CHARACTERIZATIONS OF BMO,(w)

ELEONOR HARBOURE, OSCAR SALINAS, AND BEATRIZ VIVIANI

ABSTRACT. In this paper we give two characterizations of func-
tions with weighted mean oscillation over cubes controlled by a
non-negative function ¢, that is functions in BMO,(w). The first
one, by conditions on their rearrangements, and the second one,
by means of Riesz transforms and ¢-Lipschitz functions. These
results extend those contained in [S] and [J].

1. INTRODUCTION

The aim of this paper is to obtain characterizations of spaces of
functions whose oscillation, when averaged over cubes is controlled by
means of a weight w and a growth function ¢, measuring their degree
of smoothness.

The first appearance of this kind of weighted spaces goes back to
[IMW]. There, the authors introduced BMO(w) (¢ = 1 in our con-
text) as the natural space where weighted L* functions are mapped
by H, the Hilbert transform on the line, and generalizing the well
known BMO space of John and Niremberg. In the more general con-
text o(t) =%, 0 < B < 1, it is shown in [HSV1] that the fractional
integral operator I, applies LP(w) with p > n/a into these spaces,
under suitable conditions on the weight. Later on this result was ex-
tended to weighted Orlicz spaces [HSV2] giving rise to the spaces under
consideration in their full generality. Finally in [M] it is shown that
they are preserved by the Hilbert transform on the line.

We start by giving the precise definition of our spaces and reminding
some basic notions about weights.

Let ¢ be a continuous non-negative and non-decreasing function de-
fined on [0, 00) with ¢(0) = 0 and satisfying a doubling condition (or
a Ag-condition), that is there exists a constant C' such that
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(1.1) P(2R) < Co(R)

for every R > 0. Let w be a weight in the A,, Muckenhoupt’s class,
that is a non-negative a.e. and locally integrable function satisfying

w(E) 22h%
(12 w(@) =° <IQ|)

for every cube () in IR" and every measurable set £ C (), where C'
and 0 are positive constants depending neither on ) nor on FE and
w(E) = [,w(z)dz.

We shall say that a function f in Lj (IR™) has w-mean oscillations
over cubes controlled by ¢ or, shorter, that it belongs to BM O, (w), if

there exists a constant C' such that the inequality

1
w(Q(x,7)) /Q(m) | f(y) — mqesm|dy < Cop(r)

holds for every cube Q(z,r) ={y € R"/|z; —y;| <r,i=1,...,n} in
IR”, where mQ(x,r)f = ’Q(.’E, 7,.)’—1 fQ(x7'r‘) f(y>dy

The infimum of the constants C' satisfying (1.3) will be denoted by
|| f||Brro, (w)- 1t is not too hard to see that it is a norm in BMOy(w)
modulo constants. When w = 1, we will denote these spaces by BMO,,.
Note that, because of our hypothesis on w and ¢, we can take balls
B(z,r) = {y/|r — y| < r} instead of cubes Q(z,r) in (1.3) and obtain
and equivalent version of BMO,(w).

In connection with the above definition, we shall say that a function
f belongs to the (w,p)-Lipschitz space, denoted by A,(w), if there
exists a constant C' such that

(1.3)

(1.4) [f(x) = f(y)] < Clw(z) +wy))e(lz —yl),

holds for a.e. z and y in IR™. It is easy to prove that A,(w) C
BMO,(w). For w =1, as before, we write A, instead of A,(w).

Some special cases and, moreover, generalizations of the spaces
BMO,(w) have been studied by several authors (see, for instance, [JN],
[J1, [S], [F], [FS], [B], [Y], [N]). In particular, in [S], S. Spanne consid-
ered the case w = 1 and proved a characterization of the functions in
BMO,, by means of rearrangements.

On the other hand, S. Janson, in [J], gave another characterization
of BMO,, this time in terms of Riesz transforms and A, generaliz-
ing the well known decomposition of BM O functions in terms of Riesz
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transforms and L*> (see [F] and [FS]). Also, in [MW] such characteri-
zation is given for the case ¢ = 1) and w belonging to the A; class of
Muckenhoupt.

In this work we obtain similar characterizations to those in [S] and
[J] for more general weighted spaces BMO,(w). Before stating our
results we recall some definitions.

A non negative and measurable function w is in the A; class of
Muckenhoupt if there exists a constant C' such that

1
(1.5) —_ w(y)dy < C ess inf w
|Q(ZL‘,T>| Q(z,r) Q(z,r)
holds for every cube Q(x,r) in IR".
A non-negative function v is quasi-decreasing when a constant C'
exists such that

(1.6) Y(t1) < CY(ta)

is satisfied for every t; and t5 with 0 <ty < t;.
Now, we are in position to state our main results.

THEOREM 1.7. Let w be in Ay and ¢ as in (1.1). Then, a locally
integrable function f belongs to BMO,(w) if and only if there exists a
constant C' such that

e p(t)
1 n
sn (cilu%)) t

(1.8) fols) <C

dt,

for every s € R and every cube Q in R", where f§, means the non
increasing rearrangement of Xo| f—my, f|/w with respect to the measure
gwen by w and rg denotes the half length edge of Q.

COROLLARY 1.9. If w and ¢ are as in the theorem above and, in
addition, fol @dt < 00, then BMOy(w) is contained in Ay(w) with
P(r) = T@dt, so it coincides with BMOy,(w) whenever ¢(r) <
Co(r) for every r > 0.

THEOREM 1.10. Let w be in Ay and ¢ as in (1.1) such that ¢(t)/t is
quasi-decreasing. Then, given o in IR"™, the function
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_ [T w(B(xo, 1) ()
hxo(x)_/ t dt’

tn

with B(zo,t) = {y € R"/|zg — y| < t}, belongs to BMO,(w). More-
over, there exist two constants Cy and Cy, not depending on xq, such
that the inequality

x—xo|

(1.11)

Crolr) < sup ey

n

/Q( ) |h270(y) - mQ(z,s)hm0|dy < C2S0(T)

z€E

holds for every r > 0.

COROLLARY 1.12. Let w and ¢ be as in Theorem 1.10. If fol @dt
oo then there are functions in BMO,(w) not belonging to Ay(w). In
particular we get A,(w) € BMO,(w).

REMARK 1.13. Notice that corollary 1.12 gives the converse of corol-
lary 1.9 above under the additional assumption that o(t)/t is quasi
decreasing.

The statement of the next theorem requires to specify some details
about the weight w. We know that if w is in A, then it satisfies an
A condition (see (1.2)). In general if (1.2) holds for some fixed ¢, we
are going to say that w belongs to A° . Now we get

THEOREM 1.14. Let w be in AyNA% . If p is as in (1.1) and satisfying
= o(t)
" / ot < Colr)

for every v > 0, then BMO,(w) = Ay(w) + 37 Ri(Ay(w)), where
R; denotes the modified Riesz transform of order j, defined by

(115) Ryf(o) =tmy [ (M+X39<y>|y|y+ﬂ)f<y>dy,
Tr—yY|>€

=0 |z — y["H!

where By denotes the unit ball centered at the origin.
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The next section contains the proofs of Theorems 1.7 and 1.10 and
their corollaries, while section 3 is devoted to prove Theorem 1.14. We
wish to say that our techniques are based on those of S. Spanne and S.
Janson.

2. BMO,(w) IN TERMS OF REARRANGEMENTS

In order to prove Theorem 1.7 we need a result about the behavior
of the distribution function of |f —mgf|/w over @) for each cube Q. It
will be obtained as an easy consequence of the following lemma, whose
proof can be found in [M].

LEMMA 2.1. Let w be in Ay. Then there exist two constants a; and as
such that, for each cube Qg in IR", the inequality

(2.2) w({x € Q/’f(x)w_—me‘ _a2

holds for every X\ > 0, every cube Q C Qo and every f in L*(Qy) where
1

[f]Qo = Qsélgo m /Q |f(l’) — me|d$

COROLLARY 2.3. Let w be in A;. Then there exist two constants C
and Cy, such that, for each cube Q = Q(xq,rg) in R", the inequality

w({r € Q/W > Citp(ro)|| fllBmo,w)}) < C27'w(Q(zq,7q))

holds for every t > 0 and f in BMO,(w).
PROOF: Given a cube Q = Q(xq,rg), it is clear that

1
[flo < sup w(Q(z1) /Q(w) [f(x) = mQez fldx

r<rq

< @(ro)llfllyo, w)
is valid for every f in BMO,(w). Then, from (2.2) we get

w({z € Q/W =AY < ae T tw(Q)

%2 @ )\
ae erIflIBrOy, (W) w(Q),

IA
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Finally, taking A = to(rq)||f||Bmo,w) log2/as we obtain the desired
result with C} = log2/as and Cy = a1.00

Now we are able to proceed with the proof of our first theorem.

PROOF OF THEOREM 1.7: First we are going to prove that (1.8) is a
necessary condition for f to be in BMO,(w). Let @ = Q(zg,r¢g) be a
cube in IR™. Given r > 0, we choose j such that 277rg < r < 277%1pg.
Now, by repeated halving all edges, let us divide () into 27" subcubes Q,
with lenght edge equal to 79277. Given k, let {If'}!_, be the subcubes
of the dyadic partition such that Q = I} > ... D IJ’? = @ with
[IF| = 2"|1F.,|. Then, taking y in Q) and recalling that w € A;, we get

mof—mofl _ 1
w(y) ~ infg, w 4

(2.4)

1
|mlf+1f - mlff|
0

|
< — d

2| f1| Baro () = w(IF) A
< 4 7 2—z

Coll Fll Bro, () = 4

< L4 inf 27

S o, w ;1% wp(27'rq)
j—1

< Col| f|| Bro,(w) ©(27'rq).
=0

Now, taking Ao = (Co + C1n)||f||BrmoO, (w) Zg;& ©(27'rg), where Cy
and Cy are the constants appearing in Corollary 2.3, from (2.2) and
(2.4), we have
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25)  w({ye @/'f# > Ao})
<Y ullye czu% > o))
< &l w({y c Qk/’f(y) - ka.ﬂ

£ w(y)
> Cy(n + log 21og C2)j|| fI| B0, )P (27 rg)})

< Cy27m Z w(Qx)
k=1
= 0 (@) = (2 )

Zi
w(Q)

< Cor™ .
Q]

On the other hand, we get

-l oty

o < <co+cln|\f|\BMo@(wZ /

2rq @d
t

< Callfllmaro.cw) / ‘

Then, from (2.5)

w({y € Q/M > CS”f”BMO¢(w)/ et )dt}) < Cor™ (Q)

w(y) el
Taking s = Cyr™ = Tar Q| we have
|/ (y) —mqf] o ()
w({y € Q/T > C||fHBMO¢(w) /(csw%)); Tdt}) < s

where C' = max(Cy, C3), and (1.8) follows easily.
Now, we assume (1.8) holds. Then, given a cube @ in IR", we have
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#Q) /Q 1 (y) — mofldy = / hit) me Lw(y)dy

=—/0 fi(s)ds

(@)
vl U
2rqg ( t"CMQ)
_ _Q/ T/o ds)dt
B C 2rg (P(t
- o) G \Q! o
CQO(2TQ n
< T @re)
< Co(rg).

Since the above inequality is valid for every @, we get f isin BM O, (w).O

PROOF OF COROLLARY 1.9: Let f be in BMO,(w). Then, given z
and y, we have

@)= F@)] £ (@)~ mafl | £ () - mof

26 @ Tl S w@ el )+ )
_ @) —maf|  1f) ~mofl

- w(x) w(y)

where () is a cube containing = and y with length side r¢ = |z — y|.
On the other hand, it is clear that

essiggw = Slipfé( s) = l{%f@( s).

Then, from the Theorem, we get
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— 2rq t
esssupM < ClIfllBmo,w) lir% N #dt
< o) L
2rq
p(t
= Clfliswow | Ea
0

"2 p(2t)
= CHfHBMow(w)/O — ot

TQ t
Clllasion [ 2t

IN

Finally, combining this inequality with (2.6) we can write

lz—yl
0) = £6)] < Clllawo, (i) + ) [ £

for a.e. x and y in IR"™, proving that f belongs to Ay(w) with ¢(r) =
JyeWar.o

PrOOF OF THEOREM 1.10: First, recall that, because of our hypothesis
on w and ¢, we can take balls B(z,r) = {y € R"/|x — y| < r} instead
of cubes Q(z,7) in (1.1) and obtain an equivalent version of BMO,(w).
In this proof, for the sake of simplicity, we consider the version with
balls.

Let xo € R" fixed and let B(z,r) a ball in IR". Suppose that |z —
xo| < 2r. Then, using the doubling property of w and ¢, we have
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(2.7)
/B( | g () — By (2 + 1) |dae

|z — o]

/ /:l?o Z\-I-r 5130,25)) QO(t) dt)dm
t
(z,r) J|z—m0]

/lzo 2l w(B(x07t))<p(t) (/ dx)dt
tn t B(zo,t) m B(z,r)

|zo—2z|+r
0

|xo—2z|+r w(B(a:o, t))
< C’gp(3r)/0 fdt

= J(wo—zl+r) /2141 t

IA
[e=]

|zg — 2| +r

|zg — 2| + 7
2
1=

Co(r)w(B(xo, o — 2| + 1))

(
Co(r)w(B(xo,r))-

Now, assuming |z — xy| > 2r and keeping in mind that w satisfies
the doubling condition, we have

)|dx

|Z - 950|

|xo—2|+r w(B(SCO,t)) gD(t)

/0 tn ¢ |B(z,7) N B(xo, t)|dt
. |zo—2z|+r U)(B(xo, t)) go(t)

Cr /| o t g

o [T w(B(z, 1) o(t)
Cr/| ; dt.

/ o (@) — hag(z 47
B(z,r)

IN

IN

zo—z|—r

VAN

t’I’L

To—2z|—r
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Note that, since w € Ay, w(B(z,t))/t" is quasi-decreasing. Then from
the above inequality and the fact that |z — z| —r > r, having in mind
that that ¢(t)/t is quasi-decreasing, we get

zZ — X
2.8 / hyo(®) — hgo(2 +1 dz
(2.9 R
< o BE) ol
T T

= Cw(B(z,7))p(r).
So, from (2.7) and (2.8), it is immediate that h,, € BMO,(w).

Moreover, the upper bound on (1.11) is clear. To check the lower
bound, let us note first that there exists a constant C' such that

25 YNRN hx y)—m z,shx dy
w(B(z,s)/B(w)' J(9) = My

1 : /‘ /
2w(B(2,5)) |B(z8)] Jo0.) B(z,s)| o(%) = hay (y)]

for every z € R" and s > 0. Then, we can write

1
w(B(zs) P (Y) = MB(z,s) g 1d
vene. w(B(2,9)) /B<z,5)| 0(4) = B0 hao | dy

zE

1
> — hy — MB(go.) Pz |d
- w(B(xo,T)) /B(aco,’r) ‘ O<y> Bleor) 0‘ Y

C 1 / /

> |hx0 (ZE) - h:co (y)’dydx

w(B(zo, 7)) [B(@o, 7)| Jja—wol<z Jr<ly—aol<r
C 1

w(B('rOv 7”)) |B(:L'0, T)l

lw—zo|<Z  <y—ao|<r |le—ao| t t

C 1 o, [2 w(B(zo,1)) ¢(t)

w(B(zo, ) / tn p
Ccr* w(B(xo,r/4)) 1

= w(B(zo,7)) rntl SO(Z)T

Vv

Finally, from the fact that w and ¢ satisfy a doubling condition we get



12 E. HARBOURE, O. SALINAS, AND B. VIVIANI

(2:9) veser w(B(z,9))

z€e€

/( | |h$0(‘r) - mB(z.s)hz0|dx > CQO(T)
B(z,s

as we wanted to prove.[J

Our proof of Corollary 1.12 requires the following characterization
of the functions in A, (w) (see (1.4)).

LEMMA 2.10. Let w be in Ay and ¢ satisfying a doubling condition.
Then a function f belongs to Ay(w) if and only if f € Lj,.(R") and
there exists a constant C' such that

(2.11) ess sup

for every r > 0.

PROOF: It is easy to see that functions satisfying (2.11) are in A, (w).
Actually we do not need w be in A; nor the doubling condition on ¢
for this part. Let us prove the reciprocal. If f is in A,(w), then, by
(1.2), we get

(2.12) [f (@) = f(y)] < Clw(x) + wly))e(lr —yl)

for a.e. x and y in IR". Now, let B(z,r) be a ball in IR". Taking x and
y in B(z,r) and integrating with respects to y both sides of (2.12) we
get

IN

@) Bz, - / F()dy

B(z,r)

/B @) = 1y
< Clw(@)|B(z.r)| + w(B(zr)p(r).

for a.e. x in B(z,r). From this inequality, using our assumptions on w
and ¢, we have
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w(B(z,r))
|f(x) =mpenfl < Clw(z)+ Bl Je(2r)
< C(w(x) +CBi££)w)¢(r)

A
Q
=4
2
5

=

for a.e. x in B(z,r). Now (2.11) is obvious..

PrROOF OF COROLLARY 1.12: Let zy be a Lebesgue point of w such
that 0 < w(xg) < oo. Note that since w is finite a.e., for each € in (0, 1)
and we can find A* C B(xg, ) such that |A%| > 0 and w(x) < 2w(xg)+1
for every x € A°. Now, let the function h,, be defined as in Theorem
1.10. Since w € A;, for each € in (0,1), we have

hao(z) 1 1 w(B(wo,t)) (1)
w(x)  w(z) /|x_x0| tn t dt
¢ )
> w(x)w(B(xo,l))/x_xo D
c " olt)

for every x € A°. Then, taking e close enough to zero, it is clear that
hy,/w is not bounded on B(xg,1) and, consequently, since w(z) >
essinfp(y1)w > 0 a.e. in B(xo, 1)

’hxo (LC) - mB(Io,l)hﬂm’ -
€SS sup = 0

z€B(zo,1) ’U)($)

So, from Lemma 2.11, h,, does not belong to A,(w). However, from
Theorem 1.10, h,, € BMO,(w). This completes the proof of the
Corollary.[]

3. BMOy(w) IN TERMS OF RIESZ TRANSFORMS

In this section we shall give the proof of Theorem 1.14. We will use
some technical lemmas and also an extension to n-dimensions of the
following result appearing in [M] for the Hilbert transform.
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PROPOSITION 3.1. Let w be an A, weight and ¢ a non decreasing
function defined on [0,00) satisfying a doubling condition. Assume
further that there exists a constant C' such that

B[l =i, u(®)
69 S R = O

holds for any ball B, where xy denotes the center of B. Then the
Riesz-transforms R; given by (1.15) are finite almost everywhere for
f € BMO,(w). Moreover there is a constant C' such that

(3.3) 1R fllBro,w) < Cl|fllBrro, w) 1<i<n.

The proof follows the same lines of the one-dimensional case with
some minor modifications.

Our next result shows that, under the assumptions of theorem 1.14,
Proposition 3.1 holds

LEMMA 3.4. Let w be a weight in Ay N A, and ¢ as in theorem 1.1/,
that is, there is a constant C' such that

70 /oo @dt < Co(r).

t1+o
Then w and ¢ satisfy (3.2) above.
ProOOF: For B a ball with center xy and radious r, we denote by

By, the ball with the same center and radious 2r. Using that ¢ is
non-increasing and doubling and that w belongs to A; we have
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o(|ro — yl) / o(|ro — yl)
3.5 / w(y)—————=dy = —dy
(3.5) C (>|$0 JH Z o ‘xo JH

w(B) [~ ()
<ot | G

comB) [,

|B|T175 t1+5
w(B) o(r)
< N7
CTE
(1B u(B)
|B‘1+1/n

—c?
as we wished.[]
Before stating the next lemma we introduce some notation. Let us

denote by &, the characteristic function of the ball B, = B(0,r), and
by v, = r~"X,.. With this notation we have

wr*f( ) mB:cr)f

Also, for a weight w and a locally integrable function f, we set

1
w\J = S — o - du.
g <f T> x,v}}gr w(B(ZL‘,T‘,)) /B;(x ) |f(y) mp(, )f| )

With this notation we state the following lemma.

LEMMA 3.6. Let w be a weight and f an integrable function. Then for
any r >0

|f = * fllBMow) < Cpu(f,2r).
In particular for f € BMO,(w),

|f = * fllBrmow) < Co(r)
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Proor: We will use the following estimate for the averages:

(B7)  |msef —msf| < (“’,g) ; “’,gﬁ)) pulf.rs)

where B, is a ball with radious r, and such that By C By and By C Bs.
This can be easily seen by adding and substracting mp, f.

Let now be B = B(zg,s) any ball. Then, to prove the lemma we
need to estimate

Qw(Bmf_qpr*f)
1

= B Sy )~ = D) = M = e

Let us suppose first that s < r. Then

1
Qu(B, f =Y. f g—/ f(x) — mp(ay.s fldz
( )< B0 9)) Jaes ) T B0
1 /
+ m x,rf_m 0, m .,Tf dx
W(Blros) B(‘m’s)l B(ar) B(zo,s) (MB () f)]
=1+1I

Since s < r, the first term is bounded by p,(f, 7). As for the second,
we have

1 1
11 < / / |mB T,r f — MpB(y,r f|d$dy
w(B (0, 9)) |Bo, )| Jnan Joens T e

Cw(B(xg,2r)) s"
- rm w(B(xg,s)) pulf, 21),

where we have used (3.7), since for any z € B(zy, s), B(z,r) C B(xg, 2r).
Now w € A; implies the doubling property and also that the function
w(B(z,t))/t" is almost decreasing with a constant independent of z.
Since s < r we get the desired estimate.

Next we suppose that s > r. In this case we observe that

2
Qu(B, f = x f) < m /B(xO’S) |f(z) — mB(x,r)f|d$

Now we can cover the ball B(zg,s) by a finite family of balls B; =
B(z;,r),i = 1,...,N and such that B(z;,r/2) are mutually disjoint.
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The number N of such balls is like (s/r)™. Then the integral above is
bounded by

N
Z/( mB(a:,r)f’dx < Z/ |f(£(]) _mB(Z'iy"'i)f|
B(zy,r) ; i
+Z/ |mB(x¢,r¢)f - mB(w,7‘)f|

(z4,7)

IN

ool £o) S w(Ban)

=1

N
+2p,(f, 2r) Zw (x4,2r))
=1

where, for the second sum we use again (3.7) and that B(z,r) C
B(x;,2r) for + € B(x;,r). Finally, using the doubling property of
w and that B(xz;,r/2) are disjoint, we get also the desired estimate in
this case.

Therefore, taking the supremum on xy and s we get the result for
the BMO-norm. To prove the estimate for f € BMO,(w) we just use
that ¢(2r) < Cy(r).00

We have defined for functions on BM O, (w) the modified Riesz trans-
forms R;. It is not hard to prove that, for good functions with zero
average, they are equal to the classical version R;f. For the latter
operators it is known that the following formula holds

(3.8) /R f(z) /f Ryn(z

for f € LP(IR™) and 7, say, in C§°(IR"). In the next lemma we extend
this result to A, (w).

LEMMA 3.9. Let n be a C3°(IR"™) function with zero average and g €
Ay (w) with w and ¢ as in Theorem 1.14. Then

/Rjg(x)n(x)dl’ = —/g(I)Rm(fr)dx
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PrOOF: First, the integral on the left is absolutely convergent since we
know that R ;g is in BMO,(w) and hence locally integrable. Moreover
R ;g equals R;(g — C), where C' is any constant. Therefore

[Risom@is = [oe)Rits - )@t
- / n(2)Ry(Xalg — O))(x)dz

4 / n(2)R,(X(g — C))()dz
= [ + I,

where XR = XB(O,R)7 Xé =1- XR.

To estimate I; we observe that g belongs locally to L(IR") for some
q > 1. In fact, it is known that an A., weight satisfies a Reverse-Holder
inequality for some ¢ > 1 (see [CF]). Therefore for such ¢ and any ball
B with radious r we have

/B l9(z) — glzo)|idz < C /B (w(z) + w(ze)) (| — zo|)dz

< Colnwle)|Bl + [ (w(o)dr) <,
B
where we have chosen zy € B to be a Lebesgue point of w. Therefore
R;(Xr(g — C)) is a function in L? and, moreover, equals, up to a
constant, to R;(Xr(g—C)). So, since n has zero average, an application
of (3.8) gives

I / n() Ry (Xnlg — O))(x)de = — / Ry1(y)Xn(y)(9(y) — C)dy.

Now, to estimate Iy we choose R such that suppn C B(0, R/2) and
R > 1. Then

(X' (g — — 1 LYy~ Y Yi _
Rl - Oy =t [ () ) - Oy

ly|>R
But for « € suppn and |y| > R we have |z — y| > R/2 and, therefore,
we may drop the limit above. Moreover taking absolute values inside

the integral and applying the mean value theorem we have
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Lj—Yj
z —y|r [yt

|z|
SC/ gy) = C
. R|y\”“’ (y) = C]

<cle) [ 2B 00) 1 wiy))ay,

ly|>R ‘y’nJrl

l9(y) — Cldy

(3.10) /y|>R

where we have chosen C' = g(x¢) with zy € B(0, R/2) a Lebesgue point
of w. Again |zg| < R/2 and |y| > R imply |z — y| < R/2 + |y| < 2|y|
so the last integral is bounded by

C\xy(R“/R t1(+3dt+/|>R —w(i)'fﬂy')dy) < Clal

for x € suppn, since both integrals are finite as a consequence of lemma
3.4. In this way we have proved that the iterated integral

/ In(@) / K5 (2, 9)| X () 9(y) — Cldyda

is finite, where IC;(x,y) denotes the kernel of R;. Therefore in I, the
order of integration can be reversed and hence

311 [ @Ry (Xl — CO)a)da

~ [ Xwlot) - ©) [ Kttty

- / X4()(9() — C)Ryn(y)dy

Adding I, and I, we get

h+b=—/Rw@@@%%mwz—/Rm@ﬂw@D

Now we turn into the proof of the last theorem.

PrROOF OF THEOREM 1.14: First, if f can be written as

(3.12) F=>_Ri(f)
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with fo,..., f, in A,(w), it follows easily that f € BMO,(w). In fact,
we noticed that A, (w) is continuously embedded in BM O, (w) so, from
Lemma 3.4 and Proposition 3.1, the function on the right hand side of
(3.12) belongs to BMO,(w) and, moreover,

(3.13) 1 1l5310ute) < C D Fillasqw)-
0

On the other hand, let f belong to BMO,(w). Following [J], since
¢ is continuous, there are numbers r; such that o(r;) = 2'p(rg) for a
fixed ro with ¢(rg) # 0. The numbers r; will be defined for i € Z and
belonging to a certain interval [—L, M| where L and M may be finite
or infinite, depending on the boundedness properties of ¢. For each r;,
according to Lemma 3.5, the function f —,, * f belongs to BMO(w)
and moreover

(3.14) 1f = r * fllBmow) < Co(ri) = C2'.

From here we have that

(3-15)  [hr * f = vy * fllBaroqw) < C(ri) + @(ria)) = Cop(rs).
Now, we apply the decomposition result of Muckenhoupt and Wheeden

(see [MW]), for the space BMO(w) to each of the functions on the left
hand side of (3.15). In this way we get

(3.16) Ur # f =y + f =Y Ry(ub),
=0
where u} are in L>(w) with

(3.17) |[45]] oo () < Cop(r:).

The tempting idea now is to recover f adding these pieces since, at
least when L and M are infinite, the sum of the series will give f back.
But, even in that case, the sum of the functions u; will be not smooth
enough to provide a A,(w)-function for each j. To make things work
we need to smoother the functions u; To this end, let us choose a
point xg such that is a Lebesgue point for the weight w and for the
functions (¢, + ¥y, ) * u} and define

U;' = (’l/}ﬁ + ,l/}T¢+1) * 'U/; - Cl]
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where Cyj = ((¢y, + ¢y, ) *u})(20). Now, we want to prove that v} are
functions in A, (w), giving an estimate for |[v}][x, (). For each i and j
fixed, we take x, z two points in IR" and we consider the two possible
cases

Case 1: |z — z| > 1y

i) — vi(2)] < — / | + / it
Ty JB(a,r) Tit1 B(z,ri41)
1 ) 1 )
e [ gl [
frl' B(Z,T'i) rl—l—l B(Z,T‘i+1)

< ol (B ) + (B, 2)

)

1 7
el e (w (B2, i00) + w0 (B2, 7i41))
i+1

Using now estimate (3.17) and that w € A;, we obtain

(3.18) [vj(x) = vj(2)] < Cle(rs) + p(rig))(w(z) + w(2)).

Case 2: |r — z| < r;. In this case B(z,r;) and B(z,r;) have a
thick intersection and, since r; is increasing, the same happens with
B(x,r;11) and B(z,7r;11). Let us call A; = B(z,r,)AB(z,r;), Aix1 =
B(z,7:41)AB(z,1:41), Bi = B(x,3r;) and By, = B(z,3r:41). Then
we have A; C B; and A;11 C B;+1 and, using the Ago condition in w,
we have for k = 1,7 + 1

w(Ae) < Cw(ék)(@)é < Cw(Bk)(m

)
|Bel Tk &

where, for the last inequality, we have used the estimate |Ax| < Clx —
z|r~ ! Thus
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. . 1 , 1 ;
@ - gEl < = [ e [
T Ja; Tit1 J A

i w(A;) i w(Aiy1)
S P R e
i i+1
;) w(B; rit1) w(B;
S C|l’—2|5(906) (n)+gp(5+l) (n+1>)
T T Tit1 Tit1
|z — 2|
< Co(ri)( )’ (w(@) + w(2))

where in the last inequality we have used that w € A;.
Therefore in both cases we have proved the inequality

|z — 2|

)’ (w(@) + w(2))

(3.19) [v3(2) — vj(2)] < Cop(ri)(

T

With (3.18) and (3.19) we are ready to show that the function g; =
>, vl is well defined and, moreover, it belongs to A,(w). In fact, using
the estimates (3.18) and (3.19) for fixed = and z, we have

ZIU}(%)-U}(Z)II( Yoo+ D i) —vj(2)]

ri<|lz—z| ri>lz—z]

<O +uE)( Y el tle—e 3 2
ri<|z—2| rizle—z *

But, since ¢(r;) = 2¢(r;—1) and {r;} is non-decreasing, we get

Y ol =2 (p(r) —¢(ria))

= 2(o(rm) — p(rr-1)
20(rm),

IA
S
-

and
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R
=23 )y ) 220 5P
- T i1 T'm Tk
<C (Tnzl p(ri) / - t% +(rm) / . tfif(s)
k T "
<C N @dt

With these estimates we obtain

N e R S R A

and using the hypothesis on ¢ we conclude

(3.20) Zlv 2)| < Clw(z) = w(z)p(|r = 2])

Therefore, taking z = zy in the above inequality, we have

Z\v )| < Clw(z) = w(zo))p(|z = wol),

which implies that the series ) v!(z) converges absolutely for almost
every z, in fact for the Lebesgue points of w. Also if we set g; = » ; v},
the inequality (3.20) gives

19j(2) = g;(2)] < Clw(z) —w(z)p(lr - 2|),

proving that g; is in Ay(w) and ||g;||a,w) < C.

Now we would like to show that f and Z?:o R;g; are basically the
same, in the sense that their difference is either zero or a function which
can be decomposed in the way we want.

First we observe that for each fixed i we have
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(32 DR = Ry, + ) +1)

= Z(¢T’ + 7vZ)T7',+1) * RJ(u;)

= (¢T1 + 77Z)Ti+1) * (%Um - 77/}7“1'+1) * f
= 1/}7"1' * 1/)7"1' * f - 1/}7“1'+1 * ¢m+1 * f
Since for approximations to the identity, say p,.(x) = r"p(x/r), we
know that lim, . (p,* f) = 0 and lim, _(p,* f) = f, we may expect to
recover f from adding up on ¢ the last equality. But, since the sequence
r; belongs to the range of ¢, we have to distinguish whether or not L
and M are finite.
In any case, if 7 is a C§° function with [ 7 = 0, according to Lemma
3.9 we have

(3.22) /Rjgjﬁ = —/ijm
== / iRy
Y

where in order to take the sum outside of the integral we have made use
of the fact that ), |v;| converges almost everywhere to a function in
A,(w) and, by Lemma 3.8, the integral of the product of this function
by R;n is absolutely convergent. From (3.21) and (3.22) we obtain

(323) )
R =3 [ (R
=3 [t = [ s < )

= Jim [ P = T [ P

T——
where the limit should be understood as the evaluation in —L or M

when they are finite. To evaluate each of these terms we consider
the different possibilities for L and M. The goal is to prove that the
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first limit gives either [ fn or [(f + H)n where H is a sum of Riesz
transforms of A, (w)-functions; similarly we will prove that the second
limit gives either zero or [ Gn with G satisfying the desired property.

i) L = oco. In this case r; — 0 for i — —L and therefore

a2)  Jim [ =t [ f6vecn) = [ 1o

i——L

since f es locally integrable, n € C§° and v,, has compact support.

ii) L < oo. In this case p(r_) < 2¢(r) for all » > 0 since otherwise
r_r_1 could have been constructed. Also, by Lemma 3.6

I f = * e, * fllBmow) < ||f = ¥r_, fllBMOW)
F[r_y, * (f = Yr_y, * Pl Brow)
<2lf =, * f”BMO(w)
< Cp(r-r).

Therefore, using again the decomposition result for BMO(w), we
get

(W # ey % [) = F =D Ry(hy)
§=0

with ||h;||peewy < C(r—r). Moreover we have

|7 () = hi(y)] < (w(z) +wy)lhjllre@w) < Clw(x) +wly))e(le —yl)
giving that h; € A,(w). In this way we have shown that

i——1L

j=0
with h; € Ay (w).
iii) M = oo. In this case r; — oo for ¢ — M and therefore suppn C

B(0, ;) for any i large enough.
Now, as above

/(%*f*f)nz/f(wm*wn*n)
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But, for 7 large enough, v, * ¢,, * 1 vanishes outside of B = B(0,3r;)
and has zero average. Thus

| / (o %t x| < / oo = ma g = e

< Cw(B(0,3ri)p(ri)|[thr, * b, * 1|
since f € BMO,(w). Also, using again the zero average for 7,

||¢m*¢ri *77||oo < _n||¢m*77||1
< / / 1, (& — 1) = o100 |y
B(0,2r;) v B(0,r;)
< / In(y)I( / (@ — ) — by, (2)|de)dy
B(0,r;) B(0,2r)

< [ B AB(. )y
B(0,r;)

< Cn-“/ lylIn(y)|dy = Cr;™!
B(0,r;)

With this estimate we get for ¢ large enough

w(B(Oa3Ti))S0(Ti)<C o w(x)SO(Ti)

ri r;  xEB(0,1) T

/ (G, % Gy % Y1) < C

Now, using that ¢ is non-decreasing, we have

) ¢ ot [~ el

r t1+6

where the right side tends to zero when r — oo, because of § < 1 and
[ (p(t) /t110)dt < oo. Hence we get

(3.26) hm (P, * Uy, x [N =

Z—>

iv) M < oo. In this case we have ¢(r) < 2¢(rys) for any r > 0 and
therefore the given function f belongs to BMO(w) with || f|| pow) <
Co(ry). Applying the decomposition result for functions in this space
we get

f=) R;h
=0
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with [|A}||Le@w) < Co(rar). Then we have

/ oy e * i1 = 3 / (bray *rny * Ry (o))
=0

- Z/Rj(wmw * Pryy ¥ h;)n
=0

So, if we are able to prove that the functions }sz = Uy, %y, x I belong
to Ay(w), we would get the desired result, i. e.:

(3.27) hm (ty, %y, % fn = Z/R h;n

with h; € A(w). To do that, we first observe that ¢y, (v) = (¢,,, *
Uy ) (@) = 13/ (Xp, * Xp,)(x/ry) and that Xp, * X, is a Lipschitz
function supported in B(0, 3). Therefore ¢,,, is supported in B(0, 3r,)
and satisfies

C Clr—y
329 [on @S S and o, (@)~ b ()] < Y
i Ty
Now, for x and y such that |z — y| < rj; we have
|hj(z) = hy(y)] < /|¢rM — by (y — 2)[|15(2)]dz
1
< Ol m' ] w(z)dz
T3 JB(@,3r) U B(y,3rar)
|z — yl
< Co(ru) (w(z) +w(y))
M

< Co(lz =y (w(z) + w(y)),

where in the last inequality we have used that ¢(t)/t is almost decreas-
ing. Finally for = and y such that |x — y| > r); we have

< Jhy(@)| + |hy(y)]
< O]l poo wy (w(@) +w(y))
<

Cop(rar)(w(z) +w(y))-

|hj(2) — Dy (y)]

In this way we proved h; € A, (w).
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The conclusion of the theorem follows now by (3.24), (3.25), (3.26)
and (3.27).0
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