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Abstract

We extend a nonlocal and noncovariant version of the Thirring model in order to describe a many-
body system with spin-flipping interactions. By introducing a model with two fermion species we are
able to avoid the use of nonabelian bosonization which is needed in a previous approach. We obtain
a bosonized expression for the partition function, describing the dynamics of the collective modes
of this system. By using the self-consistent harmonic approximation we found a formula for the gap
of the spin-charge excitations as functional of arbitrary electron—electron potent20€1 Elsevier
Science B.V. All rights reserved.
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1. Introduction

In recent years there has been a surge of activity in the study of low-dimensional
field theories. In particular, research on the one-dimensional (1d) fermionic gas has
attracted a lot of attention. An interesting aspect of this system is the possibility of having
a deviation from the usual Fermi-liquid behavior. This phenomenon is known as Luttinger-
liquid behavior, characterized by spin-charge separation and by nonuniversal (interaction
dependent) power-law correlation functions [1]. The simplest theoretical framework that
presents this feature is the Tomonaga—Luttinger (TLM) model [2], a many-body system of
right and left-moving particles interacting through their charge densities. In recent papers
[3-5] an alternative, field theoretical approach was developed to consider this problem. In
these works a nonlocal and noncovariant version of the Thirring model was introduced, in
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which the fermionic densities and currents are coupled through bilocal, distance-dependent
potentials. The resulting nonlocal Thirring model (NLTM) contains the TLM as a particular
case. Although it provides an elegant framework to analyze the 1d many-body problem, as
it stands it is not very practical to consider magnetic properties of Luttinger liquids. This is
so because in the original formulation of NLTM [3], the description of spin-flipping (SF)
processes, based on nonabelian bosonization, is quite involved. In this paper we show how
to circumvent this problem by introducing a Thirring-like model with two fermion species.
To this end we generalize the two-fermion model of Ref. [6], originally built as a local
and covariant theory, to the case in which the interactions between fermionic currents are
mediated by bilocal functions. From the condensed matter standpoint, our work can also
be viewed as an extension of the work of Grinstein, Minnhagen and Rosengren [7] where
a simplified version of the SF problem (contained in our model) was first considered.
Our procedure allows to get a bosonized vacuum to vacuum functional by carefully
extending previous formulations of massive [8,9] and massive-like [10] models. The paper
is organized as follows. In Section 2 we introduce the above mentioned nonlocal two-
fermion model and explain its relationship to previous nonabelian description. In Section 3
we establish an equivalence between the initial fermionic partition function and the one
corresponding to a two-boson nonlocal extension of the sine-Gordon model. In Section 4
we employ a nonlocal version of the self-consistent harmonic approximation (SCHA) [11]
in order to analyze the spectrum of the spin-density modes. In particular we give, within
this approximation, a closed formula for the gap as functional of the non-contact forward-
scattering (no SF) potentials. Finally, in Section 5, we summarize the main points of our
investigation and gather our conclusions. In the appendix we show how to compute the gap
of the spin-charge sector by means of the harmonic approximation.

2. Themode and itsrelationship to a previous nonabelian description

In this section we introduce a nonlocal version of the Thirring model which incorporates
electronic spin by considering two fermion species, where each species represents a spin
state. Our initial (Euclidean) action is

S= /dzx weigpa — g—;/dzx d®y L)V (x = )i )
— g /dzx d?y U@y W)U (x = D207 (), @
wherea, b =1, 2, with 1=1, 2=, the currentg; are the usual fermion currents
J,% = @1),#11/1’ J,% = azyltlpzv (2
and the matricesf(‘;f’) have the form

Vi =+ (V@) Vo Vi~ me) @)
H) = c s c s >
2\VE = Vi iyt Vi
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where V@) and V(‘VM) are coupling potentials related to Solyom’s [1g3] and g4 forward
scattering couplings. These functions are related to current—current interactions which do
not flip the spins. The function8,,(x — y) are the couplings governing SF processes.
We have kept the constangsandgg in order to facilitate comparison with local versions
of this model. For instance, the cage= 0 and V(CM) = (SM) = 52(x — y) corresponds to
two decoupled, usual Thirring models. The action (1) has mariif€sy chiral symmetry,

i.e., itis invariant under the transformatigrf — ¢759w 4, ye — waeivs? Fermion spin
conservation is also preserved in this theory.

The theory defined above is similar to the one described by ZJ [6]. There are, however,
two important differences with that model. First of all, our model takes into account the
possible long-range nature of the potentials, whereas ZJ's model is local. On the other hand
ZJ's model does not includg-like terms associated to scattering processes involving just
one fermionic (left or right) branch, neither for SF nor for ordinary diagrams.

Concerning the relationship of our action to previous condensed-matter inspired models,
we should mention the pioneering works of Luther and Emery [13], and Grinstein,
Minnhagen and Rosengren [7]. The first authors introduced the so-called backscattering
model. Although this system has in principle no SF, in the local limit their backscattering
diagrams coincide with the ones of spin-changing processes. Grinstein et al. included
from the beginning SF interactions taking into account a Coulombian potential. Thus,
their model is nonlocal, but they took the same potential for all kinds of diagrams (SF
and ordinary). Besides, in order to establish the equivalence between their theory and
a Coulomb gas system the authors considered again a local limit. These authors did not
includega-like terms either.

Let us now show that the action (1) can be written in an alternative way. Consider the
U(N) currents

I =Wy aow 4)
with
1
20 = 5 (5)
M=t (6)

t/ being the SWUN) generators normalized according to
1
tre'e/ = =8Y. 7
5 W)

With these currents, one can define a nonlocal, chiral invariaf¥,) Usross—Neveu
model, with action given by

S:fdzx Uigw —fdzxdzy JEEV @ = nIE ),
a,=0,1,...,N>—1, (8)

where),,, are N2 x N2 symmetric matrices that weight the interaction. Takivig= 2,
the actions (1) and (8) are equal provided that the matiggscan be written as
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2
g2VE, 0 0 0
0 2sUq 0 0
Vi = G 9
0 0 gsU(M) 0
0 0 0 g%vs

()
This nonabelian model was considered in Ref. [3]. The bosonized effective action

obtained by nonabelian bosonization led to a WZW functional, which was not easy to deal
with in order to analyze the physical spectrum. In the next sections we will show how this
task is greatly simplified by starting from (1) instead of (8) and combining path-integral

abelian bosonization and the self consistent harmonic approximation.

3. The equivalent bosonic action

We start by considering the partition function

Z=N / DYDY e, (10)
where\/ is a normalization constant. It is convenient to write

S = So + Stiip. (11)
where

2. = 82 2. 52 b b

So= [axweigwe — & [ dxay jrcovilo = ik (12)
and

Ship = —&s / d?x d%y U () PP () Uy (x = T2y P (). (13)

The reason for this separation lies on the fact fihatontains all the interaction terms that
have separate chiral invariance for each species of fermions (spin states). They are Thirring-
like interactions and will be treated in much the same way as the massless Thirring action,
i.e., they will be transformed into free, nonlocal action terms. Concerning the second term,
it has no separate chiral invariance, and will be expanded in perturbative series like the
mass term in the Thirring model.

Itis easy to show that the introduction of auxiliary vector fielfsallows to write

Z=N f DY DY DAY, exp|:—/d2x U (if 4 gAY) W — S[A] - Sﬂip}, (14)
whereN” is a new constant (see [3] for details) and
1 _
11 =5 [ d2ra?y (V)" (= » AL AL ), (15)

with (V(;))“” defined through the following equation:

/ 2y (Vi)™ = Ve (v = 2) = 8P — 8. (16)
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We now decomposg, in longitudinal and transverse pieces

AJ(x) = €0 0v 9" (x) + 3pun (x), (17)
whereg¢® andn® are scalar fields. We also perform a change in the fermionic fields

Ph(x) = ¢ 8lrso* (X)_i”a(x)]xa(x), (18)

Ul (x) = Xa(x)e—g[ys¢“(X)+in“(X)]’ (19)
whose Jacobian, as it is well-known, yields a kinetic term forgfiéields. One thus gets

Z =J\/'/D)Z“DX“D¢“D17%_S€“, (20)
beingSest a sum of three pieces:

Seft = SoF + SoB + Stiip (21)
where

Sor = [ % (ign + 2%, (22)

2 1 a
Soo= 5 [ a2 [(0,8Y° + 0,091+ 5 [ dPra?y (V" -
X (€0 €up @ (X)3,8” (¥) + 8™ (X)3un® ()
+ 26,0800 (V)31 ()], (23)

and Spip is the same SF interaction term already defined in Eq. (13). Concerning this last
term, from now on we shall restrict our study to the case of contact SF interactions:

U —o=Ux~-ya=?—y), (24)

and by performing a Fierz transformation followed by the chiral change defined in Egs. (18)
and (19), we can write it in the form

B 1,211+ _o1l—y5
Sﬂipzzgs/dzx[e 2g(¢ ¢)XlTV5X1,XzTVX2

1,42y 11— o1+ ys
+ 2@ 2y5x1~x2 yxz]. (25)

2

Now we are ready to make an expansion of the partition function takin@s
perturbative parameter:

o0
Z =N/D¢“Dn“e—508 Z (—2g5)"
= n!

n

n 14211+ 5 1-ys
2. —2g(¢p™—9°) 51 1. -2 2
></(| 1|dxz><||[e XXX
1=

i=1

1_42y_11—y5 514+ ys5
R G S S S DI (26)
OF
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where()or means v.e.v. in a theory with actidigr. Only mean values involving an equal
number of factors of the forréi“(l + y5)x¢ and %)Z“(l — y5)x? (No sum over repeated

indices is implied in these expressions) are nonzero, and thus the partition function can be
written in the form

Z=N f DD 508
o

@87 [ (T2 120, ~26ld3x)—92x1—d (s +0%(on)]
X Z W Hd Xi d yie

n=0 i=1

= 1+ _ 1-
x <Hx1<x,->Tysxl(xi)xl(yi)Tysxl(yi>>
i=1 OF

- 1- 1
x<1‘[xz<xi> P SCOYEED zy5x2<yi>> . 27)
i=1 OF

The next step is to introduce two local massless scalar figld® be associated with the
free fermionsy“ and x“. This trick allows to replace the fermionic mean values in the
above equation by their ultraviolet regularized bosonic counterparts, which yields

Z=N f D¢p*Dn® eS8

(2g5)%" “ 1 2 1 2

S 2, g2, ,—28[¢"(xi) =P~ (xi) =~ (yi)+¢“(yi)]

X E 2 /(l |d x;i d“y;e )
n=0 ’ i=1

. 4n n n
X(;_A) <Hei 4n[z91<x,-)—191<y,->]> <1_[eim[192(xi)—172()7i)]> . (28)
d 0,01 0,92

i=1 i=1
We now use the fact that the infrared divergences ofithdield’s propagator provide
a neutrality condition for v.e.v’s of vertex operators. This allows to rearrange the

perturbative series in a nontrivial way. One is then led to the completely bosonized action
Shos

Shos= Sos

2
+/d2x{%(auﬁ“)2—g‘vA COE{Zig(¢1—¢2)+W(ﬁl+ﬁ2)]}. (29)

72

At this point it is interesting to observe that there is a set of changes of variables that
allows to express the action in a very suggestive way. Indeed, writing

_ L1 2
e_ﬁ( +9°), (30)
~_i 1 42
G_ﬁ(ﬂ 9°), (31)
o2 = L (5. £ 40, (32)

V2
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1

1,2

C=— (e £ 15), 33

n ﬁ(n s) (33)

where the plus (minus) sign corresponds to the gpain (42, n2), one sees that the fiefd
completely decouples from the others and can then be integrated, and the bosonized action
becomes

Sbos= Sc + Ss, (34)
where
82 2 2. 32 -1
Se = > fd X (0u¢00)% + = /d xd (V(Cm) x—=y

X [Giwf;/,p av¢c(x)ap¢c(Y) + 3;u7c(X)3M77c(Y) + 26;w au¢c(x)au,77€()’)]7 (35)
and

82 2 2 2. 42 -1
Sg = /d X (Oueps)” + /d xd (V(‘L)) x—-y)

27
X [éuveup3v¢s(x)ap¢s O+ 3uns(x)3u77s ) + Zéuvav(ﬁs(x)auns ()’)]
+/d2x[%(3ue 2 +J§e)] (36)
with the functions(V(Zi)—l defined as
[ a3 o) =i -9 =02 o). (37)

This, in turn, leads to the factorization of the partition function in the f&m: 2. Z;.
This result is a clear manifestation of the so-called spin-charge separation, a typical
feature of Luttinger liquids [7,13]Z. is the partition function associated to charge density
excitations. It coincides with the spinless NLTM studied in Ref. [3]. describes spin-
density excitations. The actioy corresponds to a certain nonlocal sine-Gordon model
similar to the one previously considered in [10]. In the next section we shall derive an
expression for the gap of its spectrum.

Since our main goal is to analyze the spin-charge sector, from now on we shall focus our
attention toS;. Going to momentum space (with the exception of the cosine term, whose
transformed expression is not very illuminating) one has

d%p .~ . .
Ss zf(2—1)72[¢(p)¢(—p)A(p)+ﬁ(p)ﬁ(—p)B(p)+¢(p)ﬁ(—p)C(p)]

/@)22“)9

d?x cos/8igg, + /8 0) (38)

with
A _ g2 1 s -1 ) Sl 5
(1) =5 +5(0) " )rd+ (Vi) " (ppd). (39)

1 _
B(p) = 5[(Vén) " (0)pk + (Vo) () p). (40)
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C(p)=[(Vey) ") = (V) " () ]popr. (41)

In the above expressior,bs(p), n(p) andd(p) are the Fourier transforms @f (x), n,(x)
ando (x), respectively.

4. The spectrum of the spin-charge sector

In order to obtain the approximate spectrum for the spin-charge sector of our model,
we will introduce a nonlocal version of the self-consistent harmonic approximation [11].
Basically, this amounts to replacing the so-catles action (36) by drial action in which
the cosine term is approximated as

2
s + /87 0) — %(x/gigdh + /81 6)2, (42)

where the paramete? of the trial action can be variationally determined (see the appendix
for details). Once this is done, it is straightforward to obtain the spectrum. Indeed, going to
momentum space, and back to real frequengigss iw, p1 = k, the following equation

is obtained:

47r.{22+k2<1+ (O)> (1+ (1)) 0. (43)

Our result fors2 is

2
02— gs/21 e~ 4mI0R), (44)
T
where
d? 1
Io2)= [ =L (45)

2
(@) p2 4+ £(pVs, + PEVy) + 8727

Eq. (44) is one of our main results. It gives, within the self-consistent harmonic
approximation, a closed expression for the gap as functional of the potdrmgdﬁ).
At this stage it is interesting to consider the contact potential given by

Vio(p) =V (p) =1 (46)
In this caselp(£2) is infinite (see appendix). After a suitable regularization one obtains

2 2 29—3-
2 _ 8s |: (1+g /7T)A j|1+g2/rr' (47)

A2 n2 81 22
This equation can be easily solved fars> 2 and$2 > A. The first case corresponds to
gs < 1, and the result is

gXAZ[ 8¢ j|”/ g
1+ g?/m)

Note that for the valug? = = the gap posses a linear dependence on the coupling. It is
interesting to observe that for this value, the actipiisee appendix) corresponds to a free

2
%=

(48)
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massive fermion, with mass proportionalgo This is analog to the behavior found on the
Luther—Emery line [13]. Despite this similarity, the position of the line in our model differs
slightly from theirs, but since the models are not exactly equal such a disagreement is not
unexpected. However, we feel that the precise connection between both systems deserves
a closer analysis that will be undertaken in a future work.
The second case correspondgio> 1, and we obtain
gs A?

27== (49)
T

which is independent of. This is expected because in this limit the contribution of the
ordinary (without SF) terms are completely negligible.

Let us stress that our gap equation (44) provides a new tool to check the validity
of different potentials [15]. This is interesting because in condensed-matter applications
the assumption of short-range electron—electron interactions works well for conductors
in which the screening between adjacent chains reduces the range of interactions within
one chain [16]. On the other hand, as the dimensionality of the system decreases charge
screening effects are expected to become less important and the long-range interaction
between electrons seems to play a central role in determining the properties of the system.
This assertion seems to be confirmed by experiments in GaAs quantum wires [18] and
quasi-1d conductors [17]. We hope to report on humerical solutions of the gap equations
for long-range potentials in a future contribution.

5. Summary

In this work we have improved a nonlocal version of the Thirring model which provides
atractable field-theoretical description of Luttinger liquids with spin. Indeed, in the context
of nonlocal Thirring-like theories previous treatments of SF interactions led to an involved
nonabelian model (see for instance [3]). Specifically we have built an action based on
two fermion species which allows to take into account SF interactions in an elegant and
simpler way. Although our model was inspired by the one considered in Ref. [6], it includes
interaction diagrams not contained in that previous work (the so-cghediagrams in
Solyom’s terminology [12]). Besides, the theory we present has general bilocal potentials
governing the interactions that do not flip spins. We parametrized this potentials in terms
of the functionsV¢ and V¢ which become associated to charge-density and spin-density
dynamics, respectively, once the spin-charge separation is made manifest after suitable
changes of variables (See Egs. (32) and (33)). On the other hand, we could not get closed
formulae for arbitrary distance-dependent SF potentials. Thus our analysis is only valid
for local (contact) SF interactions. However, we were able to keep the general distance
dependence of the ordinary (no SF) potentials up to the end of our computations. Under
these conditions we got an effective bosonic action whose charge-density piece coincides
with previously obtained descriptions of the forward-scattering spinless problem [3].
Concerning the more interesting spin-charge sector, we obtained, within the framework of
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the SCHA, a general equation which allows to have the gap in terms of arbitrary electron—
electron potentials. Using this formula we could, for instance, estimate the effect of a long-
range interaction on the gap.
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Appendix A. Detailsof the SCHA method

We shall give an sketch of the SCHA method. One usually starts from a partition function

Ztrue=/D,U«€_Strue7 (A.1)

whereDy is a generic integration measure. An elementary manipulation leads to

Due—(strue—strial) e—StriaI
fDMe_Strial

for any trial actionSyis. Now, by means of the property

Zirve= /Dlue—strial — Ztria|<e—(strue—strial))trial (A.2)

<e_f> > e_<f>, (A.3)
for f real, and taking natural logarithm in Eq. (A.2), we obtain Feynman’s inequality [14]
IN Zirue 2 IN Zirial — (Strue — Strial Htrial- (A.4)

In our case, the true action is the corresponding to the spin-charge dynanics,
However, before proceeding to the actual computation it is convenient to consider still
another change of variables which diagonalizes the quadratic p&gt dhis change is
given by

. c?
ig A— 3
0=—"2=(+——="55¢& (A.5)
AR
C i/T gCp?
n=55¢— &+, (A.6)
28" 4p(A- G - 52
igp?
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and the resulting action, reads

1 d%p p* s p?
Ss:_/ {;‘(p);“( P35, Teel- p)( + )
2] (2n)? ZV(Sl) + pr(SO) Vi, Vi

+ &(p)E(—p) [pz + g;(péV&) + p%V(XO))] }

d*x cogv/8r £), (A.8)

where one sees that tlfeand ¢ fields become completely decoupled fragmThen it
becomes apparent that thedependent piece is the relevant one to consider in the present
approximation. In other words, the relevant true and trial actions are given by

d?p F
Swe= [ - )zs(p)(—p)s( - d%x cof/Br €), (A.9)
d?’p 8 22
S’(riaIZ/A(2 )2|:§( ) Fp )S(_P) 7T2 - ], (A.10)
where
2
F(p)=p?+ %(pgvgl) + P2VY)- (A.11)

The parametef2 can be determined by maximizing the right hand side of Eq. (A.4). In
order to achieve this goal we first write

IN Zigial = In/Dg exp[—%fd2x§(x)(A§)(x)] = [In(detd)~Y/?] + const
= —%tr In A + const (A.12)

where the operatot is defined, in Fourier space, by

(A&)(p) = [F(p) + 81 2?]&(p). (A.13)

It is then easy to get

trlnA—v/ d’p In[F (p) + 87 27 (A.14)
= 2n)2 (p)+8rm :

where V is the volume (infinite) of the whole spaqédzx. On the other hand, it is
straightforward to computéSiue — Strial), by following, for instance, the steps explained
in Ref. [10]. The result is

(S Strial) 14 842 exp| —4 @°p !
_ — Strialltria = V22— —47
true trial ) trial 22 p (27)2 F(p) + 8702

1
VarQ
Hvan /(Zn)zF(p)-i-&r.Qz

(A.15)
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Finally we can gather all the terms, and write them as

IN Ztrial — (Strue — Strial)trial
A2 02 1
—v|& )+ 10(2) — 11(2) | + const (A.16)
2 2 2

where we have defined the integrals

h(2)= /(2 P in [F(p) +8r52?], (A.17)
d? 1

[, (2) = Al

) / @02 [F(p) + 8227 (A.18)
with the formal properties

dl;g)) =167 1o, (A.19)

1, (£2

% 1671+ 12T 1. (A.20)

Now extremizing expression (A.16) with respectstg and assuming that_1(£2) is not
zero (a condition that holds for most realistic potentials), we finally obtain the gap equation

A2
Q2 - 824l @ _ g, (A.21)
T
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