RECTANGULAR DIFFERENTIATION OF INTEGRALS OF BESOV
FUNCTIONS

H. AIMAR, L. FORZANI, AND V. NAIBO

ABSTRACT. We study the differentiation of integrals of functions in the Besov spaces
B;;’l(]R”)7 a > 0,1 < p < oo, with respect to the basis of arbitrarily oriented
rectangular parallelepipeds in R™. We show that positive results hold if o > 2=1
and we give counterexamples for the case 0 < a < % — 1. Similar results hold for

Bg’q(]R"), q > 1. For more general bases we can also prove negative results for
L _1<a<

1. DEFINITIONS AND MAIN RESULTS.

Following de Guzmadn [3, 4] we shall say that a differentiation basis A is a collection
of open bounded sets in R™ such that for each z € R™ there is a sequence {A;} C A with
x € A; for every j and diameter of A; tending to 0.

A differentiation basis A is said to differentiate the integral of a locally integrable
function f defined in R" if

1
I 1 —
diam(A) 0, sEAEA |A/Af(?/) y=f(z)

for almost every € R™, where |A| denotes the Lebesgue measure of the set A. If A
differentiates the integral of every function of a given class we say that A differentiates
that class.

We denote by B the basis of all arbitrarily oriented rectangular parallelepipeds in R™
with diameter smaller than 1. Each element of B can be regarded as a proper rigid motion
of a multidimensional interval of the form []7_, (=b;,b;), bj > 0 and °7_, (2b;)* < 1.

The basis B does not differentiate the spaces LP(R™). Actually, it does not even differ-
entiate the characteristic functions of measurable sets in R”, as was observed by Zygmund
(in Nikodym [6]) (see [3, 8]). Then, no restriction on the global growth of functions is
sufficient for differentiation of integrals with respect to that basis and it seems natural to
impose additional restrictions on the integral smoothness of functions. In that direction,
Stokolos [9, 10] considered the differentiation of the integral of functions in terms of the
integrability properties of the LP modulus of continuity.

We define the Besov spaces By4(R") for @ > 0 and 1 < p, ¢ < oco. Let & be the smallest
integer greater than a and denote by uys(z,t) = (f * P;)(x), z € R™, ¢t > 0, the Poisson
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integral of f € LP(R"), where P;(z) = ¢, t/(t* + |z|>)tD/2 ¢, = T((n+1)/2)/ax+1)/2,
Then By+(R") is the set of functions for which the norm

9] - 1

G—a 8%y £

(1) gy = ey + (1672558 ey )
is finite (with the obvious changes for ¢ = 00).

In this paper we study the differentiation of integrals of functions in By»¥(R") with
respect to B. The problem only has interest when n > 2 and p < oo since otherwise we
are dealing with intervals or continuous functions. The main results are the following:

Theorem 1.2. o) If 1 < p < oo then B differentiates B,(,"_l)/p’l(R").
b) If1<p<nand0<a <% —1then B does not differentiate B H(R™).

Using the immersion theorems for Besov spaces we can extend the positive and nega-
tive results in the following way:

Corollary 1.3. a) Let 1 < p < oo. If either 1 < ¢ < o0 and o > "le orq =1 and
o> ”le then B differentiates Byd(R™).
b) If1<p<n,0<a< % —1 and 1 < g < oo then B does not differentiate Bg’q(]R").

Let us point out that we do not have a result for % —1<a< "le.

Part a) of Theorem 1.2 will follow from the next local weak type inequality:
Theorem 1.4. Let M be the maximal operator associated to B,

1
M) = s /R )] dy.

zeReB
If1<p<ooandr >0 then
C /
(1.5) Ho € R": Mf(2) > A} < £ (r+ D" il g0 gy
for every f € Bénil)/p’l(R") with supp(f) € B(0,r) = {z € R™ : |z| < r}. Here ¢ is a
constant independent of f and r and % + 1% =1.
Part b) of Corollary 1.3 can be improved to get the following result:
Theorem 1.6. If1 < p < n, 0 < a < %— 1 and 1 < g < oo then there exists
[ € Bya(R™) such that

1
lim sup —/ fly)dy = 400
diam(R)—0,z€ REB |R‘ R

foreveryz € Qo ={y=(y1,- -+ ,yn): —5 <y < 3,i=1,--- ,n}.

In §2 we enumerate different equivalent norms in B;“’q(]R") that we will use throughout
this paper and we state immersion and regularization results for Besov spaces. In §3 we
prove a trace inequality which is interesting by itself and will be useful in the proof
of Theorem 1.4. In §4 we give the proofs of parts a) of Theorem 1.2 and Corollary 1.3
(positive results). In §5 we present the proofs of parts b) of Theorem 1.2 and Corollary 1.3
and Theorem 1.6 (negative results). In §6 we consider the differentiation of integrals of
Besov functions with respect to a somehow more general basis. In particular we show
that the gap % —-1<ax< "le is filled with negative results.

In what follows ¢ will denote a constant that can vary even within a single chain of
inequalities.
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2. NORMS, INMERSIONS, REGULARIZATION AND LOCALIZATION OF BESOV FUNCTIONS.

Throughout this paper we will use different norms equivalent to (1.1) in By ¢(R") :

1. For k an integer larger than «, an equivalent norm is given by

0 o 0% 1
(2.7) ey + 1 G Ol ey 25

(Taibleson [11]).
2. For k € N and f € LP(R™) we introduce the LP modulus of continuity of f of order k,

we(f,t)p = sup  [|A} fllLoen)
|h|<t,heRn

where AF f(z) = Y8, (")(—=1)*=1f(x +ih) is the finite difference operator of order k

7

and step h. Then, if & > a,

(2.8) |f||Lp<R")+(/Ooo(tawk(fv t)p)? )

is an equivalent norm in Bp¢(R™) (Triebel [12]).

3. Let ¢ € S(R™), the Schwartz class, be such that supp(¢) C {1/2 < |{| < 2} and
|p(&)] > ¢ for 3/5 < €] < 5/3 for some constant ¢ > 0, where ¢ denotes the Fourier
transform of . Another equivalent norm in B;"q(]R”) is given by

(2.9) 11l 2o my + ( / (¢ llpe * fllooany)* £)11

where ¢i(z) =t "p(x/t) (Triebel [12],Bui-Paluszyniski-Taibleson [2]).
In (2.7), (2.8) and (2.9) we have the obvious changes for ¢ = co and if ¢ < oo, fooo may
be replaced by fol :

We have the following immersion results for Besov spaces (Taibleson [11]):
Proposition 2.10. B} 9(R") — BBV (R™) if and only if either p < w and a—3>p0-1%

n

orpgw,a—%:ﬂ—a and q < v.

Localization and regularization are two valid procedures in Besov spaces. The fol-
lowing lemma will be helpful in the proofs of the results in §4 (see Taibleson [11] and
Triebel [12]). In the following if v = (vq,- -+ ,v,,) € N is a multiindex then [v| = >"" | v;
and D"g denotes the derivative of order v of g. C§°(R™) is the set of indefinitely differ-
entiable functions on R™, with compact support.

Lemma 2.11. Let a >0 and 1 < p, g < oc.

a) If p, g < oo and f € Byr?(R™) with supp(f) C B(0,7), r > 0, then, given € > 0, there
exists g € C5°(R™) such that supp(g) C B(0,2r) and ||f — gl pera@n) < €.

b) If g € Cg°(R™) then gf € By d(R™) for every f € By ?(R"™). Moreover if m € N,

m > «, then

g fllpga@ny < e Y 1D gllre | fllpgamn).
lv|<m

where ¢ is a constant independent of f and g.
¢) We have C§°(R™) C Bp4(R"). Moreover, if p, ¢ < co then C§°(R") is a dense subset
in By d(R™).
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3. A TRACE INEQUALITY.
If x € R® we set = (2/,7,) where 2’ € R"! and z,, € R. For a function f of
variable z € R"™, we write ||f(-,xn)||B;,1(Rn,1) for the norm in By'(R™™1) of f(a',xy)

as a function of z’.
In this section we are going to prove the following theorem:

Theorem 3.12. Let o > 0,1 < p < o0, r >0 and f € C(R™). If supp(f) C B(0,r)
then

| 1)l sy e < er 77 g e

—-Tr

where ¢ is a constant independent of f and r.

For the proof of Theorem 3.12 we need the following lemmata:

Lemma 3.13. If f is an indefinitely differentiable function on R", k € N and h € R"
then

0= [ 3 BD D)+ emh M) de
|v|=k

where M; = X(0,1) and My = My * My_q for k > 2. Here h¥ = h{*---h¥ and vl =
nl-cvplifh=(hy, - hy) and v = (v1,- -+ ,vy).

Lemma 3.14. If1 <p < oo and f € C§°(R") then us(z', xn,y) — f(2' ) in LP(R")
asy — 0 for every x, € R.

Proof of Theorem 3.12. Fixr >0, a>0,1<p<ocoand k€N, k> a.
Let f € C§°(R™) with supp(f) C B(0,r), y,t > 0, y < t, and consider the following
integral version of Taylor’s formula

k—
E 1
:13 xnay ﬁ

For h € R™™! let us perform the finite difference operator of order k and step h in the
variable z’, then

t k
Dy — ™ — L / (y— )18 (0! 2 s) ds.
Y

k-1
aom
Ahuf 33 »Tns Y # II*CL at}:vj € ,Z‘n,t)(y—t)m

m=0

! k K 0"
-1 u
—ﬁ/(y—s) Ay 8sf(x T, 8) ds.
y
By Lemma 3.13 applied to a{;’tfflf (2, 2p,t) as a function of ' for m = 0,--- ,k — 1, where

the order of derivation v belongs to NJ ™!, we obtain

k-1

Afup(a zn,y) =Y L / ST B(DY O (@ + Eh, wp, t)RY M (€) dE (y — )™

R 1=k

t
a*
- k,111 / (y - S)k 1AZ aguf (x/,xn,s) ds.
Yy

m=0
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Applying Minkowski’s integral inequality and noting that [, My (€)dé = 1 and that

||Aﬁaasu (s 8) || Lo @n-1) < 2’“||‘9 (-, Ty 8)|| Lo (rn-1) 1t turns out that

am
||A]]?LUf(,],‘n7 |Lp Rn—1) < Z ml Z |DV 8t:f an,t)HLp(Rn—l)|h|k (t—y)m
lv|=k

t
k ok
b2 / (5= 9)F U125 () o) ds.
Yy

Since by Lemma 3.14
Ahuf(x Tp,Y) — Zf(x/v Ty,)
in LP(R™1) as y — 0 then

v O™ uf m
IAFF(yzn) || Lrgn-1) < Z > B DY S (- wn, t) | ey [R[F

m=0 |lv|=k

t
k _1, 8%
b [ NG i
0

Taking supremun for |h| < ¢, multiplying by ¢~¢ and integrating in (0, co) with respect
to % we have

)
_ O
/ t awk(f('yxn)at)p Tt S mL / |tm+k ‘D at::,f ('7xnat)”L1’(R"*1) %
0

v|=k
k ok
+ k2 il / / k= 1” uf mn,S)HLP(Rn—l)dS %

Applying Hardy’s inequality to the second term on the right hand side, integrating in
(—r,r) with respect to dx,, and then applying Holder’s inequality, we get

/ / %k (f(-, ), t)p%d:vn

— e3¢}
’ _ om
< Z Ly 5 / (2r) /P || R DY SRR ()| o ey 4

m=0  |v|=k

o0
k / 0 OFuy
b2 / (2P ) #5020 () ey L.

Using that, for |v| = k, we have (see Taibleson [11, Lemma 4 and Theorem 1])
o0 o0
m+k—a 0™ —a
| e D llany 4 < [ 1D g e

o
= C/o 857 S (- )| o mmy %,

r o Y e *u
/ / Ok (f (), b)p % day < cr/P / I8 S D) o) -
—r 0

This last inequality and the fact that [*[|f(-, @n) | Lege-1) dzn < (2r) /%’ Il fllrrny give
the desired result. ]

then
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Proof of Lemma 3.13. We follow Bennett-Sharpley [1]. We first prove the lemma for
n = 1 by induction on k. Noting by f’ the first derivative of f, we have for k = 1,

1
[ rremmneds = [+ ennac
R 0
= f(z+h) = f(x)
= A, f(2).
Assume the formula is true for £k = 1,--- ,m and let us prove it for K = m + 1. We
note by f*) the derivative of f of order k. Applying A} to both sides of the induction

hypothesis for k = m, A7 f(z) = [, fO) (@ 4 ER)R™ M, (€) d€, and using the induction
hypothesis for k = 1 applied to f(™ we obtain

p=lm ) AT () / B (ALFO) (& + Eh) Mo (€) de

= / Y / FHD (2 4 €h + Th)RM, (1) dT) My (€) dE
R R

- / ( / O (34 wh) My (u — €) du) My (€) d
R R

- / £ (4 ) ( / M, (u — €)M (€) dE) du
/ £ (2 4 wh) Mo 1 (1) du.
R

In the next to the last equality we have used Fubini’s Theorem since the integrals converge
absolutely.
Assume now n > 2. Let g(t) = f(:r—l—t‘h‘) t € R. Observe that A‘h‘g( )= (AFf)(x+

try) and that g ER) = )k S(D )z + §h)(|h‘) . Applying the thesis of the
lemma for n =1 to g in ¢t = 0 we obtain

AL f(z) = Al g(0) = / o) (€| W] M (€) de
= | Y B+ Eh) (1) 1h]F Mi(€) dg

R lv|=k

= Z E(DY f)(x + Eh)hY My (€) dE.

Riv=k
U

Proof of Lemma 3.14. Let f € C3°(R™). Observe that us(x,y) — f(x) uniformly in R™
as y — 0, so in particular u(2’,z,,y) — f(a’,2,) in L®(R""!) as y — 0 for every
Zn € R. So we may assume 1 < p < oco. We follow some ideas of Taibleson [11, Theorem
12).
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Let j € No. Then

g o7
| el as = [\ /) s Pyala )P

< [ B Pl - ) a2
:Ee n—

/ / o’ “f (2,y/2)[P Pyjo(a’ — 2/, xn — 2,) dz da’
/' €Rn—1 2ER™
_ 9’
<yt [ G
ZGR’!L
In particular, us (-, 2n,y) € LP(R""') and

ou — ou
(3.15) 155 (> 2ns W)l e -1y < cy r|5 B (/2 L)
Observe that if 0 < v < 1/p’ then

ou _ /
(3.16) 15 G llLe ey < cy? P,

In fact, taking into account that ||%(,y)|| Lr(rn) is @ non increasing function of y for

y € (0,400)(Stein [7, page 154, Lemma 6 |) we have

— r_ Ou ¢ ou

(18 =) g L ) oy = / P 2L ()| ey 2
r_ ou

< / B9 282 () oy 2

S/ t1/p ’YHauf( )HLP(R”)%-
0

Since f € C&°(R™) € By ™Y/P*"1(R") (Lema 2.11) the last integral is finite and then we
have (3.16).

From (3.15) and (3.16) we obtain ||88LJ(',xn,y)||Lp(Rnfl) <cy~t So,ify <y,

Y
o
g (s @0, y) = wp (s 2o, y") e @) S/ 155 (5, )] Lo (1) dt
y/

Yy
gc/ L dt.
y/

We then have that us(z’, z,,,y) converges in LP(R"™1) to a function g,, (z') € LP(R"™1)
as y — 0. Since uys(z,y) — f(z) uniformly in R” as y — 0, it must be g,, (2') = f(2’, x,,)
and we obtain the desired result. O

4. PROOFS OF 1.2.a AND 1.3.a (POSITIVE RESULTS).

Since the proof of Theorem 1.4 follows that of Stokolos [9, Lemmal] which makes use
of the non-increasing rearrangement of a function, we give its definition here and we state
a property (equality (4.17)) which will be useful in the proofs of both Theorem 1.4 and
Lemma 4.18 below.

Suppose f is a measurable function in R™. The non-increasing rearrangement of f is
the function f* defined in [0, +00) by

f5(t) =inf{A > 0:msp(X) < t} t>0,
where my is the distribution function of f, that is, ms(A) = [{x € R™ : |f(z)| > A}
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Let t > 0, then

t
(4.17) / f*(s)ds=  sup / |f(z)| dx.
0 |E|=t, ECR" J E
See for example Bennett-Sharpley [1, page 53, Propotition 3.3 ].
For the proof of Theorem 1.4 we also need the following estimate of rearrangements
in terms of Besov norms.

Lemma 4.18. For 1 < p < oo we have

A
for allt > 0. Here c is a constant independent of f and t.

Proof of Theorem 1.4. Fix 1 < p < oo and r > 0. By part a) of Lemma 2.11 and
using standard arguments it is enough to prove inequality (1.5) for f € C§°(R™) with
supp(f) € B(0,r). We follow Stokolos [9, Lemma 1] to get the proof of the theorem.

Let f € C§°(R™) with supp(f) € B(0,r) and = = (2/,z,) € R € B. It can be shown
that there exists a measurable set R, containing R, whose measure and diameter are
comparable to those of R, whose projection onto a coordinate axis, y, for instance,
is an interval I and the section of R by the hyperplane y, = t, denoted by R; (i.e.
Ry ={y € R"!: (y,t) € R}), has constant measure for ¢t € I. We denote by f*(¢,y,)
the non-increasing rearrangement of f(y’,y,) for each fixed y,, as a function of 3. Then,
using (4.17) and Lemma 4.18 we have

1 1
mLf(y)ldyécm/le(y)dy

1/ 1 / / /
=c [ B 1F W' yn)l dy’ dyn
1| Jr | Ry, | Jr

Yn

= /'Ry"f< )dtd
<co | = “(t, yn) dt dyn
11 J; 1Rl Jo

1
<ec m /[ ||f(a yn)HBé“*I)/p’l(]Rnfl) Y-

Then, if M},; denotes the Hardy-Littlewood maximal operator on R, it turns out that
M (@) < e Mu[lF )l g1 gn-1y) (@n),

and since the sets in B have diameter smaller than 1, supp(f) C B(0,r) and My, is of
weak type (1,1) , it follows that

Hz e R" : Mf(z) > A} ={z € B(O,r +1): Mf(x) > A}

r+ 1)t
gc%/ 1£C )l 1/ gy A

Taking into account the result of Theorem 3.12 we complete the proof of the theorem. [

Proof of part a) of Theorem 1.2. By part b) of Lemma 2.11 it is enough to prove the
theorem for functions of compact support. Let f € BZ(,n_l)/p’l(R”), supp(f) c B(0,r),
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r >0 and
I'f(x) =limsu )| d
fa) = timsup o [ 1) = ()l dy
:1nfsup{|R|/|f ()| dy, x € R € B, diam(R) < d}.

Set t > 0 and Fy(f) = {z € R" : T'f(x) > t}. We are done if we prove that |E;(f)le =0
for every t > 0, where |.|. denotes outer measure.
By part a) of Lemma 2.11, given € > 0 there exists g € C§°(R™) such that supp(g) C

B(0,2r) and ||f — g||BI()r,L71)/p,1(Rn) < €. We have

Lf(z) <D(f—g)(@) +Tg(x)
< M(f = g)(@) + | f(z) — g(2)| + T'g(x)
= M(f —9)(@) + |f(2) — g(x)].
So, using Theorem 1.4,
[Ey(f)le < {z € R" : M(f = g)(@) > 5} + {z € R™ : [f(2) — g(z)| > 3}
< (e/t)(@r + 1" @)Y f = gll o 17m gy + /OIS~ 0l s
< (e/t)(2r + 1)L (2r) VP e 4 (2/t)PeP.

Since € is arbitrary, this ends the proof of the theorem. (I

Proof of part a) of Corollary 1.3. Tt is a direct consequence of part a) of Theorem 1.2 and
Proposition 2.10. In fact, we have By ¢(R") ¢ By' V/PY(R") if o > 2511 < ¢ < o0
and 1 <p < o0. O

Proof of Lemma 4.18. We will prove the lemma using a result which is essentially
Calderon’s representation formula for tempered distributions. More precisely, it can be
shown that for p a finite Borel measure satisfying the standard Tauberian condition (for
all £ € R", € # 0, there exists s > 0 such that /l(sf) # 0) there exists n € S(R™) such that
supp(#) is contained in an annulus and [, A(s&)A(s€) ds =1 for £ # 0 (Heideman [5]).

Fix 1 < p < co. We assume f € B, /p (R™) since otherwise there is nothing to prove.
Consider in Bg/p’l(]R") the norm (2.9) and let n € S(R™) be associated to u = p(x) dr
according to Heideman’s result above. We then define

ey = | ST e(s€)n(sE) 2, £#£0,
Observe that ¢ € C§°(R™) and ¢ = 1 in a neighborhood of the origin. In fact, if
supp() C {€: 0 < a < |§| < b}, thenz/)(f)—lif|§|<aand¢(§):01f|§| > b. It is
now clear that ¢ € Cg°(R™). Then ¢ € S(R") and Jgn ¥(x)dz = 1. So that ¢ is a good

approximation to the identity.
Set I o(x) = [(ps *ms)(x) 2, € < a. The function I, € L'(R™) since

[ ta@ltrs [* [ (@)

< lellzr @y Il Ly ey log (2).
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By Fubini’s theorem,

Iea(§) = / /ea(gos % 1) (x)e "¢ s dy

a
[ [ ooyt ar s
a

S RoGE

€

/ " p(sE)(s6)

(€€) — P(af)
= 1e(€) — Ya(9).

So I, € S(R™) and I, = ¥e — 1)q. Then, since convolution with f commutes with the
integral, we arrive at

@19) (s D) = (W x D)@ = (L o) = | (e ® ))&,

Applying Minkowski’s integral inequality and Young’s inequality we have
e £ = v ¢ Pl < Ialiseny [ llow s flosceny 2
and since ¥, * f — f in LP(R™) as € — 0, it turns out that
(4.20) 1 = o ey < nllzscaey [ o Flancan 2.
On the other hand, taking a = 1 (¢, = ¢) in (4.19) and applying Holder’s inequality,
1
(e f)(@)] < (4 f) ()] +/ (s 1 % f) ()] &2
1
< 19l o ey L | 2o ey +/ 175 )| Lot oy lops * Lo ny %
1
= Wl ol sy + oy |57l ey 2

1
(4.21) < (| fllr@n + / S s % | g ©2).

Then, using (4.17), Holder’s inequality, (4.20) and (4.21) we have, for a < 1,

%/Of*(s)ds:% sup /E|f(ac)\dx

ECR", |E|=t

IN
| =

sup /E (@) = (% D)@ dx + [0 * fllz~an)

U Ecr»,|E|=t

1
< m”f — Yo * flloen) + [[10a * fll Lo @m)

||77||L1 R™ N s ! —n s
< I [ o flirey 2+ e (U lzmaoy + |57l s Flirieny %),

a
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If t <1 and a = tY™ we obtain

$1/n $1/n

1 —n S
1 / low # Flliogam & < / Py ey 22
0 0

ti/p
and then
1 t
t | s el <
If ¢ > 1 then
1 [t 1
+ ] reas < /f P s ([ 16 )P = Wiy < Wlgrns oy

O

5. PROOFS OF 1.2.b, 1.3.b AND 1.6 (NEGATIVE RESULTS).

n

Proof of part b) of Theorem 1.2. Fix 1 < p < nand 0 < a < > — L Following

Stokolos [9, 10], we consider in Qo = {(y1,"** ,yn) : =3 <y < 3,0 =1,---,n}, m
disjoint equal cubes 7" of measure |Ijm| = m~". Let Q7" be the cube concentric with

I7* of measure Q7] = 27™™. Let ¢ be a non-negative function in B Y/Poe Ry with
supp(¢)) C B(0,1) and ¢ = 1 in B(0,3). We define (@) = 2mp2m i (z — aT)),
where 27" is the center of Q7. Then supp(fm) cQy and since, from (2.8), |Afy(z)| <
c|h|=D/P for every h € R™ and x € R", we have

RS |Z( )i e in)

1=0

m n n—i m . m
=3 (1) ot e i)
=0
= 2" A1, (27 (@ — 2))
n—=1
< c2m2mTip|

n—1 n—1

ORI

Set

for x € R™. Clearly f € LP(R™) since

o X | -z ngm(1-2)
Hf”Lp(Rn) S Z Z ||fj ||Lp(]R7L) =2 P ||1/}||Lp(Rn) Z m’2 pPT << o0,
m=1 j=1 m=1
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Moreover f € B3'(R™). In fact, if t > 0 and | € N are such that 2-(+1 <t < 27! and
h € R™ with |h| < t, we have
1

IAR fll Lo @y < ZZ||AZf;”HLp(CnQ¢>+2” DRI P

m=1j=1 m=I[+1 j=1
ST At DR
m=Il+1
<c(‘h|%ln+121(175)+ Z mn2m(17;)).
m=Il+1
Since |h| < t, Y001, mr2™7e) < c(l + 1)”*12”“)(1_5) for 1 <p < nandt >

2-(+1) " then both terms on the right hand side of the above inequality are bounded

n—1 _1
above by et » [nt19t=p)

0 n ’ (l+1) t

Iy _yn=l_, _ n=1_,
:Czln+12l(1_p)(2 = )72 (=, )) < 00

. We then have,

since a < % -1
Let us now prove that

1
lim sup —/ fy) dy
diam(R)—0, zeReB [R| Jr

for every z € Qo by showing that if z € I, there exists a convex set K (), and then
a rectangular parallelepiped (de Guzmén [3, page 139, Lemma 2.2 (John’s Lemma) ]),
such that z € K(z), diam(K(z)) < ¢m~! and

1 m
|K(z)] K@)’
Set x € 7" and consider the closed segment J joining = with x7". Let B be the ball
with center z* circumscribing Q7" (that is, B = B(z", (y/n/2)27™)) and K(x) =
UyesB(y, (vn/2)27"™). Then Q' C K(z),
diam (K (z)) = I(J) + diam(B}*) < 2diam(I]") < cm™",

(y)dy > em.

and
|K (2)| < c¢(I(J) + diam(B}"))(diam(B]"))" ! < em~t2=(nbm
Finally, observing that fm( ) =2™in ﬁ@;”, the cube concentric with Q7" whose side

measures F times the side of Q7", we have

| oL

f?(y)dyzcm =cm.

|K(@)] Jk(2)
O

Proof of part b) of Corollary 1.3. Tt is a consequence of part b) of Theorem 1.2 and
Proposition 2.10 since we have B! (R") C By4(R™), ¢ > 1. O
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Proof of Theorem 1.6. Tt is a consequence of the proof of part b) of Theorem 1.2 and
Proposition 2.10. O

6. STOKOLOS’ BASIS OF PLIABLE TUBES.

Theorem 1.4 is valid for more general bases. Giveni =1,--- ,n, let F be a measurable
set whose projection onto the x;—axis is an interval I and such that the section of E by
the hyperplane x; = t has constant measure for ¢ € I. We denote by P; the differentiation
basis of all such sets with diameter smaller than 1 and set P = U} ;P;. This is what
Stokolos [9] calls the basis of pliable tubes. It is clear that the proof of Theorem 1.4
allows to show inequality (1.5) for the maximal operator associated to P instead of M.
In fact, we have used in the proof that every element of B is contained in an element of
P of comparable measure and diameter. So P differentiates By?(R") with a, p and ¢ in
the range of the positive results for B. We can give a complete answer to the question of
differentiation of integrals of Besov functions in this case.

Theorem 6.22. Let 0 < a < ”;1, 1<p<ooandl < q < oco. Then P does not
differentiate By?(R™).

Proof. We use the following

Lemma 6.23. Let a > 0,1 < p,qg < oo, m,n € N, m <n. For ¢ € By(R™) and
g € BA(R"™™) let

f(xlv"' ,xn) = ¢(.’£1,'~‘ ,l'm)g(l'm+1,"~ 7xn)'

Then f € BX9(R™).

The proof of Theorem 6.22 we present here is essentially that of Stokolos [9, Theorem
1]. Fix 0 < a < ”le, 1 <p<ooand 1 < q < oo, then there exists a non-negative
function v € B3 ¢(R™" ') such that v ¢ L>(R"!). Let {m;}ien be a dense subset in
R™! and define

P(y) = Z 27 (y + my), y e R" L
=1

Then ¢ € B 4(R™') and ¢ is unbounded in every neighborhood of every point of R"~!.
Let g € B;?(R) be a non-negative function such that g = 1 in (—1,1) and consider

f(xla te 7xn) = (,25(1'1, o axn—l)g(mn)~

Then, by Lemma 6.23, f € By?(R™). We will see that P does not differentiate the
integral of f by showing that for every @ = (z1,--- ,z,) with |z,| < 1 we have

lim sup L / fly) dy = 0.
diam(E)—0,ze E€P |E| E
Fix z = (21, -+ ,z,) € R™ with |z,| < 1. Given an n — 1 dimensional neighborhood
N of (z1,-++ ,2p-1) let @ be an (n — 1)—dimensional ball contained in N such that
ﬁ fQ o(y') dy’ is great enough. Let w = (wq, -+ ,w,—1) be the center of Q and a < b < ¢
numbers such that b —a = c— 10, (a,¢) C (—1,1) and z,, € (b,¢). Let J be the segment
through z starting at (wy,--- ,wn—_1,b) and such that its projection onto the x,, —axis is
the closed interval [b, c|. We define F; as the union of all balls congruent to @ with center
in J and Ey =@ x (a,b). Let E=FE,UE3,s0 E€ P,z e E,|E|=2|Q|(b—a) and the
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diameter of F can be made small enough taking N and ¢ — a small enough; moreover we

have
1

1 1 o

O

Proof of Lemma 6.23. Let ¢, g, f be as in the statement of the lemma. Observe that
f € L), since ||fllon) = [9lls e lgllogme—n. Let ¢ > 0, b € R, || < t and
ke N, k> «. Then, if j =1,--- ,m, we have

k
K B ,
Aﬁe]-f(xla"' ,.’En) = Z (l>(_1)k Qb(xla"' >xj +Zhu"' ,$m)g($m+1,"' axn)
i=0
= g(mm+17... 7mn)A;€LE]‘¢(:’C1’... 7‘/'[;77’7,)'

So, | Ak, flze@ny = 9]l Lo gn-m) | AL, &l Lo @m) and then
wl(f,t)p = sup (AR, fllLe@e)y = gl o@e—mwi (6, 1)y
|h|<t, heR

for j =1, -- ,m. Analogously it follows that

(. 0p = 18]l Lo @myst ™ (9, 1)y
if j=m+1,---,n. Since (Triebel [12])

n 1 . 1
1l ~ Il ey + 3 / (i (f,8),)7 &),
j=1

with the obvious changes for ¢ = oo, ¢ € By*(R™) and g € By»I(R"~™), we have that
[ € Bri(R"). O
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