,') Available online at www.sciencedirect.com

H H Computer methods
‘ ScienceDirect in applied
. A mechanics and
e nSilles engineering
ELSEVIER Comput. Methods Appl. Mech. Engrg. 338 (2018) 41-67

www.elsevier.com/locate/cma

Virtual elements and zero thickness interface-based approach for
fracture analysis of heterogeneous materials

Matias Fernando Benedetto“*, Antonio Caggiano™’, Guillermo Etse**

A Universidad de Buenos Aires, Facultad de Ingenieria, INTECIN (UBA - CONICET), Argentina
b Institut fiir Werkstoffe im Bauwesen, Technische Universitit Darmstadt, Germany
€ Universidad Nacional de Tucumdn, San Miguel de Tucumdn, Argentina

Received 11 October 2017; received in revised form 21 February 2018; accepted 2 April 2018
Available online 17 April 2018

Abstract

A novel procedure for analyzing fracture processes in quasi-brittle materials and consisting in combining the discrete crack
approach by means of interface elements with the Virtual Element Method is proposed and developed in this work. In particular,
the proposed procedure is used in the simulation of non-linear mechanical response and cracking of cement-based composites at
the mesoscopic level of observation. Thereby three components are recognized: mortar, coarse aggregates and mortar—aggregate
interfaces. In this regard VEM constitutes a powerful and efficient tool to represent the complex geometries of the inclusions
in composite materials, such as coarse aggregates in concrete. Actually, patches with any number of edges (not necessarily
convex), hanging nodes, flat angles, collapsing nodes, etc., can be easily handled in the VEM framework while retaining the
same approximation properties of FEM. On the other hand, classical zero-thickness interface elements (IEs) are employed for
modeling stress-crack opening processes. A series of numerical results, not only at the mesoscopic but also at the macroscopic
level of observation, are presented to demonstrate the soundness and capabilities of the proposed approach based on combinations
of VEM and IEs.
© 2018 Elsevier B.V. All rights reserved.
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1. Introduction

Meso-scale analysis and the consideration of complex micro/meso-structural geometries in composite systems and
materials has become increasingly attractive in the last years in the field of computational methods [1,2]. Plenty of
computational approaches, based on the Finite Element Method (FEM), have been actually employed in several fields
of solid mechanics and failure simulations [3,4].

From all possible composites considered in engineering designs and, moreover, in the field of computational solid
mechanics, concrete and cementitious mixtures are amongst the most attractive ones based on the extensive use of
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these materials in civil constructions worldwide. In the last decades, the analysis of concrete failure and cracking
behavior at the mesoscopic level of observation emerged as a promising and extremely effective technique. However,
the viability and capability of meso-scale numerical tools for concrete failure analysis are deeply dependent, on the
one hand, on the accuracy of the considered non-linear constitutive equations of the composite constituents and, on the
other hand, they are also strongly dependent on the considered approach for modeling the interaction between these
constituents [5]. Finally, and very importantly, a proper and efficient meshing of the considered micro/mesoscopic
geometry and of the involved constituents is of key importance, particularly in lower scale analysis [6]. In the case of
concrete composites, the constituents may include coarse and fine aggregates, cementitious mortar or paste, fibers and
interfaces.

A large amount of theoretical models and numerical tools have been proposed in literature with the aim to
realistically model and predict the pre- and post-cracking behavior of concrete at the meso-scale level. Some of
these proposals have traditionally been implemented by means of the classical continuum-based procedures (namely,
Smeared Crack Approaches — SCAs) in which the fracture zone is distributed in a certain region of the solid [7].
Other techniques follow the well-known discrete approach whereby cracks are directly represented or modeled as a
jump in the kinematic field within the analyzed material [8]. Different procedures or FE techniques were proposed
to materialize the discrete approach, such as the Embedded strong discontinuities (E-FEM) [9], eXtended Finite
Element Method (X-FEM) [10], lattice approaches [11], particle models [12], Discrete Element Method (DEM) [13]
and zero-thickness interfaces [14].

These numerical schemes incorporate meso-scale inclusions and/or heterogeneities by means of the description of
a certain region of the body which has been meshed (or discretized) by using standard FEs. Nevertheless, in most
cases this process becomes very difficult and inefficient when the shape, geometry and aspect ratio of the particles
present high distortions and superficial tortuosity. This is one of the reasons why the majority of the available works
only explicitly consider coarse aggregates but neither the medium nor the small ones [15] and, sometimes, only quite
regular geometries have been handled in the scientific literature. In this regard, the Virtual Element Method (VEM)
offers a very reliable and efficient alternative procedure to account for geometrically more complex inclusions and,
consequently, is more suitable for arbitrary non-structured discretizations [16,17]. This issue represents one of the
main advantages of the application of VEM in mesoscopic numerical analyses. In this paper, a novel and efficient
procedure for numerical analysis of cracking processes in composites, characterized by geometrically complex
inclusions, is proposed. It encompasses the use of two fundamental discretization strategies such as the VEM and
IEs which provide relevant advantages regarding both the domain discretization and the simulation of post-cracking
failure mechanisms of dissipative, brittle and quasi-brittle composites.

After the problem overview and literature review provided in this section, the paper is organized as follows:
Section 2 summarizes the meso-scale approach for taking into account the composite nature of the quasi-brittle
composites like concrete which are considered in this research. The basic equations and constitutive rules behind
the use of zero-thickness interface elements for discrete cracking analysis are formulated subsequently, in Section 3.
Afterwards, the mathematical framework and the main ingredients of the VEM applied to elasticity problems are
outlined in Section 4. Some practical information behind the implementation of the proposed approach is then given
in Section 5, while Section 6 deals with the numerical applications and some examples for assessing the potential and
capability of the proposed approach. Some concluding remarks are finally reported in Section 7.

2. Finite element strategy for discrete failure analysis of compeosites with inclusions

In this section the strategy proposed in this work for discrete failure simulations of boundary value problems
of composites with embedded inclusions such as the mesoscopic structure of cementitious mixtures and concrete
is presented. These meso-scale structures are characterized by large aggregates embedded in mortar matrix as
schematically indicated in Fig. 1.

One standard approach is to obtain a convex polygonal representation for representing the large aggregates
surrounded by the mortar matrix. Traditionally, these polygons can be numerically generated through performing the
so-called Voronoi/Delaunay tessellation [18] in a set of points, initially ordered in a regular array, which are slightly
perturbed before the tessellation procedure as shown in Fig. la—b. Coarse aggregates are thus obtained by resizing and
randomly rotating the Voronoi polygons as represented in Fig. 1c—d—e. The input data for the discretization procedure
outlined in Fig. 1 mainly consist in the 2D specimen dimensions (based x height), mixture design parameters,
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(d) (e)

Fig. 1. Concrete meso-scale specimen 100 x 200 mm with 6 x 12 coarse aggregates: (a) random perturbed points (started from a regular array),
(b) Voronoi/Delaunay tessellation, (c) meso-scale concrete specimen and (d—e) details of the meso-structure.

aggregate arrangements (i.e., coarse aggregates number in the X- and Y -direction), volume fraction and the following
two geometric parameters for controlling the shape characteristics of the aggregates to be generated:

min q;

[0, 1] ey

being A and P the area and perimeter of a single aggregate, respectively, while min a; represents the minimum value
of the side length of the polygon: sp; and sp, may vary from values close to one, in case of very regular inclusions
(e.g. for acircle sp; = sp, = 1) to values close to zero for very irregular shapes, such as very stretched polygons with
small length sides. sp; can be mainly used for avoiding stretched polygons in meso-structure representation while
sp, for limiting polygons with small sides. The meso-structure previously presented in Fig. | has aggregates with
20% in volume fraction and no limits were imposed for controlling the aforementioned sp; and sp, parameters.
It is worth mentioning that aggregates with high irregularities enforce very fine FE discretizations with a large
number of elements. To counter this drawback, which actually could lead to unstable and very high time-consuming
computational processes, critical threshold for sp; and sp, shall be fixed, thus avoiding irregular geometries (e.g.,
stretched polygons with small sides). Once the meso-geometry was generated, both polygonal particles and the areas
between them (surrounding matrix) can be meshed with classical FEs for generating the model analysis.

This work introduces a novel alternative to this approach based on the use of VEs, which are capable of modeling
complex inclusions such as those of concrete aggregates (even non convex) with few elements, aiming to overcome
the aforementioned drawbacks.

For cracking simulations based on the discrete crack approach, main assumptions deal with considering the
continuum elements as linear elastic while all the non-linearities are introduced into the interface elements. For this
purpose, once the specimen discretization with continuum finite/virtual elements is completed, interface elements are
introduced along all matrix-to-matrix solid element joints, as well as on all matrix-to-inclusion joints (more on this is
fully described in Section 5). This process consists on a proper duplication of the nodes and subsequent changes in
element nodal connectivities. Any nonlinearity (e.g., thermal, chemical, mechanical) is treated within zero-thickness
interface elements defined throughout the adjacent edges of the meshed continuous VEs. Plenty of examples reported
in the following sections will help to clarify these concepts.

A
sp1 = 47tﬁ e [0,1] Spy =

3. Overview on interface elements for discrete crack analysis

This section is aimed at reviewing the most relevant proposed strategies for both interface elements and meso-
scale discretizations that were considered for discrete crack-based failure analyses of cementitious composites.
Additionally, the governing equations for classical zero-thickness joint elements have been summarized.

Mechanical contacts [19,20], bond mechanisms [21,22] and material discontinuities dealing with cracks and
fracture evolutions in quasi-brittle materials [23,24] represent the most common and practical cases where interface
elements based on zero-thickness layers have been employed in scientific literature. They are formulated in terms of
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Fig. 2. Zero-thickness interface elements for 1D, 2D and 3D model analysis.

contact stresses versus relative opening displacements as schematically outlined in Fig. 2 for the cases of 1D, 2D and
3D discretization schemes.

A large amount of constitutive formulations available in the literature needed to predict failure behavior of
cohesive-frictional materials such as soils, rocks and concretes [25]. The most frequent use of interface elements
for modeling strong discontinuities in concrete is related to the so-called discrete crack approach in the framework
of mesoscopic failure simulations. Thereby, interface elements are used to model not only the bond mechanisms in
the interfaces between the different composite constituents, such as the mortar-to-aggregate joints [26], but also the
failure behavior of the involved matrix such as cementitious mortar. This latter strategy was followed by Lépez et
al. [14,27] for rate independent 2D fracture analysis of concrete under combined stress states. Further extensions for
3D failure analysis and for rate- and time-dependent effects in concrete can be found in [5,28], respectively.

Recently, the interface model formulation was extended in [29] to encompass the failure behavior of fiber reinforced
mortars. Also, transport phenomena in porous materials like concrete were modeled by means of zero-thickness
interfaces, as can be seen in [30], where the moisture-driven diffusion is taken into account in the interface model
formulation. Idiart et al. [6] used interfaces to model the fluid flow through discontinuities in the framework of
coupled hydro-mechanical analysis of concrete drying shrinkage, while in [15] interfaces are used for coupled chemo-
mechanical cracking processes in concrete affected by sulfate attack. Other relevant proposals on interface models for
concrete subjected to multiphysical actions are those in [31,32], related to a diffusion reaction interface model for
alkali silica reaction (ARS), and to a thermo-poromechanical interface model for concrete subjected to long term
exposure of high temperature, respectively.

Explicit cracks in the form of strong discontinuities are also considered in computational solid mechanics based
on the continuous or smeared-crack approaches. In these cases, the governing equations in terms of equilibrium
conditions and the natural and essential boundary conditions, are complemented with the traction on the propagating
crack surface I'; with the following equations:

on; =t"
on; =t only 2
th =t

where t. is the cohesive traction across the crack line [';, while n, is its unit normal vector. The above relationship
is valid for any kind of discontinuous approach employed for discrete crack analyses. When zero-thickness interface
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elements are used instead, the displacement field of the upper and lower faces of the interface element is given by
u+ — VintU+ u = VintU—
[u] =u" —u =V"(U'-U")

being V"' the matrix of interpolating polynomials, U and U~ denote the vector of nodal displacements of the upper
and lower face, respectively, while [u] is the displacement jump vector.
Using virtual work, the internal nodal force vector for the interface can be computed as

fint,+:/ [Vint]TthFd’
Iy

- = — / (v tdr.
Iy

The tangent stiffness matrix of an interface element on I, is given by
Ktint — / [Vint]TQ CtQTVintdI‘d,
Tq

where Q is the rotation matrix needed for the transformation of the nodal displacements when the local interface
coordinate system differs from the global one, and C' is the tangential material modular matrix relating the stress rate
vector and the rate vector of relative nodal displacement jumps, which defines the evolution of the zero-thickness
interface’s kinematic field. Newton—Cotes integration rule is used to compute both, the linearly elastic interface
stiffness (which for linear variations reduces to the trapezoidal rule), and the non-linear dissipative stiffness. The
reason behind this choice is that full integration leads to highly oscillatory responses on the interfaces [33], which
lead to instabilities and convergence issues.

An advantage of using interface elements is that they allow the computation of the interelement force vector [34].
However, as demonstrated in [35], interface model predictions suffer from lack of accuracy in some relevant cases.
Furthermore, to avoid altering the solution it is advisable to set the interface stiffness parameters as high as possible.
Some authors, see among others [36], recommend setting the stiffness higher than 10E/L where E is Young’s
modulus of the material and L is a representative length of the specimen.

Convergence issues are known to appear in non-linear interface behavior, specially during post-peak regimes.
Depending on the problem, severe snap back and snap-through behavior may appear and when penalty stiffness is
employed to model contact, instabilities of the response due to discrete jumps in material behavior between contact
and opening may ensue. During increasing monotonic loading beyond peak strength, strong localization of failure may
take place in the active interfaces. Convergence rates of the interface numerical methods may become critical during
strong localization processes when dense discretizations are considered and high number of non-linear interfaces
are involved in the failure process. To overcome these difficulties, numerical strategies based on modified Newton,
arc-length and energy control can be used as suggested in [37].

4. The virtual element method for elasticity problems

This section provides an outline of the main ideas behind VEM applied to elasticity problems. The first work
introducing the Virtual Element Method to elasticity is by Brezzi et al. [38], which was followed by a generalization
to handle different material models beyond linear elasticity [39], mixed formulation of the elasticity problem [40]
and finite strain problems [41]. Some applications of the method have already appeared, such as linearly elastic
problems [42], geomechanics [43], contact problems [44] and sub-surface flow [45,46]. As when applied to the case
of general second order elliptic equations [47], the main idea of the method is to take advantage of a cleverly defined
projection operator, which through the use of integration by parts allows the computation of the stiffness matrix for
meshes comprised of arbitrary polyhedra without explicit knowledge of the local shape functions, other than over the
polygon boundary where they are fully explicit by construction.

The classical elasticity problem in the domain {2 C R? (d =2, 3)is to find displacements u : 2 — R2, such that

—dive = f in{?
u = 0 onlp 3)
o-n = 0 only
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where o is the Cauchy stress tensor, f is the volumetric load, I', and [’y are the non-intersecting Dirichlet and
Neumann boundaries respectively and n is the normal vector to the boundary. The extension to non-homogeneous
boundary conditions is analogous to standard FEM and straightforward.

We assume a given constitutive law at every point X in the domain, i.e., 0 = o(x, Vu). This law may also consider
the history of the material and recalls the ‘black-box’ approach present in many commercial software, in the sense
that for given strains and certain state variables at a point inside an element, an algorithm is invoked that returns the
corresponding stress values. In principle, evaluation of this function is external to the main program and need not be
explicitly known.

The variational form of the problem is then to find an allowable displacement field u such that:

a(u,v) =1(v) Ve [Hy (D], 4)
with H!7p (E) is the first order Sobolev space vanishing on I'p and
a(u,v) = / o(x, Vv(x)) : Vv(x)dS 5
Q
I(v) = / f(x) - v(x) dS. (6)
Q

After the discretization of the domain into a polygonal mesh ¥;, with parameter & of arbitrary and not necessarily
convex polyhedral elements, the lowest order local space VhE for an element E € T, is defined as

VE = {vh e [H'(E) N CYUE)] : viar € C°DE), Vi, € Pi(e) Ve C IE, Av, = 0} ,

where IP;(e) is the polynomial space of degree 1 on e and H'(E) is the first order Sobolev space on E. Basically,
shape functions in a local VEM space V,F are known and continuous on the element boundary while unknown and
harmonic in its interior, and the degrees of freedom are the vertex values as in standard FEM. The definition for
three dimensional problems is a generalization of the plane case, where the local functions at each face of the three
dimensional element belong to the 2D VEM space. For this work we restrain to linear elements only, although a
higher-order generalization was put forward in the literature (see [48,49]). The global space is simply

Vi={w e M, (@ :vile € VEVE e T, )
The discrete bilinear form is defined as usual: for uy, v, € V},

) = Y [ o Va0 s vwi . ™
E

Ee%y

As we will only deal with linearly elastic materials under the hypothesis of small strains and displacements, some
further decomposition of Eq. (7) can be developed. From the constitutive relation for linearly elastic materials, given
by the fourth order constitutive tensor C, we have that

o) = A tr(e(u)1 + 2ue(u), ®)

where €(u) = %(Vu + VTu) is the linearized strain tensor, tr(e) is its trace, 1 is the second order identity tensor and
(X, p) are the Lamé parameters of the material. By replacing (8) in (7), the bilinear form becomes

af(uh,vh):lu/ e(uy) : €(vy) dS +x/ div(uy,) div(v,) dS
E E

= 2,41(—/Eu;,- div(e(vy)) dS +/a

I I I

u, - (e(vy) -mngp)dl ) + )»/ div(uy) div(v,) dS ,
E E

where integration by parts was used to obtain the last equality. At this point the local projector operator I
: VE — P(E) is introduced. The definition and properties of the projection lie at the heart of the VEM philosophy,
and the reader is referred to the available literature for a thorough treatment (mainly [38—40,50] for the concept and
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definition, [48,44] for details of its computation). /I is defined by the following conditions:

ap (Ip(uy),p) = af (w,,p) Vp e PI(E) (a)
| M M
NE ; Tp(v) = Tg ; u,(v;) (b) o
NE NE
> vo x Mp(ua(v)) = ) vo x wy(v;) (©)
i=1 i=1
where v;, i =1, ..., Nf are the vertices of the element, while E and v, are the coordinates of the barycenter. Since

dim (P{(E)) = 6, the same number of equations is needed to uniquely define the projection. (9a) provides only 3
equations, due to the fact that if p € P;(FE) corresponded to one of the 3 infinitesimal rigid body motion in the plane, it
automatically yields O = 0. Therefore, conditions (9b) and (9¢) must be added for the projector to be uniquely defined,
since they impose equality of average nodal values and rotation between function and its projection, providing 2 and
1 additional equations respectively. Given that rigid body motions do not enter the computation of the bilinear form,
other equivalent choices of equations could be made to eliminate them without changing the approximation of the
strains. The projector is explicitly obtainable, since for p € Pj(E), all right hand side terms of (9) can be computed
from the knowledge of the function at the Degrees of Freedom (DOF). Specifically, for (9a),

I = —/ u;, - div(e(p))dS =0
E

I = / vy, - (e(p) -ng)dl is computable on 0 E
IE (10)

I = / div(uy) div(p) dS = — / u, - V(div(p)) dS + f (u, -ng)pdl
E E dE

= / (uy -ng)pdl is computable on 0E
IE

while (9b) and (9c) require only the value of the VEM function on vertices, precisely its DOF. At the same time, terms
on the left hand side in (9) involve only polynomials and are therefore computable. A new bilinear form is defined:

an(uy, Vi) = Y / o (X, Ig(Vup)(x)) : He(Vv,)(x) dx )
E

Eety,

= Y |EloUTe(Vuy)) : (V).

Eery,

Note that in general and unlike standard FEM, the local VEM spaces contain functions that are not polynomials.
However, the discrete bilinear form a(uy, v;,) is computed exactly when either one of the arguments is a polynomial
(see above) and therefore the formulation of the element is such that it guarantees passing the patch test. For non-
triangular elements (or non-tetrahedral elements in 3D), this approach may lead to spurious modes in the solution. As
in the case of second order elliptic problems, a stabilization form S}, is introduced (see provided references for details).
It scales appropriately, i.e., it takes care of the spurious modes and guarantees stability without affecting convergence
and accuracy of the solution, as it is bounded above and below by constant multiples of the bilinear form a; (which is
responsible for consistency [39]). Thus, the complete global bilinear form becomes: for u;, v;, € Vj,

anp(uy, vi) = ap(ay, vi) + v (ay) Sy (g, vy) (12)

where 7;, > 0 is a parameter depending on the material model and the current state, and is required to adjust the
stabilization term.

For the linear form corresponding to the loading term, the approximation relies on taking the average of f over an
element with Nf vertices and a quadrature rule based on vertex values for the VEM function v;. Namely,

)= Y 19,7, (13)

Ee%),
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E
where f£ = \ITI [pfdx, " = #Z,NL vn(v;), although any other approximation of the loading term with the correct
v

approximation order can be used instead of this one (e.g., using the orthogonal L? projection on a polynomial space) as
long as it can be computed only from the values of the DOF of v;,. The stabilization parameter for the linearly elastic
case can be taken simply as 7, = A+ 2u, although for severely deformed elements with large aspect ratios some other
choices have been suggested [43]. For a verification of the value for the parameter for nearly incompressible materials
and non linear behavior see [50]. To summarize, the idea behind the VEM formulation is to use the projector to find
a patch-test satisfying approximation of the strain field associated with a VEM shape function using constant strain
values for each strain component. For this reason, the lowest order VEM discretization for elasticity has convergence
properties analogous to the classical CST (constant strain triangle) element [38]. However, VEM has been shown to
be less sensitive to mesh distortion [49], which along with the use of arbitrary polyhedral elements, provides greater
meshing versatility. This feature makes use of VEM a very attractive approach for complex and irregular meshes such
as those characterizing mesoscopic length scales of cementitious composites such as concrete and mortar, as proposed
in this work.

5. Discretization and implementation of meso-scale simulations with virtual and interface elements

The discretization and cracking simulation of concrete composites based on interfaces was, since the first non-linear
analysis of concrete components based on discrete crack approach, the most extensively considered strategy. Its main
advantage is the inherent simplicity of its constitutive formulation and numerical implementation. The drawback of the
direct procedure based on interfaces is the imposed fix crack path which may suppress the cracking evolution through
other more critical paths, see a.o. [51,52]. Therefore, sufficiently dense meshes with interfaces in all solid element
connections shall be considered. This section reports the geometric generation, meshing and interface addition in
mesoscopic elements modeled with VEs and IEs.

5.1. Mesh generation and aggregate selection

Polyhedral meshes were obtained using Polymesher [53], a random mesh-generator algorithm for Matlab, which is
based on Voronoi diagrams from random initial points called seeds. For this work, slight modifications were introduced
in the code to allow for some bias in the random selection of the element seeds. The initial polyhedral mesh is usually
rough and uneven, and through several iterations uniformity is obtained, converging to a very regular hexagonal mesh.
In some of the numerical studies presented in this paper, a rougher, more irregular mesh was chosen to better model
the unevenness of actual concrete samples (as in Section 6.2.3), while in others more iterations of the mesh were
performed for a smoother representation of the geometry (e.g. the debonding problem of Section 6.2.2). Throughout
this work, element coloring in the shown meshes indicates the number of vertices of the element.

Meso-scale simulations of heterogeneous materials should geometrically represent the different constituents
and their most relevant properties. When using triangular elements in meso-scopic discretizations, some relevant
difficulties may appear such as the presence of small angles and edges, bad aspect ratios and low-quality elements
in general. These complications can be avoided using arbitrary polyhedral elements that do not require any further
discretizations between aggregates and, therefore, do not lead to the aforementioned mesh defects. Since meshing
complex aggregate geometry is no longer needed, there will be an improvement in element quality.

In order to represent different material properties of heterogeneous media we propose an approach that takes
advantage of discretizing the domain into arbitrary virtual elements. In a given polyhedral mesh, the ratio p of
aggregate volume to total volume is set. In the numerical results for heterogeneous concrete-like materials in
Sections 6.2.3 and 6.2.4, a new randomly generated mesh is produced at the start of each simulation, whose aggregate
selection is also randomly obtained. Due to this latter fact, the results of the analysis vary within a certain range
depending on discretization parameters such as maximum element size and shape, aggregate density and distribution,
and material features. The limitation for selecting aggregates is that they are not in contact with the boundary nor with
other aggregates. Voids in the specimen can be inserted analogously.

Finally, whenever independently obtained meshes need to be compatibilized (as in several of the problems
presented in Section 6), full advantage is taken from VEM features to deal with hanging nodes. In this way, different
meshes merge into a globally conforming mesh by sharing all nodes on the common boundary.
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(a) Original mesh. (b) Closed path. (c) Surrounding an element.

Fig. 3. Inserting interface elements into a virtual element mesh.

5.2. Interface elements addition

Traditional IEs are added on edges of the VE mesh. These interfaces can be introduced regardless of the shape of
the VE, and since the functions in the local VEM spaces are polynomials on the boundaries of the element (Section 4),
the insertion of IEs provided the polynomial degree in the interface and the VEM discretization order agree) is the
same as with standard FEM. It is not possible however to introduce IEs that do not form a closed path on the mesh,
since that would result in a physically inconsistent non-propagating crack path. Therefore, two procedures for inserting
interface elements are applied. The first one deals with closed paths (as in Sections 6.1.1, 6.1.2 and the debonding
test in 6.2.2), in which interfaces are added following the path until the last interface finishes either at the beginning
of the first interface or at the boundary. In the latter case, it is required that the interface also begins at the boundary.
This approach allows to introduce the minimum required amount of IEs to follow the crack path, although it requires
a priori knowledge of the path. The second approach allows inserting IEs surrounding any element, and therefore a
closed loop is always determined. This becomes specially useful when one needs to surround a particular element
with interfaces (e.g., an aggregate in a cement matrix), since the process is done locally on the element. It is also
much more practical in the case of interface elements in all possible inter-element boundaries. Fig. 3 illustrates both
alternatives described here, showing node duplication and interface creation.

5.3. Interface constitutive rules

The stress-opening responses and the cracking separations of the interface elements analyzed in Section 6 have been
formulated in terms of 2D normal/shear stress components, (o, 7), related to the corresponding jump in displacements,
[u]l = ([u,1, [u.1). Specifically, the following interface-rules have been employed:

e A linear elastic relationship for the analysis of the plate with a circular inclusion in Section 6.1.1.
e A cohesive zone model proposed by Tvergaard [54] for the analysis of the peeling test in Section 6.1.2.
e The fracture-based rule proposed by Park et al. [55] for all mesoscale analyses outlined in Section 6.2.

The detailed description of the models are documented in the corresponding Sections.

6. Numerical results

The aim of this section is to report the importance of polygonal VEM meshing and approximation in practical cases
as presented below, showcasing the capabilities, numerical efficiency and resolution of the proposed approach based
on the combination between VEM and IEs. Results are presented, beginning with benchmark problems followed by
applications for meso-scale systems. All numerical results were obtained using an in-house code in the MATLAB
programming language. In non-linear problems, the incremental-iterative solution was obtained with a standard
Newton-type method under displacement control, with additional care to ensure convergence (e.g., smaller load steps,
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adjusting tolerances). At each load and/or displacement increment, the tangent stiffness matrix is computed and the
solution is updated until equilibrium is achieved. Since bulk elements are always linear elastic and non-linearities are
only present on the interfaces, the tangent stiffness matrix of the VEs is trivial and for the IEs it can be analytically
computed beforehand and evaluated accordingly. The ill-conditioning of certain problems involving fracture behavior
suggests the use of more advanced tools such as line search, arc-length, and energy based methods, [56], to ensure
proper convergence, although all results presented in the following were obtained with the standard method.

6.1. Benchmark problems

6.1.1. Linear elastic plate with circular inclusion.

As first example, a plate with a circular inclusion is put forward so as to highlight some of the capabilities of
the VEM for seamlessly integrating non matching meshes in order to include interface elements between different
materials. In this context, similar analyses of such systems (i.e., a medium with inclusions) were performed in former
communications in scientific literature [41,39,57,58].

The BVP involves two linearly elastic materials for the plate and a circular inclusion. Problem geometry and a
detail of the plate-to-inclusion interface is presented in Fig. 4. The element colors in the picture on the left hand side
of this Figure indicates number of edges of the element while the picture on the right shows the different material
properties considered in the analysis. A quarter of the mesh was generated and replicated using symmetry to obtain
the final mesh, as well as a grading criteria to obtain a finer mesh around the inclusion. Since both components were
meshed independently, there was no mesh conformity requirement. As explained in Section 5.1, this poses no problem
for the VEM, and it is handled by sharing nodes on the interface and defining collinear adjacent edges so that no gaps
in the mesh are left.

The plate length is 2 mm, Young’s modules are £, = 50 MPa and E; = 25 MPa for the plate and the inclusion
respectively, Poisson’s ratio for both materials was set as v, = v; = 0.25 and a far field stress of o, = 1 MPa
is imposed. The boundary conditions consist of fixing the vertical displacement for nodes (0, 1) and (2, 1) and the
horizontal displacement for nodes at (1, 0) and (1, 2), which is more than enough to eliminate rigid motions and
with no reaction forces present due to the symmetry of the applied load. An analysis of this problem with analytical
solutions in the context of numerical manifold method can be found [59], and a comparison of the obtained results
will be made with the solution provided there. Assuming, as in this case, that the Lamé parameters A, i, and A;, p;
for the plate and inclusion respectively satisfy A, =, and A; = u;, then the analytical solution of the linearly elastic
problem of an infinite plate with an inclusion in polar coordinates is given by

3uioycos(6)

r<a
o = Hp +2u;
oy (r2 (a®(ui — pp) + r2(up + 27)) + c0s(20) (3a*(up — i) + 4a’r> (i — pp) +r¥(up +21:))) e
2r*(ip + 24i)
3u;oy sin(0) cos(d) -
— r<a
o — Mp + 21
T oesin@0) (i — pp) + 202y — ) + ey + 210)) .
2r4(ﬂp +2u;)
3140y sin*(0) -
_— r<a
— Mp + 21
0 (c0s20) (3a*(up — i) + ri(p + 2u0) — 12 (@P(p — 1) + r2(1p + 211))) .
2r4(ﬂp + 2“«1)

where a is the radius of the inclusion and the origin of coordinates is located at the center of the inclusion.

Using a very fine mesh made up of 8000 polygonal elements, a reference solution was obtained (Fig. 5), where the
unsmoothed values of o, on the vertical mid section and on the interface were 0.7496 and 1.4810 for the inclusion and
the plate respectively. A very good agreement is therefore found with the analytical values of 0.75 MPa and 1.5 MPa,
considering that the plate is not infinite, the lowest order virtual elements have a constant stress approximation within
the element and we are comparing a value on the interface with one which is constant on the whole element whose
barycenter does not lie on the interface.
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1.1

1 1.1

(a) Geometry and virtual element mesh. (b) Detail of mesh non-conformity between plate and
inclusion (inclusion mesh is roughly twice as fine).

Fig. 4. A linearly elastic benchmark: Geometry and mesh. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
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(a) Smoothed stress field 0. (b) Unsmoothed stress field o, around inclusion.

Fig. 5. A linearly elastic benchmark: Results for o, (MPa).

We now introduce a new mesh with the same discretization but with the addition of IEs, depicted in blue as shown
in Fig. 6(a). The goal is to determine a value for the tangential K, and normal K, stiffness of the linear interface
elements that preserves the accuracy of the solution. By considering K, = K, = 10"E, and gradually increasing
the value of n in all interface elements, a comparison is made with the reference solution (i.e., continuum elements
with no interface between them). Fig. 7(a) shows the results of the stress profile o, along the vertical symmetry axis
(x = 1) for increasing values of the stiffness parameters of the interfaces, including the reference and the analytical
solution. Due to symmetry, only the upper half of the problem geometry is shown. The integral of the stress profile
along x = 1 is selected as a quantification of the influence of the interface stiffness. The relative error of the integral
of o, along the vertical symmetry axis, i.e. [|oy ggr — 0x.nldy/ [|ox,reF|dy is shown in Fig. 7(b). From these results
it can concluded that for n > 3 the influence of the interface elements is negligible. Even for n = 2, i.e., an interface
100 times stiffer than the plate, the influence can be barely appreciated. Lower values of n show a noticeable effect
which is of course dependent on the geometry of the mesh.

The final results for this section deal with the possibility of computing interface stresses. In order to obtain accurate
results some weight parameters need to be considered, as explained in [35], whereby a different stiffness is assigned



52 M_.F. Benedetto et al. / Comput. Methods Appl. Mech. Engrg. 338 (2018) 41-67

2

1.5

1

0.5
“085 09 095 1 1.05 1.1 115 0 0.5 1 1.5 2
(a) Mesh with interface elements on all mesh edges. (b) Mesh with interface elements only on interface

and symmetry axes.

Fig. 6. A linearly elastic benchmark: Addition of interface elements. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)
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(a) Comparison of computed values of 0. (b) Relative error of the stress profile o, on the line x = 1.

Fig. 7. Results for stress field oy onx = 1.

to the end nodes of an interface depending on the number of interfaces converging to each pair of nodes and their
relative orientation. Interface lines will be introduced along the vertical and horizontal symmetry edges, as well as
on the plate/inclusion interface, as shown in blue in Fig. 6(b). Since penalty stiffness values are non unitary only in
intersections of 3 or more interfaces, it was only required to compute them on the 4 locations where the symmetry
axis meet the border of the inclusion. Results for normal and tangential interface stresses are shown in Figs. 8 and 9,
where the obtained solution (marked with circles) is plotted from different viewpoints together with the corresponding
analytical solution. The provided dashed lines represent the boundaries of the plate and the inclusion.

Some conclusions arising from these results are that good agreement is found between the computed and the
analytical solutions regarding both normal and tangential stresses. This is remarkable given that the problem was
discretized with arbitrary VEM polygonal elements of the lowest order, the Newton—Cotes approximate integration
rule was used and there is no conformity requirement whatsoever between mesh for the inclusion and for the plate.
Additional experimental results with full integration on the interface elements and without penalty parameters resulted
in higher oscillations and were, consequently, less representative of the real solution (not shown).

6.1.2. Peeling test

In this section a type of bond-slip test is analyzed. Namely, the separation of two layers which are connected by an
interface. This problem was studied in [60] in the context of node-to-segment interface elements.

As the lower layer is much stiffer than the upper one, very small deformations are expected in the lower one
and therefore it seems reasonable to use a coarse mesh for that part of the problem. However, in order to accurately
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Fig. 8. Values of analytical and computed normal interface stresses.

represent the deformation that the peeled layer undergoes, it is advisable to provide a sufficiently fine discretization
of that layer as well. Taking advantage of the versatility of the VEM, the lower substrate can be discretized differently
by using arbitrary polygons that can interact with any number of IEs used to model the connection between both
substrates. In this way non-matching meshes are introduced, with varying mesh sizes and without the need for any
special treatment nor sacrificing accuracy The interface constitutive model used for this test was introduced in [54],
and here presented for completeness. For relative normal and tangential displacements A, and 4, the corresponding
normal and tangential stresses are given by

o= 2—7a,m,xﬂ(1 — 2%+ 1%
4 8
7= 2—71,,1”&(1 — 214212
4"
where 0y, and t,,, are the maximum stresses, 8,. and §,. are the critical openings, and A is a dimensionless
parameter called effective displacement, defined as A =,/ (%)2 + (%)2. For 0 < X and 1 < A, i.e., for no relative

displacement or relative displacement exceeding critical openings, we have 0 = v = 0. When normal stresses are
negative (i.e., there is compression at the interface) a penalization was applied thereby increasing stiffness in order
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Table 1
Data for the peeling test.
Omax Tmax Sne Ste Etop Viop Epottom Vbottom
30 MPa 30 MPa 0.1 m 0.1 m 10° Pa 0 10'0 pa 0

to avoid interpenetration and to appropriately model the contact constraint. Material parameters for this problem are
given in Table 1.

The geometry of the problem as well the boundary conditions are shown in Fig. 10, where the 4 different meshes
under consideration are presented. Once again, element coloring indicates the number of edges for each element.
Table 2 summarizes mesh composition and discretization, where Bx, By, Tx and Ty indicate number of elements
for the bottom and top substrates respectively, in the x and y directions. Note that Mesh A is regular rectangular
conforming mesh, while the others include elements with more than 4 edges. In particular, Mesh C presents no
common node between substrates in the interior of the interface while Mesh D uses a single 27 sided element for the
discretization of the lower substrate. Loading F' is applied through small displacement increments in the upper right
corner, until the final vertical displacement § = 0.1 m is reached.

Results comparison for different meshes is based on the applied force and the interface normal stress. In Fig. 11(a)
the final solution is shown for Mesh D. Results for normal stresses along the interface are shown in Fig. 11(b), where
a maximum value close to o,,,, is attained near x = 0.6 m in all cases. As the vertical displacement approaches
the critical normal opening, the interface is expected to become more compliant and the force needed to impose
the displacement increment should be reduced. That is indeed the case, and values of the applied force show a very
good agreement for all meshes (Fig. 11(c)). Practically the same values of F were obtained for meshes A, B and D,
while a very slight difference is appreciated for mesh C, explained by the different number and distribution of the
IEs. From the results of this benchmark test it can be concluded that differences in the results from using different
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Fig. 10. Geometry, meshes, and boundary conditions for Peeling test.

discretizations were negligible which demonstrates the objectivity of the interface numerical predictions regarding
composition, conformity and coarseness of the considered discretizations.

6.2. Mesoscopic numerical analyses

In this section, finite element discretizations composed by VEM and IEs as described in previous sections
are considered for analyzing deformation and failure problems of composite materials at the mesoscopic level of
observation. The traction-separation law used for the IEs is described in the following, while the bulk is, in all cases,
a linearly elastic material. We begin with two classic analysis of a fiber composite before introducing uniaxial tests
and a three point beam problem more related to meso-scale simulations of a concrete-like material.

6.2.1. Cohesive constitutive model for the interface

The interface elements for the numerical simulations presented in the following (Section 6.2) obey a material
behavior based on a potential proposed in [55,61] for defining the traction separation law in a Cohesive zone model
(CZM). Normal and tangential stress (o and 7) are defined in terms of the relative openings A, and A, and depend
on 8 parameters:

Parameter ~ Description Unit
I s
max Critical interface stresses MPa
Tmax
g” Energies for pure fracture modes I and I N/mm
t
a . .
8 Post-peak softening behaviors -
An

a Ratios between final and critical opening  —
t
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Fig. 11. Results for peeling test.

Table 2
Mesh composition for peeling test.

Mesh Bx By Tx Ty Total VEs IEs

A 24 3 24 8 264 24
B 8 3 24 8 216 24
C 5 3 24 8 207 28
D 1 1 24 8 193 24

Explicit formulas for interface stresses are:

I, AN A P\ AN A P
co=—|pll—— — + = —o(l —— — + —
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Fig. 12. Traction separation law in pure modes.

where 8, and 6, are the final normal and tangential openings respectively, which establish the limit for the available
interface stiffness, and §,. and §;. represent the normal and tangential critical opening, respectively, for peak interface
strength. I, and I'; are two constants which are related to the fracture energy values and can be easily evaluated by
following the energy principles of the model while p and g are non-dimensional exponents whose expressions are
given in terms of the ratios between the final and critical opening (A, and X;) and in terms of the parameters « and
B. The model does not account for friction originated from crack closure, which can be relevant in cohesive-frictional
materials with aggregates (as in [62,63]).

In the intrinsic approach, interfaces are provided with a high initial stiffness until the critical stress is reached and
are usually simplified as linear until the peak, where the behavior changes abruptly. The model used in this work
incorporates a smoothly varying tangent stiffness that is initially very high, so that accuracy with respect to a mesh
without interface element is preserved throughout the model for almost closed interfaces and the change to post
peak behavior is less sudden. Fig. 12 illustrates examples of normal and tangential behaviors under pure extension
and shear modes, respectively. Black lines represent a linear post-peak behavior (8 = « =& 2) while non-linear
responses are indicated in red. Material damage alters the unloading behavior, which is represented by a straight line
passing through the origin. The interface model in this work accounts for a coupling between openings in normal and
tangential directions as can be observed in Fig. 13, so that for example fracture energy consumed in the tangential
direction affects the response in the normal direction.

6.2.2. Debonding and kinking in a fiber reinforced composite
The non-linear dissipative debonding and kinking of a circular elastic inclusion immersed in an elastic square
matrix is approached in two ways: firstly by introducing interface elements with a cohesive interface law, only on their
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Fig. 13. Traction separation law with coupling between openings.

Table 3

Data for debonding test.
Bulk E (MPa) v
Matrix 4000 0.4
Fiber 40000 0.33
Interface )‘n )"t ¢n ¢t Omax Tmax o ,B

Matrix-Fiber 1072 1072 0.01 0.01 10 10 2 2

intersection (debonding), and secondly by considering non-linear IEs in the interelement boundaries of the matrix
as well (kinking). This problem was numerically studied in the literature in the context of discontinuous Galerkin
methods [64] as well as augmented Lagrangian [65]. Further details on the debonding and kinking phenomena can be
found in [66,67], respectively.

The geometry of the problem, shown in Fig. 14(a), was independently meshed for the inclusion and the matrix.
Compatibility of the non conforming meshes was obtained by sharing the nodes on the interface between them
(Section 5.1). The problem was solved under the plane strain assumption and material data is reported in Table 3.

For the debonding test, a horizontal displacement § = 2 - 10~3 mm was imposed and the reaction force computed.
The mesh is comprised of 400 elements for the matrix, 100 for the inclusion and 78 IEs. This analysis serves as a
benchmark test for the method since interfacial cracks can only appear between matrix and fiber. Results for reaction
force and horizontal stress are given in Fig. 14 where dashed lines are provided as a reference. The reaction force
shows an almost linear increase until approximately § = 0.35 - 107> mm where the slope decreases slightly until
point A, which is a local maximum. As the debonding continues, the reaction force decreases until a local minimum
at B, and thereafter shows an asymptotic convergence to the linear relation which is obtained when no inclusion is
considered (point C).

For the kinking analysis, a horizontal displacement § = 9 - 10~* mm is imposed in several load steps, and again the
reaction force is computed. The mesh for this problem is comprised of 2000 and 8000 VEs for the inclusion and the
matrix respectively, as well as 412 and 232 97 fiber—matrix and matrix—matrix IEs respectively. Problem data are as
indicated in Table 4, noting that elastic parameters for inclusion and matrix are the same as in the debonding problem.
As in other cracking analysis using finite and interface elements, the crack path is de-facto predetermined by the
discretization, as the cracking can only follow the inter-element boundaries of the mesh between plate and inclusion.
Results are presented in Fig. 15 and are qualitatively in good agreement with those obtained in the previously cited
works. The horizontal stress at different load steps and at different stages of the kinking process is depicted. The
debonding between fiber and matrix appears first due to the lower strength of the interface. Afterwards, the first signs
of kinking are observed which keep propagating into the matrix while micro-fractures appear. A state of total failure
is reached when the crack covers the entire height of the specimen.

Based on the obtained results, it can be concluded that the proposed approach using VEs yields very similar
results to those from other proven methods in the literature, with the advantage of allowing for a less restrictive
meshing process and more versatility in element geometry. It is worth mentioning that to overcome the restriction
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Fig. 14. Reaction force against displacement and horizontal stress o, (MPa) with magnification factor = 20 for the debonding test.

Table 4

Data for kinking test.
Interface }Ln )»r ¢n ¢t Omax Timax o /3
Matrix 1072 1072 0.20 0.20 30 30 3 3
Matrix—Fiber 1072 1072 0.04 0.04 10 10 3 3

of the predefined crack path allowing for arbitrary crack propagation paths, the polygonal VEs can be conveniently
subdivided to allow crack propagation through them in case this path actually leads to the maximum post-cracking
energy dissipation.

6.2.3. Uniaxial tension

Uniaxial tests of concrete samples are the simplest boundary value problems to be evaluated at the mesoscopic
level of observation. For a given aggregate volume ratio of 20%, 3 sample sizes were chosen (10 x 10, 20 x 20 and
30 x 30 in mm) as well as varying element sizes (1 mm?, 1/2 mm? and 1/3 mm? of average element size), as shown
in Fig. 16 along with the final failure state. Aggregates and aggregate-matrix interfaces are shown in red and bright
red, while bulk elements and bulk—bulk interfaces are shown in blue and bright blue. Analyses such as this one have
an application in modeling RVE (representative volume element) in the framework of multi-scale analysis. Meshing
and aggregate selection was performed as explained in Section 5.1 and material parameters are listed in Table 5. The
specimens were subjected to a uniform 0.2% vertical strain under plane stress condition, by prescribing horizontal
displacement on the left and right boundaries and fixed vertical displacement on the vertical symmetry line. Since the
aim in this work is only to show the capabilities of the method, only a sample of all the possible numerical experiments
that can be performed by varying material parameters, geometry and meshes are presented. The adopted aggregate
volume ratio in practice was 20 = 1%. Selected results were obtained and compared, as plotted in Fig. 17.

From the results which show the overall specimen behavior up to failure in the tensile test and in terms of both
mean axial stress vs. mean axial strain on the one hand (Fig. 17(a)), and mean axial stress vs. axial displacement on
the other hand (Fig. 17(b)), the following conclusions can be obtained: post-peak response ductility strongly depends
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Fig. 15. Reaction force against displacement and horizontal stress oy (MPa) and for the kinking test.

on the sample size, under conditions of similar aggregate volume ratio and similar maximum aggregate size. This
important conclusion, which is demonstrated in the diagrams of Fig. 17 based on both mean axial strains and on axial
displacements, are consistent with experimental observations and size effects studies on quasi-brittle materials like
concrete. A second relevant conclusion is that the sensitivity of the peak mean axial stress regarding the specimen
size is very low and negligible. This is also in agreement with experimental observations published in the scientific
literature. Finally, and regarding the failure patterns shown in Fig. 16, the numerical predictions show strong failure
localization for all considered sample sizes, which is in line with the well-known concrete failure behavior in the
uniaxial tensile test. However, the cracking evolution and distribution in one or two localization bands depend on
the aggregate distribution. This is demonstrated with the results in Fig. 18 which correspond to the uniaxial tensile
tests on two specimens with the same size (20 x 20 mm) and aggregate volume ratio, but different meshes and
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Table 5

Data for the uniaxial and the three point beam tests.
Bulk E (MPa) v Volume ratio
Matrix 25000 0.2 0.8
Aggregate 70000 0.2 0.2
Interface An At ¢n ¢t Omax Tmax o ,B
Matrix 1072 1072 0.06 0.06 6 6 2 2 } Uniaxial
Matrix-Aggregate 1072 1072 0.03 003 3 3 2 2
Matrix -t 107t 1 1 6 6 5 5 } Beam
Matrix-Aggregate  10~' 107" 05 05 3 3 5 5

Fig. 16. Upper row: Geometry and meshes for the uniaxial tests. Lower row: Final state at failure (magnification factor = 20 and resized for
comparison). (a) and (d) 10 mm x 10 mm —1/3 mm? mean element size. (b) and (e) 20 mm x 20 mm —1/2 mm? mean element size. (c) and (f)
30 mm x 30 mm —1 mm? mean element size. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

aggregate distributions. The latter is responsible for the tortuosity of the crack development, and therefore, for the
damage concentration in only one or two crack bands. As can be observed in Fig. 18, despite the strong agreement of
the pre-peak stiffness/response and peak strength between the two mesoscopic arrangements, the post-peak behavior
is strongly influenced by the particular aggregate distribution. These results agree very well with the experimental
observation. So, according to the results in this section, the proposed numerical methodology for mesoscopic non-
linear and failure analysis of quasi-brittle composites like concrete and cementitious mortars based on VEM and IFs
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Fig. 17. Results for the uniaxial test for varying mean element sizes (MES) and sample sizes.
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Fig. 18. Comparison for a 20 mm x 20 mm specimen with 1/2 mm? mean element size with single and double crack paths.

is a very effective and realistic approach which allows details and accurate evaluations of the influence of different
material parameters, mixture properties, size and distribution of the involved inclusions, etc.

Further simulations could include pores as a percentage of the total volume of the sample, which can be easily
produced by repeating the same procedure for selecting aggregates and either provide them with a negligible stiffness
or eliminate them from the mesh altogether. The results presented in this section are of course only a sample aimed at
showing the potential of this approach for this type of test. A statistical analysis of the variation in strength due to the
randomness of the mesh and aggregate selection out of the scope of this work, but ideas and results in this direction
can be found for example in [68].
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(b) Final State (magnification factor = 5).

Fig. 19. Three point beam test — 920 element mesh.

6.2.4. Analysis of a concrete structural component

The final numerical example deals with the classical three-point bending test on a pre-cracked concrete specimen.
Material data is given in Table 5, where a higher fracture energy and a more ductile behavior were imposed in
this case as compared to the uniaxial test due to convergence issues arising from the more complex nature of the
failure mechanism. Mesh, geometry, loading and boundary conditions for a mesh of 1152 elements for the initial
and final states are presented in Fig. 19. Meshing and aggregate selection was again done following the guidelines in
Section 5.1.

In the zone where the failure process develops, a mesoscopic discretization with VEM and IEs was performed
similar to the one considered in previous subsection, while in the rest of the eccentric three point beam problem,
a macroscopic finite element mesh without interfaces was considered. Material properties in the volumetrically
discretized portion were obtained as the weighted average between those of the aggregates and the mortar. This
problem may serve to assess the feasibility of applying the proposed numerical methodology to a more complex
problem related to failure mechanisms under mode II type of fracture. Results of central deflections against applied
loading are provided in Fig. 20. Three different randomly generated aggregate distributions (A, B and C) in the
mesoscopic zone of the beam were considered for each one of the different and fixed discretizations with 692, 920
and 1152 solid VEs, respectively. As can be observed in Fig. 20, peak force and post-peak behavior in all three different
meshes vary with the aggregate distribution. This is reasonable as it affects both the initiation and tortuosity of the
cracking process. The resulting failure paths from the numerical analyses agree with experimental observations [69],
showing a crack starting at the pre-cracked location which propagates towards the loading point. Despite the involved
complexities, the involved numerical tools were able to go through the peak load with stable solutions and without
the need of implementing more sophisticated solving algorithms for snap-back and snap-through behaviors, that may
present after peak load.

7. Concluding remarks and future developments

In this work a Finite Element methodology based on combining Virtual Elements and Interface Elements was
presented for analyzing deformation and failure problems of solid materials and structures at both, macroscopic
and mesoscopic levels of observations. Benchmark tests were presented to demonstrate the potentials of this novel
approach which may be considered as a reliable alternative and, in some cases, an improvement over standard
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Fig. 20. Three point beam test: results for reaction force against central deflection.

Finite Element methodologies. This is mainly due to the simplifications in the meshing process, particularly in
case of mesoscopic analyses where the Virtual Elements strongly facilitate the representation of the geometrical
features, leading to more realistic meso-structures. The results showcased here reveal many possible lines of
improvements, such as a straightforward extension to 3D simulations with planar interfaces, accounting for higher
order approximations of Virtual and Interface Elements, including non-linear dissipative constitutive models in the
bulk material, modeling RVE of cementitious mixtures in the framework of multiscale homogenization procedures,
introducing a mesh evolution algorithm, etc. The last one is based on one relevant feature, namely, allowing to
accommodate meshes of arbitrary polygons and, when the failure criterion is reached in certain element, it can be
subdivided along the critical failure directions by simply splitting the element and introducing interfaces along the
new solid element borders. Many of the fundamental requirements for this so-called mesh evolution algorithm have
been already established in this proposal, making it a feasible strategy for future research. Thus, the presented finite
element strategy for failure analyses of materials and structures, based on combinations between Virtual Elements and
non-linear dissipative zero-thickness interfaces offers plenty of options for cracking evolution analysis at macroscopic
and mesoscopic levels of observations.
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