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Abstract We show that a system of four particles in a one-dimensional box with a two-
particle harmonic interaction can by described by means of the symmetry point group
Oy,. Group theory proves useful for the discussion of both the small-box and large-box
regimes. We apply perturbation theory and obtain the corrections of first order for the
lowest states. We carry out a simple Rayleigh—Ritz variational calculation with basis
sets adapted to the symmetries of the system. We also obtain alternative variational
results for the first three lowest energy levels that are more suitable for larger box
sizes.

Keywords Four particles in a box - Symmetry group - Perturbation theory -
Variational approach - Small box - Large box

1 Introduction

During the last decades there has been great interest in the model of a harmonic
oscillator confined to boxes of different shapes, sizes and dimensions. Such model
has been suitable for the study of several physical problems ranging from dynamical
friction in star clusters to magnetic properties of solids and impurities in quantum
dots (see [1,2] for a review of the relevant literature on the subject). In addition to
it, systems of few identical particles in one dimension have proved to exhibit a rich
phenomenological structure resembling that of realistic systems [3—6]. In two recent
papers Amore and Ferndndez discussed the problems posed by two [1] and three
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[2] particles confined in a one-dimensional box with impenetrable walls that interact
through harmonic forces. They found that a straightforward application of group theory
considerably facilitates the analysis of the solutions to the Schrodinger equation. In
particular, an accurate Rayleigh—Ritz variational calculation revealed that the energies
of the three-particle model as functions of the box length exhibit a most interesting
pattern of avoided crossings between pairs of states of the same symmetry [2].

The purpose of this paper is to discuss the case of four particles in a one dimen-
sional box that also interact through harmonic forces. The reason for choosing such
interaction is that it has proved quite useful in the past (see the references in [2]) and
because the calculation of the matrix elements of the resulting potential is quite simple.
In Sect. 2 we introduce the model, Sect. 3 shows a perturbation approach to the small-
box regime and a Rayleigh—Ritz calculation with symmetry-adapted basis sets, Sect. 4
describes the large-box limit, in Sect. 5 we discuss a simple variational calculation
that is more suitable for larger box sizes and in Sect. 6 we draw conclusions. There is
also an “Appendix” outlining the construction of the projection operators used in all
the calculations just described.

2 Four particles in a one-dimensional box

We first consider N interacting point particles of mass m in a one-dimensional box of
length L = 2a with Hamiltonian

2 X g2

=m0 +Z Z W (lxi = x;1). ™

i=1 j=i+1

where x; is the coorinate of the i-th particle. The boundary conditions are determined
by the impenetrable walls of the box

V(xi,x2,...,xi==a,...,xy)=0, i=1,2,...,N. 2)

The Hamiltonian operator is invariant under the N'! permutations of the particle coor-
dinates as well as under parity inversion x — —X. The 2N! N x N matrices that
produce all the permutations of the sets {x1, x2, ..., xy} and {—x1, —x2, ..., —xn}
form a group given by the product Sy ® O (1) [7,8]. When N = 2 the group is also
called Cyj, (in principle we can also use D, or C», that are isomorphic to Cyj;) and
when N = 3 we can resort to either D34 or D3 [9]. Both cases have already been
treated by group theory in earlier papers [1,2].

In order to solve the Schrodinger equation it is convenient to define the dimension-
less particle coordinates g; = x;/a and the dimensionless Hamiltonian

2ma N 92 R
Hy = 2—2 20> wllai —q;, 3)

i=1 j=i+1

where Aw(lg; — g;1) = 2ma*W(alq; — qj|)/h2. The boundary conditions for the
eigenfunctions ¥ of this operator now become
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v, q2,....qi==%1,...,qy) =0, i=12,...,N. “)

From now on we only consider the dimensionless Hamiltonian (3) and omit the
subscript d. In order to facilitate the numerical calculations we choose a harmonic

interaction of the form W (|x; — x;) = & (xi — x;)” that leads to » = ma%k/h? and

w(lgi — q;1) = (i — 4)).
For N = 4 our problem just reduces to solving the Schrédinger equation for the

operator
R LR R &
H=—<@+a—q%+@+@>
+A [(41 —)* + (@1 — g3+ (q1 — g + (@2 — q3)*
+ (@2 — a0’ + @ —a?], )

with the boundary conditions

V(xl, 92, 93, 98) =¥ (q1, £1, 93, q4) =¥ (q1, 92, £1, q4) = ¥ (q1, q2, g3, £1) = 0.

(6)
In this case the group S4 ® O(1) is isomorphic to Oy, and in this paper we resort to
the character table of the latter group [9].

3 Small-box-regime
When A is sufficiently small (sufficiently small box size L) we can estimate the energy

levels by means of perturbation theory. The Schrodinger equation is exactly solvable
when A = 0 and the eigenvalues and eigenfunctions of Hy = H (A = 0) are

2
0 T (2020 024 2
Er(uLGzm; = — (”1 + n5 + nj3 +n4), ni,np,n3,ng=12,...

4
U0 nins @1, 42, 43, 48) = By (@D By (G2) Py (q3) by (4)
1
on@) = sin"TLTL. ™

Note that ¢, (=¢) = (—=1)""'¢u(9).

In order to facilitate the discussion of the results we introduce the notation
{a, b, c,d}p to indicate the set of all distinct permutations of four elements that
may be either coordinates or quantum numbers. For example, each 4-tuple of quan-
tum numbers in the set {ni, ny, n3, na}p leads to the same unperturbed energy
E,(l?),,z,,w .- We may eventually add accidental Pythagorean degeneracies of the form
m%—i—m% —l—m% —i—mi = n% —l—n% +n§ —i—nﬁ, where (m1, my, m3, ma) ¢ {ny, no, n3, na}p
[10]. If such energy level is g -fold degenerate then the perturbation corrections of
first order to the eigenfunctions will be of the form

@ Springer



J Math Chem

8
y O =3Py, @®)
J=l1

where j denotes a 4-tuple (n1, ny, n3, na). The coefficients cﬁ.l) are solutions to the

secular equation
(- 201) & =0 ©)

where H' is the g x g matrix of the perturbation H' = H — Hy in the set of degenerate
eigenfunctions iwj(.o), j=12,..., g}, Iis the g x g identity matrix, ¢! is a column

vector with elements cﬁl) and E( is one of the g roots of the secular determinant
H — EVI| =0.

In order to determine the symmetry of the solution ¥ (1), which provides a suitable
label for the corresponding root £V, we apply the projection operators Pg associated
to the irreducible representations (irreps) S of the group Oy [9]. The result is well
known to be Psyy (D = v if ¢ (D is a basis for the irrep S or Psy( = 0 otherwise.
The construction of the projection operators is outlined in the “Appendix”. In this way
we obtain the following results for the first energy levels:

2 4(”2 - 6)
Eiag =77+ ——5—*+-, (10)
T
77?2 2167* — 105372 — 4096
ElAMZT-}- Sa? Ao,
T2 6487* — 315972 + 4096
Eip, =T+ 1627 At (1)
572 3247* — 121572 — 8192
Faae =75~ 814 CRE
572 47?2 —15
Eig =—+——5—*+-,
572 3247* — 121572 + 4096
ElEgZT-f- P At (12)
4 (3712 — 14)
_ 2
E3A1g—377 +37t—2 +---,
, 4(37%-14)
E2T2g =37 +TK+"' , (13)
1372 2167* — 56772 — 4096
Baa ==+ 5477 L
1372 6487* — 170172 + 4096
Erp, = n + 162 A4, (14)
1572 4050007 — 143437572 — 8105984
Esan ===+ 10125074 At
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1572 N 4050007* — 143437572 — 6144/424321 — 1280000,

Esp, = ,
e 4 10125074
g 1572 N 4050007 — 143437572 — 425984 N
1B =y 10125074 :
1572 4050007* — 143437572 4 6144+/424321 — 1280000
Eup,, = + 7 At
4 1012507
e 1572 N 4050007* — 143437572 + 5545984A N (15)
T = 7y 10125074 :
,  2(2n?=3)
E4A1g =4 +—2)\+ 5 (16)
T
. o N 2025007* — 48937572 — 5545984 N
S = 5 5062574 :
Eor 9r? N 2025007 — 48937572 — 6144453329 — 1386496A N
3hy = 7 5062574 :
Fo 972 N 20250074 — 48937572 + 6144+/53329 — 1386496A N
M) 506257 :
g 9 . 2025007* — 48937572 42772992 N
e = 7 5062574 ’
. o N 2025007* — 48937572 42772992 N an
) 5062574 ’

where A1g, Azg, A1y, and Ay, are nondegenerate, E, and E,, are two-fold degenerate,
and Tyg, Tog, Th, and T, are three-fold degenerate.

We appreciate that the degeneracy of the unperturbed states is partially removed
by the perturbation. The remaining degeneracies are expected to be broken at higher
perturbation orders. One does not expect that such remaining degeneracies are due to an
unknown hidden symmetry [10] because they are rather inconsistent. For example, in
the case {1, 1, 1, 3} p we have E3A1g = Expy,; however, {1, 2, 2, 3} p leads to E5A1g <
E3T2g < E4ng < EzEg = ElT]g where the state A1, and the three states 7>, are not
degenerate as in the preceding case.

Figure 1 shows the lowest energy levels in the interval 0 < A < 1 where pertur-
bation theory is expected to yield sufficiently accurate results. We also carried out
a simple Rayleigh—Ritz variational calculation with symmetry-adapted basis sets for
Ajg and T», choosing only those functions coming from {1, 1, 1, 1}, {1, 1, 2, 2} p and
{1, 1, 1, 3} p in order to show the splitting of the levels E34, . and Egng. These levels
appear to be degenerate in the upper subfigure but the finer scale of the lower one
clearly reveals the splitting that takes place at the second order of perturbation theory
(E3a,, > Ea1,,). The symmetry-adapted basis set was constructed by straightforward
application of the projection operators Py, and Pr,, to the zeroth-order eigenfunc-
tions (7 ) (see [1,2] for more details).
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Fig. 1 Lowest eigenvalues calculated by means of perturbation theory and the Rayleigh—Ritz variational

method

4 Large-box-regime

When L — oo (A — o00) we have a system of four unconfined particles with
harmonic-pair interaction. In order to discuss this case it is convenient to define the
new coordinates

@ Springer
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because the Hamiltonian operator becomes

92 92 92 92
- | — . _ o 4 2 2 2 . 1
H (as§+as§+a§§+ag5)+ A(Sl +& +$3) (19)

We appreciate that the center of mass described by the coordinate £4 moves freely while
there is harmonic oscillation along the 3 remaining coordinates. The eigenvalues and
eigenfunctions are expected to be

Ex nynyny = K? + 2\/X(an +2ny 4+ 2n3 +3),
YK nna.n; €1, 62, 83, 84) = exp (1 K&4) xny (1) X2 (52) X3 (53),

ni,ny,n3=0,1,..., —oo < K < o0, (20)

where x, (&) is a harmonic-oscillator eigenfunction.
The connection between the small and large box regimes is given by

lim A7V Ep momamsA) =2 (201 4 213 + 203 + 3) . (21)
A—00
When carrying out this limit we should take into account that the symmetry of the
eigenfunction should be conserved as A — oo and that exp (i K&4) does not exhibit
a definite symmetry. Therefore, in order to make a connection between both regimes
the eigenfunctions in the large-box case should be of the form

Vs s €1 E2, 63, E4) = €05 (KE4) sy (61) Xy (62) s (63),
Vs s €1 82, 3, E4) = sin (KE8) Xy (61) 2 (62) s (63). 22)

In order to determine the symmetry of a given eigenfunction in the large-box limit
we take into account that & is basis for the irrep A1, while the set {&, &, &3} is a basis
for the irrep 713,. Therefore, cos (K&4) and sin (K'&4) are basis for the irreps A1, and
Ayy, respectively. By means of the direct product of irreps we obtain the symmetry
of any eigenfunction of the form (22). For example, when {n1, ny, n3}p = {0, 0, 1}p
the three possible products x,, (§1) xn, (§2) Xn; (§3) are basis for 7>, and the resulting

functions WI(:(,m.,nz,m (¢1,6,83,60) and Yy (51,62, &3, £4) are basis for Ty,
and T»g, respectively.

5 Simple variational method

In order to obtain accurate variational results for large values of A as was done in the
case of two particles [1] we should try variational functions of the form

F(q1,q2, 93, 94) = G(q1, 92, q3, g4) €xp [—a (Elz + & +$32)] , (23)

where G(q1, 92, g3, q4) satisfies the boundary conditions at the box walls and
exp [—a (f;‘ 12 + 522 + 532)] provides the correct asymptotic behaviour of the wavefunc-
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A

Fig.2 Lowest three eigenvalues calculated by means of perturbation theory (solid line) and the variational
method (circles)

tion of the free oscillator. The variational parameter a will increase from ay to infinity
as A increases from zero to infinity.

However, since this calculation is rather cumbersome here we try a much simpler
one with a variational function of the form

F(q1, 42, 43, 94) = G(q1, 92, 43, q4) €Xp [—a (qlz +g3 443+ qf)] . (9

where we clearly sacrifice the correct description of the asymptotic behaviour when
A — oo. For example,

Fa,(q1,92.93.94) = N <q12 - 1) <612 - 1) (613 - 1) (q )

Xexp[ (611 +a3+43+4; ] (25)
Fay(q1,92,93,94) = N&4 (6112—1) (6122 )( )( )
xeXp[ (611 +43+4; +44)] (26)
and
Fr,(q1.92.93.q94) = N (fhz - 1) (6122 - 1) (%2 - 1) (qf - 1)
3
X exp [—a <q12 +43+q3+ qf)] gz 27
3

are expected to yield approximations to the firstenergy levels Ej4,, < E1a,, < Eiry,-

Figure 2 shows the perturbation and variational results for those three states. Both
the perturbation corrections of first order and the variational approaches are upper
bounds to the corresponding energies because the variational principle applies to the
lowest state of each symmetry. Since the perturbation expressions shown in Sect. 3
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(E p7 from now on) yield the exact result when A = 0 they are expected to be more
accurate than the variational results (E,,,) for sufficiently small A. Figure 2 reveals
that £y, < Epr for A > A, that tells us that E,,, is more accurate for sufficiently
large values of 1. As expected, the perturbation expressions exhibit a wrong behaviour
for large values of A. On the other hand, E,,, increases correctly as /A but the choice
of an incorrect exponential factor in the trial function leads to a wrong coefficient of
the leading term of the energy; for example a numerical calculation suggests that

lim A7Y2E; 4, = /48 > 6. (28)

1
A— 00 8

6 Conclusions

Throughout this paper, as well as in the two earlier ones [1,2], we have shown that
group theory is useful for the analysis of systems of particles in a one-dimensional box.
In the present case we can label the states of the system of four particles by means of
the irreps of the point group Oy,. The knowledge of the symmetry of the states for finite
A and for A — oo facilitates the analysis of the connection between the states of the
confined and free systems, respectively. In addition to it, point group proves suitable
for the construction of simple variational trial functions like those in Sect. 5 as well
as for the construction of symmetry-adapted basis sets for more accurate calculations
like the Rayleigh—Ritz method used in Sect. 3.

Appendix: Construction of projection operators

In this appendix we outline the procedure for the construction of the projection oper-
ators that enabled us to determine the symmetry of the corrections of first order to the
eigenfunctions as well as to construct symmetry-adapted basis sets and the variational
trial functions.

First, we build a set of 48 matrices Gy = {M;, j =1,2,...,48]} given by the
24 permutations of the rows of the 4 x 4 identity matrix I and the 24 permutations
of the rows of —I. This set of matrices is a group with respect to the matrix product
M; - M;. Second, we define a set Gp = {Oj, j=12,..., 48} of linear invertible
operators according to the rule

0;f@=rfM;'q), (29)

where q is a column vector with elements ¢; (the four dimensionless particle coordi-
nates) and f(q) is an arbitrary function of them. These operators form a group with
respect to the composition O; o O;. If M; and M; are the matrix representations of O;
and O;, respectively, then M; - M; is the matrix representation of O; o O;. In other
words, the groups Gy and G are isomorphic.

Third, we determine the classes for the group of matrices G in the usual way.
Two matrices M; and M; belong to the same class if My - M; - Mk_1 = M; for some
M € G ;. Fourth, we calculate the traces, determinants and orders of the matrices in
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every class. In this way we connect each class of matrices M; (or operators O ;) with
the corresponding class of symmetry operations that appear in the character table of
the group Oy, [9].

Finally, we obtain the projection operators by means of the well known expression
[7-91

h
n
Py = 73 > %905, (30)
j=1

where h = 48 is the order of the group, ng is the dimension of the irreducible repre-
sentation S and x;(S) is the character of the operation O; for § that appears in the
character table. Since the matrices in a class share the same trace it is sufficient to
obtain a one-to-one correspondence between the classes of matrices and the classes
of symmetry operations.

The application of the projection operators to the eigenfunctions of order zero given
by some of the sets of quantum numbers {n1, n7, n3, na}p yields the following irreps:

Quantum numbers Number of states Ey Symmetry

(1,1,1, 1} 1 n? 141,

{1,1,1,2}p 3 7274 1A1,, 1Ty,

(1,1,2,2}p 6 572/2 241g, 1Ty, 1E,

(1,1,1,3)p 4 32 3A1g, 2Ta,

1,2,2,2}p 4 1372 /4 2414, 2Tou

{1,1,2,3}p 12 1572 /4 3A1y, 3Ty, 1Ey, 4Ty, 1Ty,
2,2,2,2}p 1 472 441,

1,2,2,3}p 12 972 /2 5A1g, 3Tag, 4Tog, 2Eg, 1T1,
(1,1,1,4}p 4 1972 /4 4A1y, 5T

{1,1,3,3)p 6 572 6A1g, 3Eg, 5Thg

2,2,2,3}p 4 2172 /4 5A1,, 6Ty

(1,1,2,4}p 12 1172/2 TA1g, 2T1g, 6Tg, 4Eg, 2T1,
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