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LOCAL MAXIMAL FUNCTIONS AND OPERATORS ASSOCIATED
TO LAGUERRE EXPANSIONS
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Abstract. In this paper we get sharp conditions on a weight v which allow us to obtain
some weighted inequalities for a local Hardy-Littlewood Maximal operator defined on an open
set in the Euclidean n-space. This result is applied to assure a pointwise convergence of the
Laguerre heat-diffusion semigroup u(x,t) = (T(¢t) f)(x) to f when ¢ tends to zero for all
functions f in LP (v(x)dx) for p greater than or equal to 1 and a weight v. In proving this
we obtain weighted inequalities for the maximal operator associated to the Laguerre diffusion
semigroup of the Laguerre differential operator of order greater than or equal to 0. Finally, as
a by-product, we obtain weighted inequalities for the Riesz-Laguerre operators.

1. Introduction and main results. In this paper we study weighted problem for local
maximal operators defined on an open set £2 in R". The weighted problem is the following:

For a linear or sublinear operator T, find conditions on a weight v which assure the
existence of a weight u such that T maps LP (2, v(x)dx) into L? (£2, u(x)dx).

First, we establish the notation and the general background. Let us consider the setting
of R" with Lebesgue measure m. If A is a measurable set, we write |A| for m(A). The cube
with center x and semidiagonal r will be denoted by Q(x, ). In such a case, its diameter will
be diam(Q(x, r)) = 2r. We have |Q(x, )| = a,r", where a, := (2n~1/2)". Let £2 be an
open set in R" and suppose the complementary set F = R" \ §2 is nonempty. For a positive
constant y < 1/4, consider the family of cubes

(1) Fy, = {Q(x, r); x € 2,r > 0 with y dist(Q(x,r), dF) N 1} |
r

where d F' is the common boundary of F and £2, and dist(Q, d F') denotes the distance between
Q and 9 F. Now, we define the local maximal Hardy-Littlewood function M r. , as

1
@) Mz, f@i= sup o [ 1fo)lay
Qe]—'y,erlQl 0

for any f € Llloc(.Q) and x € £2. This local maximal operator generalizes that contained

in [1] when £2 = (0, 00) and ¥ < 3/2, that is, M{_f(x) defined in (16). For the (global)

loc
Hardy-Littlewood maximal function M, some class of weights for the weighted problem were
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obtained by Carleson and Jones [3], Rubio de Francia [15] and Gatto and Gutiérrez [5], in-
dependently. It is worth mentioning that the characterization of the weights v such that the
Hardy-Littlewood maximal function is bounded on L?(R", v(x)dx), 1 < p < oo, as much
as the weak-(1, 1) boundedness, was done by Muckenhoupt in the celebrated paper [13]. The
problem of characterization of the pairs (u#, v) for which the Hardy-Littlewood function maps
LP(R", v(x)dx) into LP(R", u(x)dx) was solved by Sawyer in [16]. Now we can state the
main theorem

THEOREM 1.1. Let v be a weightin §2. Let 1| < p < oo. The following statements
are equivalent:

(i) There exists a weight u such that ./\/l}-yf(x) is bounded from LP($2,v(x)dx) to
LP(2,u(x)dx) for p > 1, and from L' (82, v(x)dx) to weak-L'($2, u(x)dx) for
p=1L

(ii) There exists a weight u such that ./\/l}-yf(x) is bounded from LP($2,v(x)dx) to
weak-LP (2, u(x)dx).

(iii) v V7P € L{’O,C(Q)for p>1l,andv! e Ly (82) for p = 1 (that is, v is locally
bounded from below).

This theorem is applied to study the convergence of the Laguerre Heat diffusion semi-
group. More precisely, for « > —1, let us consider the problem

Oua _
3) or M
ug(x,0) = f(x) x>0,

where L = L, is the second order differential Laguerre operator defined by

) L £ _d e
= —X— — — — —
* dx? dx 4 4x
and, at least formally, uy (x, 1) = Ty f (x) = e~ 'L f(x) fort > 0.
Let £ (x) be the Laguerre function

n!

1/2
: LY —x/2 /2 ,
n—+oa-+ 1) n(¥)e T

(&) L5 (x) = (

where L (x) is the Laguerre polynomial of degree n given by

| d" -
L% (x) = a)c "‘ex<ﬁ(x“+”e x)) , x>0, n=0,1,2,....

As is well known, the Laguerre functions £ (x) are eigenfuncions of the differential
operator L, with eigenvalues Ay, = —n — (o + 1) /2. Also they form an orthogonal basis on
L2(0, 00). The operator L, is positive and symmetric on L2(0, 00).

One of the aim of this paper is to get conditions on a weight v such that

(6) lirr(l) T; f(x) = f(x) foralmostall x >0 andforall f € L?((0, 00), v(x)dx).
1—
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This problem was studied in the classical case, that is when L is the Laplacian operator,
in [10] and for L = %(—A + 2x - V), the Ohrstein-Uhlenbeck operator, in [8]. As is well
known, the a.e. convergence leads to study the behaviour of the maximal operator associated
to the heat difussion semigroup 7; of L, defined by

@) WS f(x) :=sup|T; f (x)] forallx > 0.

t>0

The maximal operator W was studied by Stempak in 1994 for &« > 0 (see [19]), and
later on by Macias, Segovia and Torrea for negative values of « in [11] (unweighted case) and
in [12] (with power weights). Recently the family of weights was enlarged in [2]. We solved
this problem by using a non-constructive method due to J. L. Rubio de Francia. We state it in
Theorem 2.5. By using Theorem 1.1 we can show the following.

THEOREM 1.2. Letl < p < oo and a > 0. Assume that the weight v satisfies the
condition

®) ™) Geo.n @) + €y x1100 O Lt (0.00).dy) = Co < 004

where p' = p/(p — 1) and cq is any positive constant less than 1/4. (The constant cy can be
choosed equal to 1/16.) Then there exists a weight u such that W} f maps L? ((0, 00), v(x)dx)
into LP((0, 00), u(x)dx) for p > 1, and L1((0, 00), v(x)dx) into weak-L((0, 00), u(x)dx)
forp=1.

As a consequence, the following result can be proved.

COROLLARY 1.3. Letl < p <ooanda > 0. Ifv satisfies (8), then
T, f(x) > f(x), as r— 0T,

for almost every x € (0, 00) and every f € LP((0, 00), v(x)dx).

Finally, we apply Theorem 1.2 to get the weighted problem for the Riesz-Laguerre oper-
ators RY, o > 0 (see (46)).

THEOREM 1.4. Givena > 0and 1 < p < 00, let v be a weight such that

©) ™) o) + €=y 2 511,00 O L1t (0.00).ay) = Co < 00

where cq is a constant less than 1/4. (The constant co can be choosed equal to 1/16.) Then
there exists a weight u such that R% f maps L?((0, oo), v(x)dx) into L?((0, 00), u(x)dx)
for p > 1, and L' ((0, o), v(x)dx) into weak-L'((0, 00), u(x)dx) for p = 1.

The proof of Theorem 1.1 is contained in Section 2. In Section 3, the proof of Theorem
1.2 and its corollary is given. The proof of Theorem 1.4 is obtained in Section 4 .

2. Local maximal Hardy-Littlewood operators. We shall need the following Whit-
ney type covering Lemma (see [18, p. 167] for details).
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LEMMA 2.1. Given a positive constant c, there exists a collection VW, of cubes, say
We ={0Q1, Q2, ...}, such that

(10) Ua=2=r"\F,
k
(11) the interiors Qy are pairwise disjoint, and
(12) cdiam(Qy) < dist(Qy, F) < 2(1 4 ¢) diam(Qx) .

DEFINITION 2.2. For a given p > 1, we say that a non-negative weight w belongs

to L{Z)CJ_-V if fQ w? < Cy o < oo for any cube Q € F,. Also, we understand that a non-

negative weight w is in L” () if / g WP < oo for any bounded set E such that EC Q.

loc

REMARK 2.3. We note that a weight w is in Lf:)c(.Q) if and only if w € Lﬁ)c 7, for
P

any 0 < y < 1. In fact, the inclusion Lf;c(!.?) C Lloc’ 7, is clear. On the other hand, for a

given bounded set E such that E C £2, consider a Whitney type covering for £2 as in Lemma
2.1 above for ¢ = 2/y. Then there exists a positive integer N verifying

N N
EcJeotw = Jeow’.
k=1

k=1
Here we write the cube Q(x, 2r) by 20 when Q = Q(x, r). By (12) we have that

(13) oy < % dist(Q. F) < %3”{ + %dist(ZQk, F).
Thus,
(14) 2y < Z_VW dist2Qyx, F) < y dist2Qy, F) .

Hence Qk = 20 € F,, and consequently

N

(15) / wP < / wx)?’ dx < oo,
E Z Ok

k=1
which implies that w € L{ (£2).

The local maximal Hardy-Littlewood operator M _is defined by

loc

1 b
(16) MEFG()=  sup m/myndy, « = 16.

O<a<x<b<ka

As a consequence of Theorem 1.1, for £2 = (0, co) we have the following result.

THEOREM 2.4. For a given real number p, 1 < p < 0o, and k > 1, the following
statements are equivalent:
(i) The weight v satisfies
a7 v Vrer?

loc

(0,00) forp>1, and v € LZ(0,00) forp=1.
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(ii) There exists a weight u such that M . f (x) is bounded from L ((0, 00), v(x)dx) to
weak-LP ((0, 00), u(x)dx).

(iii) There exists a weight u such that My f (x) is bounded from L ((0, 00), v(x)dx) to
LP((0, 00), u(x)dx) for p > 1 and from L'((0, 00), v(x)dx) to weak-L"'((0, 00),
u(x)dx) for p = 1.

Before proving Theorems 1.1 and 2.4, we consider the following version of the Theorem
of Rubio de Francia (see, for example, [6, p. 554]).

THEOREM 2.5. Let (X, i) a measurable space, B a Banach space and T a sublinear
operator T : B — L9(X) for some q < p. Then the inequality

I/p I/p
(18) H(DTf,-V’) < C(an,-n’,;)
J J
holds if and only if there exists a non-negative weight u such that

(19) ITfllLr@y <ClfliB-

This theorem suggests the following vector-valued inequality.

L4(X)

PROPOSITION 2.6. Let p be a real number with 1 < p < oo, and let {Qr = Q (xk, rr)}
be a sequence of cubes satisfying the condition of Lemma 2.1 forc = 1/y. Ifv=V/? ¢ Llpolc(.Q)
and 0 < g < 1 < p, then there exists a positive constant Cy  such that the following
inequality holds.

1/p 1/p
(20) H(Z Mz, fj|p> < ck,v<2 ||f,-||i,,m,v)) :
J J

PROOF. By replacing y/2 by y in (13), we clearly have 2r; < 3yri + y dist(2Qx, F).
Since y < 1/4, we get that 2Qy C §2. Now we can write

La(Qx)

fi = fixeox + fixeooe = f; + [
For each k, we first estimate M]:y fJf on the cube Q. Since M]:y is of weak type (1, 1), by

invoking the Theorem of Kolmogorov for ¢ < 1 and applying the condition v~!/7 ¢ Llpo/c(.Q),
we have

1/p

H(Z|M}‘Vf;|p> <ClQM!
7 L9(Qy)

weak-L! (Qk, dx)

1/p
(Zwﬂfﬂf’)
J

1/p

sanW‘l/ <Z|fj(X)|p) VP (VP (x)dx

20k F

1/p'
u—f”//’(x)dx> .

1/p
§C|Qk|l/q_1<z||fj||ib(9’v)> (/2
J

Ok
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Therefore,

1/p 1/p
@1) H(Z \ Mg, f |f’> < ck,u|Qk|”q—1(Z ||fj||{m,v)> .
J J

Now we estimate the term dealing with f jf’. Suppose that x € Q. We have to analyze
the expression

L1(Qy)

Mg, f"(x) = sup

— [fDldy.
QeF,,05x 191 Joneowe

Let O = Q(xo, r) be acube in F),. Consider a point y € QN (2Qy)°. Since x € Ok, we have
(22) 2Zrg <y —xkl Sy —x[+x —xx| <2r + 1.

Hence, we must have ry < 2r, and hence [2Q]| > | Q|. From that, we obtain

2}’[
sup / FO)ldy .
1Okl geF,,05x J 0N 0N"

Now, we look for a ball By = B(xx, Ry) such that its center x; is the same as that of Q,
Q C By and B; C £2. In view of this, for y € Q, we get from (22) that

23) Mz, f"(x) <

ly —xkl <2r +ri
<2yd(x,0F) +rg
<2y|x — xk| + 2yd(xk, 0F) + 1y
< (1 +2y)rk +2yd(xk, 9F)
=:Ry.

We claim that this value Ry fulfills our goals. Indeed, the calculations above give us Q C By.
Also, since y < 1/4, by using (12), we get

R < <1 +22y +2)y d(xp, IF) < %d(xk, IF).
Then, for x € Qy, it follows that
Jte:oeF . xe0icBicn.
Now, from (23) and the fact that v= /7 ¢ LIPO/C(.Q), we can write

2}1
M, fl() < /|f~|v”f’v‘”f’
v 10kl Jp, 7’

2n // 1/17/
(24) < ( / v P f’(y)dy) £
|Qk| B JULP(82,v)

= Crol Okl ™ 1 fi 1l o) -
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Then, it follows

q/p\ /4 | 1/p
(25) ( /Q (Zwﬂf;/(x)v’) ) sck,v|Qk|M*(an,-nip(g,v)) .
KN j

Putting (21) and (25) together, we can finally obtain the inequality (20), and the proof is
finished. -

REMARK 2.7. We note that Proposition 2.6 holds for the local maximal Hardy-
Littlewood operator defined by (16) for any ¥ > 1. In fact, we take an interval Qy = Q (xk, 1)
verifying Lemma 2.1 in such a way that 2Qy C 2 (it is enough to take ¢ > 3/2). Then (21)

holds for M _f j’ (x). In order to estimate the expression

Mioefj(¥) = sup / IF)ldy,
O<a<x<b<ka O = a J(a,b)NQ2Q)*

by (22), we clearly have

n

(26) Mo fi (x) < sup / [f(D)ldy .
|Qk| O<a<x<b<ka J(a,b)N2Q)°

But, for x € O,

Xk — Tk

U{(a, b);a<x <b<ka) C(x/k,kx)C [ , Kk (xx +rk):| C (0, 00).

Therefore, (25) follows for M _f Jf’(x).

loc

PROOF OF THEOREM 1.1. First, let us suppose that v=1/7 ¢ Lf’o/c(.Q). By applying
Proposition 2.6 above for 0 < g < 1 < p, we have that the operator Mz, satisfies the
condition of Theorem 2.5 in each set Q. Hence a family of weights u; supported in Qy
satisfying (19) in Theorem 2.5 can be found. Thus the weight defined by

u(x) = ZZ_k”Ck_puk(x)XQk(x)
k

satisfies (i) as we wanted.
For the case p = 1, we use the weak-(1, 1) continuity of the Hardy-Littlewood maximal
operator, and then

C C
Hx € Qs Mg, f1(0) > M < —If' Il = —/ Lf(x)ldx
A A Jaos

C —1
@7) =7 < /sz I/ (x)|”(“dx> v 00,0 Hmm,dx)

Ck,v
. /If(x)lv(x)dx.

Pasting (24) and (27) together, we get

=

Ck,v
A

(28) {x € Qis Mz, f(x) > A}| < /If(X)Iv(X)dX-
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Hence the weight u(x) = 3", 1/2%C v x 0, (x) gives (ii)

Now, suppose that (ii) holds. Let Q(xo, R) a fixed cube such that 4Q(xo, R) € F,.
Since then Q(x¢, R) C Q(x,2R) forx € Q(xp, R) and Q(x, 2R) € F,,, for any nonnegative
f, we have

1 1
Mz, f(x) > — / FOMy > — £y, x € 0G0, R).
R" Jox.2R) R" Jo(xo.R)

Therefore, by (ii) and the Kolmogorov inequality, we have for s < p,

1 s
(ﬁ / f(y)dy> (u(QCxo. RY)"
Q(x0.R)

1/s
< c( / M}'Vf(x)su(x)dx>
Q(x0,R)
1/p
< Cu(Q(xo, R))“S—“P( / f”(y)v(y)dy> .

Given an arbitrary positive function g € L?(Q(xo, R)), we choose f = gu~ /P then we
have

1/p
1
(—Rn / g(y)v‘”f’(y)dy) < Cu(Q(xo. R))‘”P( / gf’(y)dy) :
Q(xo,R)

By duality we conclude that v1/p belongs to LP/(Q(xo, R),dx). Since any cube Q € F),
can be covered by a finite family of cubes Q; with the property that 4Q; € F,,, the statement
(iii) follows. O

PROOF OF THEOREM 2.4. We first note that the case ¥k < 3/2 is contained in Theorem
1.1. For any k > 1, assume first that (iii) holds. Then, the statement (i) follows as in Theorem
1.1, in view of Remark 2.7. To prove the implication (ii) = (iii), we proceed as in the proof
of Theorem 1.1, but taking this time an interval Q C £2 such that 4Q € F,, where
Fe={Q=1(a,b) CR2;a <b <«ka}.
O

3. The heat diffusion Laguerre operators. For the heat diffusion semigroup 7;, we
recall the well-known expression

T; f(x) =/Ka(t,x,y)f(y)dy,
where

l_et/2
Kot x,y) = Wa(mJﬁ)’)
with

1 — g2 i 1 —s?
(29) Wy (s, x,y) = 4_Sse—(s+1/s)(x1/2_y1/2)2/46—(s+1/s)(xy)l/Z/zla<T(xy)l/2)
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after the change of parameters s = (1 — e~/2)/(1 4 ¢~*/?). Here, I, is the modified Bessel
function of order ¢, any o > —1. In this way, we have

WEFG) = sup / We(s, %, ) F () dy.

O<s<l1

The proof of Theorem 1.2 is based on the pointwise estimate (see [2])

(30) Wi f(x) < (g + M+ T f(x),
where HS‘ ?isa Hardy operator modified at the origin
X
(1) HyF =5 [P ay. w2 -1,
0

and T%/? is the maximal operator

T2 f(x) = sup [T f ()],

O<s<l1

with TS“/ ? the operator given by

1 = [ [@)QH e_coy/s} oD

(32) y

T / (5.9 y > F () dy.

Here ¢ is equal to 1/16. Besides, we have implicitly defined

(33) $(s,y) = (f)“+1 e=cos/s

REMARK 3.1. We note that the constant ¢y is not optimal. This depends on the local
region considered. It is not hard to check that c¢ tends to 1/4 when « tends to co. The constant
co = 1/16 is obtained by considering in [2, pp. 343] the local region defined by

(34) £<y<4x,

where k = 16. In this way, for the global case at infinity 4x < y < oo, we have

2
(35) e—lxl/z—yl/z\ /45 < g=¥/16s — ,—coy/s ,

whose right-hand side appeared in (32).

In view of (30), we devote the rest of this section to solve the weighted problem for the
operators H f and T%/2 f. Since the operators 7%/, a > 0, are pointwise bounded by Hardy
type modified operators at the infinity, they are of weak type (1, 1) (see [1]). Therefore, we
can proceed in a similar way as in Proposition 2.6, obtaining the following Proposition.

PROPOSITION 3.2. Letl < p < oo and o > 0. Assume that the weight v satisfies

(36) P o) + ¢y 101,00 O Lo (0.00).ay) = Cv < 00
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Then,for0 <q <1 < p,

o 1/p 1/p
p
[(zrso) = (Sl o)
J J

Moreover, there exists a weight u such that T“/zf(x) is bounded from LP ((0, 00), v(x)dx) to
L?((0, 00), u(x)dx) for p > 1, and from L0, 00), v(x)dx) to weak-L'((0, 00), u(x)dx)
forp=1.

PROOF. Before starting, we set the constant

A:=a+1.
€0

Let {Qk}k>1 be the sequence of intervals Qx = (A%, A¥t1] for k > 1, and denote Qp =
(0, A]. Also, let us write

fi = fixo.aen + fixam o) =t f + £}

Proceeding as in Proposition 2.6, we can see that

(Z |Ta/2f/"’>l/p
J
- L9(0p)
1/p
(37) < CIlel/’H(Z ||fj||ip((o,oo),v)> (/(
J

O,Ak‘*"]
1 1/p
< Cil Okl /‘I(Z ||fj||§p((0,oo),v)) :
J

L4((0,00)dx)

) 1/p
v P /P(x)dx>

where

) 1/p'
Cppi= |Qk|_1</ v P “’(x)dx) .
’ 0, AF+1]

Now, we analyze T%/? f Jf’ (x) for x € Q. The function ¢ (s, y) (see equation (33)) is increas-
ing in the variable s whenever y > A; therefore, it attains its maximum at s = 1. Finally, with
the aid of Holder inequality, we have

o0
TR0 < sup A4SV [ sy 00y
(38) 0<s<l Akl

< Gl FlLr (0,00, v(x)dx)
where

/ o0 / / / l/p/
(39) Cli/,v - <AP (k+Da/2 / e Py a/2 ,=p'/p () dy) < 00.
1

By denoting Cy , = C,’{’U + C,’c’yv, we clearly have

e} , , 1/[7/
Civ < Ck</ PP () (xo.1y + e P Coyypa/zxn,oo)()’))d)’> .
0
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Putting (37) and (38) together, we see that the operator satisfies the condition of Theorem 2.5
on each set Q. Therefore, as before, a family of weights uj supported in Qy satisfying the
statement (19) can be found. Finally, we define

u(x) = ZZ_kpck_puk(x)XQk(x) ,
k=0

which complete the proof when 1 < p. For the case p = 1, using the weak-(1, 1) continuity
of the operator 7%/ f (x) and proceeding as the corresponding bound of M F,» we have

C C
{x € Ok T2 f'(x) > M < =I1f I = —/ | f(x)|dx
A A 20k

(40)

IA

C _
X( /2 N |f(x)|v(x)dx) v Ox200 O | pooggr.an

Co
= / |f(@)lv@)dx.

From(40) and (38), by taking
€y = ACEDR 0y 207 P () 1100y () 0,005y 80 Cho = Chy Gy

A

we get

(41) {x € Qs T*? f(x) > A} <

Chw
: / | £ ()] v(x)dx .

Hence the weight u(x) = >, 27 C r ,1} X0, (x) gives the conclusion.
d

Now, pay attention to the Hardy operators. Since Hg /? has weak type (1, 1) whenever
o > 0 (see [1]), we can apply similar procedures as for 7%/2. Again, for Q; = (A*, AK+1]
we take f; =: f; + f{, with f] supported in (0, A**1] and [} supported in (A 00).
However, observe that H(‘)x /2 f J’/ (x) = 0 because f Jf’ (x) is zero in the domain of integration in
(31). For that reason, it is enough to look only through the term H 2 ¢ 7 (x). But, since Hy /2
has weak type (1, 1), we can follow the same lines as before, obtaining the next result.

PROPOSITION 3.3. Letl < p <ooanda > 0. Let v be a weight satisfying

(42) v P e ?

loc

0, 0) .
If0<qg <1< p,then

2o p 1/p , 1/p
(S i) <c(S1Mnosom)
J J

Moreover, there exists a weight u such that Hg/zf(x) is bounded from L? ((0, 00), v(x)dx)
to LP((0, 00), u(x)dx) for p > 1, and from L0, 00), v(x)dx) to weak-L'((0, 00), u(x)dx)
forp=1.

L4((0,00),dx)



166 P. VIOLA AND B. VIVIANI

PROOF OF THEOREM 1.2. By taking « > 0, applying (30), Theorem 2.4 and Proposi-
tions 3.2 and 3.3, we prove Theorem 1.2, as desired. d

PROOF OF COROLLARY 1.3. Since the family {¢ "<} is a symmetric diffusion semi-
group for > 0, we deduce (see [17])

T;f(x)— f(x), ast—0,

for all f € L?(0, 00), in particular for any f in the set Co consisting of all continuous func-
tions on (0, co) with compact support, which is dense in L”(v) forall 1 < p < oo. Finally,
by using Theorem 1.2, we have that T; f (x) — f(x) ast — 0, almost every x € (0, co), for
all f e L?({(0,00),v)withl < p < 0. O

4. Riesz-Laguerre operators. In this Section we study the weighted problem for the
Riesz-Laguerre operators R%, « > 0. Their properties are studied in [7] and [9]. For the
self-adjoint differential operator Ly, we shall consider the Riesz-potentials (see [20])

L™ f(x) = % /OOO T, f(x)t° Ydt, o >0,

where T; = e 'L« is the heat diffusion semigroup. In order to define the corresponding Riesz

transforms, the following first order derivatives can be considered (see [9]).

d 1 o d 1 a+1
80{: e _ _ d aa+1:_ e - _ ,
ﬁdx +2 (ﬁ ﬁ) an ﬁdx + 2 (ﬁ Jx )

which satisfies

43) Ly ( 4

o+l x +1 —1 By B _ sP—1oB
5 ):(5;‘) 5y =051 Ly~ (5 ) = @ =8l

Hence the Riesz transforms for the Laguerre function expansions are defined by

@) RL=8La)V? a>-1, ad R =0bwp 2 p>o.

For f, g € CZ°(0, oo) with disjoint supports, the following equality holds

(45) (RY, 1) = / RY, (6. 2)f(0)g(dxdz.
’ (0,00) J (0,00) ’
We shall only consider the weighted problem for the Riesz-Laguerre transform R. To get

the kernel of R?‘,_, we write

R (0= € (Vi + 5 (Vi - )92, )

2 Jx
Lr11—52 1(1—s)?
(46) =c/0 (ETZWWQH(&x,z)— ETxl/zwa(s,x,z))
(1o 14+s —12 g
£ 1—s 1—s2

! 1 2y
=C/ Ra(x,z,S)<10g +s> —Sz
0 1—3s 1—s
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where s = (1 —e™"/2)/(1 4+ e7"/?) and W, (s, x, z) is the heat-diffusion kernel given by (29).

PROOF OF THEOREM 1.4. We will use the decomposition R =: R | . + RS

+,loc +,glob’

where o
Rl-xl—,globf(x) = /0 R‘i(x, 2) Xfz<x/4U(z=4x} f (2)dz .

It is shown in [7] that RY % loc 18 a local Calderon-Zygmund operator for o > —1. Conse-
quently, as is proved in [14], R‘j‘r loc 18 strong type (p, p) forany 1 < p < oo and weak type
(1, 1). Now, for a function f in L?((0, 00), v(x)dx), p > 1, we can write f =: f/ + f,, by
setting f{ = f xjo.ox+3- First, in the case that f € C2°(0, 00) and x € Qr = (2%, 2"F1], we

have

4x
47 Cecfi = RUx,Df(2)dz=0.
x/4
For Ri locJ4 We can proceed in the same way as in Proposition 3.2. Applying the Theorem

of Rubio de Francia and the weak type (1,1) of R? we can conclude that

+,loc?

IR toe N 10,00 ) = CIF ILr(0.00).0000dx)

for all weight v satisfying v=/? ¢ Lp .(0, 00). Now we turn to R
obtained in [7, pp. 16-17], for f > 0, we have

48)  RY b (X) < CxPWE L b @ 2N 0) + CWE oo f () = 1+ Ja.

Here, Wa o

% alob- By the estimate

, is defined by
Wa globf(x) = Sup / Wa(ss X, Z)f(Z)dZ ,
O<s<l1
where VNVJ is a minor modification of W}, the maximal operator. More precisely,
Wi f(x) = sup / Wa (x. 2, 5) f(2)dy .
O<s<l1

where VT/a =M I, with
it — 11—

2 2s

Therefore, the only difference with Wy, is the 1/8 in the first exponential instead of 1/4.
We refer to [2] in order to check that such a change does not affect the estimate obtained there

—(s+1/s>|x1/2—z1/2\2/86—<s+1/s)(xz>1/2/2 )

him s [ Watsox, r6@) f@dz = C(HF0 + swp 177 )

O<s<l1 O<s<l1
forall 0 < s < 1, where xG(2) = X{z<x/4)U{z=4x}(2) and supy_, . |Tsa/2f(x)| is like in (32)
with cg replaced by co/2. For Ji, we clearly have

Ji =Cx~ % sup /WaH(s x, 2)x6(@2)z " f(2)dz < H(a+2)/2f(x) + T2 f(x)

O<s<l1
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where
o0
P2 = sup 22 [ G0 £
0<s<l Ax
with
a+2
(49) $(s,2) = <5> (/D z/s
S

The function ¢~>(s, y) satisfies the properties (3.1), (3.2) and (3.3) listed in [2, p. 336]. So the
operator 7%/? is of weak type (1, 1) and strong type (p, p) forany 1 < p < oco. Summing
up, the inequality

R gionf () < C (H" V2 4 T2 4 1Y 4 792) £ (x)

holds for f > 0 and for all x > 0.
Now, by applying Proposition 3.2, but this time taking into account the particular

expression of the kernel ¢ (s, y), and Proposition 3.3, we get the conclusion of Theorem
1.4. O
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