra+s

=< W[wm — PRr’/"'m]Cf)/rzw(QRr,’n)
ROH-S
+ W[PRr,’”,m - Pr’l”’m]cf,/xzs'ﬂ(QR,;n)
- RD"HQ(Rr;n) ROTS

R /! a+59 /
=60 Rrpyyrsoryy Km0
< CRO{+S
and we get (5.8). From (5.8) the bound
lvmll Lo (0g) < CROTPTS (5.10)

follows as in Proposition 3.3.

By the Arzela—Ascoli theorem, (5.8) and (5.10) imply that a subsequence of {vy, },, con-
verges uniformly on compact subsets of (—oo, 0) x R” to a uniformly continuous function
v. Let’s check that v satisfies the hypotheses of Lemma 5.1. As in Proposition 3.3 we have

(0 = L, )t + 7, x +h) —vy(t,x)) — 0

as m — oo (notice that the quadratic term can only appear when s > 1/2 and in this case
the operator is well defined on linear functions and vanishes identically). So, again using
Lemma 3.1

0 —L)ywit+rt,x+h)—v(,x)=0

for some L of the form (1.2). Finally, because of (5.8), v also satisfies the growth condition
of Lemma 5.1. Hence

v(t,x):at—l—xTAx—i—p'x—i—q,

and by (5.7) we obtain v = 0. But passing to the limit in (5.6) we get a contradiction, so (5.2)
holds. The fact that (5.2) implies (5.4) is quite standard. ]

Proof of Proposition 4.1 Fix r > 0 and consider the following rescaling of w:

w(t, x) = w(rt, rx).

ratB+s
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Then w will satisfy

Let
ne

1 oo (—00,0)xBn) < 00 and || Loo(g) < CROTPHS,

now 1 be a cut-off function in space that vanishes outside Bj(e;). More precisely, let
CZ°(Bj(ey)) with n = 1 in Bssg(e,). Notice that W satisfies an equation like the one

in Proposition 5.2. Indeed, because a € C Ly (§"=1) we have that,

dun — Lim = f in (=1,0) x Bsa(en)

and hence (5.4) gives (recall w = w7 in By2)
(W] atps , 0y <Clw] g ,
C = o ((=1,0)x By 2(en)) C,%;'ﬂ((—l,O)xB,(e,,))
and in particular also
(@] s, <Clal 4, .
€7 T (=1,0)x Bija(en)) BT (=1,00xBi(en))
Rescaling this estimate back we get
[W] a+pts atBis <r ““Clw] s <Ccrespste — ¢
C T 0)x By (en) CA " (~1.0)x By (en))
and
(W] aip,., =r®Clwl g, <Cror't* =Cr’,
Ci " ((=r?0)xBy 2 (en)) CAT ((=1,0)x By (en))
as wanted. m}
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