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Abstract For a proper open set 2 immersed in a metric space with the weak homo-
geneity property, and given a measure @ doubling on a certain family of balls lying
“well inside” of €2, we introduce a local maximal function and characterize the weights
w for which it is bounded on L? (2, wdu) when 1 < p < oo and of weak type (1, 1).
We generalize previous known results and we also present an application to inte-
rior Sobolev’s type estimates for appropriate solutions of the differential equation
A"y = f, satisfied in an open proper subset €2 of R”. Here, the data f belongs to
some weighted L? space that could allow functions to increase polynomially when
approaching the boundary of €.

1 Introduction

We start by describing the setting in which we are going to prove the main results of
this work. Let X be a metric space satisfying the weak homogeneity property, that is,
there is a fixed number N such that for any ball B(x, r) there are no more than N
points in the ball whose distance from each other is >r/2. As it is easy to check, the
same property holds if we replace r/2 by any other fraction Ar with 0 < A < 1. Itis
clear that this property of the metric space, sometimes called geometrically doubling,
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610 E. Harboure et al.

implies separability. Also, we will denote by €2 any open proper and non empty subset
of X such that all balls contained in €2 are connected sets.
For 0 < B < 1 we consider a family of balls contained in €2 defined by

.7:/3 ={B = B(xp,rp) : xp € L, rp < Bd(xp, Qc)},

where B(xpg, rg) denotes the ball with center xg and radius rg and d(xp, Q) the
distance from xp to the complementary set of 2. Observe that the function d (-, 2¢)
is >0 over €2 and hence Fg contains balls centered at each point of €2 that are small
enough.

Given a Borel measure p defined on €2 such that 0 < p(B) < oo for any ball
B € F = Jy—y~1 Fa, We shall say that p is doubling on Fy if there is some constant
Cg such that for any ball B € Fg

1
n(B) < Cpp (EB) , (1.1)

where, as usual, A B means the ball with the same center and radius A-times that of B,
for any positive A. Let us remark that inequality (1.1) also holds if we replace 1/2 by
any other 4,0 < A < 1, but with perhaps a different constant, depending on A. Also
notice that the doubling condition on Fg implies, except the trivial case ;1 = oo, the
finitness of w(B) for B € Fpg, but that is not necessarily true for all the balls in F.

Given 0 < 8 < 1 and u as above, we may define the following maximal functions
on 2

1
M = S d 1.2
w.pf(x) x:;ffﬁ M(B)B/Ifl " (1.2)

for any f € LIIOC(Q, dp) and x € Q. Let us point out that here, local integrability
means that the function is integrable over any ball such that its closure is contained in €2.

We note that M, g f is point wisely bounded by the Hardy-Littlewood maximal
function M, f. Hence, in particular, M, g shares all the boundedness properties of
M. Notice that, however, under our assumptions on 4 we can not say much about
the latter operator.

It is our purpose in this work to provide necessary and sufficient conditions on
weights w, such that the operator M, g turns to be bounded on L? (2, wdu), for
1 < p < oo, and of weak type (1, 1) with respect to wdu, whenever u is doubling
on Fg. The conditions that will be imposed on the weights are in the spirit of the
A p-Muchenhoupt classes for the Hardy-Littlewood Maximal function (see [8]) but
restricted to balls in the family Fg. To be more precise, we introduce the classes of

weights Af,(d W) as those weights w defined on €2 satisfying
1/p 1/p

1 /
sup —— /wd,u /w_p m =Cpp < 00, (1.3)
B€.7:5 M(B) 3
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Local maximal function and weights in a general setting 611

where p’ denotes the conjugate exponent of p. In the case p = 1, the second factor
should be understood as the j1-essential supremum of w~! taken over the ball B.

Let us remark that when X = R and 2 = (0, 00), the local maximal operator and
the corresponding classes of weights have been considered by Nowak and Stempak
in [9] and are the inspiration of our work. Also we cover the situation solved in [6]
which, in our setting, corresponds to X = R” with the d, metric and 2 = R” \ {0}
with w the restriction of the Lebesgue measure. There, the authors based their proof
on a geometrical lemma built for the specific case under consideration. That lemma
allows them to solve the problem by extending a restriction of a local A ,-weight to a
global A ,-weight in order to apply the well known boundedness results for the Hardy-
Littlewood maximal function. Such technique seems difficult to adapt to our general
setting.

Our precise result is the following

Theorem 1.1 Let X be a metric space with the weak homogeneity property and Q2 a
proper open subset of X such that the balls contained in Q2 are connected sets. Let
0 < B < land u a Borel measure on 2 satisfying the doubling property on Fg. Then,
for the associated maximal operator M, g, we have

(i) M, g is of weak type (1,1) with respect to wd u, that is, there exists a constant C
such that the inequality

C
wdp = x/lflwdu
My f (x)>0}

holds for any ). > 0, if and only if w € A'f (dw).
(ii) For1 < p < 00, My g is bounded on LP (2, wd ) if and only if w € Aﬁ(d,u).

In order to prove that the condition on the weight is sufficient for the weak type
(1, 1) we will proceed as in the classical case, starting from Vitali’s covering lemma.

Since a dilation of a ball in g may not longer belong to that family, we can not
apply the doubling property (1.1) in such case. So we change a little bit Vitali’s Lemma
to adapt it to our situation, namely, replacing the dilation of a ball, when it does not
belong to Fg, by an appropriate open set.

To overcome the problem of measuring such sets with a measure that is doubling
only on Fg, we decompose our space €2 into small enough balls, in the spirit of
Whitney’s Lemma.

Notice that both mentioned lemmas are of a geometric nature so we do not need
to have a measure defined on 2. Nevertheless, to obtain our version of Whitney’s
Lemma, we shall need the weak homogeneity property in our ambient space X, but
the assumption of the connectedness of the balls lying in €2 will not be needed at this
stage.

The local Whitney’s Lemma will be the clue step to obtain not only the weak type
(1, 1) but also an interesting property of measures doubling on Fg, namely that they
also are doubling on any other family 7,0 < y < I, but with a constant depending

on the parameter y . This property, in turn, will imply that the classes Ag (dw) are also
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independent of B, as it was shown by Nowak and Stempak in the case 2 = (0, 00)
and by Lin and Stempak for 2 = R”\0. In view of this fact, later on, we shall refer
to these weights as A joc(du).

In order to obtain the strong type results, we will adapt Lerner’s argument given in
[5] to our situation, strongly using the weak type result for p = 1.

Finally, we shall use A, jo-(d ) weights to obtain some interior a priori weighted
Sobolev estimates for solutions of the elliptic differential equation

A"y = f, (1.4)

where m is a positive integer and the equation is satisfied inside an open subset €2
immersed in R". More precisely, if 6(x) denotes the distance from the point x to €,
for 1 < p < oo, we introduce the following weighted Sobolev spaces of order 2m by

2m,
Win" (@ = 1/ € L@ : I llyzmr = 3, W8PDPfllip ) < oot
' |B1<2m

where the derivatives should be understood in the weak sense and L% () is the
weighted Lebesgue space L (€2, wdx).

With this notation, under the assumption that w belongs to A joc(d 1), we shall
prove that a solution of (1.4) satisfies the interior Sobolev estimate

Il 2 gy = € (Il g + 182" fl g @))- (15)

Let us observe that, as it is easy to check, w(x) = §%(x) belongs to A, joc(d 1) for
any exponent o € R. Therefore the data function f appearing on the right hand side
of (1.4) could increase polynomially when approaching the boundary of €2 and still
we might have some control for the derivatives of the solution up to the order 2m.

Let us mention that weighted Sobolev estimates up to the boundary have been
obtained recently for Muckenhoupt weights and bounded domains €2 with smooth
boundary (see [3]).

At this point we would like to mention that during the review process of this article,
one of the referees called our attention to recent work by Lin, Stempak and Wang (see
[7]), published after our paper was sent for revision. There, they also deal with local
maximal functions on measure metric spaces in a quite general setting. In particular,
in [7, Sect. 5] a situation resembling ours is considered. Nevertheless, there is not
overlapping between their results and ours.

The paper is organized as follows. In the next section we present appropriate
versions of the geometric results that will be needed later. Section 3 is devoted to
prove the main results regarding the local maximal functions and weights. Finally, in
Sect. 4, we use local weights to obtain interior estimates for solutions of the differential
Eq. (1.4).
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Local maximal function and weights in a general setting 613

2 Geometric lemmas

Let us remind that for any metric space X, the following Vitali’s covering Lemma
holds. See for example Theorem 1.2 in [4] for a proof.

Lemma 2.1 (Vitali) Let X be a metric space and U a family of balls with bounded
radii, i.e., satisfying supg.r r(B) < oo. Then there exists a disjoint subfamily A with
the property

VB el 3B e AsuchthatBN B # @and B C 5B’ 2.1)

Let us observe that if we assume the space X to be separable, then the subfamily
A must be at most countable.

With this in mind we can easily obtain the following “local” Vitali covering lemma,
useful to our purposes. Before stating our version let us introduce some notation.

For0 < B < 1, given a ball B € Fg, we shall denote by B the set

é:SB, if 5BeFg or B = U R, otherwise. 2.2)

RNB#Y
ReFp

In the latter case we shall refer to B as the “cloud” of B and it will be denoted by

Nﬂ(B).

Lemma 2.2 (local Vitali) Let X be a separable metric space and 2 an open proper
subset of X. Let 0 < B < 1 and I" a family of balls belonging to Fg with uniformly
bounded radii. Then, there exists a disjoint and at most countable subfamily A such
that the collection of open sets { B}pgen, with B defined by (2.2), still covers | J g B.

The proof of the lemma is quite obvious since, applying the original Vitali’s Lemma,
in view of (2.1), we only need to take care of those balls B € I" such that 5B is not a
ball in Fg. In such case, using (2.1) again, we know that there is a ball B’ € A with
B N B’ # ¥ and since now B = N,«;(B/), it is clear that B is contained in B’.

Now we state and prove a special version of Whitney’s Lemma which will be the
clue to prove, later on, that the cloud of a “large” ball belonging to F4 has a measure
equivalent to that of the initial ball, assuming that the measure is doubling on Fpg.
Even though we only ask X to be a metric space for the previous Lemma, we shall
need now the full strength of the assumption made on X at the beginning of the article,
that is, we ask X to have the weak homogeneity property.

Lemma 2.3 (Whitney for Fg) Let X be a metric space with the weak homogeneity
property and Q2 a fixed open and proper subset. Then, given 0 < B < 1, for each
a,0 < a < B/80, there exists a covering W, of Q by balls of Fg with the following
properties

(i) If P = B(xp,r(P)) € W,, then 10P € Fg and moreover

%a dxp, Q) <r(P) < ad(xp, Q°). 2.3)
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614 E. Harboure et al.

(ii) If P and P’ belong to W, and P N P’ # @ then P’ C 5P and P C 5P’'.
(iii) There is a number M, only depending on 8 and a, such that for any ball By =
B(xg, ro) € Fg with 5By ¢ Fg, the cardinality of the set

Wa(Bg) ={P €W, : P ﬂ./\/(Bo) # 0}
is at most M. Moreover if Py is such that xo € Py with Py € W,(By) then
Py C 3Bo.
Proof Given k € Z, we define

QU ={xeQ: 2 <d@x, Q) <28

If Q4 is non empty, we choose a maximal net of points in €2; whose distances from
each other is at least 21, Since X is separable, each net is at most countable. Let
us call {xf }ieq, with Jx C N, to the net corresponding to 2. Define

Wa = {PF = B(xF, a2 ") i € Iy, k ez},

Clearly for each fixed k, in view of the maximality of the chosen net, the balls
{B(xf, a2k_1)},-ejk cover . Also, since x{‘ € Qr and a < B/10 we have

B

k
Ed(xi ’ QC)’

%d(xf, Q) < ‘5’2" = (P} < ad(xk, Q) <

and hence (2.3) holds and 10Pl.k belongs to Fp, finishing the proof of (i).

Next let us take P and P’ two members of W, with P N P’ # (. Assume that their
centers xp and xp' belong to € and to € respectively. Choosing z € P N P/, we
have

2 < d(xp, Q%) < d(xp, Q) +d(xpr, 2) +d(z, xp)
<X @)+ = (14 5) 2 + a2t

and hence
(1— a2k < (1 n %) oK
Consequently,
k=K < 2% <4,

since a < 8% < % Thus, by symmetry, it follows that |k — k’| < 2, which implies that
eitherk =k —lork' =kork' =k + 1.
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Local maximal function and weights in a general setting 615

To prove that P’ C 5P we assume that the worst of the three cases occurs, that
is, k' = k + 1. In this situation we have r(P) = a2¥~! and r(P’) = a2¥ = 2r(P).
Therefore for y € P andz € P N P’

d(y,xp) <d(y,xp)+d(xp,z)+d(z,xp)
<r(PY+r(P)+r(P)<5r(P)

Hence we have proved P’ C 5P. By the symmetry of the situation it is also true that
P C5P.
Now we turn to the proof of (ii7). To do that we shall first prove three claims.

Claim 1 If two balls of the family Fg intersect each other, then their centers lie in
nearby bands 2 j. More precisely, let B and B" in Fg be such that BN B" # § and

assume that xp € Qy, then xp € U’ —ktm m $2i for some m, only depending on B.

In fact, taking z in the intersection of the two balls, we have

d(xp, Q) <d(xp, Q) +d(xp,z) +d(z,xp)
<d(xp, Q) +r(B) +r(B),

and so
(1 =p)dxp, Q) < (14 p)d(xp, Q)

Therefore, by symmetry, we arrive to

1
ﬁd()ﬂ}, Qc) <d(xp, Qc) < %d()ﬂ;, QC) 2.4)

Since we assume that xp € €2, denoting by m the unique positive integer such that
om=1 < % < 2™ we have

2—m+k—l < d()CB/, Qc) < 2m+k’

and hence xp € [JI=F"

i—k—m S2i. Noticing that m only depends on 8 we finish the proof
of the claim.

Claim 2 If B € Fg with xp € S then there exists a fixed integer n, only depending
on B, such that B C U/:§+,1,

In factfory € B
d(xp, Q) —r(B) <d(y, Q) <d(xp, Q) +r(B),
and since r(B) < Bd(xp, 2°) we have

(1= Byd(xp, Q) <d(y, Q) < (1+ p)d(xp, Q).
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Hence, denoting by n the integer such that 27" < 1 — 8 < 27"*! using that xz € i
and that 1 + 8 < 2 we arrive to

k==l g(y, Q°) < 2K+
proving the claim.
Claim3 I[fP e Wyand PN Q; # 0, thenxp € Q; 1UQ; UQjyy.
As above, fory € P N Q;, we have
d(y, Q) —r(P) <d(xp, Q) <d(y, Q) +r(P).
Then, using (i) and that y € €2; we obtain

2J—1 . 2J
d(xp, Q
l—i-a< (xp )<1—a

Since, in particular, a < 1/2, the claim follows.
Now we turn to the proof of (iii).
Let By be a ball By = B(xo, ro) € Fg with 5By ¢ Fp, that is

gd(xo, Q) < rg < Bd(xg, Q°),
and assume xo € 2,. Forany B = B(xp, r(B)) € Fg such that BN By # ¢, in view
of Claims 1 and 2, we have that
ko+m+1
B C U Qj,
Jj=ko—m—n
and, consequently, taking the union over such balls B we get

ko+m—+1
NpBoyc ] @

j=ko—m—n

Now, if P € W, with P N N (By) # ¥, using Claim 3, we may conclude that its
center, x p, belongs to €2 forsome ko —m —n —1 < j < ko + m + 2. From here, for
such P, thatis P € W, (By), there is aball B € Fg intersecting P. Takingz € PN B
and u € B N By, we have

d(xp,x0) <d(xp,z)+d(z,u) +d(u, xp)
< r(P)+2r(B) +ro. 2.5)

To estimate r(B) we use (2.4) and that 5By ¢ F obtaining
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Local maximal function and weights in a general setting 617

1+p

B < Bd(sp, ) < Pt dlan, ) < s1th

-8

ro.

ko+m—+2

For r(P) we use xp € szko_m_n_l

2; to get
r(P) = a2/~ < qg2kotmtl < 44 2Md(xg, Q)
<@1+ﬁro<ll+,3
- B 1-8" "21-8
where we used again that 5By ¢ Fg, the definition of m and a < 8/80. Coming back
to (2.5) we obtain

ro,

ro = Cﬂr().

1
d(xp, x0) < 121 + P

In this way we can conclude that for each fixed j, withkg—m—n—1 < j < ko+m—+2,
Aj(Bo) = {xp, P € Wy(Bo)} N Q2 C cgBo
and also, for two elements in A ; (By), by the way they were chosen, we have

. Sa
d(xp,xp) >a2l~l > goko—m=—n=2 5 ZZ g=m=n=2,

Applying the weak homogeneity property of the space X, the cardinality of A ;(Bop)
is at most a number N that depends only on a and B, but not on By. Let us note that
the constant cg is in fact large enough to make such dilation of By intersect Q€, so we
are really using that the homogeneity property holds in the whole ambient space X.

Keeping in mind that the range of j contains at most 2m 4 n + 4 elements, we have
proved that

tWa(Bo) = 2m +n+4) N = M(a, B),

as required.

To prove the last assertion of (iii), suppose that Py € W, is such that xo € Py and
notice that we only need to show that 27 (Py) < %ro.

Since xo € 4, N Py, by Claim 3, its center x p, belongs to Q1 U g, U Qpy41
and hence

2r(Py) < a2kt

On the other hand
B B ko1
> —d(xp, Q) > =27,
U (x0, £2°) = 5
Since we are assuming a < /80, the desired inequality holds. O
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Remark 2.4 As a consequence of (iii), it is easy to see that WV, possesses the finite
overlapping property, that is, no point in €2 belongs to more than a fixed number of
members of the covering. Further, that is also true for the covering {2 P} p¢)y, . In fact,
as in the proof of (ii), we can check that 2P N 2P’ # ¢ and xp € €2 imply that
xpr is in the same or in a neighbour band €2;. Hence, as in there, 2P’ c 10P. From
the weak homogeneity property, the sets {xp € Q; : P’ € Wy, 2P' N 2P # ¢}, for
k—1 < j < k+1,have at most a fixed cardinal, independent of P. With this we may
conclude that for some number N, depending only on a and 8, we have

> xar <N. (2.6)

PeWa

3 Local maximals and local weights

In this section we shall prove the main results concerning the continuity of the local
maximal functions M, g on weighted L? spaces as well as the independence from the
parameter B of the classes of local weights defined in 2. To do so, we are going to
need all the assumptions on X and €2 stated at the beginning of the introduction. Also,
we assume that we have a Borel measure u defined on €2, and satisfying the doubling
property on Fg for some fixed value of .

We begin with a kind of technical lemma that tells us how to carefully measure
the clouds of “large” balls in Fg. Its proof will strongly rely on the construction and
properties of the covering of €2 presented in the previous section.

Lemma 3.1 Let X be a metric space with the weak homogeneity property, 2 a proper
open subset such that all the balls contained in 2 are connected sets and | a measure
with the doubling property on Fg 2. Then, for any ball By € Fg with 5By ¢ Fp we
have

(i) For the family W, (Bo) with a < B/80 given in Whitney’s Lemma
u(Py < M u(Ph, 3.1

for any P and P’ belonging to W, (By), where C denotes the doubling constant
of wand M is the geometric constant appearing there.

(i1)
1
1 (Ng(Bo)) < K 1t (EBO) ; (3.2)

for some constant K that only depends on B and the constant of the doubling
property of iL.

Proof First observe that since any B € Fg is connected, the set Ng(Bp) is also
connected. Further the larger set | p eW, (By) P 1s connected too.
Let us fix P’ € W, (By). We assert that
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Local maximal function and weights in a general setting 619

Claim: For any P € W, (By) there is a finite chain joining P with P’, that is, a finite
subset of W, (By), say Py, ..., P,, which are all different, with P; = P’, P, = P and
PNP#0,i=1,2,...,n—1.

To prove the claim let us define

C = {P € W4(By) : Ja finite chain from P to P’}

Clearly P' € C. Let E = pce P and F = U peyy, (py)~c P- Observe that both, E
and F, are open sets and their union is a connected set. Also EN F = . In fact, let us
suppose that there is some x € EN F.

From x € E, we have that x € P with P € C, that is, there are Py, P>, ...P,,
each one belonging to W, (By) and different from the others, with Py = P/, P, = P
and P; N Py # (. Clearly each of the balls P; also belongs to C, since the chain
Py, ..., P; does the work.

On the other hand, from x € F, we know that x € P with P ¢ C. However,
the chain Pi, P>, ..., P,, P has all its elements different from each other since, as
we noticed, P; belongs to C and P does not. Also P, N P # () since P, = P and
x € PN P. Therefore P € C, arriving to a contradiction.

Since E is not empty, the set F' must be empty and the claim is proved.

Coming back to the proof of the Lemma, given P € W,(By), let Py, ..., P, be a
chain as in the Claim. Since P; N P;1| # () and both belong to W, by (ii) of Whitney’s
Lemma, P; 1 C 5P; and since by (i), 10P; € Fp we have that 5P; € Fg2.

Therefore, by the doubling condition for the measure u on Fg/2, we have that for
some constant C

w(Pir1) < Cu(P).

Iterating the above inequality and using that the length of the chain is at most M we
get

u(Py < CM (P,
which proves (i).
To show (ii), observe that if xo denotes the center of By, there is some Py € W, (By)

such that xg € Py, and by (iii) of Whitney’s Lemma we know that Py C %Bo.
Since

NsBoyc | P (33)

PeW,(By)

using (i) with P’ = Py, we can conclude that

1
pNp(Bo) < D u(Py <M CM pu(py) <M CMp (EBO) :
PeW,(Bo)

O
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620 E. Harboure et al.

Remark 3.2 As an immediate consequence of the above Lemma, we get that if a
measure u is doubling on Fg, then for some constant K, the inequality

w(B) < K u(B), (34)

holds for any ball B € Fg, with B defined as in (2.2).

Now we are ready to prove the main result concerning the boundedness properties
of the local maximal functions M, g.

Proof of Theorem 1.1 Wefirst prove the weak type inequality for p = 1.Letus assume
that u is a doubling measure on F4 and that w belongs to A‘f (dw), that is,

/ wdu < Cy g u(B) i%f w
B

holds for any ball in Fg, where by “inf” we mean the essential infimum taken with
respect to ;. We want to apply Vitali’s Lemma, but in order to do that, we have to
consider maximal functions over balls in Fg having bounded radii. Namely, for any
fixed R > 0 we set

1
MR, ()= sup —/ 1 dp
o xeBeFp n(B)
r(B)<R B

and for any A > 0, we consider the set
Ef:{xesz: M/’f,ﬂf(x)>x}.

Notice that the set we want to measure, E;, = {x €Q: Mypgfx)> k}, is the
increasing union of the sets E f.

Now, for each x in the set E f there must be a ball By, with x € B, € Fg and
radius r < R, such that

5/
[ fldu>A (3.5)
n(By) /
By
Then we apply Vitali’s covering Lemma to the family {B.}, EF which clearly cov-

ers E )’f . Moreover, as we pointed out in the introduction, since X satisfies the weak
homogeneity property, X is separable. In this way, we obtain a disjoint and at most
countable subfamily of balls, {B;};c; with J C N, in a way that

EfCUEiCQ,

ieJ
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Local maximal function and weights in a general setting 621

where éi is defined as in (2.2).
Since p is doubling on Fg, so it is the measure associated to wd . So we may
apply Remark 3.2 to the latter measure to get

/wdu<2/wd,u

ER 1€J~

IA [A
?i >
; ™M =
™ - \
=5
S
T a
i —
U \
= 5

IA
>
o

=
=

S

oy

=

IA
>
A
%
{O\
=
Qq
®

where we have used (3.4), (3.5) and that w € A’f dn).

Since the sets E f increase to E; when R increases to infinity, we get the desired
estimate.

As for the proof of the necessity of the condition A{j (dw) for the weak type (1, 1)
inequality, it follows the same steps of the classical case, so we omit it.

Now we turn into the proof of continuity for I < p < co. We shall follow closely
the argument glven in Theorem B of [5] for Muckenhoupt basis B of R”". Let then w

be a weight in AD p(dp), with 11 doubling on Fg. We set o = w =) and we denote
by vy, and by v, the measures associated to wdu and odp respectively. As in [5],
replacing B by Fg and R"(dx) by (€2, du), we arrive to the following inequality

(Mg 1) @) = Cop My (Mo p(fe™H 0™ ) (36)

Observe that vy, as well v, are doubling measures on Fg. Therefore we may use
what we proved in (i) for M, g and M, g, and hence these operators are of weak
type (1, 1) with respect to the measures v,, and v, respectively (that is, we use (i)
with weight identically one). Since both maximal operators are clearly bounded on
L>®(Q2,dup) = L*®(2, wdn) = L*°(2, odu), by interpolation, they are bounded on
L" (2, wdw) and on L" (€2, od ) respectively, for 1 < r < co. Coming back to (3.6),
using the above conclusions for r = p’ and r = p respectively, we easily arrive to

”M/L,ﬂf”L"(wdu) =< Cp,ﬂ”f”L"(wdu,)-

As in (i), the proof of the necessity of the Ab p(d ) condition follows the usual pattern,
taking f = ypw T , with B € Fjg. O
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With the aid of Lemma 3.1, we will also be able to show that certain properties
holding for a measure on Fg can be proved to hold on any other class F,. That is the
case of the doubling property. However, let us remark that the corresponding constants
may increase to infinity as 8 approaches 1. This fact will be the main step in order to
obtain the independence from g of the classes A/,d, dw).

Proposition 3.3 Let X and Q2 be as above. Let . be a measure defined on the Borel
sets of Qand 0 < «, B < 1. Then we have

(1) w is finite and positive on Fp if and only if is finite and positive on F.
(ii) w is doubling on Fg if and only if is doubling on F.

Proof Let us assume o < . In this case, since F, C Fg, itis obvious that if any of
the conditions in (i) or (ii) holds for Fg, it also holds for F.

To prove the reciprocals, observe that it is enough to consider the case « = 8/2.
Indeed, let k be a positive integer such that /2% < «, by iteration and using the trivial
part of either (i) or (ii), the assertion follows.

Let us assume that . is finite and positive on Fg/. Since for any ball in Fg, the ball
%B belongs to Fg2, it follows that ;(B) > 0. On the other hand, (iii) of Whitney’s
Lemma tells us that B, moreover N, g(B), can be covered by a finite number of balls
P. In addition, by (i) of the same Lemma, 10P € Fg, which in particular implies that
P € Fgy>. Therefore (B) must be finite.

To show the remaining part of (ii), let B = B(xp, r(B)) € Fg. We want to prove
that

1
u(B) <Cgu (EB)

assuming the same holds for balls in Fg/>.

Clearly, we only need to consider the case when gd(xg, Q) < r(B) <
Bd(xp, Q). Since, by assumption, u is doubling on Fg,>, we may apply Lemma
3.1 to obtain

1
w(B) < u(Ng(B)) <K (§B>,

completing the proof of the Proposition. O

Given a Borel measure on €2, positive, finite and doubling on some class Fg, in
view of the above proposition, we can get rid of the parameter 8 and we shall refer to
it as a local doubling measure.

In the next Theorem we establish that the classes Af,(d w) are also independent of
the parameter S.

Theorem 3.4 Let o, B be two constants such that 0 < o < 1. Let 1 be a measure
that is locally finite, positive and doubling. Then

AD(dp) = A (dp)
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forl < p < oo.

Proof Let 0 < a < B < 1. Since F, C Fg, we only need to prove that A‘;‘, dw) C
Af(dp).
First assume that w € A‘I", (dw) with 1 < p < oo. In particular the measure v,

associated to wdpu is doubling on F, and hence, by the above Proposition, is also
1
doubling on Fg. The same can be said about v, with o = w =T, since o belongs to

A‘;, (dw). Let B be a ball in g \ Fy. Then for the ball y B with y = % < 1 we have

vy (B) < Cvy(yB)
and

Vo (B) = Cvs (v B).
Therefore, since y B € F,, we obtain

Vvu(B) (15 (B))P~! < CPvy (¥ B) (vo (¥ B))P ™!
< C(u(yB)" < C (u(B)",

finishing the proof of the case 1 < p < oo.

For the case p = 1, as in the proof of Proposition 3.3, it is enough to consider
a = B/2. Asabove, let B be aballin Fg\ Fg/2. Now we can apply (i) of Lemma 3.1 to
the measure vy, and the ball B. Choosing P’ € W, (B) such that inf p:ng w = infg w,
we get

vp(B) < D wy(P) = MCM vy (P) < C1pjaM CM infw pu(P'),
PeW,(B) r

where in the last inequality we used that w € A’ls / 2(a’ w) with constant Cy g/» and that
P’ € Fpgj». Finally, applying (ii) of Lemma 3.1 to the measure x and the fact that
inf pr w < infp w, we get the desired conclusion. O

In view of the above result we may drop the parameter 8 from the notation of the
classes of weights and simply refer to them as A joc(dpt), 1 < p < oo.

4 An application

Along this section the space X will be R" with the Euclidean metric and 2 any proper
and connected set with the restriction of the Lebesgue measure. It is clear that all the
requirements made in the previous section are fulfilled.

We shall denote by 8(x) the Euclidean distance from a point x in € to €, and
also we shall use the shorter notation L% () to mean L”(Q2, wdx). Similarly, the
classes of weights will be denoted by A 1o (£2), emphasizing that weights only need
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to be defined in 2 and understanding that the averages are taken with respect to the
Lebesgue measure.

In the main result of this section we prove a priori interior estimates for nice
solutions of the differential Eq. (1.4) in terms of some weighted Sobolev spaces which
take into account the distance to the boundary and that have been defined in the
introduction, namely

k,
Wy (@) = 1 f € Lige® : I f lyyr = D 18PDP £l p gy < 00
M IBIk

The Sobolev’s norm in W; ’£ (£2) involves derivatives of any order up to k. The
first step will be to show appropriate interpolation inequalities, which express that the
leading terms in the norm are those derivatives of the lowest and highest order, that is
of order zero and k. By abuse of notation, for a positive integer k, we will use DX to
indicate the sum of the absolute values of all derivatives of order k.

Proposition 4.1 Let 1 < p < ocoand w € Ap 1,:(R). For any u € W;’lﬁ (2) and any
Jj, 1 <j<k—1andy suchthat |y| = j, we have

187 DY ull 1 ) < C (e*f' lull L () + " ||5"D"u||L5(Q)), 4.1)

for any real number 0 < ¢ < 1 and C independent of u and ¢.

Proof By Sobolev’s integral representation (see for example [2]) we know that for
k1 mon
any v € W (R") we have

i | D¥v|
v n—j =
ID"v(x)| <C|o / [v| + / =y

B(x,0) B(x,0)

for any o > 0.

Let us choose Whitney’s covering YV of Q with 8 = 1/2 and a = 1/200. For P =
P(xp,rp) € W, take aCf)’o function np such that suppnp C 4P C Q2,0 <np <1,
and np = 1on2P.

We apply now the above inequality to unp which, by our assumptions, belongs
to Wllz)’cl (R™). Observe that for x € P and 0 < rp we have B(x,0) C 2P and
consequently unp as well as its derivatives coincide with u and its derivatives when
integrated over such balls.

Therefore for x € P and o < rp, we obtain the above inequality with v replaced
by u, namely

| D¥ul

—n—j [ bl B,
“1° / el =+ / |x — y|n=kt
B(x,0) B(x,0)

IDYu(x)|=|D” (unp)(x)]

IA

4.2)
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Moreover, as it is easy to check from the properties of the covering W, the balls
B(x,0),forx € P and o < rp, belong to the family Fg for 8 = 1/2. In fact, for
x € P, using (i) of Whitney’s Lemma and the triangle inequality we get

1
dx, Q) >d(xp, Q) —rp > (— - 1) rp > 2rp,
a

proving the assertion. That tells us that if we take x € P and o < rp, the first term
in (4.2) is bounded by 07 Migeu(x), where by Mjoc we denote the local maximal
function Mg, of Sect. 3, with = 1/2 and u the Lebesgue measure.

As for the second term, splitting the integral dyadically, we obtain that is bounded
by a constant times

- 1
k=i " ik 1 Dhul.
’ Z; 2Bl / -

2= B(x,0)

Since for x € P and o < rp all averages involved correspond to balls in F},, and
J < k, the second term in (4.2) is bounded by a constant times ok=J MloCDku(x).

Putting together both estimates and taking ¢ = erp, using that rp >~ §(x) for
x € P, we arrive to

D7 @) (0] = € (686 ™ Mioc () (x) + (€8()* ™ Mioe(DAu(x)) . (4.3)

Since W is a covering of €2 and the right hand side of (4.3) no longer depends of P,
we obtain that (4.3) holds for any x € Q.
Multiplying both sides by 8/ (x) and taking the L%, (£2) norm, we arrive to

187 D ull 1p ) < C (sf' [ Miocull 1 g + €77 ||Mloc<D"u>||Lp5k/,,<Q>) -

Next, we observe that if the weight w belongs to A 1o (£2) so it does wé?, for any real
number s. In fact, for any ball B in 1/, we have that §(x) >~ §(xp), forany x € B so
that (1.3) holds provided it is satisfied by w.

Therefore, an application of the continuity results for Mjoc = M, 1,2, with u the
Lebesgue measure, given in Theorem 1.1, leads to the interpolation inequality (4.1).
O

Theorem 4.2 Let 1 < p < oo and w be a weight belonging to A joc(S2). Then, for

a fixed positive integer m, and any WS2 'Z)’p solution of the elliptic differential equation
A"y = f in Q, we have

Il 2m. gy = € (1l g+ 182" Fll ) 4.4)
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Proof First we notice that in view of the above Proposition we need to estimate only
the highest order derivatives of u.

We shall use the well known localization process with respect to a covering as given
by Whitney’s Lemma of Sect. 2 for, say, 8 = 1/2.

Let W be such a covering of Q. For each P € W we take a Cgo-function, np,
supported on 2P, with np = 1 on P and such that ||np|lcc < 1 and ||Dnpllec <
cr;la‘ , for any multi-index «.

Next we notice that the function un p satisfies the equation

A" (unp) = gp,
with

2m—1
gp =npf+ulnp+ Z capD*uDPnp.
j=1
la|=j
|Bl=2m—j

If I'(x, y) denotes the fundamental solution for A then for x € 2P

unp(x) = /(F(x —y)+olx, y)gp(y)dy = hp(x) +vp(x), (4.5)
where v(x, y) verifies for each fixed y € 2P

A"v(x,y) =0, X €2P

GG vy = =) T —y)  x €3@2P), 0<j<m—1
Using the point wise estimates DY v(x, y)| < Crp" for |y| = 2m obtained in [3]
(see Proposition 3.3, p. 6), Holder inequality and the fact that w € A joc, We easily
obtain, for |y| = 2m, that

IXp DY vpllp < Cligrllp- 4.6)

On the other hand, itis well known that for || = 2m, DY h with h the convolution of
the fundamental solution with a function g € L%, is given by T, g, with T, a Calder6én
Zygmund singular integral operator on R” (see [1]). Now, since gp, is supported
on 2P, we can look at the operator T, acting on functions defined over the space
of homogeneous type 2P equipped with the Euclidean metric and the restriction of
Lebesgue measure. Also, it is easy to check that the weight wyop is in A,(2P),
provided w belongs to A, j,-(£2), since P has been chosen such that 10P € Fy,;. By
the theory of singular integrals on spaces of homogeneous type (see for instance [10]),
applied to our operator 7,, we obtain, for |y | = 2m, that

12D hpl g < Cllgelp- @)
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Hence, from (4.5), (4.6) and (4.7), for |y | = 2m, we get that
IXp DY npullp < Cligpll e

2m—1
< C | 1X2p fllp +1Xopull g+ D =5 1¥2p Dl |
rp" j=17Tp
loe|=j

in view of the assumptions on np. Now we observe that for x € P, the function npu
coincides with u# and also for x € 2P we have rp =~ §(x). Then, the above inequality,
after multiplication by r%,’", can be rewritten as

1Xp8>" D™ ull 1

2m—1

< C | 1%p8™" fllpp + 1 Xapullp + D 1 X2ps™ D*ullpp | (48)
Jj=1
loe|=j

with perhaps a different constant C.

We now use the finite overlapping property of the covering {2P}pyy quoted in
Remark 2.4, which for any measurable function /# implies that

Iy, < Z 1aphl?, = | Z Xoph”

L, <Kl
UJ

Raising both sides of (4.8) to p, adding over P € WV and taking the 1/p-th power we
arrive to

2 2
182 D™ ul| . p
2m—1
, B
<C I8 fllp + Nl e + D18~ Dullp |
j=1

la|=j

Now, for the last term on the right hand side of the above inequality, we use Proposition
4.1 to get

182" D ul g < € (187" fll g + e lull g, + 2162 D*ul )

Finally, choosing ¢ such that Ce<l1 /2, subtracting the last term, which is finite from
our assumptions on u, we get the desired estimate. O
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