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ABSTRACT
The development of the ausferritic transformation of a ductile iron was analysed using a
novel cellular automaton-finite difference model, which considers geometrical details of the
microstructure, nucleation of the new phase at graphite nodule surface, contact between grow-
ing phases, and carbon diffusion in austenite. The role of nucleation, austenite carbon enrich-
ment, and contact between phases in the different stages of the growth kinetics was studied.
Moreover, a parametric study was performed to investigate the influences of graphite nodule
size, and austenitizing and austempering temperatures on the required time to end the transfor-
mation and final phase fractions. The obtained results are in agreement with experimental data
reported in the literature.
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1. Introduction

Austempered ductile iron (ADI) is an alloy of Fe–C–Si,
which is employed in several applications due to its
wide range of mechanical properties and low manufac-
turing cost. The microstructure of ADI is formed by
graphite nodules inserted in an ausferritic matrix, as is
shown in Figure 1. At ambient temperature, this matrix
is formed by sheaves and austenite blocks. A sheaf is
a wedge-shaped micro-constituent that is formed by
ferrite platelets (subunits) and austenite films [1,2].

The complex microstructure of ADI is formed dur-
ing the ausferritic transformation that takes place at
the austempering temperature (523K (250◦C) ≤TA ≤
723K (450◦C)). The austenite transforms into ferrite
subunits by means of the displacive growth mecha-
nism that involves a continuous process of: (a) nucle-
ation, (b) growth without carbon diffusion, and (c)
carbon rejection from carbon-supersaturated ferrite to
austenite [1,3].

In the literature review, only a few models were
found about the kinetics of the ausferritic transforma-
tion in ductile iron. Thomson et al. [3] presented a
modified steel model considering a displacive growth
mechanism. Ferrite subunits nucleate continuously
within austenite that has a homogeneous carbon con-
centration. The nucleation law considers the austem-
pering temperature, austenite carbon concentration,
and the number of subunits that have already nucle-
ated. Kapturkiewicz et al. [4] presented a model in
which the thickness of ferrite lamellae of infinite length

grows by means of carbon diffusion (diffusive mecha-
nism growth). A continuous nucleation of lamellae is
considered following Avrami’s equation. Hepp et al. [5]
proposed a model in which the thicknesses of acicular
ferrites grow by means of carbon diffusion. The fer-
rite particles are oriented parallel to each other, whose
separation is determined by the number of subunits
nucleatedwithin the austenite. Graphite nodules, which
have a key role in the growth kinetics of the transfor-
mation [6], are not explicitly considered as a micro-
constituent in thementionedmodels. Finally, Boccardo
et al. [7] developed amodel taking into account the dis-
placive growth mechanism, in which some microstruc-
ture features have been considered such as graphite
nodule size, ferrite subunit size, morphology and distri-
bution of phases, and inhomogeneous austenite carbon
content. These models are based on representative vol-
ume elements (RVE) with large simplifications in the
microstructure geometry and carbon diffusion.

In order to carry out a precise prediction of phase
evolution during the ausferritic transformation, geo-
metrical features related to graphite nodules (volume
fraction, size, and distribution within the matrix) and
matrix (size and shape of growing phase) need to be
considered. Regarding the carbon distribution in the
austenite, it also has to be considered, because the max-
imum free energy available for nucleation depends on
the austenite carbon concentration [8]. One way to
model the geometrical details is by means of discrete
numerical methods, such as cellular automaton (CA)
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Figure 1. Micrography of an austempered ductile iron.

[9]. In the CA method, the space, time, and state of
the physical system are discretized [10]. Each cell has
a finite number of states that could change over time
according to transition rules. These rules have a key
role in the final microstructure and are based on the
state of neighbouring cells and the cell itself [11]. The
initial morphology and properties of phases are nor-
mally introduced in the CA through the digital material
representation (DMR) method [12]. The CA method
has been applied in the simulation of manymicrostruc-
tural evolution, such as reaustenitization [13], austenite
to ferrite transformation [14], dendrites growth [15],
recrystallization [16], and ductile iron solidification
[17,18], among others.

This paper is concerned with the study of the dif-
ferent phenomena involved at microscale that define
the phase evolution during the ausferritic transforma-
tion of a ductile iron. The investigation is conducted
numerically using a cellular automaton-finite difference
analysis (CA-FD). A novel coupled CA-FD model is
presented, whose main differences with the previously
described models are a detailed description of the duc-
tile iron microstructure and the modelling of carbon
diffusion in austenite. In Section 2, the coupled CA-
FD model is described. In Section 3, results about the
microstructure evolution and carbon distribution dur-
ing the transformation are discussed. Moreover, the
influence of parameters, such as distribution and size of
graphite nodules and temperatures, is analysed. Finally,
the main conclusions of this work are presented in
Section 4.

2. CA-FDmodel

In this section, a CA-FD model to simulate the ausfer-
ritic transformation in ductile iron is described. The
model takes into account the size and distribution of
graphite nodules, size of ferrite platelets, interaction
between growing sheaves, and carbon distribution. CA
deals with the microstructure evolution according to
the displacive growthmechanism and the FD solves the
carbon diffusion.

2.1. Initial microstructure

The initial ductile iron microstructure is formed by
graphite nodules embedded in an austeniticmatrix. The
required micro-constituent features are introduced in
the model through the DMR method.

For this analysis, a cubic shape domain (�cube) with
a periodic geometry is proposed, in which the graphite
nodules are modelled as spheres. The nodules are
grouped in sets according to their sizes. Each set is char-
acterised by both nodule radius and nodule numbers.
The dimension of the cubic domain is appropriated to
include the nodule sets and to satisfy a required volume
fraction of graphite nodules that ranges between 0.05 ≤
fGr ≤ 0.15 (dilute case). A random, statistically homo-
geneous, and isotropic spatial distribution of nodules
in the domain is performed by the random sequen-
tial addition process [19]. The centre coordinates of
non-overlapping nodules are obtained with a uniform
pseudo-random number generator. The volume frac-
tion of graphite nodules can be obtained from exper-
imental tests or from models that take into account the
mass conservation of alloy elements.

Regarding themicro-constituent chemical composi-
tion, the graphite nodule carbon concentration is set,
in weight per cent (wt-%), as cGr = 100 because it is
formed by carbon [7]. The austenite chemical composi-
tion is proposed as uniform in the domain and equal to
the nominal chemical composition of the ductile iron,
except for the carbon content that depends on the tem-
perature at which the ductile iron is austenitized, which
is calculated in wt-% with the following expression [2]:

cγo = 0.335 × 10−3(Tγ − 273)

+ 1.61 × 10−6(Tγ − 273)2 + 0.006Mn−0.11Si

− 0.07Ni + 0.014Cu−0.3Mo−0.435 (1)

where Mn, Si, Ni, Cu, and Mo are the contents of alloy
elements in the ductile iron in wt-%, and Tγ is the
austenitizing temperature in K.

2.2. Phase evolution

According to the displacive growth mechanism, fer-
rite platelets are formed when the thermodynamic cri-
teria for both nucleation (Equation (2)) and growth
(Equation (3)) are satisfied [8]:

�Gm < Gn (2)

�Gγ→α < Gsd (3)

where �Gm is the maximum free energy available for
paraequilibriumnucleation,Gn is theminimum energy
necessary to obtain a detectable amount of ferrite,
�Gγ→α is the free energy change for the transforma-
tion of austenite into ferrite, andGsd is the stored energy
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due to the shape deformation. The carbon enrich-
ment of austenite modifies the magnitude of �Gm
and �Gγ→α . If the austenite carbon concentration is
high enough, either one or both thermodynamic crite-
ria are not satisfied and the ausferritic transformation
stops. In the ausferritic transformation, cγTo′ is themax-
imum carbon concentration that can be reached in the
austenite.

The phase evolution is simulated by a proposed CA
model, in which the 3D domain is uniformly divided
in an orthogonal arrangement of cubic cells with size
cd [20]. During the ausferritic transformation, the tem-
perature is assumed to be uniform in the entire domain
and equal to the austempering temperature TA. The
micro-constituents considered by the CA model are
graphite nodules, austenite blocks, and sheaves. Sheaves
are modelled instead of ferrite platelets and austenite
films, because ferrite platelet and austenite film are very
small and a large number of cells will be necessary to
describe their geometry in the whole cubic domain.

A sheaf is a micro-constituent formed by a fixed
relation of ferrite platelets and austenite films. In this
work, a sheaf is modelled as an octagonal bipyra-
mid (two regular octagonal pyramids with their bases
stuck together), whose volume contains ferrite platelets
and austenite films, as is schematically represented in
Figure 2(a). In the proposed geometry, the pyramid
height is lsh = nhlαp, where nh is the maximum num-
ber of ferrite platelets in the height direction (equal to
3 in the representation) and lαp is the length of a fer-
rite platelet. The circumradius of the pyramid base is
rsh = nr(tαp + tγ f ), where nr is the number of ferrite
platelets in the base in the radial direction (around 5 in
the presentation), and tαp and tγ f are the thicknesses of
a ferrite platelet and an austenite film, respectively.

Each bipyramid is orientated with respect to the
domain coordinate system xyz, as is shown in
Figure 2(b). The orientation angles θ and ϕ are calcu-
lated as follows:

θ = θ�nGr + 0.2π(rv − 0.5) (4)

ϕ = ϕ�nGr + 0.2π(rv − 0.5) (5)

Figure 2. (a) Octagonal bipyramidal representation of a sheaf.
(b) Bipyramidorientationwith respect to thedomain coordinate
system xyz.

where θ�nGr and ϕ�nGr are the angles of the normal vec-
tor to the nodule surface, with respect to xyz coordinate
system, and rv is a random variable that varies in the
range of 0 ≤ rv ≤ 1 with a uniform distribution.

The normal vector to the nodule surface, represented
in Figure 3, is calculated as follows:

�nGr = −
k∑

i=1

�cGri (6)

where k is the number of graphite cells in the Moore
neighbourhood of a nodule/austenite interface cell,
which is an austenite cell placed next to a graphite nod-
ule cell, and �cGr = (xGr − xic)î + (yGr − yic)ĵ + (zGr −
zic)k̂ is the position vector of a graphite cell with respect
to the nodule/austenite interface cell. xGr, yGr, and zGr
are the coordinates of the graphite cell, and xic, yic, and
zic are the coordinates of the nodule/austenite interface
cell.

At the beginning of the simulation, each austen-
ite cell is set with an uncaptured state (cell without a
nucleus of a sheaf). The phase transformation starts
with the nucleation of sheaves at nodule/austenite inter-
face cells. When an austenite cell is nucleated, its state
is changed to captured. When the bipyramid starts to
grow, the cell is set as a sheaf. The procedure employed
for the nucleation of each sheaf is schematically illus-
trated in the flow diagram of Figure 4, in which the
questions are Q1: Is the austenite cell in an uncap-
tured state? and Q2: Is the carbon concentration of the
austenite cell lesser than cγTo′ ?.

Based on the work of Ref. [7], a continuous nucle-
ation rate law is proposed:

Ṅnai = Nmax
nai
tinc

(7)

Figure 3. Vector normal to the nodule surface (2D representa-
tion). Nodule cells are shown in red, nodule/austenite interface
cells in cyan, and austenite block cells in blue. (Colour online)
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Figure 4. Flow diagram of the nucleation of a sheaf at a nod-
ule/austenite interface cell.

where Ṅnai is the number of nodule/austenite interface
cells, per unit of time, in which sheaves are nucle-
ated,Nmax

nai is the maximum number of interface cells in
which sheaves are nucleated, and tinc is the incubation
time of a ferrite subunit.

The maximum number of interface cells in which
sheaves are nucleated is calculated as Nmax

nai = (fmax
αp lαp

sGr)/uαp, where fmax
αp is the maximum volume frac-

tion of ferrite platelets that can be formed around
the nodules when the transformation time is equal to
tinc, sGr is the total surface of graphite nodules, and
uαp is the volume of a ferrite platelet. The numerator
(fmax

αp lαpsGr) represents the volume of ferrite platelets
that is formed around the nodules at time tinc. Themax-
imum volume fraction of ferrite platelets is computed
with Equation (8) [21]. The length, inm, and volume, in
m3, of a ferrite platelet are computed with Equations (9)
and (10) [22], respectively.

fmax
αp = cγTo′ − cγo

cγTo′ − cαp
(8)

lαp = 1 × 10−5(TA − 528)/150 (9)

uαp = 2 × 10−17[(TA − 528)/150]3 (10)

where cαp is the ferrite platelet carbon concentration
that is set, in wt-%, as cαp = 0.03 [21]. The value of cγTo′

is calculated, in wt-%, as follows [2]:

cγTo′ = 3.072 − 0.0016(TA − 273) − 0.24Si

− 0.161Mn−0.115Ni + 0.25Cu

+ 0.06Mo + 2.69Cr (11)

where Mn, Si, Ni, Cu, Mo, and Cr are the contents of
alloy elements in the ductile iron in wt-%, and TA is the
austempering temperature in K.

The incubation time of a ferrite subunit, in s, is cal-
culated with the expression proposed by Matsuda and
Bhadeshia [22]

tinc = k1
ν
exp

[
k2
RTA

(
1 + �Gm

k3

)]
(12)

where ν is the attempt frequency factor defined as ν =
kbTA/h, with kb and h being the Boltzmann and Planck
constants, respectively, R is the universal gas constant,
and k1, k2, and k3 are constants. k1 and k2 are con-
stants to be fitted and k3 =2540 J/mol. The maximum
free energy available for paraequilibrium nucleation is
calculated, taking into account the austenite carbon
content of each cell, as in Ref. [7]:

�Gm = �Gmo − fab(�Gmo − Gn) (13)

where �Gmo is the maximum free energy available for
paraequilibrium nucleation when the transformation
begins and it is evaluated using the parallel tangent con-
struction described in Ref. [23]. The minimum energy
Gn is calculated as in Ref. [22]. Finally, fab is a func-
tion that allows�Gm to take into account the austenite
carbon concentration and it is calculated for each cell
as fab = (cγ cap − cγo)/(cγTo′ − cγo), where cγ cap is the
austenite carbon concentration of the cell when it was
captured.

The sheaf growth occurs by the formation of fer-
rite platelets, which involves autocatalytic nucleation
and growth processes. Taking into account that a fer-
rite platelet grows very fast [22], the growth rate of the
length (pyramid height) and radius (pyramid circum-
radius) of a sheaf are calculated as follows:

l̇sh = lαp
tinc

(14)

ṙsh = tαp + tγ f
tinc

(15)

Taking into account that the relation between the vol-
ume fractions of austenite films and ferrite platelets in
a sheaf is fγ f /fαp = 0.12 [7], the thickness of an austen-
ite film is assumed as tγ f = 0.12tαp. According to the
geometrical description of a ferrite subunit presented in
Ref. [22], the thickness of a ferrite platelet is assumed as
tαp = lαp/10.

To allow the sheaf growth within the domain, the
austenite cells are captured by employing an algorithm
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based on the decentered square algorithm proposed for
dendrites growth [24]. The sheaf starts growing in the
centre of a nucleated cell with a certain orientation.
When a corner of the octagonal bipyramid touches an
austenite cell places in the Moore neighbourhood, this
austenite cell is captured and a new octagonal bipyra-
mid starts growing within it. The bipyramid in the cap-
tured cell has the same orientation as that of the bipyra-
mid of the captor cell, but the growth rate is accord-
ing to its carbon content. The procedure employed for
the capture of each austenite cell is schematically illus-
trated in the flow diagram of Figure 5, in which the
questions are Q1: Is the austenite cell in an uncaptured
state?; Q2: Is the carbon concentration of the austen-
ite cell lesser than cγTo′ ?; and Q3: Is the austenite cell
touched for some bipyramid that is growing in a sheaf
cell placed at the Moore neighbourhood?. Moreover,
the capture process is illustrated in Figure 6 for different
transformation times for a 2D case.

The volume fractions of graphite nodules (fGr),
sheaves (fsh), and austenite blocks (fγ b) are calculated

Figure 5. Flow diagram of the capture process of an austenite
cell placed at the sheaf/austenite interface.

Figure 6. 2D representation of the capture process in the sheaf
growth. Nodule cells are shown in red, nodule/austenite inter-
face cells in cyan, austenite block cells in blue, and sheaf cells in
grey. (Colour online)

as follows:

fi = nci
nc

(16)

where nci is the number of cells with state i and nc is the
total number of cells. The subscript i stands for graphite
nodules, sheaves, and austenite blocks.

Taking into account that the volume fraction of
austenite films in sheaves is fγ f = 0.12fαp [7], the vol-
ume fractions of ferrite platelets and austenite films are
computed with the next equations:

fαp = 0.89286fsh (17)

fγ f = 0.10714fsh (18)

Finally, the austenite volume fraction (total) is com-
puted as follows:

fγ = fγ f + fγ b (19)

2.3. Carbon distribution

After the growth of a carbon-supersaturated ferrite
platelet within a sheaf, its excess carbon content is
rejected. It is proposed that part of this carbon is incor-
porated in the austenite films, which are placed within
the sheaf, and the other is rejected to the austenite
block (placed outside the sheaf). It is considered that
the excess of carbon content in ferrite is instantaneously
rejected because the coefficient of carbon diffusion in
the ferrite is high [25,26]. Additionally, the austenite
carbon content in austenite films is cγTo′ , which is imme-
diately reached because films are small and placed next
to the ferrite platelets [27]. The increment of carbon
concentration, in wt-%, that receives a cell of austenite



6 A. D. BOCCARDO ET AL.

Figure 7. Austenite boundaries at which boundary conditions
are applied. Nodule is shown in red, austenite block in blue, and
sheaf in grey. (Colour online)

block from sheaf cells is calculated as follows:

�cγ =
k∑

i=1

[
�fnshi

(c
γ
cap
i

− csh)

ncγi

]
(20)

where �fnsh = �vsh/vcell, �vsh is the increment of
sheaf volume in a sheaf cell, vcell is the cell volume,
csh is the sheaf carbon concentration, ncγi is the num-
ber of austenite cells that are able to receive carbon
from the sheaf cell (cγ < cγTo′ ), and k is the number of
sheaf cells placed in the Moore neighbourhood of the
austenite cell. Taking into account that the volume frac-
tion of austenite films in a sheaf is fγ f = 0.12fαp [7],
the sheaf carbon concentration is calculated as csh =
0.89286cαp + 0.10714cγTo′ .

The carbon diffusion within the austenite block
domain (�γ ) is calculated based on the diffusion
equation:

∂cγ
∂t

= div(Dγ grad(cγ )) (21)

where Dγ is the isotropic carbon diffusion tensor of
second-rank defined as Dγ = Dγ 1, where Dγ is the
coefficient of carbon diffusion in austenite and 1 is the
unit tensor of second-rank.

Equation (21) is valid in �γ × Υ , where ϒ denotes
the time interval of interest with time t ∈ Υ . This
equation is solved by the implicit finite difference
method using a grid with the same size that the
employed for the CA model. The considered bound-
ary conditions are: (a) periodic boundary condition at
a cube boundary formed by austenite (
cubeγ ) and (b)
Neumanm boundary condition (normal carbon flux
equal to zero) at austenite–graphite (
γGr ) and austen-
ite–sheaf (
γsh) boundaries, see Figure 7.

The coefficient of carbon diffusion in austen-
ite depends on both austempering temperature and
austenite carbon concentration, and it is calculated, in

m2/s, with the following equation [28]:

Dγ = 4.53 × 10−7
[
1 + yc(1 − yc)

8339.9
TA

]

× exp
{
−

[
1
TA

− 2.221 × 10−4
]

× (17767 − 26436yc)
}

(22)

where yc = xc/(1 − xc), with xc being the ordinary
mole fraction of carbon in austenite.

2.4. Retained austenite at ambient temperature

When the material is cooled down from austempering
temperature to ambient temperature and the austem-
pering time is not large enough, the austenite is able
to transform into martensite. In order to predict the
amount of retained austenite at ambient temperature
for different austempering times, the following model
is proposed. It is assumed that only austenite block cells
are able to transform into martensite because the car-
bon concentration of austenite films is large enough
to get TMS < Tamb, where TMS is the martensite start
temperature and Tamb is the ambient temperature. The
martensite volume fraction formed in each austenite
block cell (fmcell), with respect to the cell volume frac-
tion, is computed with the expression proposed by
Khan and Bhadeshia [29]:

fmcell = 1 − exp{−fmcell[1 + k4(TMS − Tamb)]} (23)

where k4 is a constant to be fitted.
For each austenite block cell the temperature TMS

is computed, in K, with the following equation from
Ref. [30]:

TMS = 772 − 300Cγ − 33.3Mn − 11.1Si − 22.2Cr

− 16.7Ni−11.1Mo (24)

where Cγ is the content of carbon in austenite and Mn,
Si, Cr, Ni, and Mo are the contents of alloy elements in
the ductile iron, all in wt-%.

The volume fractions ofmartensite (fm) and retained
austenite (fγ ret) are computed as follows:

fm =
nγ b∑
i=1

fmcelli

nc
(25)

fγ ret = 1 − (fGr + fsh + fm) (26)

where nγ b is the number of austenite block cells.

2.5. Numerical implementation

This model was computationally implemented using
Fortran language (non-parallelized code) and the
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visualisation was performed with the Paraview soft-
ware. A flow diagram of the model is schemati-
cally shown in Figure 8. The required input data are
chemical composition of ductile iron, austenitization
and austempering temperatures, austempering time
(ts), set numbers of graphite nodules, size and num-
ber of graphite nodules per set, graphite volume frac-
tion, constants k1, k2, and k4, time step (�t), and cell
dimension.

Figure 8. Flow diagram of the proposed CA-FD model.

3. Results and discussion

3.1. Development of phase transformation

In order to investigate how the ausferritic trans-
formation is developed, the simulation for a cubic
domain with one graphite nodule of radius 6 × 10−6 m
is performed. The following input data are con-
sidered: graphite volume fraction fGr = 0.1, chemi-
cal composition 3.70 C–2.7 Si–0.1 Mn–0.02 P–0.01
S–0.04Mg (in wt-%), and temperatures Tγ =1173K
(900◦C) and TA = 673K (400◦C). The incubation time
constants k1 = 1.8016 × 1015 and k2 = 158.79 J/mol
were obtained by fitting the model response to the
experimental data presented in Ref. [6] employing the
procedure explained in Ref. [7]. The cell dimension
(cd = 5.5 × 10−7 m) and time step (�t = 5 s) were
determined by means of a convergence study.

Figure 9(a) shows the graphite, austenite (total), and
ferrite platelet volume fractions during the ausferritic
transformation. The ferrite platelet volume fraction has
a sigmoidal behaviour, starting from zero up to its max-
imum volume fraction. The austenite volume fraction
has the opposite behaviour because it is consumed by
the ferrite platelets. Finally, the graphite volume frac-
tion remains constant during all the transformation.

The transformation development is divided into
stage 1, growth without micro-constituent contact, and
stage 2, growth with contact. In stage 1, the nucle-
ation of sheaves starts at the nodule/austenite inter-
face. This nucleation process increases the number of
sheaves and it has a remarkable influence on the devel-
opment of the ausferritic transformation up to t ≈
200 s. After a sheaf is nucleated, the growth process
is developed at the sheaf/austenite interface. The sheaf

Figure 9. (a) Evolution of phase fractions during ausferritic transformation. (b) Phases and carbon content in the domain at 100s and
250s. Graphite nodule is shown in red, sheaves in white, and austenite block in blue. The nodule is not included in the carbon content
visualisation. (Colour online)
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orientations are close to the normal to the nodule sur-
face. During stage 1, the sheaf/austenite interface sur-
face is increased and it contributes to the increment of
the growth rate, because more surface is available for
autocatalytic nucleation. Stage 2 starts when the lengths
of sheaves are high enough for them begin to be in con-
tact. At the beginning of this stage, there are few sheaves
in contact, and the number of contacts increases as
the volume fraction of sheaves increases. The contact
between sheaves reduces the sheaf/austenite interface
surface, a fact that contributes to the growth rate reduc-
tion. Regarding the carbon distribution, a uniform car-
bon concentration is observed at sheaves during all the
transformation. On the other hand, the carbon rejected
from sheaves to austenite block is piled up near to the
sheaf/austenite interface and the carbon concentration
in the austenite placed far from this interface remains
close to its initial value. This behaviour in the austenite
block carbon concentration occurs due to a low coeffi-
cient of carbon diffusion in austenite. The carbon con-
centration at the sheaf/austenite interface is gradually
increased during the transformation and it contributes
to the reduction of the growth rate due to the incre-
ment of the incubation time. When the transformation
ends, the austenite carbon concentration becomes uni-
form and around cγTo′ . Figure 9(b) shows the phases and
carbon content in the domain for t=100 s (stage 1) and
t=250 s (stage 2).

3.2. Contact between sheaves

The contact between sheaves takes a key role in
the growth kinetics of the ausferritic transformation
because it contributes to the reduction of the growth
rate, as ismentioned in Section 3.1. The contact is estab-
lished at a certain volume fraction of sheaves, which
varies with factors such as the distance between neigh-
bour nodules, the position of sheaves in the nodule
surface, and the orientation of sheaves. These factors are
random variables and their influences are analysed as
follows. Cubic domains with different numbers of nod-
ules of equal size are proposed. A domain that contains
one graphite nodule has a rectangular graphite nodule
distribution; therefore, the distance between nodules is
not a random variable. On the other hand, domains
with a number of nodules greater than or equal to two
have a random distribution of nodules and different
distances between them could exist.

For each domainwith a specific number of nodules, a
set of multiple realisations (or ensemble of realisations)
is obtainedwith themodel. A realisation is referred to as
an individual sample characterised by a particular dis-
tance between neighbour nodules, position of sheaves
in the nodule surface, and orientation of sheaves. In
order to alleviate the effects of randomness in reali-
sations and obtain a statistically representative growth

kinetics of ferrite platelets, the ensemble averaging pro-
cedure is employed [31]. For each transformation time,
the average volume fraction is calculated with the fol-
lowing equation:

〈〈fαp〉〉 = 1
m

m∑
k=1

fαpk (27)

where m is the number of realisations. A finite num-
ber of realisations, to obtain the representative growth
kinetics, is found by means of a convergence study. The
average fraction is calculated for an increasing number
of realisations until the following criterion is satisfied:

E(k+1)
ea =

∣∣∣∣∣ 〈〈fαp〉〉
(k+1) − 〈〈fαp〉〉(k)
〈〈fαp〉〉(k)

∣∣∣∣∣ < tolea (28)

where tolea is the convergence tolerance for the ensem-
ble averaging and it is proposed as tolea = 0.8%. The
volume fraction of ferrite platelets at convergence is
denoted as 〈〈fαp〉〉(∞̃).

The representative growth kinetics of ferrite platelets
were determined for domains with 1 nodule and 6
nodules employing 22 and 14 realisations, respectively,
and are presented in Figure 10(a) in continuous and
dashed lines. The upper and lower bounds of these
cases are also included in the figure by thin-dashed
lines. The evolution of Eea resulting from the con-
vergence study is shown in Figure 10(b). The mini-
mum distance between nodules for the domain with
one nodule is around 8.5 × 10−6 m and the average
minimum distance between nodules for the domain
with six nodules ranges between 1 × 10−6 and 4 ×
10−6 m. When the minimum distance between nod-
ules is decreased, the growth rate is reduced because
early contact between sheaves occurs. This explains
why the representative growth kinetics, during stage 2,
is highly influenced by the number of nodules within
the domain.

According to the previous finding, a domain with
an appropriated number of nodules should be found
to obtain a representative growth kinetics taking into
account the influence of random distances between
neighbour nodules. The representative growth kinet-
ics is found by combining the procedures of ensem-
ble averaging and sample enlargement [31]. In the
resulting procedure, the number of nodules within the
domains is increased until the following criterion is
satisfied:

(j+1)Ese =
∣∣∣∣∣
(j+1)〈〈fαp〉〉(∞̃) −(j) 〈〈fαp〉〉(∞̃)

(j)〈〈fαp〉〉(∞̃)

∣∣∣∣∣ < tolse (29)

where tolse is the convergence tolerance for the sam-
ple enlargement and it is proposed as tolse = 1.74%.
The volume fraction of ferrite platelets at convergence
is denoted as (∞̃)〈〈fαp〉〉(∞̃).
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Figure 10. (a) Evolution of ferrite platelet volume fraction during the transformation for domains with one and six nodules. (b)
Variation of Eea related to the number of realisations for domains with one and six nodules.

Figure 11. (a) Evolution of ferrite platelet volume fraction during the transformation for domains with 1, 6, and 10 nodules. (b)
Variation of Ese related to the number of nodules within the domain.

In Figure 11(a), the representative growth kinetics of
domains with 1, 6, and 10 nodules are compared. It is
observed that the results obtained for domains with 6
and 10 nodules are very close; therefore, the RVE deter-
mined by means of the described numerical procedure
(numerical RVE) is obtained by the ensemble averag-
ing of random realisations of a cubic domain with six
or more graphite nodules. In Figure 11(b), the evolu-
tion of Ese is presented, showing that it is reduced when
the number of nodules increases.

3.3. Influence of graphite nodule size and
temperatures

The influences of graphite nodule size, and austeni-
tizing and austempering temperatures on the growth
kinetics and final phase fraction are analysed. In
order to do that, the model is employed to simu-
late the ausferritic transformation varying the nod-
ule radius in the range of 6 × 10−6 m ≤ rgr ≤ 22 ×
10−6 m, and the temperatures in the ranges of 1123K
(850◦C)≤ Tγ ≤ 1223; K (950◦C) and 623K (350◦C)≤
TA ≤ 723K (450◦C). The numerical RVE is formed
by the ensemble averaging of 10 random realisations
of a cubic domain with 10 graphite nodules of equal
size, see Figure 12(a). The cubic domain is discretized
with 80 × 80 × 80 cells and the time step is �t = 5 s.
The number of cells for the spatial discretization and

the time step for the time discretization were obtained
by means of a convergence study. The required time
to solve each realisation is about 2 hours on a desk-
top PC with an i7 Intel microprocessor of the fifth
generation. This time depends strongly on the spatial
discretization.

The growth kinetics of ferrite platelets is modified
by the nodule size, and the austenitizing and austem-
pering temperatures, as is shown in Figure 12(b). In
different processes such as heat treatments, it is impor-
tant to determine the required time to end the aus-
ferritic transformation (tRT); therefore, it is analysed
as follows. The tRT is highly influenced by the nodule
size and austempering temperature, as is observed in
Figure 13(a). When the nodule size decreases, the tRT
decreases. This behaviour occurs because a nodule size
decrement increases the relation nodule surface–total
volume (SGr/Vt = 3fGr/rgr) that allows us to increase
the nucleation rate per unit of volume, which increases
the growth rate during stage 1 of the transformation.
When the austempering temperature decreases, tRT
increases, because the dimension of ferrite platelets
decreases reducing the growth rate. The austenitization
temperature has aminor influence, increasing tRT when
the temperature increases. An increment in the austeni-
tizing temperature increases the initial austenite carbon
concentration which in turn increases the incubation
time. The increment of the incubation time decreases
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Figure 12. (a) Phases at the end of the ausferritic transformation. Domain with 10 nodules of rgr = 6 × 10−6 m, Tγ = 1173 K
(900◦C), and TA = 623 K (350◦C). Graphite nodules are shown in red, sheaves in white, and austenite block in blue. (b) Evolution
of ferrite platelet volume fraction during the ausferritic transformation for different nodule size, and austenitizing and austempering
temperatures. (Colour online)

Figure 13. (a) Required time to end the ausferritic transformation for different nodule size, and austenitizing and austempering
temperatures. (b) Volume fractions of ferrite platelets and austenite, at the end of the transformation, as a function of austenitizing
and austempering temperatures.

the growth rate. The same influence of nodule size and
austempering temperature was reported in Ref. [6].

The ferrite platelets and austenite volume fractions,
at the end of the ausferritic transformation, depend
on the temperatures and their variations are shown in
Figure 13(b). The volume fraction of ferrite platelets
increases with a decrement of both austenitizing and
austempering temperatures. The decrement of austen-
itizing temperature reduces the initial austenite carbon
concentration and a decrement of austempering tem-
perature allows us to increase the austenite carbon con-
centration at the end of the transformation. Owing to
thementioned variations, the increment of carbon con-
centration that austenite is able to receive during the
transformation increases. A large increment of austen-
ite carbon concentration allows us to extend the trans-
formation of austenite into ferrite platelets, explaining
the observed behaviour. On the other hand, the austen-
ite volume fraction has an opposite behaviour to the
ferrite platelets one, because the austenite is consumed
by the second phase. The same influence of austeni-
tizing and austempering temperatures was reported in
Ref. [2].

3.4. Comparisonwith experimental data

The numerical results are compared with experimen-
tal data extracted from Refs. [6,32,33], in which duc-
tile irons with different chemical compositions and
graphite nodule counts were heat treated at different
temperatures as is shown in Table 1.

The numerical RVE is formed by the ensemble aver-
aging of 16 random realisations of a cubic domain
with six graphite nodules. The sizes of graphite nodules
employed in the simulation are presented inTable 2. For
cases Exp1, Exp2, Exp3, and Exp4, two sizes of graphite
nodules were considered. The incubation time con-
stants are k1 = 1.8016 × 1015 and k2 =158.79 J/mol.
The constant k4 = 6.6 × 10−3 was obtained by fitting
the model response to the experimental data presented
in Ref. [33]. The cubic domain is discretized with 80 ×
80 × 80 cells and the time step is �t = 5 s. The num-
ber of cells for the spatial discretization and the time
step for the time discretization were obtained by means
of a convergence study.

Figure 14 compares the evolution of both normalised
ferrite platelet volume fraction fαpn (model result)
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Table 1. Characteristics of ductile iron and austempering heat treatment (extracted from experimental tests of Refs. [6,32,33]).

Nodule count Tγ TA
Case Si Mn Cu Ni Mo fGr [1 × 106 nod/mm2] [K (◦C)] [K (◦C)]

Exp1 2.7 0.1 – – – 0.1 330 1193(920) 673(400)
Exp2 2.7 0.1 – – – 0.1 1992 1193(920) 673(400)
Exp3 2.7 0.1 – – – 0.1 1992 1193(920) 623(350)
Exp4 2.7 0.1 – – – 0.1 1992 1193(920) 573(300)
Exp5 2.32 0.59 0.29 – 0.33 0.12 230 1143(870) 648(375)
Exp6 2.51 0.56 0.31 – 0.15 0.12 130 1143(870) 648(375)
Exp7 2.64 0.67 0.25 – 0.25 0.12 102 1143(870) 648(375)
Exp8 2.77 0.04 0.33 0.07 – 0.1 180 1173(900) 643(370)
Exp9 2.8 0.02 0.9 1.02 – 0.09 66 1173(900) 643(370)

Table 2. Sizes of graphite nodules employed in the simulation.

Size 1 Size 2

Case rgr1 Number of rgr2 Number of
[1 × 10−6 m] nodules [1 × 10−6 m] nodules

Exp1 10 3 12.5 3
Exp2 4 5 7.5 1
Exp3 4 5 7.5 1
Exp4 4 5 7.5 1
Exp5 16.3 6 – –
Exp6 21.5 6 – –
Exp7 24.5 6 – –
Exp8 19 6 – –
Exp9 30 6 – –

and normalised dimensional change dcn (experimen-
tal result) during the development of ausferritic trans-
formation, which are normalised with respect to their
maximum values. The dimensional change depends on
fαp evolution, and it is computed as dc = �l/lo, where

lo is the sample length at the beginning of the aus-
ferritic transformation and �l = l − lo is the change
in the sample length during the transformation. The
changes in the evolution with the variations of graphite
nodule count, Figure 14(a), and austempering tem-
perature, Figure 14(b), are followed by the proposed
CA-FD model. Moreover, a good correlation between
numerical and experimental results is observed.

Figure 15 compares the normalised retained austen-
ite volume fractions at ambient temperature fγ retn , for
different austempering times, obtained with the model
and measured from experiments. The values are nor-
malised with respect to their maximum values. It is
observed that the volume fraction of fγ retn increases
with the increment of the austempering time. The
amount of retained austenite depends on the develop-
ment of the ausferritic transformation because austenite
receives carbon from ferrite platelets. The temperature

Figure 14. Evolution of normalised ferrite platelet volume fraction and normalised dimensional change for different (a) graphite
nodule counts and (b) austempering temperatures.

Figure 15. Normalised retained austenite volume fraction for different austempering times.
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at which the austenite starts to transform into marten-
site decreases with an increment of the austenite carbon
concentration. The experimental results for different
chemical compositions, graphite nodule counts, and
heat treatment temperatures are well represented by the
proposed CA-FD model.

4. Conclusions

In this paper, a cellular automaton-finite difference
model to simulate the ausferritic transformation of duc-
tile iron was presented. The CA model considers the
nucleation of sheaves at graphite nodule surfaces. The
sheaf growths are computed according to the displacive
growth mechanism. The carbon rejected from sheaves
is distributed in the austenite by solving the diffusion
equation with FD method. The development of the
transformation was investigated and the results were
compared with experimental data. The main conclu-
sions of this work may be summarised as follows.

(1) Two stages could be identified during the devel-
opment of ausferritic transformation. Stage 1 is
characterised by a rising growth rate due to
sheaf growths without contact each other. On the
other hand, stage 2 is characterised by a decreas-
ing growth rate as a result of contact between
sheaves and high austenite carbon content at the
sheaf/austenite interface.

(2) The contact between sheaves reduces the transfor-
mation rate during stage 2. For this reason, the
moment at which the contact is established has
a key role in the growth kinetics. Early contact
appears for graphite nodules distributed in a ran-
dom position; therefore, the transformation rate is
slower than for nodules distributed in a rectangu-
lar form.

(3) The carbon content rejected from sheaves is piled
up close to the sheaf/austenite interface due to
a low value of the coefficient of carbon diffu-
sion in austenite at the austempering temperature.
As a consequence, a large inhomogeneity of car-
bon concentration exists in austenite blocks, which
finally disappears when the transformation ends.

(4) The kinetics of the transformation is highly
affected by the variation of both graphite nodule
size and austempering temperature. By studying
the influence of these parameters on the required
time to end the ausferritic transformation (tRT),
the conclusions are: (a) increment of tRT with a
nodule size increment and (b) increment of tRT
with an austempering temperature decrement.

(5) The phase volume fractions at the end of the
transformation depend only on the austenitiz-
ing and austempering temperatures, increasing
the ferrite platelet volume fraction with a decre-
ment of both austenitizing and austempering

temperatures. The austenite volume fractionhas an
opposite behaviour to the ferrite platelet one.

Future works could deal with graphite particles of
different shapes and initial matrix with no homo-
geneous distribution of alloy elements. The periodic
geometry of the cubic domain could be employed to
determine effective mechanical and thermal properties
by means of micromechanical analysis.
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