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Abstract

A n variables mean M is said to be reducible in a certain class of
means A/ when M can be represented as a composition of a finite num-
ber Mo, ..., M, of means belonging to A/, being less than n the number
of variables of every M;. In this paper, a basic classification of reducible
means is developed and the notions of S-reducibility, a type of analytically
decidible reducibility, and of complete reducibility of a mean are isolated.
Several applications of these notions are presented. In particular, a con-
tinuous and scale invariant weighting procedure defined on a class My of
two variables means is extended without losing its properties to the class
of reducible means in Ma.

1 Introduction

Given a real interval I and an integer number n € N, a function M : I™ — I
defined on I is a (n variables) mean when it is internal; i.e., when the twofold
inequality

min{zy,..., 2.} < M (21,...,2,) < max{zy,...,2,}, (1)

is satisfied by M for every z1,...,x, € I. x; is said to be an effective variable (or
effective argument) of M when there exists a pair «, 8 € I such that M|wi:a =+
M|,._g- The number v (M) of effective arguments of M will play a capital role
along this paper and, unless otherwise agreed, in the notation M (z1,...,x,) it
will assumed that v (M) = n. Exceptions which will frequently occur are the
i-th coordinate (projection) means X; (x1,...,Zn) =i, i = 1,...,n. These are
the unique n variables means M with v (M) = 1.

A continuous mean with v (M) = n defined on I is a mean which is a
continuous function on 1. The class C(9 M (I) of all continuous means defined
on an interval I is closed under composition, so that the function defined by

M = My (M, ..., M,)

is a member of C(9 M (I) provided that My, ..., M, € COM (I) and v (M) =
r. Borrowing a concept from Universal Algebra, it can be said that the set
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CO M (I) enhanced with composition has the structure corresponding to a
clone. Note that v (M) < YI_, v (M;), and that the maximum Y _._, v (M;)
of effective arguments of M occurs when all the variables of M;,..., M, are
different each other.

An informal rule can be formulated stating that the difficulty of a problem
involving a mean M increases with v (M). The theory of mean inequalities,
a cornerstone in the studies on means, constitute a good example of this rule.
Situated at the very beginning of this theory, the case n = 2 of the Arithmetic
mean-Geometric mean inequality turns out to be equivalent to the nonnegativity
of (z1 — x2)2 , 21,22 € R, but no one similar reduction is possible when n > 2.
A less simple instance of the rule is the problem of defining a scale invariant
weighting on a class M, (I) of n variables means. A function W : M,, (I) X
An—1 — N (I), where A, denotes the standard m-simplex and N (I) 2 M,, (I)
is another class of means, is said to be a weighting procedure (defined on M., (I))
when the following conditions are satisfied (cf. [6] for the case n = 2):

(W1) W(M,(1/n,...,1/n)) =M,
(W2) W(M,e;) = X; , where e; = (6;)?:1 (53 is the Kronecker delta) and
X (x1,...,2n) = x; is the i-th coordinate mean.

A weighting procedure can be understood as a generalization of the process

of converting the arithmetic mean A, (z1,...,2,) = (1 + - -+ x,) /n in the
weighted arithmetic (or linear) mean Ly, (w,,. . w,) (Z1,...,%n) = w1z +--- +
Wp Ty, where (wi,...,w,) € Ap_1. If the weighting process is covariant with

respect to an arbitrary change of scale, then it is said scale invariant, while
it is said continuous when, for every M € M,, (I), W (M,-) is continuous on
A, _1. Now, some schemes of composition like Aczél’s or Ryll-Nardzewski’s
iterations of a two variables mean My which are defined on the dyadic fractions
of [0,1] can be, under mild conditions on Ms, extended to the whole interval
[0,1] and therefore, continuous and scale invariant weighting procedures defined
on C9 My (I) (or even on more general classes of two variables means) can be
based on them (cf. [6], [7], [8]). It must be added that the extension of these
algorithms to n = 3 is not immediate (cf. [23]), while general algorithms valid
for n > 3 are being currently studied.

In view of the difficulty of a problem generally increases with dimension, it
seems natural to express a n variables mean as a composition of means with
a less number of variables, and then try to solve the problem for these last
ones. Accordingly, along this paper a mean M € M (I) with v (M) = n is
said to be reducible in a class N (I) C M (I), when M can be expressed as a
composition of a finite number of means My, ..., M, € N (I) satisfying v (M;) <
n, ¢ =0,...,r. Nevertheless, as reasonable as this program may seem to solve
a problem involving means, a full implementation of it will require to decide
whether a mean M is reducible or not in a given class A/ (I), a certainly non
trivial problem.

To insert reducibility of means in a suitable context, let us remind that the
problem of expressing a continuous function F': R — R as a composition of a



finite number of continuous functions F; : R™ — R, 4 =0,...,r, with n; < n,
can be traced back at least to the year 1900, when D. Hilbert presented his
collection of twenty-three problems at the International Conference of Mathe-
maticians in Paris. In the 13th problem of the collection (cf. [4] or Chap. 11
of [20]) the conjecture was implicit that not all continuous functions of three
variables can be expressed as a composition of functions of two variables. In
1957, V. I. Arnold showed the conjecture was not true: all function f € C(®) (13)
can be represented in the form

3

fzr,ma,25) = > hij (¢ (w1, 22) ,73) (2)

4,j=1

where I = [0,1] and hyj, ¢;; € c© (12 ([2], [3]). Previously, A. N. Kolmogorov
had proved that, for n > 3, every continuous function f € C(® (I") can be
represented in the form

fxe,...,zn) = Zhi (Tny P1; (T, oy Tne1), Poi (X1, - oy Tn1)),  (3)
i=1

where h; € C(O) (I?) and ¢y;, ¢y; € CO (I"~1) ([17], see also [18]). An iteration
of (2) and (3), together with the observation that

n

Zai = (0,1 + (a2 +--+ (a7L—1 + an))) )

=1

show that every continuous function f € C(®) (I") can be represented as a com-
position of functions of two variables. The reader interested in these devel-
opments and its many ramifications is referred to [10], [14], [24] and to the
references therein. It should be observed that, in view of the functions entering
into (2) or (3) are not generally means, the above general results turn out to be
barely useful in connection with the problem of reducibility of means.

The purpose of this paper is to show that the strategy of reduction of di-
mension can be successfully implemented to solve some problems. Even if the
general problem of reducibility of a mean M in a class N (I) may be undecid-
able, a decidable type of reducibility, the S-reducibility, is identified. Strategies
of reduction of dimension can be fully implemented for S-reducible means. For
instance, if M is S-reducible and M;, ¢ = 0,...,r are its reduced means, then
the bijective M-affine functions are easily expressed in terms of the bijective
M;-affine functions. The topic of inequalities between mean, another case in
which the reduction of dimension may lead to a simplification, it is also consid-
ered in this paper. Continuous and scale invariant weighting procedures can be
constructed on the class of means which can be expressed as a composition of a
finite number of 2 variables means. The paper contains a detailed presentation
of this construction. Other related developments, like the identification of cer-
tain classes of reducible means and the presentation of the concept of tree of a
formula, will hopefully exhibit some intrinsic interest.



The paper is organized as follows. A notation for simple forms of substitu-
tion of variables and the concept of lower means are both introduced in Section 2
along with other preliminary materials. In Section 3, the problem of reducibil-
ity of a mean is generally discussed and some important classes of reducible
means are identified. A scheme of classification of reducible means constructed
by recurrence on a first step reduction formula (“first layer representation”) is
presented in Section 4. There, the concept of S-reducibility arises as a especially
simple case in which the first layer representation is a reduced representation. A
reducible mean turns out to be a composition of means all which are the result of
a specialization of variables in a S-reducible mean, a result whose proof is given
in Section 5, after the introduction of the labeled tree of a formula representing
a composition of functions. Besides of providing a support for concepts like that
of “longest sequence of compositions of functions in a formula”, these trees are
used to prove some combinatorial relationships involving the numbers of vari-
ables and functional symbols in a formula. The idea of “structure” of a formula
is also easily materialized in terms of its associated tree. Some applications of
reducibility are developed in the last three sections of the paper. The concept of
complete reducibility is applied in Section 7, where the scale invariant weight-
ing problem is considered. Inequalities between reducible means whose reduced
representations share the same structure are addressed in Section 6, while the
family of M-affine functions of a S-reducible mean is studied in Section 8. The
final Appendix contains a table of the notations employed in the paper.

2 Preliminaries

Throughout the paper, the symbol M,, (I) will denote a given class of n variables
means. The exact extension of the class will depend on the context, but the
symbol M (I) will stand always for |J7°5, M, (I), a class containing means
of every dimension n > 2. Different notations for other classes of means will
be introduced here an there along the paper. For instance, C® M, (I), k =
0,1,..., will denote the class of n variables C*) means defined on I.

Means are reflezive functions: the equality M (z,...,z) = x is derived by
equating all variables in (1). If the inequalities (1) are strict provided that the
variables z; are not all equal, then the mean M is said to be strict. Classi-
cal means (arithmetic) A, (geometric) G and (harmonic) H are all strict, but
the functions at the leftmost and rightmost members of the inequalities (1),
named the extremal means min, and max, are not. The same is true of the
coordinate means X;. Now suppose that, once increasingly ordered, the n-tuple
(x1,...,2y) € I™ takes the form (z;,,...,x;,); L.e., m;; < --- <z, . For every

k=1,...,n, the k-th order mean XT(Lk) is then defined by
XF) (2, ) = 24,

Clearly min,, = Xf,l) < ... < X,gk) e < Xr(L") = max, and v (X,gk)> = n for

every k=1,...,n.



Recall that the product order “=<” in I" is defined by
(1,...,xn) 2 (Y1,-..,yn) ifand only if z; < y;, 1=1,2,...,n.

It is written (z1,...,2,) < (Y1,...,Yn) When (z1,...,2,) = (Y1,...,Yn) but
(x1,...,2n) # (Y1,--+,Yn). A mean M is said to be isotone when preserves the
product order in I"; i.e., when M(z1,...,2,) < M(y1,...,yn) provided that
(1., 2n) 2 (Y1,---,yn). M issaid to be strictly isotone when M (x1, ..., x,) <
M(y1,...,yn) provided that (z1,...,2,) < (Y1,---,Yn)-

When applied on (continuous) means, a series of operations besides of com-
position return new (continuous) means. For example, the symmetric group S,
acts on a class M,, (I) of n variables means by returning, for a given n vari-
ables mean M € M,, (I) and o € S,,, a new mean M, with permuted variables.
Namely, if M € M,, (I) and 0 = (01,...,0,) € Sy, then

My (1, yxn) =M (Xgyy. oy, To,), T1y--- Ty € 1. (4)

M is said to be symmetric when M, = M for every o € S,, (i.e., when {M} is
a set invariant under S,,).

The bold type n will be often used to denote the set of indices {1,...,n}.
Given a subset J = {i1,...,i;} of n, the symbol [J] stands for the increasingly
ordered k-tuple (i;,,...,%;,) obtained by ordering the indices in J. The compact
notation (mj)m will be used instead of <zij1 yeee s X
[2,3,5] and (ajj)m = (x2,x3,25) when J = {5, 3,2})

A generalization of the action of S, on M,, (I) named specialization of vari-
ables is obtained by considering in (4) ¢ € n™(= {p |p: n — n}) instead of
o € S,. Indeed, when o € n™ and k € n, the variables whose indices belong to
the preimage o ~! (k) turn out to be all identified with zj, in the equality (4). In
this regard, two different notations will be introduced, each one corresponding
to a function o of simple type. On one hand, for a n variables mean M defined
on I and an (increasingly) ordered set of indices [i1,...,i;], i €n, j =1,...,k,
(1 <k < n), let us denote by My, ..., to the (k + 1) variables mean defined on
I which is obtained by identifying in M the variables x; with j #¢;, [ =1,...,k;
ie.,

; For instance, [J] =
;

My i @iy a5 w) = M (U oo Uy T Uy e Uy Ty Uy ooy Uy Ty, Uy ey U
(5)
for every z;,,...,2;,,u € I. On the other hand, given a n variables mean M and

a subset J C n, M; will denote the specialization of M obtained by identifying
the variables in J; i.e.,

MJ ((m])[n\.]] ,’LL) = M(xla"'7mi171au7$i1+17’"7$ik717u7$ik+17"'7;671)7

provided that [J] = (i1,...,ik). My turns out to a be a (n — k + 1) variables
mean when card (J) = k. For example, if M = A5 and J = {5, 3,2} then

1+ 2u+ x4 + 25
5 b

Mg 3.5 (22, 23, 55 u) = As (u, T2, T3, 8, T5) =



while

z1+3u+a
M{5,3,2} ($1,.’IJ4;U) = A5 (1’17U7U,.’E47U) = %4

Observe that M[;, . ;) = My, where o € n™ is given by

Uj:{ 7, jE{il,...,ik} (6)

ip, in other case ’

and that M; = M, for a 0 € n™ defined by

Uj:{ g Jen\{i,... i} )

19, in other case

In (6) ip can be arbitrarily chosen in n\ {41, ..., }, while in (7) 4o must belong
to {il, cen ,ik}.

Both types of the specializations of variables just introduced can be iterated.
For instance, if Ji, ..., J, C n are mutually disjoint subsets of n (i.e., J;NJ; = @
provided that ¢ # j), the symbol My, ...; will denote the mean obtained from M
by identifying the variables in every J; = J;; i.e., the mean produced by setting

x; = u; for every j € J;, (i =1,...,7). In this way, My,..;, = (My,), -+ )Jk

depends on the n—Y"._, card (J;) +r variables ((:vj)[n\um] SUL, ... ,uT) and it

will be written M, ..., ((mj)[n\um} ;U1, - -, Ur | when necessary. The particular
instance in which {J; :¢=1,...,7} is a partition of n will arise in Section 4:
since n\U;J; = &, My, ...;. depends only on the variables w1, ..., u, in this case.

The means derived from M in the previous paragraphs are all said to be spe-
cializations of M or, sometimes, that M; . My and My,...;, are specialized
means of M.

Now, if f : I — R is an injective and continuous function and M €
COM,, (I), a mean (M) is defined on f (1) by

i)Y

(M) (z1,. .., 20) =f(M(f (), T (@), 21, x € FT). (8)

The mean (M), € CO M, (I) and it is named the (mean) conjugate of M by
f. Note that (M, f) — (M), is a group action when f € Hom (I), the group
of homeomorphism of the interval I onto itself. The class QLM,, (f (I)) of n
variables quasilinear means defined on f (I) is derived by conjugacy of the class
LM, (R) of linear means: a generic member QL, of QLM,, (f (I)) has the
form

QLy (z1,...,zn) = f(wif  (x) 4+ +waf (), 21, a0 € f(I),
)

where f : I — R is an injective and continuous function and the n-tuple

of numbers (wy,...,w,) satisfies w; > 0, ¢ = 1,...,n, Zwi = 1 (so that
i=1
(wi,...,wy) € Ay,_1, the standard (n — 1)-simplex). The function f is called



the generator function of QL,, while the numbers w; are said to be its weights.
It may be sometimes useful to specify the generator function or the weights of
QL, or both ones. For example, L, (w,,... w,) and G, (w,,...w,) Will denote re-
spectively the n variables linear and geometric means with weights (w1, ..., wy).
Gy (wr,....w,) 18 the instance of QL,, with generator f =1In: RT — R.

Unlike what occurs with the permutation of variables and the conjugacy,
which are invertible operations, a loss of information takes place when cer-
tain variables of a mean M, are specialized: the mean M can not be re-
constructed from the knowledge of My, . ;) or M;. This fact is reflected

by the equalities v (M,) = v (M) = v ((M)f), which are in contrast with
v(My, ) =v(M)—k+1and v(M;) =v (M) —card (J) + 1.

In [1], the lower mean (untermittel) of a n variables analytic mean M was
defined as a solution w of the equation

M(z1,.. . Tp_1,w) = w (10)

which turns out, under suitable hypotheses on M, to be a unique (n — 1) vari-
ables mean M,,_;. This concept reappears much later in [13] for the case of
means defined on RT. There, the mean M,, is said to be “type 2 invariant” with
respect to the mean M,,_; provided that

Mn (xh sy xn—laMn—l (.’131, .. 7xn—1)) - Mn—l (wla .. axn—l)

for every z1,...,2,—1 € RT. A presentation of similar concepts for means
defined on linear spaces has recently arisen in [15] . In this paper, let us consider
the solutions u to (or, in other terms, functions implicitly defined by) equations
of the form

M[u,...,ik] (Tiyy v s Tiysu) = 1, (11)
where My;, . ;1 is defined by (5). The example furnished by M (z1,...,2,) =
max {x1,..., 2, and any given ordered set of indices [i1, ..., ;] (every function
u = 1 (Ti,, ..., T4) > max; z;; solves (11) in this case), shows that a solution

p to (11) may not be a mean. Now, for a 2 variables mean M, the equation
M (z,u) = u has the unique solution v = x provided that M is strict. In this
case, the mean p (x) = z, a coordinate mean, is not strict. In general, it can be
shown the following:

Proposition 1 If M is a n variables strict mean, [i1,...,ix] is an ordered set
of indices with 1 < k < mn, and u = p(x;,...,2;, ) is a solution to equation
(11), then p is a k variables strict mean. In the case k = 1, u = p(x;) = x;,
the i-th coordinate mean.

Proof. The case kK = 1 is trivial, so that let us suppose that 1 < &k < n. In

this case, the specialization M[i1 ia] of the strict mean M turns out to be

a strict mean. Now, suppose that p is a solution to equation (11). If p =



(i, ..., @4,) > max; x;,, then the strict internality of M[i1

ety

P Tiyy s xiy) = M, i) (xi17‘"7xik;/'l‘(xil7"‘7xik)>

[isemes k

< max{mjaxmij,u(xil,...,xik)} = (Tiy,y e Tiy) s

a contradiction which shows that p =y (@;,,...,2;,) < max;z;;. Furthermore,
if g (24, ..., 24,) = max; z;,, then
M[i1 ’’’’’ ] (Tiys ooy Tigs b (Tigs oy iy)) = p(@iy,. .oy @i))

= maxum

J

= max{Ti, ..., Tip, b (Tiy,--., T4, )}

whence z;, = -+ =z, (= p (@i, Tiy))-
It is similarly proved that p = p (z4,,...,2;,) > min; z; with equality only

in the case that the variables z;,, ..., x;,, are identical. Thus, p is a k variables

strict mean. m

A notation for the set of fixed points of a function will be useful in the
sequel. Given a set E, a function ¢ : E — FE and a subset @ # A C FE, the
set of fixed points of ¢ in A will be denoted by Fix (¢; A); i.e., Fix(¢; A) =
{te A: ¢ (t) =t}

A mean p solving equation (11) will be called a [i1,. .., ig]-lower mean of
M and usually denoted by p;, ;. Note that the [i1,...,i]-lower means
of a symmetric mean M, depends only on the number k of indices in the set
{i1, .. ik}

In connection with the existence of lower means, let us pay attention to the
inequalities

min {mjin:ri].,u} < My, @iy @45 u) < max {m]axxij,u} ,

where [i1,...,4x] is a given ordered set of indices. It follows from these that

mjlnxij < My i (@i @i u) < m;fiXiEij

provided that
minz;; <wu < maxa;;;
J J

or, in other terms, that the interval £ = [minj Tj;, Max; :c“] is mapped into
itself by the map u v+ M, i, (%, ..., i, ;u). Now, for every (w;,,...,2;,) €
I*, the map u — My, ....in) (Tiy,y -, T3 u) turns out to be continuous (on
E C I) provided that M is continuous and, in consequence, it admits a fixed
point ug = wo (z4y,...,x;,) € E. Suppose that this fixed point was unique
whichever be (z;,,...,2;,) € I¥. Under this assumption, the function j, =
uo (Tiy, ..., T;, ) turns out to be a well defined k variables mean. Let us prove



that p, is continuous on I*. In fact, if 2z e I* and (:E(l))fof C I* is a con-

vergent sequence with z(9) as limit point, then (No (x(l)))j:of turns out to be a
bounded sequence contained in I, a fact that quickly follows from the twofold
inequality
min x;l) < o (m(l)) < max :Eg-l).
J J
Let us show that (u (a:(l))):lo really converges to p, (¢(?)). Indeed, if u

ltof, then there would exist two
+o0

Subsequences (/J’O (:L-(lt))):rzof and (MO (x(l;))) ) respectively COnVerging to Uy

and us were two cluster points of (,uo (m(l)))

and us, while the continuity of M enables to write
Mgy (x(o);ul) = lim My, i (x(li)7u0 (x(li)>)

o () =

and, similarly,
M[il,...,ik} (CC(O);UQ) = U2.

In this way, ui,us € Fix (M[i1 i) [miniaz.o),maxi xgo) ), whence u1 = ug

by the uniqueness hypothesis. It has been proved that p, (33(0)), the unique

2 1, 20

point in Fix (M[il,---;ik}v [mini ;> Max; T; ]), is the unique cluster point of

(,uo (x(l)));;of or, in an equivalent way, that u, (x(l)) — Ly (x(o)) when [ T

+o00. Since the sequence (x(l));:lo was arbitrarily chosen, the continuity at (%)

follows. The continuity on I* of y, is a consequence of the arbitrariness of
(0) k

%) e I¥.

Summarizing the above discussion, it can be stated the following:

Proposition 2 Let M be a n variables continuous mean defined on I and, for
a given 1 < k < n, consider an ordered set of indices [i1,...,1x]. Assume that,
for every (xi,, ..., ;) € I¥, the condition

Fix <M[i1,“.,ik]’ {min zij,maxmij]> is an unitary set (12)
J J

is satisfied by the map u — My, (@i, 25 ;u). Then, there evists a
unique i1, ..., ig|-lower mean py;, ;1 of M. p turns out to be a k variables
continuous mean defined on I.

A mean satisfying condition (12) is said to have the FUS property. For con-
tinuously differentiable means, the proposition is a consequence of the Implicit
Function Theorem ([19]): the hypothesis of uniqueness of the fixed point of
w = My, i (%6, ..., 24,;u) implies the global existence (and uniqueness) of
the solution to equation (11).

Proof. See the previous discussion. m



Example 3 The function

Zfi (zi) @
i=1

FHn(.’)Sl,...,LL'n)— =

Zfi (i)

where f; : I — RV, i =1,...,n, are continuous, turns to be a strict continuous
mean defined on I. Note that the weighted arithmetic mean is obtained from
(18) by taking positive constants f; = W; € RT, i = 1,...,n; while the r-th
weighted counter-harmonic mean (¢f. [11], pg. 245)

n
S Wit

CHv(zr) (-Tlm..yxn)_i::zia xla~--;$n€R+7 (14)

i=1

is the particular instance of (13) in which I = R* and f; (u) = Wiu", u >
0, W; >0), i=1,...,n. The mean FH, has the FUS property. In fact, given
an ordered set of indices [i1, ..., i), it can be written

k
Z fz] xz] T, +u Z f1 (u)
(FHn)[ih_“’ik] (u) _ j=1 ien\{i1,..., i} , (15)

Zfij (ei))+ D filw

iem\{i1,...,ix}

(13)

and then, the equation (FHn)[i1 k] (Xiyy -, X5 u) = u has a unique solution

given by
k
D T (i),
w(Tiy, oy iy) = :—,
Z fi; (xh)
j=1
which is new mean of the form (13).

Remark 4 The mean M € COMs (RT) defined in terms of the order means
X, x5 x$ by

1 (\/Xél)Xf’) n X;2>> C X < x® < xPxP

M (z1,25,25) = ¢ X, xx? < xP < (x50 4+ x0) 2

(1) (3)
AR x®), () 22 P < X

10



is a strict, continuous, symmetric and isotone mean defined on R*. The equa-
tion My o) (21, 22;u) = u is solved by every mean p € Mz (R™) satisfying the
inequalities

1 + T2

Voize < p(xr, ) < 5

Indeed X$V (a1, 2o, pu (21, 22)) = min {21, 20}, X3 (21, 2o, p (1, 22)) = p (21, 22)

and Xés) (21,2, 1t (1, 22)) = max {z1, 2}, and therefore the point (21, z2, pt (1, x2))

satisfies \/Xél)X?()g) < X?()z) < (Xg()l) —&-X?()S)) /2. Hence

My g (21, 22 p (21, 22)) = X = p(@r,20), @120 € RY,
This shows that Prop. 2 is not generally true when the FUS property does
not hold: for the mean M, the set Fix (M[l)z], [min {z1, 22} , max {1’17.’)32}]) =
[\/m, (z1 + x2) /2} is not an unitary set when x; # x5. This example also
shows that Theorem 11 in [13] is false (unless a hypothesis implying condition
(12) was added to its statement).

Remark 5 Under the conditions of Prop. 2, it is not difficult to see that a mean
M has the property FUS provided that, for every x € I*, any of the following
conditions is fulfilled: i) w— My, ;1 (x;u) satisfies the inequality

i1,..

|M[' in] (T50) = M, i (x;u)| <|v—u|, u,v € F; (16)

where E = [minj T;;, max; xij]; or, 4) M is strict and u — M, 4, (v;u) is
strictly convex (or strictly concave) in E. In fact, if i) is satisfied and uy, ug €
Fix (M[il,u~’ik}7E)7 then the replacement v = ua, u = wuy in the inequality (16)
yields

lug —ur| = [ My, o) (m3u2) — M, iy (@5 u1)] < Jug — ]
This contradiction shows that Fix (M[il,nqik]?E) (# &) contains at most one
point. In regards to ii), suppose that M is strict and u — My, ;1 (z;u) is
strictly convex. Clearly, the graph of w— My, ;. (z;u) can intercept the diag-

onal of the square E? at two points (u1,u1) and (uz,uz) at most. Furthermore,
if up < ug, then uy = max; z;,, so that

M, .. i | 3y max = maxm;
J J
= max {max T, Max T, } ,
J J

whence, in view of the strictness of M, all x;;, j =1,...,k, must be equal each
other, and then u; = us. This contradiction proves that the set Fix (M[il,...,ik] , E)
18 unitary.
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3 Reducibility and irreducibility

Let M (I), N (I) be two classes of means defined on an interval I satisfying
M(I) D N(I). A mean M € M (I) with v (M) > 2 is said to be reducible
in N (I) when it can be represented as a composition of a finite number of
means Moy, ..., M, belonging to N (I) with v (M;) <v (M), i =0,...,7. The
representation itself will be said to be a reduced representation of M, while
the means My, ..., M, € N (I) appearing in it will be named reduced means
of the representation. The discussion contained in the forthcoming paragraphs
attempts to clarify these concepts.

For an injective and continuous function f: I — R, M € M (I) is reducible
in V(1) if and only if (M), € (M), (f (1)) is reducible in (N), (f (I)). In this
way, reducibility in a class J\/ (I) turns out to be a notion invariant under con-
jugacy (provided that A (1) is invariant under conjugacy). When all members
with v > 2 of a class of means M (I) turn out to be reducible in the class N (I),
the class M (I) itself is said to be reducible (in N (I)). The class QLM (I) of
quasilinear means on an interval I is a relevant example of a reducible class into
itself. To see this, first write a generic linear mean L,, € LM (R) (n > 2) in the
form

Ly (z1,...,24,)

= wiZ1+ -+ WpTy

() |55

n k
Z Z W;
i=k+1 i=k+1 E Wi
1

i=k+1
n— k(xk+17---7xn))7 (17)

Z
= Lg(Lk($1,... )

where k € n, kK <n, and

which shows that every linear mean M € LM (R) with v (M) > 2 is reducible
in LM (R) or, in other terms, that LM (R) is a reducible class into itself. Due
to the invariance under conjugacy, the generic quasilinear mean @)L, given by

(9) turns out to be reducible in (LM), (f (R)). Now, if a mean M € M (I) is

12



reducible in Aj (I), then it is clearly reducible in every class of means N3 (1)
satisfying N3 (I) 2 Nj (I). In this way, QL, turns out to be reducible in
QLM (f (R)), the class of all quasilinear means defined in f (R).

It should be noted that the reduction (17) is not unique in the sense that L,
can be expressed as the composition of several different linear reduced means.
Indeed, nonlinear or even discontinuous means may be reduced terms of certain
representations of a linear mean L,, as, for instance, in the representation

Ay (21,09, 3, 24) = Ay (A2 (21, N (2, 3)) , Az (N (w2, 23) ,24)) (18)

where N and N are two arbitrarily chosen complementary means defined on R;
ie.,

N (z1,22) + N (21, 22) = 1 + 22, 1,22 € R.
Correspondingly, neither are unique the reductions of the quasilinear mean QL,,.

Symmetric polynomial means provides another important class of reducible

means. Recall (cf. [11], Chap. V) that the r-th symmetric polynomial functions

ekl (x1,...,%y,) is given by

T 1 -
el (zy,...,2,) = HZ!Hazij,
j=1

wherer € nand ) ! H;=1 x;; stands for the sum of all terms of the form H;Zl Ty

withi; € n, 7 =1,...,r. The r-th symmetric polynomial mean GW (T1,...,2p)
is then defined by

elr! (z Tn) Hr
S (1) = (L))

Usually, these means are defined on R* or Ry (even if they are naturally defined
on the whole R when r € n is an odd number). Since

6,[11] (z1,...,2n) = Ap (21,...,2,) and GW (T1,...,2n) = Gp(T1,...,2Tn),
(19)

GLZ] (x) turns out to be reducible when r =1 or r = n. In the remaining cases,
the simple equality (cf. [11], Lemma 2, pg. 324)

ew (T1,...,2n) = egll (X1, Tp_1) + xnegjll] (1, Tp-1), (20)

13



enable us to write

.’11‘1,..., )

1/r
(en xh..., ))

r— 1/r
et i)

(7)

Il
/"\
E

el (z T yr\" "~ (e T Lr "\
<< o) e (Sre) )

(7 (S5 rveenszan)) + 02 (65 onnn)) x}/r>r

Now, the function

p!

n—1 ne 1\ e\ L7 .
o= (G (-

is the (two variables) weighted power mean with exponent r and weight r/n =

(721)/(7), while

Gl/r (iE, y) = x(r—l)/ryl/r’

is the (two variables) weighted geometric mean with weigh 1/r. Replacing these
means in the last member of the equalities (21) produces

6[7] (xlv e ,xn) P:;zl (SL] 1 (.’bl, ce 7£L'n,1) s Gl/r <6£::11] (;Cl, A ,.’Enfl) ,{En)> .

(22)
Summarizing the above discussion, it can be stated the following:

Proposition 6 The class QLM (I) of quasilinear means on an interval I is a
reducible class into itself. SM (RT), the class of polynomial symmetric means,
is reducible in the class SM (RT)UQLM; o (RT), where QLM g (RT) stands
for the class of two variables quasilinear means defined on R™ whose weights
are all rational numbers.

Proof. After the discussion preceding the statement of the proposition, it
is deduced that GM (RT) is reducible in the class C(©) M (R*) of continuous
means. In view of (19) and (22), it turns out to be that &M (R™) is reducible
in BM(RT)UQLMsq(RT). =
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Now consider the class LMg (R) consisting of all linear means with rational
weights. A linear mean L,, € LM (R) with at least one irrational weight turns
out to be reducible in LM (R) but irreducible in LMg (R). This simple example
shows that the concept of reducibility crucially depends on the class N (I).
As affirmed in the Introduction, deciding whether a mean M belonging to a
class M (I) is reducible or not in another class A (I) constitutes, in general, a
highly non trivial problem. To illustrate this fact, let us discuss briefly the case
presented by the continuous mean

T1T2 + Tox3 + T3x

M (x1, T2, x3) = ,xw,m‘ER"'. 23
(71,22, 73) praSTEP——— 1,2, 73 (23)
Suppose that M can be represented in the form

M (w1, 22,73) = Mo (M (21,22) ,73) (24)

with My, My € COM (RT). Setting 21 = x5 = u in this equality yields
M (u,u,z3) = Mo (u,x3), u,r3 € RT,

which shows that Mo = M 5, a particular specialization of variables in M.
On the other side, the replacement x5 = My (z1, z2) gives, by the reflexivity of
MO>

M (3;‘1,332, M1 (xl,l‘g)) = M1 (acl, 1‘2) 5

which shows that M; must be a [1,2]-lower mean of M. Now, u = /2123 =
G (1, z2) is the unique solution to the equation

129 + (1 + 22) U
1+ 2o+ u

)

and therefore, M7 = G. Since

2
T+ 2x129
My (v1,22) = M (21,21, 22) = =——""= u, 23 € RT,

21’1 + X2

the equality (24) holds if and only if

T1T2 + 24/T1T203  X1T2 + ToT3 + T3, +
= , T1,T2,r3 € RT,
2./r1T9 + x3 xr1 + X9+ X3

whence /7123 could be expressed as a rational function of the variables x, z3, x3,
an absurdity. It has been proved that M can not be represented as a compo-
sition of two means My, M; € COM (RY) in the form given by (24). As a
consequence of this fact and the symmetry of M, no one representation of M as
a composition of two (two variables) means My, M; € C(Y M (R) is possible.

Now suppose that M can be represented as a composition of three (two
variables) means, say, in the form

M (z1, @2, 33) = Mo (My (z1,32) , M (22,23)), 1,%2,73 € RT, (25)
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with My, My, My € COM (RY); v (M;) = 2, i = 0,1,2. Unlike the preceding
case, the reduced means of the representation (25) can not be computed by
simple substitutions of the variables. To overcome this difficulty, let assume
that Mo, My, My € COM (RT) (cf. [22], Vol. I, Pt. II, Problem 119 a)) and
partially differentiate (25) to obtain

My, = Mo (M1 (21, 22) , M2 (22, 23)) M1y (21, 22)

My, = Moy (My (z1,22) , Ma (x2, x3)) M1y (21, 22)
+Moy (M (x1,x2) , Ma (22, 23)) Moy (T2, 23)

My, = Moy (M (z1,22) , M2 (22, x3)) Moy (22, 3)

(26)

Since a representation of M as a composition of two means was shown to be
impossible, it can be assumed that My, (z1,22) # 0 # My, (22, 23) and then,
from (26) it is derived

sz = u(fL'l,.'L'Q)Mwl +U(.’L'27.'L'3) M;vgy (27)
where M ) My, ( )
1y (T1, T2 2z (T2, X3
u(r1,x2) = ——F, v (x2,23) = ————.
(21, 22) My, (w1, 22) (@2, 23) My (z2,3)

Let us show that the partial derivatives of M can not satisfy a relationship like
(27). In fact, taking into account that

:c% + xox3 + 33§ x% + 123 + x% x% + z120 + :c%
My =———"—35 Myy=—"—3, Moy = ——3,
(1 + zo + x3) (1 + z2 + x3) (21 + 29 + x3)

it is seen that (27) is satisfied if and only there exists a pair of functions u, v
such that

x%+x1x3+x§ =u(x1,x2) (z% + x93 + :cg) +v (22, 23) (x% + z120 + :c%) , (28)
for every 1, x2, 3 € RT. Setting 1 = x3 in this equality yields
322 = (u (23, 22) + v (22, 3)) (x% + x2w3 + x%) ,
whence

2
3z3

———— —u(x3,T2) .
x3 + xows + 3

’0(172,503) =

Substituting this expression for v (z2,z3) in (28) produces, after reordering
terms, the equality

2 2
T] +T1%2 + T
2 2 241 12 2 2 2
r] + 1173 + T3 — 33— > = u(wy,x2) (23 + zows + 23)
5 + xrox3 + T3

—u (23, 22) (m% + T30 + m%) (29)
Now, setting x1 = x5 in this last equality yields

2.2
9z5T]

2 2 2
- - 3
P Sr———" u (z2,m2) (23 + zaws + 23) — u (w3, 22) 323,

2 2
T5 + X213 + 3 —
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whence
2
33

m% + xox3 + m%
T3 4 wows + 13

32 (u(z2,22) — 1) +

u (23, x2) = (30)

Replacing this expression for u (z3,z2) in (29) yields

o} +zizs + 25 = u(z, ) (23 + 23 + 23)
2 2
T3+ Toxs +
— (21 + m122 + 23) (22233 (u (wa, z2) — 1)) ,
35
whence
:1:% + 2173 +x§ 1’% + X122 Jrz%
u(z,2) = (u (@2, 22) = 1) (31)

x3 + xomws + 13 3a3
In this way, from (30) with z3 = z; and (31) it is obtained

22 4+ 3179 + 73 3z3

(u(z2,22) — 1) +

323 2 + 130 + 23
= u(z1, )
2 2 2 2
] + 2173 + 23 T] + T1T2 + 25
= — 5+ 5 (u(z2,22) — 1),
T3 + Tox3 + 23 35
and hence
32 _ 23 + x133 + 23

r1,T2,T3 € RT.

22+ 3ywo + 33 23+ wow3 + 23
In view of this equality can not hold identically in (R"’)g7 the partial deriva-
tives of M can not satisfy a relationship like (27), as affirmed. Thus, it has
been proved that the mean M can not be represented in the form (25) with
My, My, My € CD M (RY). Once again, the symmetry of M enables us to
conclude that M can not be represented in any form obtained from (25) by a
rearrangement of the variables.

Other possibilities of representing the mean M by a composition of &k (>
3) two variables means can, in principle, be discarded by deriving from the
representation formula a relationship among the partial derivatives of M of a
sufficiently high order and then show that this relationship is not really fulfilled
by M. However, the complexity of the procedure increases speedily with k
and its usefulness is circumscribed to sufficiently regular means. Furthermore,
reducibility of M is, at best, established in a narrower class of means.

4 A classification of reducible means

A classification of reducible means based on a reduction process will be described
along the following paragraphs. First of all, note that a generic n variables mean
M € M (I) reducible in a class N (I) can be written in the form

M (21,...,2n) = Mo (M1 (g e oo s @eq ) yeeeys My (X, ooy Te,)) s (32)
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where 2 < r =v(Mp) <nand 1 <b < e <n, 1 <v(M;)<n for every
i=1,...,r. (32) will be named the first layer representation of the reducible
mean M. M; is a coordinate mean when v (M;) = 1, and it should be observed
that the fact that the equality v (M;) = n may hold for any ¢ = 1,...,r, is
not in contradiction with the notion of reducibility, but simply implies that the
mean M; can be reduced further (and finally expressed as a composition of a
finite number of v variables means with v < n). Furthermore note, on one hand,
that all variables are effective in (32) and, on the other, that the class A (1)
contains all means M;. The mean M, will be named outer mean while the means
M;, i = 1,...,r, will be named inner means of the first layer representation
(32).

Depending on the nature of the inner means, let us distinguish three mutually
exclusive possibilities as follows:

i) v(M;)=nforanyi=1,...,r;

ii) v (M;) <nforevery i =1,...,r, and there exists a pair of overlapping sets
of indices J; = {b;,...,e;} and Jx, = {b,...,ex}; i.e., JiNJy # &;

iii) v (M;) < nforeveryi=1,...,r, and the sets of indices J; = {b;,...,e;}, i =
1,...,r, are mutually disjoint.

Clearly, the above possibilities are also exhaustive.

In the case i), every inner mean M; with v (M;) = n must be, in its turn,
a reducible mean. Suppose, for example, that v (M;) = n; then, the first layer
representation of M; reads as follows:

Ml (.Cl’,‘l,...,.’L‘n) = M10 (Mll (xbn?""mell)?"'?MlS (l‘bls,...,l‘els)),

where 2 < s <nand 1 < by; < e; < n, 1 < v(My;) < n for every i =
1,...,s, and therefore, the three possibilities i), ii) and iii) reappear. Since
M is reducible, this process can be continued up to the point in which the
inequality v (M;;) < n is satisfied by every inner mean M;;.
T
In the case iii), the equality U ) J; = n must hold, so that the family
1=
{J; :4=1,...,r} constitutes a partition of n and therefore, there exists a per-
mutation o € S,, such that

My (x1,...,2p)
= Mo (Ml (331,...,3761) ,M2 ($61+17...,$62)7...,Mr ($e7.71+1,...,$87,)) .

In this case, let us say that M is a simply reducible or S-reducible mean.

The first layer representation of a S-reducible mean M is already a reduced
representation of M. This is a characteristic shared with those means falling
into case ii) above. Our first result shows that this case corresponds to reducible
means resulting from a specialization of variables in a S-reducible mean.

Proposition 7 If a reducible mean M € M (I) with v(M) = n has a first
layer representation given by (32) with (at least) a pair of sets of indices J; =
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{biy...,e;} and J, = {by,...,ex} satisfying J; N Jx, # &, then M is obtained as
a specialization of variables in a S-reducible mean M* with n +1 < v (M*) <
n(n — 1) whose outer mean M{ satisfies v (M§) <n — 1.

Proof. Assume that M € M (I) has (32) as its first layer representation and
that a pair (at least) of sets of indices J; = {b;,...,e;},Jx = {bk,...,€x}
satisfies J;NJ # . Let us make a substitution of the variables in the expression
(32) by applying the following algorithm: for every ¢ = 1,...,n and every j =
1,...,r, replace the variable x; in M; (whenever it appears) by the new variable
z(; j)- Denote the resulting mean by M*. Every new variable in M* appears no
more that one time in no more than one Mj, so that M* is S-reducible. Now,
in order to count the number of variables in M*, define p : n x r — {0,1} as

follows:
(i) = 1, if z; is a variable of M;
pPLI) = 0, otherwise
Thus v (M*) = Z p(i,7). Since p(i,7) <1,i=1,...,n,j=1,...,r, and
ij=1
r < n—1, it can be written v (M*) = Z p(i,j) <mr <n(n-—1). Now, in
ij=1

ks
view of every variable x; do appear in any Mj, it is clear that Zp(z’,j) >1
j=1
for any ¢ = 1,...,n. Furthermore, in view of the fact that J; N J, # @ for
T

at least a pair 4, k of indices, there exists i € n such that Zp(i,j) > 2 In

j=1
this way, v (M*) = Z p(i,7) = ZZp(i,j) > n + 1. On the other hand,
i,j=1 i=1 j=1

v(M§) =v(Mp) =7 <n—1. The proof is completed by observing that
M = MJ{*...J:7
where, for every i € m, JF = {(3,5) :i € J;}. m
Unlike what occurs with a general reducible mean, an analytical determi-
nation of the reduced means is always possible when M is S-reducible in a

certain class A/ (I). Using a notation introduced in Section 2, the first layer
representation (32) of M assumes the compact form

M (1, wn) = Mo (M (25) 0 Mo (25);,) (33)

where {J; :k=1,...,7} is a partition of n provided that M is S-reducible.
Now, fix k € r. If, for every i € n '\ J, the variable x; in both members of (33)
is substituted by M (xj)[Jk]7 then it is obtained

My, ((xj)[,]k] s My, (xj)[,]k]) = Mo (Mk @) gy 5 M (Ij)[]k]) = Mp (%) 7,1
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so that My (a:j)[Jk] turns out to be a [Ji]-lower mean of M. On the other
hand, the specialization of the variables specified by (%)[Ji] = (Ti, ..., X)), 1=
1,...,r, (applied again in both members of (33)) produces

MJ1“~JT (3:17"',1'7“) :MO(Ml (x17"'7:171)7"'3M’r‘ (xr,"'azr)) :MO (.’151,...,1'74);

whence My = Mjy,...;.. Based on these observations, let us now prove the
following:

Theorem 8 A mean M € M (I) withv (M) = n is S-reducible in a class N (I)
if and only if the following conditions are satisfied:

SR1) there exists a partition {Jy : k=1,...,7} of n such that

My, ...q, (M[J1]7~-~7//'[JT]) =M, (34)

where My, ...;. is a specialized of M and, for every k =1,...,r, B, is @
[Ji]-lower mean of M ;

SR2) My, ... and Bpgs k=1,...,7, are members of N (I).

Proof. The necessity of conditions SR1) and SR2) was shown in the discussion
above. Now, if the equality (34) and condition SR2) hold, then M is clearly
reducible: My = My,...;, and M,; = B k =1,...,r, are, respectively, the
outer and the inner reduced means of M. Since {J; : k =1,...,r} is a partition
of n, M is really S-reducible. m

Example 9 The equalities (17) express the fact that linear means are S-reducible
in the class LM (R). Correspondingly, o quasilinear mean defined in I is S-
reducible in the class QLM (I). At the end of Section 3, the 3 variables sym-
metric and continuous mean (23) was shown to be not S-reducible in the class
COM (RY). The non S-reducibility in COM (RY) of the counter-harmonic
mean (with equal weights) CHs can be proved in a similar way.

Remark 10 After Theor. 8, in order to establish the S-reducibility of a mean
M with v (M) = n, the validity of the equality (34) must be inspected, in the
worst case, for every (non trivial) partition {Jy : k =1,...,7} of n. As it is well
known, the number of partitions of n is B,,, the n-th Bell number, so that B,, —2
1s the number of equalities to be inspected. This number decreases abruptly when
M is symmetric, in whose case only p(n) — 2 inspections of the validity of the
equality (34) must be performed (in the worst case), being p(n) the partition
function of the integer n. Of course, these combinatorial essays are possible
once the lower means of M have been determined.

The statement of a theorem of classification of reducible means is postponed
until the next section, where the concept of height of a formula is introduced.
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5 The tree of a formula

In the previous sections, the information contained in a formula representing
a certain composition of means has been presented in the linear form which is
the main characteristic of a list (cf. Chap. 2 of [16]). However, the nonlinear
structure of a tree turns out to be more apt for a number of purposes, among
them, to introduce some parameters useful in describing the complexity of a
representation and then prove some related combinatorial results. In order to
define this tree, let be given a finite number of functions F; : I — I, i =
0,...,r, with n; € N for every ¢ = 0,...,r. It is assumed that all arguments
of every F; are effective, so that v (F;) =n;, i =0,...,r (being defined v and
the effectiveness of an argument in the same way as it was made for means in
the Introduction). When structured as a list, a composition of the functions F;
is expressed by a formula § consisting in a finite sequence of variables and the
functional symbols F;, i =0, ..., r, separated by parentheses which is written in
observance of the standard conventions. Fjy will denote the outermost function
of the formula §. The set of functional symbols in a formula § will be denoted
by FS (5), while VAR (§) will denote the set of variables in §. Functional
symbols and variables may appear repeatedly in a formula and it will be useful
to define a related formula in which repetitions are eliminated. Concretely, a
new formula F g is derived from § by replacing the j-th occurrence of the symbol
F; by Fi; and the j-th occurrence of the variable z; by the new variable x;;. For
the terminology and basic results on Graph Theory employed in this section,
the reader is referred to [5], [9] and [16].

Let us define a graph T (§) with labeled vertices and arcs, named the tree
of the formula §, by a pair (V (T (F)),T), where V (T (F)) is a set and T :
V(T (F)) — V(T (F)) is a set valued function, together a rule of labeling, as
follows:

a) the set of vertices V (T (§)) is constituted by all variables and functional
symbols in the formula without repetitions §g ; i.e.,

V(T (F)) =FS(Fr) UVAR (3r);

b) T is defined for every v € V (T (F)) by

o= 9 v e VAR (r) .
T VeV (T(F)): v is an argument of v}, v € FS(Fr)

c) labeling of vertices: for every 4, the vertices F;; and x;; receive respectively
the labels F; and x;. Labeling of arcs: if v/ € T'v, then the arc (v,v’) is
labeled with the integer i — 1 provided that v’ is the i-th argument of v.

It is easy to see that T (§) is an acyclic and connected graph; i.e., it is a tree

with root vertex root (T (F)) labeled Fp, the outermost function of the formula
§. The variables x; of § are the labels corresponding to the terminal vertices
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(leaves) of the tree T (§) while the functional symbols of § serve to label the
branch vertices of T (F). The arcs of T (F) are labeled with the integers 0,1, 2, . . ..

The tree T (F) of a simple formula § is illustrated by the labeled tree on the
left of Fig. 1. The rightmost tree in the figure is a variation of T (§) in which
the labeling of the arcs has been replaced by ordering: the first argument in F; is
joined to F; by the leftmost arc, the second one is joined by an arc placed at the
right of the first and so on. Both representations make use of the planarity of
trees and of their natural imbedding in a plane, but an orientation must be given
to the plane in order that the second representation may be implemented. Of
course, labeling of arcs is at all necessary when all functions F; are symmetric.

3 10(.&51 7|1 {IE{}E ,‘.F{E)_ﬂj 134}_1;1(?{31] 1{','{:_:&:.1 ;x:l)}}

|

—F (x F(F (x x3Yx x)» (x . F (x x x
By m{- (k€ i’ :1}’ g -11)' ::( 33/ 1:( el 1;}))

] A S |

T(§) — 1(3)

Fig. 1: the tree of a simple formula

It should be observed that the assignment of the tree T (§) to a formula §
is univocal and that the formula § (T') corresponding to a given labeled tree T'
can be promptly written. In particular, if T; is the subtree of T (F) rooted at
the vertex labeled F;, then § (T;) is a subformula of §.

A series of integer valued functions related to a tree T = (V,T') is now
presented. By definition, nl (T') is the the number of leaves of the tree T, while
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its height h (T) is the length of the longest path joining the root (root (T')) with
a leaf. For example, a formula § with h (7' (§)) = 1 and nl (T (§)) = n simply
represents a function depending on no more than n variables. The descent
des (v) of a vertex v € V(T') is given by card (I'v), i.e., by the number of
subtrees of v. Note that the relationship

_ [ des(v)+1, wv#root(T)
deg (v) = { des (v), v = root (T)

holds amongst the standard notion of degree deg (v) of a vertex in a graph and
the descent des (v).

Proposition 11 Let T (F) the tree of a formula §; then

i) the number of leaves nl (T (§)) of the tree T (F) coincides with var (F), the
number of variables counted with repetitions in the formula § (so that

var (§) = card (VAR (Fr)));

ii) the height h (T (F)) coincides with the length of the longest sequence of com-
positions of functions in Fr;

iii) if n; denotes the number of arguments of F;, i = 0,...,r, then the equality

v J 0, veVAR (3r)
des (v) —{ i, veFS (SR)R ) (35)

holds for the descent of the vertices v of T (F).

In the formula of Fig. 1, var (§) =9 = nl (7' (§)) while h (T (§)) = 3, which
coincides with the length of the (longest) sequence of compositions Foy, Fi1, Fa1
(or Fo1, Fpa, Fia).

Proof. The simple proof of this result is omitted. m

Denote respectively by v (T') and a(T') the order (number of vertices) and
size (number of arcs) of a tree T. These numbers are related by the equality
a(T)=v(T)—1([9], Theor. 4.3, pg. 100).

Proposition 12 Let F;, i = 0,...,r, be the functional symbols appearing in a
formula §. If, for everyi =0,...,r, n; denotes the number of arqguments of F;,
then

V(T @)=Y mi+1, (36)
i=0
and therefore

var (§) = an —r. (37)
i=0
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Proof. Every arc of T (F) is counted twice in the sum des (root (T (F))) +
ZvGV(T(&')),v;ﬁroot(T(S)) (1 + des (’U)), so that

Y. (Ltdes(v) =2a(T(F) +1,

veV(T(F))

and taking into account the equality (35) and the fact that a (T) = v (T) — 1, it
is obtained

Do AvITE)=20v(TF) -1 +1,
=0

whence the equality (36) follows. Since v (T (F)) = nl(T (F)) +r + 1, (37) is
quickly obtained from (36) and Prop. 11-i). m

The tree T (§) of a reduced representation § of a reducible mean M € M,, (I)
has the following two particular properties:

C1) if M;, ¢ = 0,...,r, are the reduced means of § and v (M;) = n;, then
r>land2<mn; <n-—1foreveryi=0,...,r;
C2) for every i =1,...,n, z; is a leaf of T (F).
Observe that these properties really characterize the trees T which come
from a reduced representation formula of a reducible mean M € M,, (I). Thus,

for example, the tree of the formula § in Fig. 1 may actually correspond to the
reduced representation of a reducible mean M € M, (I).

Proposition 13 Let § be a representation formula of a reducible mean M €
M, (I) and suppose that v+ 1 is the number of reduced means in §; then,

max{r+2,n} <var(§) < (n—1)(r+1)—r (38)
Proof. From C1) it is obtained
2(r+1) < n,<(n—-1(r+1),
=0
and these inequalities combined with (37) yield
r+2<nl(T@F) =var(F) <(n—1)(r+1)—r. (39)

Moreover, the inequality
nl (T () > n (40)

follows from C2), and thus (38) turns out to be a straightforward consequence
of (39), (40). m

The height h (T (§)) of the reduced representation formula § of a reducible
mean M € M,, (I) clearly satisfies h (T (§)) > 2, and the theorem of classifica-
tion postponed in the preceding section is now stated in the following terms:
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Theorem 14 Let M € M (I) be a reducible mean in a class N (I) and § be
its reduced representation formula. If h (T (§)) = 2, then one (and only one) of
the following alternatives hold:

L1) M is S-reducible; or

L2) M is a specialized mean of a S-reducible mean M* € M (I) withn+1 <
v(M*)<n(n-1).

A reducible mean M € M (I) with h (T (§)) > 2 is a composition of reducible
means N € M (I) with a reduced representation formula Fn satisfying
h(T (8n)) < 2.

Proof. Assume that § is the reduced representation formula of a reducible mean
M with v (M) = n. After Prop. 11-ii), the equality h (T (§)) = 2 amounts to
the same that the first layer representation of M corresponds to any one of the
cases ii) or iii) (described in the preceding section). Thus, in view of Prop. 7,
one of the alternatives L1) or L2) must occur. Now, the case i) must occur
when h (T (F)) > 2 and an inductive reasoning on h = h (T (F)) enable us to
show the assertion that M is, in this case, a composition of reducible means
N e M(I) with h (T (§n)) < 2. First consider the case h = 3. If h (T (§')) < 2
for any other reduced representation §' of M, then the assertion holds trivially
and thus, it can be assumed that the first layer representation of M contains a
certain number of inner means M; with v (M;) = n. Let M;,,..., M;, be these
means, so that

M =My (My,...,.M;,,...,.M;,,..., M), (41)

and define M{ to be the mean which is obtained from M after replacing every
occurrence of M;, in (41) by a new variable uy; i.e.,

MS:Mo(Ml,...,’u,il,...,’u,ik,...,MT). (42)

Observe that k+1 < v (M) < n+k. Denoting by §;, to the formula correspond-
ing to the subtree of T (§) rooted at M;,, it is observed that h (T (§;,)) = 2.

%)

Now, in the case in which {i1,...,ix} = r, M is a mean satisfying v (M) =
r<nandh (T (SMO*)) = 1. In other case, the inequalities 1 < v (M;) < n are
satisfied for every j € r\ {i1,...,%}, so that M turns out to be a reducible

mean (in at most n + k variables) satisfying h (T (§az;)) = 2. This proves that
M is a composition of reducible means with a reduced representation formula
§ satistying h (T (§)) < 2, so that the assertion holds when h (T (5)) = 3. Now,
suppose that the assertion was true for all reducible means whose reduced rep-
resentation formula § satisfies h (T (F)) = h > 3, and consider a reducible mean
M with h (T (§ap)) = h+1. It can be assumed that there is no reduced represen-
tation formula §4, of M with h (T (§4,)) < h so that, as before, the first layer
representation of M must contain a certain number of inner means M;, , ..., M;,
with v (Ml]) =mn and h (T (3Mij>> = h, 7 =1,...,k. By the inductive hy-

pothesis, for every j =1,...,k, M;, turns out to be a composition of reducible
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means with a reduced representation formula § satisfying h (T (F)) < 2, and in
view of h (T (§a;)) < 2 for Mg defined by (42), the mean M is also a compo-
sition of reducible means N € M (I) with a reduced representation formula §
satisfying h (T (Fn)) < 2. This completes the proof. m

The completely reducible means in a class N (I); i.e., those reducible means
M € M(I) whose reduced means are all two variables means belonging to
N (I), deserve a special consideration. An iteration of (17) proves that linear
means are completely reducible in LM (R) and, as a consequence, a quasilinear
mean M € QLM (I) turn out to be completely reducible in QLM (I). As an
iteration of (22) shows, polynomial symmetric means provide an example of
complete reducibility in C(O M (RT).

If § is the reduced representation formula of a completely reducible mean M,
then T (§) turns out to be a binary tree, so that n; = 2 for every ¢ = 0,...,r.
As a consequence Y ;_,n; = 2(r + 1), and Props. 12 and 11-i) yield

v(T(F)) =2r+3and var (§) =r+2.

Proposition 15 Let M € M,, (I) be a mean reducible (in a class N (I)) and
assume that M;, i = 0,...,r are the reduced means appearing in a reduced
representation § of M. Then M is completely reducible if and only if

var (§) =r+ 2. (43)

Setting n = 3 in the inequalities (38) of Prop. 13 yields nl (T (F)) = r + 2,

which is consistent with the trivial complete reducibility of a reducible three
variables mean.
Proof. The necessity of the equality (43) was proved in the paragraph preceding
the statement of the proposition. In order to prove the sufficiency, assume that
(43) holds for the reduced representation formula § of M. Then, Props. 12 and
11-i) yield

r+2=var(§) =nl (T (¥)) :Zni—r,
=0

and hence i,
Z n;=2(r+1).
i=0

In view of C1), n; > 2 for every ¢ = 0,...,r, and therefore, the last equality
implies n; = 2 for every ¢ = 0,...,7; i.e., M is completely reducible. ®

Now consider a S-reducible mean M € M,, (I) whose reduced representation
is given by a formula §. Clearly, the number of leaves nl (7 (F)) of T (F) is
exactly n. The converse is also true. In fact, if nl7T (§F) = n, then the leaves of
T (F) are exactly x1,...,x, and a similar property is enjoyed by every labeled
subtree of T (F) rooted in any child vertex of Mjy: there is no pair of equally
labeled leaves. Let T7,...,T, denote a complete list of these labeled subtrees
and define n; = nl(T;), ¢ = 1,...,k. Then the subformula § (7;) must reduce
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to a single variable when n; = 1 or else represent a certain n; variables mean
M;. In any case, M can be written in the form

M:MO(er"aMr);

where v (M;) = n;. Since the family constituted by the leaves of Ty,...,T; is a
partition of {x1,...,z,}, this equality shows that M is S-reducible.

Proposition 16 Let M € M,, (I) be a reducible mean M with a reduced rep-
resentation given by the formula §. Then, M is S-reducible if and only if
nl (T (F)) = n or, equivalently,

,
Z n,=n+r. (44)
=0

Proof. See the previous discussion. After equality (37), nl(T (F)) = n is

equivalent to (44). m

Corollary 17 Let M € M, (I) be a reducible mean M with a reduced rep-
resentation given by a formula §. Then M is, at the same time, simply and
completely reducible if and only if

r=n-—2.

Proof. It is a direct consequence of Props. 15 and 16. m

6 Inequalities

The structure of a formula §F is defined as a modification of T (F) obtained by
suppressing the labels corresponding to the branch vertices. Fig. 2 below shows
the structure of formula § in Fig.1.

Fig. 2: structure of the formula § in Fig. 1
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Inequalities for reducible means possessing an identical structure can be ex-
pectably transferred to inequalities between the corresponding reduced means.
Consider the case in which M, N € COM,, (I) are reducible means whose re-
spective formulae §1, §2 have identical structure and h (T (F1)) = 2 (= h (T (F2)))-
Despite of its simplicity, this case turns out to be representative of the various
results that can be reached. After Theor. 14, if M;, N;, i = 0,...,r, denote
the corresponding reduced means, it can be written

M:MO(M17"'7M7‘)

and
N = Ny (Ny,...,N;).

Theorem 18 If the inequalities

Mi S Nia
hold for i = 0,...,r, and one at least of the outer reduced means My, Ny is
isotone, then

M < N.

Proof. Assuming, for instance, that M is isotone, it can be written
M = Mo (M, ..., M) < My (N1,...,Ny) < No(Npy...,Np) = N.
The proof is similar when Ny is isotone. m

Remark 19 In general, Theor. 18 ceases to be true when no one of My, Ny
s an isotone mean. For example, if My = CHs = Ngy where CHs is the 2-nd
(unweighted) counter-harmonic mean, My = Aa, N1 = Go, and My = X3 = N,
then

T1T2 + X5

VXT1T2 + T3

Both M and N are defined on RT. By homogeneity,it can be written

M (z1,29,23) — N (21,22, 23) = 23 <M (an’ 3:2’1> -N (331’ 33271>> ,

I3 I3 T3 T3

(242)° + 3

M($1,$2,l‘3) = T1+x2 + x3
2

and N (21, x2,23) =

so that, setting x;/x3 = u?, i = 1,2, it is obtained

M (z1,29,23) — N (21,22, 23)
= a3 (M (uf,u3,1) = N (uf,u3, 1))

2
(504 1) (52 41) = a4 1) (522 1)

(u1u2 + 1) (urf;—iug + 1)

= Z‘3

2
- _ @3 (U1 — ua) (ufug + uf + urul + 2ugug +uj - 2).

u?4u2
4 (urug + 1) (172 n 1)
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Since the last factor in the last member of these equalities changes of sign when
uq and us vary on RT, M and N turn out to be non comparable means.

When M, N € M,, (I) are both completely reducible in a class N () and
share the same structure, the comparison of M and N reduces to compar-
isons among two variables means. In this regard, let My, No € My (I) and

{M,(lo) in > 3}, {Nfbo) in > 3} C My (I) be given and consider M,, N, €
M., (I) defined for every n > 3 by

M, (x1,...,2,) = M,(LO) (Mp—1 (%1, @n—1),Tn), T1,.-.,Ty €1, (45)
and
Np(x1,...,20) = Nr(lo) (Np—1 (T1,+ s Tp—1) ,Tn) , T1,-.., Ty €1, (46)
respectively.
Theorem 20 Assume that the following conditions are satisfied:
i) My < Ny,
i) MY <N, n>3, and
iii) for every n >3, MT(LO) or N7(10) 1§ an isotone mean;

then the inequalities

M, < Nyp, n>2, (47)
hold among the means M, N,.

Proof. The inequality (47) for n = 2 holds by condition i). Assuming that it
holds for a certain k > 2, by virtue of ii) and iii) it can be written, in the case

in which M,E(jr)l is isotone:

M1 (21, ,20) = k+1 (Mg (21, Tp_1),%Tn)
< k+1 (Nk (21, -+, Tp—1), Tn)
< kOJr)l (N (21, .., Tp—1), Tn)
= Ng+1(z1,...,2n),

while a similar chain of inequalities holds when N, ,5221 is isotone. This completes
the inductive proof of the proposition. m

Example 21 The conditions of Theor. 20 are satisfied by the means Mo =
Ay, Ny = Gy and M? = G2,1/ns N = Ls1/n, n >3, where

G2,1/n (3517552) = m} 1/n 1/n
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and

1 1
Loy (w1,22) = (1= = ) 21 + — 2.
n n

Now, it can be inductively proved that M, = A, while N,, = G,,, so that the n
variables AGM inequality follows from the inequalities

“1/n 1/n 1 1
xi 1 xé/ <(1—n>x1+nx2,n>2.

Observe that, conversely, these inequalities follows from a suitable specialization
of the variables in the n variables AGM inequality.

7 Completely reducible means and weighting

In the case in which both classes M, (I) and N, (I) are closed under conju-
gacy, a weighting procedure W is said to be scale invariant when the equality
w ((M ) ) = (W(M,)); holds for every homeomorphism (change of scale)
f I — I. A short notation for a weighting procedure W, defined on a class
of two variables means Mo (I) will be useful in the following paragraphs: since
(1 —w,w) with w € [0,1] is a generic point of the standard 1-simplex Ay, let
us write M) instead of Wy (M, (1 — w,w)).

Along this section, a certain continuous and scale invariant weighting proce-
dure W, defined on a suitable subclass My (I) of C(9 My (I) will be extended
to a continuous and scale invariant weighting procedure W defined on a class
M (I) of n variables means which are completely reducible in M (I). To this
purpose, let us consider a representation formula § of a completely reducible
mean M € M, (I) with reduced means given by My,..., M, € My (I). The
notation § (My, ..., M,) specifying the reduced means will be useful in the next

paragraphs. Thus, if for every ¢ = 0,...,r, M) is the weighting of M;, a

K2

mean M (o) depending on (wo, ..., w,) € [0,1]" " is defined by
Mworwr) — & (M(gwo)7 o Mﬁw,,,)> ) (48)

In view of Prop. 15, var (§) = r + 2, so that
r+l=var(F)—-1>n-1; (49)

i.e., the number r+1 of reduced means (counted with repetitions) of M is greater
than n — 1, the dimension of the (n — 1)-simplex A,,_;. Now, if a continuous
function ® : A,,_; — [0,1]""" can be constructed so that conditions (W1) and
(W2) from the Introduction are fulfilled by

W (M, 8) = M®©), (50)

then W will turn out to be a continuous and scale invariant weighting (defined on
a suitable subclass of completely reducible means and taking values on another
subclass). As a matter of fact, let us prove the following:
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Theorem 22 A continuous and scale invariant weighting procedure Wy defined
on class My (I) of two variables means can be extended to a weighting procedure
defined on the class M (I) of n variables means which are completely reducible
in Mo (I). The extension is made through (48) and (50). In this last, @ :
A,_1 — [0, 1]T+1 is a suitable continuous function which depends only on the
structure of M.

Some auxiliary results will be proven before this theorem. A crucial obser-
vation is contained in the first of them.
Lemma 23 For every i = 1,...,n, there exists w = (wéi),...,w,(xi)) €
[0,1]""" such that

2 (8 )

= -

Furthermore, w;y can be chosen as a vertex of the cube [0, 1]T+1.

Proof. In the binary tree T (F), a path P joining the root vertex My and a leaf
labeled with z; has the (graphic) form

() w(® w?
J J J
MO —>0 Mj1 —>1 e Mjk —>k Zi, (51)

where wj(f) € {0, 1} stands for the label of the arc connecting a pair of adjacent
vertices in the sequence. Note that, by Prop. 11-ii), the inequality h (T (F)) <
r—+1 is satisfied by the height of T' (), so that the number k+1 of arrows in (51)

does not exceed the dimension of [0, 1]T+1; i.e. k <r. After this observation, the

-\ k AN\ T
(k + 1)-tuple (w<l)) can be expanded up to obtain a (r + 1)-tuple (w@)
T/ 1=0 7/ j=0
as follows:

) @ - _ s 7
’w;l):{ wjl’ c?_]lal_o""’k ,jzo,...,’l“, (52)
aj,  in other case

(i) (i)
where «; € [0,1] is arbitrarily fixed. Thus, for the mean M(wo et ) it is

clear that
() w@

i i w(i)
M(wo ""7“”(')) (zl,...,xn)S<Mo( ’ ),...,M£ " )> (T1,...,Tpn) = x4,

wg : i D\ .
and therefore M( o T ) = X;. Finally, observe that (w(() ), o ,w£ )> is a

vertex of the cube [0,1]" 7" when all the numbers a; in (52) are chosen to be 0
orl. m

Lemma 24 If P is an interior point of the cube [0,1]", then there ewists a
continuous mapping B : [0,1]"T" —[0,1]""" such that
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i) B (v) = v for every vertez v of the cube [0,1]" " ; and
ii) B(P)=(1/2,...,1/2).

Proof. If r = 0 and b € (0,1), every continuous function ¢, : [0,1] — [0, 1]
passing through the points (0,0), (b,1/2) and (1,1) can be taken as the function
B of the statement. The existence for r > 1 is easily derived from this: if
P = (b;);—, is an interior point of [0,1]", then 0 < b; <1, i=1,...,r + 1, and
the mapping B : [0,1]" ™" — [0,1]""" defined by

B(‘Tla"'vxn) = (¢b1 ($1)7'~-3¢bn (.’En)), Tiy---,Tn € [031]7
satisfies conditions i) and ii). =

Lemma 25 Let A (vy,...,v,) be the (n — 1)-simplex with vertices vy, ..., v, €
R (n—1 < r+1); then, there exists a continuous mapping A : A (vy,...,v,) —
[0,1] such that X (v;) =0, i =1,...,n, and N>, v;) /n) = 1.

Proof. Every Urysohn function A : A (vy,...,v,) — [0, 1] for the sets {vy,...,v,}
and {(>_1_, v;) /n} satisfies the properties required. m

Proof of Theorem 22. After (48) and (50), the proof reduces to define a
continuous function ® : A,,_; — [0,1]""" satisfying: A) M®) = X, and B)
MEQ/n1/n) — N With this aim in mind, for every i = 1,...,n, consider a
vertex wy; of the cube [0, 1]7“+1 such that M"® = X;. The existence of w;) is
guaranteed by Lemma 23. The linear map £ : R® — R"*! whose matrix in the
canonical bases of R” and R"*! is given by

[0l sl

(where w” denotes the transpose of w) has the property

£(6§")> = [w(Tl),.. w(n)] ( (")) wa), 1=1,...,n,

so that, by linearity,

L) —c ({(egmf,..., (e,@)T}A) O S R

Clearly, the lineal function £ depends only on the structure of M. Let us
distinguish two cases according to r+1=n—1orr+1>n — 1. In the first
of them, £ (A,_1) is a (n — 1)-simplex whose vertices coincide with n vertices
of [0,1]"", so that the point

p:c(;...,i):[wg),...,%}(;i(<n>)T>:i§wg;) 53

i=1
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turns out to be an interior point of [0, 1]T+1. Define ® = B o L, where B is
the mapping given by Lemma 24 (with n =r + 1 and P defined by (53)); then
o (egn)) = wy), ¢ = 1,...,n, and ®(1/n,...,1/n) = B(L(1/n,...,1/n)) =
B(P)=(1/2,...,1/2), and therefore

MEED = pve) = X,

and
MO nt/n) — r(1/2,0,1/2) — p

so that conditions A) and B) are fulfilled by ®. Now, let us deal with the case
r+1 > n—1. Note that in this case, the point P given by (53) is not necessarily
an interior point of [0,1]" "', If A : £ (A,_1) — [0,1] is the continuous mapping
given by Lemma 25 for the simplex £ (A,_1) and wg = (1/2,...,1/2) is the
barycenter of [0,1]" ", define U : £ (A, _1) — [0,1]" " by

Uw)=1-A(w)w+A(w)wg, we L(Ap-1).

Thus, the function ® = Uo £ : A,_1 — [0,1]""" turns out to be continuous and
satisfies

Lo} (6£n)) = (1 —A (w(l))) w(;) + A (w(z)) wa = W), 1=1,...,n,

and

Pl —,...,—)=1(1- — ; — ; — ; = .
(n’ , n) ( A (n ;w(l)>> <n ;w@)—l—)\ (n ;w(z)> we = Wa

Like in the case n — 1 = r + 1, these equalities prove that conditions A) and
B) are satisfied by ® = G o £. To finish the proof, observe that both functions
Bo L and G o L depend only on the structure of the mean M. m

Remark 26 [t can be shown that all the (r + 1)-tuples (wé”,...,wﬁ”) for

which the equality M<wél)""’w§'1)) = X, is true can be obtained from (52) in
Lemma 23 provided that the path P is made vary on the paths joining the root
vertex My and every leaf labeled with x;. On the other hand, note that the map-
pings B of Lemma 24 and A of Lemma 25 can be easily constructed and thus,
Theor. 22 is a result of constructive nature. The fact that B and A can be taken
not only continuous but also very reqular maps and, consequently, that a requ-
lar function ® could be constructed, does not represent a real improvement of
Theor. 22. Indeed, for the continuous and scale invariant weighting procedures
for two variables means which are known up to now, the function w— M™) is
not even differentiable.

Example 27 Let M € My (I) be a completely reducible mean with formula §
given by

M (1,72, 73, 24) = Mo (w3, My (Ma (21, 24) , M3 (23, My (21,72)))) -
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The vertices of the cube [0, 1]5 (whose existence is assured by Lemma 23) which
are obtained by completing with 0’s the labels of the corresponding arcs are listed
below:

X, < (1,0,0,0,0), (1,1,0,1,0)
X « (1,1,0,1,1)
X; <« (0,0,0,0,0), (1,1,0,0,0)
Xy < (1,0,1,0,0)

In association with these vectors, four linear functions L can be constructed as
in the proof of Theor. 22. Their corresponding matrices are given by

11 01 11 11 11 01 11 11
01 00 01 10 1100 1110
00 0 1], 00 0 1|, 00 0 1|, 0 0 01
01 00 01 0 0 1100 1100
01 00 01 00 01 0 0 0 1 0 0

Clearly, even others matrices could be constructed by choosing a different expan-
sion with 0’s or 1’s of the vectors of labels. Take, for example, the linear function
L whose matriz is the first of the list and consider the 3-simplex A (v1, va, vs, v4)
with vertices v1 = (1,0,0,0,0), vo = (1,1,0,1,1), v3 = (0,0,0,0,0) and vy =
(1,0,1,0,0). A Urysohn function A : A (vi,vs,vs,v4) — [0,1] for the sets
{v1,..., 0} and {(37, v;) /n} is given by A (v) = 4Gy (w1, wa, w3, wye), where
(w1, wa, w3, wq) (€ As) are the barycentric coordinates of the pointv € A (vy,vs2,v3,v4);
ie, v = E?Zl w;v;. Indeed, the Arithmetic mean-Geometric mean inequality
yields
A(v) =4Gy (w1, wa, w3, wy) < 4A4 (w1, we, w3, wq) =1, v € A (vy,v2,v3,04),
so that 0 < A(v) < 1, v € A(vy,v2,v3,v4), while A(v;) = 0, i = 1,2,3,4,
and A ((Z?:l vi) /4) = 4G4 (1/4,1/4,1/4,1/4) = 1. In this way, for every
(w1, wa, w3, wq) € As, the function ® = Uo L of the proof of Theor. 22 is given,
for every (w1, wa, w3, ws) € Az, by
(w1, w2, w3, wy)
= (1 - 4G (w1, w2, w3, ws)) L (w1, wa, w3, ws) + 4G (w1, w2, w3, ws) wa,
where L (w1, ws, w3, ws) = (w1 + wa + wyq, we, Wy, wa, ws) and
we = (1/2,1/2,1/2,1/2,1/2) .
Observe that the first and third matrices in the preceding list both have rank 3

while 4 is the rank of the remaining ones. Presumably, a selection of matrices
with lower rank yields more simple functions .

8 Affine functions and S-reducibility

Let M € M,, (I) be a mean defined on an interval I. A M-affine function f is
([12], [21]) a function f : I — I satisfying the functional equation

F(M (z1,.yzn)) = M (f (1) 5o f(x0)), T1,.e0yp € T (54)
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The terminology comes from the fact that the continuous A-affine functions co-
incide with the standard affine functions f (x) = mz+h, m, h € R (equivalently,
the standard affine functions constitute the general continuous solution to the
Jensen functional equation). The family of M-affine functions is denoted by
A (M;I), while the notation BA (M;I) is reserved for the family of bijective
M-affine functions. Note that, whichever be the mean M, the constant func-
tions belong to A (M;I) while idy, the identity function on I, is a member of
BA(M;I). In this way, given a mean M, A(M;I) and BA(M;I) are always
non void and different each other families.

Proposition 28 Let M € M,, (I) be a mean and [iy,...,i;] an ordered set of

indices with i; €n, j=1,...,k. Then, the inclusion
BA(M:I) C BA (N[z'h...,ik]; I) : (55)
holds provided that there exists a unique [i1,. .., ix]-lower mean i, ;. of M.

When M € CO M3 (R*) is the mean given by (23) in Section 3, it can be
shown that BA(M;I)={f:Rt - R": f(t)=at, t € R"; a > 0} but BA (,u[l)Q];I) =

BA (Ga; I) contains, among many others, the function g (t) = t?, t € R*. This
shows that the inclusion (55) is generally strict.
Proof. Setting J = {i1,...,ir}, it can be written

M (@) 1y i) (B)10)) = i) @)y %5 €15 €T3 (56)
whence, for every f € BA(M;I),
M @)y f (M) @) ) = (M (@) 14y o) (@)
= f (:U'[il,u.,ik,] (»”Uj)m) yajel,jel,
or, taking into account the bijectivity of f,

M (@) f (i) @) )) = F (g (P @))€, G €

In this way, f (F‘[il,...,ik] (f7* (a:]))J) turns out to be a [iq,...,ix|-lower mean
of M, and therefore

f (:u[il,...,ik] (f_l (xj))J) = :u’[ih...,ik] (:CJ)[J] y Lyj € Iv .7 € J7

by uniqueness. The last equality proves that f € BA (,u[il )i L ) |

..... 1k
Now suppose that a mean M is reducible in a class N (I) and that M; €
N(), i=0,...,r, are its reduced means. If f € A(M;;I) [f € BA(M;;I)],
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for every i =0, ...,r, then it is clear that f € A(M;I) [f € BA(M;I)], so that
the inclusions

ﬁ A(M;; 1) C A(M;I) and ﬂ BA(M;; 1) C BA(M;I) (57)

i=0 i=0
hold for every reducible mean M.

Remark 29 A suitable selection of the complementary means N and N in the
representation (18) of Ay shows that (57) are, in general, strict inequalities. For
example, taking N = max, for the mean My (x1,x2,x3) = As (21, max {x2,z3})
it is can be see that

AMy L) ={f:R->R:f({t)=mt+h, teR; m, he R, m >0}.
In fact, if the equality

f(Az (z1, max {2, x3})) = A2 (f (21) ,max {f (z2), f (23)}), z1, 22,23 ER,
(58)
holds for a function f : R — R, then, the replacement x1 = max {x2,x3} yields

f (max{xza,23}) = max {f (x2), f (z3)}, 22,23 €R,

which shows that f must be an increasing function. On the other hand, setting
x3 = T2 i (58) produces

f (A2 (w1,22)) = Ao (f (z1), f (z2)), 1,72 €R,

which shows that f must be a solution of the Jensen functional equation. As
it is well know, an increasing solution f of the Jensen equation in R has the
form f(t) =mt+h, t € R, with m, h € R, m > 0. As a consequence, for the
representation (18) of A4, it turns out to be

(A T)
i=0
C AWMy D) ={fR>R:f{t)=mt+h, teR;m, heR, m >0},

while

AM;I)=A(AT) ={f  R->R: f(t)=a(t)+h, t € R; o additive, h € R}.

A remarkable property of S-reducible means is stated by the following:

Theorem 30 Let M € COM,, (I) be a continuous mean possessing the FUS
property. Furthermore, assume that M is S-reducible in a class N (I) and that
M;, ©=0,...,r, are its reduced means; then

ﬁB.A(Mi;I) =BA(M;I).

=0
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Proof. After the preceding discussion, it will suffice to prove the inclusion

(\BA(M;; 1) 2 BA(M;I).

i=0
Now, since M is S-reducible in NV (I), for a certain partition {J : k =1,...,7}
of n, Theor. 8 enables to write the reduced means M; in the form My = Mj,...;,
and M; = pyy,, @ = 1,...,7, where My, .5, € N (I) is a specialized of M and
try,) € N (I) is a [Ji]-lower mean of M. Now, if f € BA(M;I), then it is clear
that f € BA(My,...;.;I) = BA(Mo;I). Let us see that f € BA (/‘[Jm]) for
every i = 1,...,r. In fact, since M € C(Y) M,, (I) has the FUS property, Prop.
12 shows that lower means are unique and then, f € BA (,u[!h]; I) by Prop. 28.
This finishes the proof. =

Remark 31 Prop. 28 and Theor. 30 are valid without changes when BA (M;;I)
denote the family of bijective and continuous M -affine functions.

Example 32 Given a strictly monotonic and continuous function f : R — R,
the hypotheses of Theor. 30 are fulfilled by the mean

M (z1,22,23) = As <(A2)f (z1,22) 7333) , T1,%2,73 €R.

It is easy to see that a bijective and continuous (Ag)f—ajﬁne function ¢ has the
form

o) =f""(aft)+h), teR,

where o, f € R, a # 0. When f = idg, this expression gives all bijective and
continuous As-affine functions in the form t — at + b, with a, b € R, a # 0.
Thus, Theor. 30 and Remark 31 show that an affine function t — at + b (with
a,beR, a+#0)is a bijective and continuous M -affine function if and only if
there exist a, B € R, o # 0, such that the linear iterative functional equation

Y(at+b) =y (t)+ 5, t €R,

18 solved by f.

9 Appendix

To facilitate the reading of the paper, a table of the main notations employed
is given below.

R set of positive real numbers
I real interval

wT transpose of w

< product order in I™
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v(F) number of effective arguments of the function F

Sn symmetric group of order n

Xi (1, xn) =x, k=1,...,n, coordinate means

X,(lk), k=1,...,n, order means

min,,, max, n variables extremal means

A, n variables arithmetic mean

Gn n variables geometric mean

Ly (L (... 00)) n variables linear mean, [with weights (wy, ..., w,)]

G (G, (wr,...;wm)) n variables geometric mean [with weights (w1, ..., w,)]
QLy [QLy (wr,....w00)] n variables quasilinear mean [with weights (w1, ..., w,)]

FH, (x1,...,25) the n variables mean defined by (Z fi(z) xl> /Z fi (z:)
i=1

i=1
cH r-th weighted n variables counter-harmonic mean
e,[f] (1,0 2p) the r-th symmetric polynomial function
(‘Sw (X1, 2p) the r-th symmetric polynomial mean
Pﬁ(xr) the (two variables) weighted power mean with exponent r and
weight «

M), N (I) general classes of means defined on I

(M), (f (1)) the class of means {(My): M € M (I)}

cWM,, (I) the class of n variables C*) means defined on I

LM(I) the class of linear means defined on [

L Mg (R) the class of linear means with a rational weight vector

QLM (I) the class of quasilinear means defined on I

QLM o (RT) the class of two variables quasilinear means with rational
weights defined on R™

SGM (RT) the class of polynomial symmetric means

(M) f the mean conjugate of M by the homeomorphism f

M two variables mean complementary of M

n the set (of indices) {1,...,n}

J a subset of n

[J] the increasingly ordered set of indices corresponding to J C n

(@)1 the k-tuple (x4, ...,z ) with [i1,. .., ik = [J] (J = {i1,..., i} C
n)

My i) @iy @5 u) the specialization of variables of M obtained
by setting x; =u, j ¢ {i1,...,0k}

My ((xj)[n\l] ;u) the specialization of variables of M obtained by set-
tingz; =u, jeJ

My, ..;. ((‘rj)[n\UiJi] SUL, - ,ur> the specialization of variables of M ob-
tained by setting x; = u;, j€ J;, i=1,...,r

Bfiv,..vin] [i1,...,i]-lower mean of a mean M

FS (%) the set of functional symbols in a formula §

VAR (F) the set of variables in a formula §
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T (3) the tree of the formula F
V(G) set of vertices of a graph G

v (T) order (number of vertices) of a tree T'
a(T) size (number of arcs) of a tree T'

root (T") root vertex of a tree T'

nl (T) the number of leaves of a tree T’

h(T) the height of a tree T (the length of the longest path joining the
root with a leaf)

des (v) the descent of a vertex v € V (T') (the number of subtrees of v)

W:M,(I)xAp_1 — N() weighting procedure defined on the class
of n variables means M,, (I)

A(M;1) the family of M-affine functions

BA(M;I) the family of bijective M-affine functions
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