A PROBLEM OF BEELEN, GARCIA AND STICHTENOTH ON
AN ARTIN-SCHREIER TOWER IN CHARACTERISTIC TWO
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ABSTRACT. We study a tower of function fields of Artin-Schreier type over a
finite field with 2° elements. The study of the asymptotic behavior of this tower
was left as an open problem by Beelen, Garcia and Stichtenoth in 2006. We
prove that this tower is optimal over a finite field with four elements.

1. INTRODUCTION

In 2006 P. Beelen, A. Garcia and H. Stichtenoth gave the first steps in [BGS]
towards the classification, according to their asymptotic behavior, of recursive
towers of function fields over a finite field F, with ¢ elements. They focused on
recursive towers defined by equations of the form f(y) = g(z), where f and g
are suitable rational functions over F,. Towers defined in this way were called
(f,g)-towers over F,. In particular, they noticed that many (f,g)-towers can be
recursively defined by equations of the form h(y) = A-h(B-z) for some polynomial
h over F, and A, B € GL(2,F,). Here the symbol A -u stands for the usual action
of elements of GL(2,F,) as fractional transformations, i.e.

a b u__au—i—b
c d " ocu+d

This was a key observation that allowed them to obtain classification results in

the important cases of recursive towers of Kummer and Artin-Schreier type. As
an application of these results, they gave a complete list of all (f, g)-towers of
Artin-Schreier type with deg f = deg g = 2 over the finite field Fy. They checked
that all the possible cases were already considered in previous works, except for
the following Artin-Schreier tower H recursively defined by the equation

x
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over [F5. Nothing else was said about this tower and in fact they posed, as an open
problem, to determine when the above equation (1.1) defines an asymptotically
good tower over Fos with s > 1. The aim of this work is to prove that equation (1.1)
defines an optimal tower over Fy. We will also show that equation (1.1) defines a
tower H of finite genus and positive splitting rate over Fys for every even integer
s > 0. It can be also shown that equation (1.1) defines a tower of finite genus and
zero splitting rate when s is odd. Thus equation (1.1) defines an asymptotically
bad tower over Fas for s odd, but we will not include the details here and the
interested reader can find them in [HN17].

The organization of this paper is as follows. In Section 2 we give some basic
definitions and we recall some known results. In Section 3 we prove that equation
(1.1) defines a tower H of function fields over Fys of finite genus when s is even.
Finally, Section 4 is devoted to the study of the splitting rate of H over F, and we
prove our main result, namely that the tower H is optimal over [F,. This section
contains the most intricate and interesting part of the paper. After some technical
lemmas, we will show that all the rational places in the base step of the tower
ramify first and then they start to split completely in the tower. Our detailed
study of this behavior, which heavily relies on the explicit construction of what we
call Artin-Schreier elements of type 1 and 2 (see Definition 4.3) in each function
field of H, allowed us to compute, in Theorem 4.11, the exact number of rational

places in each step of the tower H over Fy.

2. PRELIMINARIES

We give now the basic definitions and concepts of function fields and towers of
function fields which will be used in this paper. The standard reference for all of
this is [S]. Let k& be a perfect field. A function field (of one variable) F' over k
is a finite algebraic extension F' of the rational function field k(x), where z is a
transcendental element over k.

Let F be a function field over k. The symbol P(F') stands for the set of all places
of F' and g(F) for the genus of F.

Let F” be a finite extension of F' and let @ € P(F’). We will write Q|P when
the place @ of F’ lies over the place P of F,i.e. P =@ N F. In this case the sym-
bols e¢(Q|P) and d(Q|P) denote, as usual, the ramification index and the different
exponent of Q|P, respectively.
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A tower F (of function fields) over k is a sequence F = {F;}22, of function fields
over k such that
(a) F; C Fyyq for all i > 0.
(b) The extension Fj,/F; is finite and separable, for all i > 1.
(c) The field k is algebraically closed in Fj, for all i > 0.
(d) The genus g(F;) — oo as i — oo.

A tower F = {F;}2, over k is called recursive if there exist a sequence of
transcendental elements {z;}°, over k and a bivariate polynomial H(X,Y) €
k[X,Y] such that Fy = k(z¢) and

Fip1 = Fi(zi41),

where H(z;,z,41) = 0 for all ¢ > 0. Associated to any recursive tower F we have
its basic function field F = k(x,y) where H(x,y) = 0 and z is a transcendental
element over k.

The the genus y(F) of F over [} is defined as

V(F) = zlg?o []gl(FZ}*ZO] '
When k& = F, we denote by N(F}) the number of rational places (i.e., places of
degree one) of F; and the splitting rate v(F) of F over Fy is defined as
- N(F)
imoo [Fy : Fy
A tower F over F, is called asymptotically good if v(F) > 0 and v(F) < oc.
Otherwise F is called asymptotically bad. Equivalently, a tower F is asymptotically

good over [, if and only if the limit of the tower F

N _v(F)
AF) =l TR T S

is positive.
An straightforward upper bound for the limit of a tower F over F, is given by

Nq(g)

A(q) = limsup ——=,
g—ro0 Y

Thara’s function

where N,(g) is the maximum number of rational places that a function field over I,
of genus g can have. A result of Drinfeld and Vladut [S, Theorem 7.1.3] establishes
that

AF) < Alg) < Vg— L.
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A tower F over F, is called asymptotically optimal if \(F) = A(q). It is well known
([S, Remark 7.1.4 (b)]) that if ¢ is a prime square power then A(q) = /g — 1 so
that in this case a tower F over I, is asymptotically optimal when A\(F) = /g — 1.

In the study of the asymptotic behavior of a tower F = {F;}°, over F,, the
following sets play an important role: the ramification locus R(F) of F, which is
the set of places P of Fy such that P is ramified in F; for some ¢ > 1 and the
splitting locus Sp(F) of F, which is the set of rational places P of F such that P
splits completely in F; for all ¢ > 1.

Let B > 0 be a real number and let F’/F be a finite extension of function fields
over k. A place P of F is called B-bounded in F' if

d(QIP) < B - (e(QP) — 1),

for any place @ of F’ lying over P. The extension F’/F is called B-bounded if
every place of F'is B-bounded in F'. A tower {F;}32, over k is called B-bounded if
every extension F;/Fy is B—bounded. In [GS, Proposition 1.5] the following result
is proved.

Proposition 2.1. A B-bounded tower F = {F;}2, over k with finite ramification
locus has finite genus. More precisely, the following bound for the genus of F holds:

B
Y(F) < g(Fo) — 1+ 3 Z deg P.
PeR(F)

We immediately see that a tower F = {F;}2, over F, is asymptotically good if
the tower is B-bounded, R(F) is a finite set and Sp(F) # (). The next proposition
is proved in [S, Proposition 3.9.6].

Proposition 2.2. Let F = {F;}°, be a tower over F, and let € = {E;}2, be
the tower over Fyn where each E; is the composite of the fields F; and Fypn. Then
Sp(F) € Sp(€) NP(Fy).

We recall now from [S, Section 7.4] the concept of weakly ramified extensions.

Definition 2.3. Let F' be a function field over k with Char(k) = p. A finite field
extension E/F is said to be weakly ramified, if the following conditions hold:

(i) There ezist intermediate fields F' = Ey C Ey C --- C E,, = E such that all
extensions Fi1/E; are Galois p-extensions (i.e., [Eiy1 : E;] is a power of p),
fori=0,1...,n—1.
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(ii) For any P € P(F) and any Q € P(E) lying over P, the different exponent is
giwen by d(Q|P) = 2(e(Q|P) —1).

We have (see [S, Remark 7.4.11, Proposition 7.4.13]) the following results:

Proposition 2.4. Let E/F be an extension of function fields over k such that
[E : F] = p™ where p = char F. Assume that there exist a chain of intermediate
fields

F=ECEC---CE,=F
with the property Ei 1/ FE; is a Galois p-extension for all i = 0,1...,n — 1. Let
P e P(F) and Q € P(E) lying over P and let Q; be the restriction of Q to E; for

1 =0,...n—1. Then the following conditions are equivalent:

(i) d(Q|P) = 2(e(Q[P) = 1).
(it) d(Qi+1]Q:) = 2(e(Qi1]Q:) — 1) fori=0,....,n—1.

Notice that if every extension F;/Fy of a tower {F}}32, over k is weakly ramified
then the tower is 2-bounded.

Proposition 2.5. Let E/F be a finite extension of function fields over k and let
M and N be intermediate fields of E O F' such that E = M N is the compositum
of M and N. If both extensions M/F and N/F are weakly ramified then E/F is

weakly ramified.

Now we can prove the following result which will be useful in the study of the
genus of the tower H.

Corollary 2.6. Let F = {F;}3°, be a recursive tower of function fields over k
such that the extension Fii1/F; is a Galois p-extension fori > 0. Let F' = k(z,y)
be the basic function field associated to F and suppose that the extensions F/k(x)
and F/k(y) are weakly ramified. Then each extension F;/Fy is weakly ramified (in
which case we say that F is weakly ramified tower). Furthermore F has finite genus
if the ramification locus of F is finite.

Proof. We have that Fy = k(x¢) and Fi; = Fj(z;41) for i > 0 where {z;}3°, is a
sequence of transcendental elements over k. By hypothesis, the extensions Fy /k(zo)
and Fy/k(z,) are weakly ramified. In particular Fy/Fj is weakly ramified. Now
suppose that F;/F, is weakly ramified. Since F; = k(xo,...,;), the extensions
F;/Fy and k(xq,...,2;,x;41)/k(x1) are isomorphic over k (by the map sending
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xr; — w4 for j = 0,...,17), hence k(xq,...,2;,xi11)/k(z1) is weakly ramified.
Since Fj,; is the compositum of the fields Fy = k(xg, z1) and k(zq,..., 2, Ti1),
we have that the extension Fji;/k(x;) is weakly ramified by Proposition 2.5 and
so F;y1/F; is a weakly ramified extension by Proposition 2.4. This immediately
implies that Fj,1/F}, is a weakly ramified extension and this proves the first part.
In particular we have that F is a 2-bounded tower, so the second statement follows
directly from Proposition 2.1. O

3. THE GENUS OF THE TOWER H OVER [F3s FOR s EVEN

Let s > 0 be an even integer and let H = {F;}3°, be the sequence of function
fields over k = Fys recursively defined by (1.1).

In this section we will show that H is a tower over k of finite genus. Our first task
is to prove that equation (1.1) defines a tower over k since this was not established
in [BGS]. From now on we will consider Fy := {0, 1, a, a+1} C Fy: for any s where
o?+a+1=0.

Let x be a transcendental element over k£ and let us consider the polynomial
o(T)=T*+T+x/h(x) € k(x)[T], where h(z) = 2*+z+1=(z—a)(z—a—1) €
k[x]. Let y be a root of ¢(T'). If we denote by P the rational place of k(z) defined

by any of the linear factors of h(x), we have
(3.1) vp(x/h(x))=—-1%#0 mod 2,

so that Eisenstein’s criterion ([S, Proposition 3.1.15]) implies that ¢(7') is the min-
imal polynomial of y over k(x) and also that P is totally ramified in k(z,y)/k(z).
Therefore k(x,y)/k(z) is an Artin-Schreier extension of degree 2 and k is the full
field of constants of k(x,y).

The next lemma describes the ramification in the basic function field k(z,y)
corresponding to the equation (1.1) (see Figure 1). We will use the following no-
tation: the symbol P, (resp. R,) denotes the only zero of x + a (resp. y + a) in
k(x) (resp. k(y)) for a € k, while P, (resp. R ) denotes the only pole of z in k(x)
(resp. y in k(y)). Notice that we can write either # — a or x + a because we are in

even characteristic.

Lemma 3.1. Let F' = k(z,y) be the basic function field for the equation (1.1) and
let B € {o,a+1}. Then
(i) The place Ps of k(x) is totally ramified in F' and its different exponent is 2.
Moreover, if Q) € P(F') lies over Ps then Q Nk(y) = Reo.



A PROBLEM OF BEELEN, GARCIA AND STICHTENOTH 7

(ii) The place Py of k(z) splits completely in F'. Moreover, if QQ € P(F) lies over
Py, then Q N k(y) is either Ry or Ry.
(iii) The place Py, of k(x) splits completely in F. Moreover, if QQ € P(F) lies over
P, then Q Nk(y) is either Ry or Ry.
(iv) The place Py of k(x) splits completely in F. Moreover, if Q € P(F) lies over
Py then QN k(y) is either R, or Raq1.
(v) The place Rg of k(y) is totally ramified in F and its different exponent is 2.
(vi) If P is a place of k(x) (resp. k(y)) different from Ps (resp. Rg) then P is
not ramified in F. Therefore the extensions F/k(x) and F/k(y) are weakly

ramified.

Proof. If we write mp, = —vp, (z/h(x)), then mp, = 1 from (3.1) and if Q; is the
place of F' lying over Ps then d(Qs|FPs) = (2 — 1)(mp, + 1) = 2 by the theory of
Artin-Schreier extensions ([S, Proposition 3.7.8]). Since Q); is a pole (of order 2) of
y>+yin F, then Q; is also a simple pole of y in F so that Q; Nk(y) = R, which
completes the proof of (i).

The places Py and P, of k(x) are zeros of x/h(z) in k(x) so that the reduction
©(T) mod P, with v =0, 0o is the polynomial T'(T"+ 1). Also the reduction ¢(7T')
mod P; is the polynomial 72 + T + 1. Then Kummer’s Theorem ([S, Theorem
3.3.7]) implies that (ii), (iii) and (iv) hold.

Now we prove (v). Let @; be a place of F lying over Rg. Then vg,(y*+y+1) =
e(Qi|Rg). By writing S; = Q; N k(x) we see from (iii) that S; # Ps and since

(x+1)2

2
p— 1
h(x) y Ty ’

we have
2 > e(QilRp) = e(QilSi)vs,((x + 1)*/h(x)) = 2e(Qi[ Si)vs, ((x + 1) /h(x)).

This implies that S; = P;, because h(x) is a polynomial, and also that e(Q;|Rs) =
2. Thus we have proved that Rg is totally ramified in F' and @); lies over P; in
k(z). In particular vg,(x + 1) = 1, i.e. x + 1 is a prime element for @;. We also
have that

2 1 2 1
(x+ 1)+ (z+1) (y Ty )+y Tyt

=0,
y:+y y:+y

y2+y+1)T v +y+1

(3.2) o(T)=T +( Sty oty
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is the minimal polynomial of z + 1 over k(y) because it is irreducible over k(y) by
Eisenstein criterion ([S, Proposition 3.1.15]) using the place Rg. From [S, Propo-
sition 3.5.12] we have
, v +y+1
UQiIRs) = v o+ 1) = v, (T2 ) =
which finishes the proof of (v).

Finally, we prove (vi). From (iii) and the theory of Artin-Schreier extensions we
see that the places P, and P, are the only ones ramified in F'. Now consider the
polynomial ¢(T") given in (3.2), which is the minimal polynomial of 241 over k(y).
We have that k(x+1,y) = F and also for any place P of k(y) different from R, for
~v = 0,1, the polynomial ¢(7) is integral over Op, the valuation ring corresponding
to P. Let @ be a place of F lying over P # R, with v € {0,1, «,a + 1}, then by
[S, Theorem 3.5.10], we have

2 2

HQIP) < vol' o+ 1) = v (L) (@l o, (L 2E2) <o,
so that P is unramified in F'. Finally if either P = Ry or R; and (@ is a place of F'
lying over P, then vg(y* +y) = e(Q|P). Let S = Q N k(x), then

1 <e(QIP) = e(Q[S)vs(x/h(x)),
which implies that S is either P or P.,. By (ii) and (iii) we have that e(Q|P) =1

and we are done. O
F
~/\ e ~/\e ~/\e ~/\
/ \ i \ Vi \ Vi \ i \
[ v 3] v (%) g Q v
k() k(y) B Ry 0 Ry o Ry Py Ry
= = % Y
~N N\ N N\ /) © / ©
Vi ® Vi © 3} N\ (4] N\
3 N\ 4] N\ / Vi v
) RS D
Py R, P Ryt P, R Pyt R

Ficure 1. Ramification in F/k(z) and F/k(y)

Now we prove a key identity for the study of the ramification of certain places

in the sequence H over k.
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Lemma 3.2. Let us consider the equation y* +vy = f(z) in k(z,y) where f(z)
denotes the right hand side of (1.1). Then

+1\° y+1 1 1
fw%%C’ ) + =yt +

x+1 r+1 24+r+1 z4+1
Proof.
2 2
y+1 y+1 Y y+1 y+1
f(y)+<x+1) +x+1_y2+y+1+(1’+1 +:lc—i-l

Y y+1 2 y+1
= + +
flz)+1 xr+1 r+1

e+l y+1\° Y 1
—Y (x +1)2 (x—i—l) ;1:+1+a:—|—1
Y@+ ) +yr+ P+ 14y +1) 1
(x+1)2 r+1
Cyle 41?2 yr+ P+ 14yl +1) 1
T (z4 1) (r+ 1) z+1
1 1

x2+x+1+m+1‘
[l

Proposition 3.3. The sequence of function fields H = {F;}32, defined by equation
(1.1) is a tower over k.

Proof. Let f(z) be the right hand side of (1.1) and let Q} (resp. Q}) be a zero of
x; (resp. x;+1) in Fj. Let Q% be a zero of z; +  where § € {a, a+1}. We already
know, as established after (3.1), that F}/Fj, is an extension of degree 2 with k as
the full field of constants of F; and that Q% is totally ramified in Fy/Fp.

Now consider the place Q). Since T(T + 1) is the reduction modulo Q9 of T? +
T + f(xg), from Kummer’s Theorem the place Qf splits completely in F/Fj into
the places Q} and @Q}. On the other hand T? + T + 1 is the reduction modulo Q°
of T? + T + f(zo). By Kummer’s Theorem we have that Q9 splits completely in
Fy/Fy into the places QY and Q. Therefore

I/Qé(xo +1) =vg(zo+1)=1.

xr1+1

1 we have from Lemma 3.2 that

1 1
x%+x0+1+w0+17

By writing u =

flx) + v +u=mz +
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and since vq1 (z1) = 0, we readily see that V%(f(azl) +u?4+u)=-1%£0 mod 2.
The same argument used in the proof of [S, Proposition 3.7.8] shows that Qé is
totally ramified in F,/F}. Therefore k is the full field of constants of Fy and Fy/F}
is an extension of degree 2. From Kummer’s Theorem we see now that Q1 splits
completely in F5/Fj into the places Q2 and Q2 | because T?+T+1 is the reduction
modulo Q1 of T +T + f(x1). Since 7 + 21 = f(20) we have that vgi (v, +1) =1
so that vg: (x1+1)=1.

Now suppose that F;/F;_; is a extension of degree 2 such that k is the full field
of constants of Fj, the place Q{~* splits completely in F;/F;_; into the places Q¢
and Q1 and vgi-i(z;—1 +1) = 1. Then vgi,(zim1 + 1) = 1 and since vq; (2;) = 0,

x;+1

T we have from Lemma 3.2 that

by writing u =

1 1

T;) +ut U=+ + )
f( ) ZL’?_l—i‘ZL'i_l—i‘l Ii_l—i‘l

and so vq (f(z;) +u?+u) = —1#0 mod 2. As above this condition implies that
Q/ZB is totally ramified in F;y,/F;. Therefore k is the full field of constants of Fj
and Fj,1/F; is an extension of degree 2. From Kummer’s Theorem we see that
the place Q¢ splits completely in Fj,;/F; into the places Q%' and ijjrll because
T? + T + 1 is the reduction modulo Q' of T? + T + f(z;). Since z7 + x; = f(x;i_1)
we have that vy (z; + 1) = 1 so that V%H(:vi +1)=1

We have proved that each extension F;/F;_; is an extension of degree 2 and that
k is the full field of constants of each Fj. It remains to prove that g(F;) — oo as
i — oo and for this it suffices to check that g(F;) > 1 for some ¢ > 0. From Lemma
3.1 and Proposition 2.5 we have that F}/F, is a weakly ramified Artin-Schreier
extension of degree 2 and just the places Q% and QY. ramify in F} and they are
totally ramified. It follows from [S, Proposition 3.7.8] that g(F}) = 1. Again, from
Lemma 3.1 and Proposition 2.5, we have that F,/F} is a weakly ramified Artin-
Schreier extension of degree 2 and we have proved above that the places Q! and
Q441 lying above QY are totally ramified in F>/F;. From Hurwitz’s genus formula
[S, Theorem 3.4.13] we conclude that g(F2) > 3 and we are done. O

As a direct consequence of the previous results we have:

Proposition 3.4. The sequence of function fields H defined by equation (1.1) is
a tower over k with finite ramification locus R(H). More precisely

R(H) g {P07 P17 PCH Pa+17 Poo};
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with the notation used in Lemma 3.1.
Remark 3.5. We will prove in the next section (see Remark 4.12) that, in fact,
equality holds in Proposition 3.4, i.e.
R(H) ={Py, P1, P, Pai1, Px},
and also that every place Q in the tower H lying over a place of R(H) is rational.

Now we can state and prove the main result of this section.

Theorem 3.6. The tower H = {F;}2, is a weakly ramified tower over k and its
genus y(H) satisfies the estimate

v(H) < 2.

Proof. For any set S of places of Fy let O;(.S) be the set of all places of F; lying over
the places of S. From Lemma 3.1 and Corollary 2.6 we have that H is a weakly

ramified tower over k. Thus Hurwitz’s genus formula, Proposition 3.4 and Remark

3.5 give
29(F) —2=—=2(F: Fy]+2 > Y (e(QIP)—1)
PeR(H) Q|P
“2[F: Rl4+2 ) Y e(QIP) — 2|0i(R(H))]
PeR(H) Q|P
=2[F; : F](|R(H)| — 1) = 2|O0:i(R(H))|
:S[F Fo] = 2|0:(R(H))!.

As a consequence of Theorem 4.11 to be proved later we have the estimate
|0i(R(H))| = 2[Fi : Fy).

Therefore

. g(F) -1
— z -~ <
v(H) = ihm FoFy = 2,

as claimed. O

4. THE SPLITTING RATE OF THE TOWER H OVER [y

Throughout this section the symbol Tr denotes the trace map from F, to F, and
recall that Fy := {0,1,a,a + 1} where a® + a + 1 = 0. We will show next that
the ramification behavior in the tower H = {F;}32, over Fy of the zeros of z; and

x; + 1 and the poles of z; in F; is well understood. However the understanding of
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the ramification behavior of the zeros of x; + a and x; + o + 1 in F; in the tower
‘H will be achieved in Theorem 4.10 after the proof of some technical results.

Proposition 4.1. Let F' be a function field over Fy such that ¥y is its full field of
constants and let v € F\TFy such that f(z) # u?+u for allu € F where f(z) is the
right hand side of (1.1). Let F' = F(y) where y satisfies (1.1), i.e. y* +y = f(z).
Then F'/F is an Artin-Schreier extension of degree 2 where any zero Py and any
pole P, of x in F respectively, split completely in F'/F into a zero Qo of y and a
zero Q1 of y + 1. Also any zero Py of x + 1 in F splits completely in F'/F into a
zero Qq of y+a and a zero Qui1 of y+a+1in F' (see Figure 2 below). Moreover

yQi<y+i):VPo(x) and VQi(y+i):_VPoo(x)7
where i = 0,1 and

vQs(y + B) = 2vp (z + 1),
where B =« or f =a + 1.

F' Qo o Qo Q1 Qo Qat1

FIGURE 2. Decomposition of some zeros and poles in F'/F

Proof. The first assertion follows from [S, Proposition 3.7.8]. Now consider the

polynomial
o(T)=T*+T+ f(x) € F[T).
First notice that each zero or pole P of x in F is a zero of f(x) in F. Then

o(T) mod P=T*+T=T(T +1),

so that Kummer’s Theorem implies that the first two diagrams of Figure 2 are
correct, i.e. there is a zero (Qp of y in F” and a zero @)1 of y+ 1 in F” lying over P.
Therefore

VQi(y—i_i):VPo('r) and VQi(y+i):_VPoo(x)'
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Let P, be a zero of x + 1 in F. Then vp (z + 1) > 0 and vp (x) = 0 so that
vp, (f(x)) =0 and the residual class x(P;) = 1. Thus

o(T) mod =T +T+1=T+a)(T+a+1),

and again Kummer’s Theorem shows that the last diagram is correct. Now, by
rewriting (1.1) as

+1)?

4.1 2 G

(4.1) R = S

we see that if Qg| P then vg,(y + 3) = 2vp, (z + 1) as desired. O

Proposition 4.2. Under the conditions of Proposition 4.1, let us consider a zero
Psg of x4+ in F.

(i) Suppose that there exists an element u € F' such that
vp,(f(@) + v +u) = —1,

then Pg is totally ramified in F’/F. The only place of F”’ lying over P is a
pole Q. of y in F’ and

Vo (Y) = —vp,(z + B).
(ii) Suppose that Pj is rational and that there exists an element u € F such that
vp,(f(z) +u* +u) >0 and Tr((f(z)+ v+ u)(Ps)) =0.
Then Pjs splits completely in F'/F into two poles of y in F’ and

2vq,, (y) = —vp,(z + )

where (), denotes any of these two poles (see Figure 3 below).

F’ Qoo Qoo Qoo

2 1 1

F Pg Pg

FIGURE 3. The two possible decompositions of P
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Proof. The first part of (i) is just [S, Proposition 3.7.8]. It is clear from the equation
(1.1) defining the extension F”/F that vg_ (y) = —vp,(z + B).

Let us see (ii). From [S, Proposition 3.7.8] and its proof, we have that Pj is
unramified in F” and also F' = F(y + u) where

o(T)=T*+T+ f(z) + v’ +u,

is the minimal polynomial of y 4+ u over F. Then the reduction of ¢(T") modulo
Pg splits into linear factors over Fy because Tr((f(z) + u? +u)(Ps)) = 0 and thus
we can conclude, by Kummer’s Theorem, that Ps splits completely in F”/F'. From
equation (1.1) we see at once that 2vg  (y) = —vp, (2 + ). O

The construction of elements satisfying (i) or (ii) in the above proposition will
be a crucial technical point in our proof of the existence of rational places which
split completely in the tower H over F4. At this point it is convenient to introduce
the following definition:

Definition 4.3. Let F'/F be an Artin-Schreier extension defined by (1.1) as in
Proposition 4.1 and let f(x) be the right hand side of (1.1). Let P be a place of
F. An element u € F' 1is called an Artin-Schreier element of type 1 for P if

vp(f(@) +u* +u) = —m,

for some odd positive integer m. Suppose now that P is rational. An element u € F

is called an Artin-Schreier element of type 2 for P if
vp(f(x) +u?+u) >0 and Tr((f(z)+u®+u)(P)) =0.

Remark 4.4. The arguments given in Proposition 4.2 show that a place P of
F is totally ramified in F'/F if there is an Artin-Schreier element of type 1 for
P. Furthermore if P is rational then P splits completely in F'/F if there is an
Artin-Schreier element of type 2 for P.

From now on we will use the following notation: let i« > 0. A zero of x; (resp.
z;+1) in F; will be denoted as Q) (resp. Q%) and a pole of z; in F; will be denoted
as Q'_. A zero of z; + 8 in F; will be denoted as Qiﬁ for p € {a,a + 1} and this
will be the meaning of any symbol of the form @ when a Greek letter such as y
is used as a subindex. Also from now on all the considered places lie over ()Y (the
only zero of zy + 1 in the rational function field Fy of H). We will write in many

occasions P C () when a place @) lies over a place P.
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We state and prove now some technical results (Lemmas 4.5, 4.6 and 4.7). In all
of them we will assume that the following condition holds:

Ramification condition. Let k > 0 and consider the function fields Fy C Fy11 C

Fiio of the tower H. For the places Q% C QZH one and only one of the following

conditions hold:

(R1) either vge(zx + 1) = 1 and QZH is totally ramified in Fyio/Fii1 (so that
there is only one pole Q**? of x),o in Fi o lying over Qgﬂ), or

(R2) Vgk (xp+1) =2 and QZH splits completely in Fyio/Fyi1 (so that there are
exactly two poles Q¥F? of wyyo in Fyo lying over Qg“).

If (R1) (resp. (R2)) holds, we will say that the sequence Q% C QZH C QF?

satisfies the ramification condition (R1) (resp. (R2)).

Lemma 4.5. For k> 0 and i > k + 4 let us consider the subsequence {F]};jC of

the tower ‘H an also the following sequence of places:
QAcy ciPciPcoitt e cQy,

where we are having only the places Qé fork+3 < j <i—1. Thene(Q5'|Q¥?) =1

and if we write
T+ 1

0 = Tpio+
2t T

Y

then

(@hp2 + (21410)% + 2410)(QLF?) = B and Voi-1(0) = vgese(d) = —1,
fori>k+4.
Proof. Any of the ramification conditions (R1) or (R2) together with Proposition
4.1 imply that e(Qf '|Q*+?) = 1. Now we prove that u%fl(é) = —1. Since z7,, +
Tryo = f(xky1), by Lemma 3.2 we have that

1 n 1

tap+1 xp+1
Notice also that from any of the ramification conditions we have
(4.2) Vorsa (T +1) = e(QEQ\QgH)I/Q;f(:Uk +1)=2.

On the other hand, we know that VQ;f(:ci + a2, +1)=0and VQ§+1<:Ck+1) = 0, thus

0%+ 0 = T +

1
(43) I/ngg-z ($k+1) = I/Ql;o+2 (m) =0
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and

1 1
2 —
Vo207 +0) = v (ka xi+ a4+ 1 * T + 1) =%

therefore vgi-1(6) = vgrr2(0) = —1 because Q57| Q¥+ 2 is not ramified in F_;/ Fyo.

In order to prove that

(Trrz + (T410)° + 21010) (QE%) = B

we will use an identity which is a consequence of some tedious manipulations, so
for the sake of simplicity we will write x = xx, y = 2311 and z = x; 2. We have
now that 6 = z + %i and x,y, z satisfy the following equations:

22 =24 f(y),
2
=1+y+—5—0,
y f(y) T
1 1 1 2 +ax+1 T

+ + = + =
v+y+1 (z+1)?2 z+1 (x+1)2  (z+1)2
Then, from the above three equalities and (4.1), we have
V+1? v+l
(x+1)2 (x+1)
Viy+1D?  yly+1)
v¥+y+1  (z+1)2 (z+1)
(V+y+1)? yP+y+1

2+ (o) +ys=z+ (24 f(y)y? + 2y +

=20 +y+1)+1+y+

=2 +y+1)+1+y+

(x+1)2 (x+1)
(x+ 1) (x+1)2 x+1
=7ty + .
w2+ +1 (22 +z2+1)2 22+x+1
Therefore
(z + 1) (2 + 1)?
k2 + (Tp410) k+1 k+29€z+9€k+1 k+1 @+ ant 12
T+ 1
i+ ap+1

We have that voeez (g + 1) = 2 and vgrsz (Tr41) = Vgpre (x,%Jr—al:kH) =0 by (4.2)
and (4.3), respectively. This implies that vjri2(7512) = —2 because

) x4 ap+ 1
Thio + Thy2 = $k+1m'

We conclude now that

(4.4) Vors2 (Trr2 + (23410)* + 24410) = 0,
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and
(2hy2 + (25410)% + 25410) (QL?) = 21 (QEF?) = 2ria (QFT) = 6.

O

Lemma 4.6. With the same hypothesis as in Lemma 4.5 we have that for all

j=k+3,...,0i-1
1
= > 0.
Yo (mj +$k+2>

Proof. For all j we have

o+ x; = f;) and f(xi-l) = lel + 1+
then
i+JUk+2 = x;——i—l t T2 = i+l + Thy2
x; v? + 1 fxj1)
_ xfjl Fay et L gt e g

On the other hand, in the previous proof we showed that Q%2 is a pole of order
two of 2o and e(Q}|Q%?) = 1, thus by Proposition 4.1 we have

(4.5) VQg)(l’j) = T Vkss (Tpy3) = —Vgh+ (Tpao) = 2.
Now we proceed by induction on j. If j = k + 3 we have

1 _ Tk43

+ Tpy3 + TppaTpg2 + 1+
Tk+3 Thi2 L+2

and Vgirs (Tkt+3/xK42) > 0 by (4.5). Moreover, VQI(§+3((E]€+3£C]€+2 + 1) > 0 because

the residual class

(@rr32r12) (QFT?) = (@as + 1) (@rr32r12))(Q6 ) = (@ f (wr12))(QEF%) = 1.

Thus
1
VQk+3 m + k1o | > 0.

Now assume that the result is valid for 7 — 1 > k + 3. From the equation

2 )
Ij—l xj—l + xj—l + 1
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we have the residual class (xf] NQP) = (2t (@Qd) = 1 which implies that

Tj—1

I/Qg(% + 1) > 0. Furthermore, by inductive hypothesis, the term 1/x;_; + z410
has positive valuation and also the remaining terms of the right hand side of

1
Z; LU] 1 Tj-1

+ Tgqo,

with respect to Q. Therefore

1
I/ng' (x— + $k+2> > (.

J

O

Lemma 4.7. For k>0 and i > k + 3 let us consider the subsequence {F) }’+2 of
the tower H and the sequence of places
Ql C QkJrl C Qk+2 C Qk+3 C Qk+4 C Qk+5
if 1 =k + 3 or the sequence
Qk C Qk+1 Qk+2 C Qk+3 e C Q C Qz C Qz+1 142

if © > k + 3, where we are having only the places Qé fork+3<7<i—1. Then
Q' splits completely in Fiyo/F;y1 and the ramification condition (R2) holds for

+1 +2
Q) C Qitt c Q.

Proof. In order to prove that Q“’l splits completely in F o/ F;yq it suffices to find
an Artin-Schreier element of type 2 for Q4. Let

where ¢ is as in Lemma 4.5. From Lemma 3.2 we have

1 1
) 244
x?+$i+1+xi+1+( Tpe1)” + 0Tpaq

f(@iz) +u® +u=zi1 +

1 2
= Tiy1 + m + x; (l'i_1 + 1+ ZL‘i_l) + (5$k+1) + 5$k;+1
=Ty + P Sr—— +xi(wim + 1) + o + ( — + xk+2)

+ (.flfk+2 + (5.’Bk+1)2 + 5$k+1).

Now we compute the residual class (f(z;1) + u? + u)(Q4). It is clear that

1
i1+ ———"—+zi(ri1+1 i+l =0+1+1=0.
(:164—1 ?+a;+1 Ti(Tit )>( )
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For i > k + 3 we have from (4.5) that Q} ' is a zero of order 2 of x;_; and by
Proposition 4.1 and equation (1.1) we also have that Q} is a zero of order 2 of
z; + 1. The same holds for i = k+3, i.e. Q2 is a zero of order 2 of x5 and Q¥

is a zero of order 2 of x4 3 + 1. Then for ¢« > k + 3 we have that Vi <’”—+1> =0

Ti—1
and so f;—i(@ﬁ) = 1. Finally, Lemma 4.6 and Lemma 4.5 imply that

( ! + ng) (Q6) + (@ra2 + (0zk41)? + 6211 Q1) = B,

Ti-1
therefore
(f@in) +u” +u) Q) =0+ 1+ 5.
Since 6 + 1 + 3 is equal to 0 or 1, then

VQ@H(f(%‘H) +u'+u) 20 and T ((f(zi) +u’ +u)(Qp")) =0,

so that u is an Artin-Schreier element of type 2 for Qé“. In particular, the sequence
Qi C Q)T C QU2 satisfies the ramification condition (R2). O

From Proposition 4.1 we know that the places between Q*+? and Q! for i > k+2
are given by a combination of sequences of places of the form

j j+1 +2 j j+—1 j+1 141 j+1+2
QCQcl” o GC--CcQ CcTCcTTcRyT
By using Proposition 4.1 and Lemma 4.7 as many times as needed we have

Corollary 4.8. Suppose that the place Q% is rational. If in the tower H we have
the sequence of places QY C Qg“ C Q"2 satisfying the ramification condition
(R2) and a sequence of places of the form Q% C Q4 C Q% with QY lying over
QF+2 fori > k+2, then this sequence also satisfies the ramification condition (R2)

and Q% splits completely in Fy 3/ Fy. In particular the place Q% is rational.

Proposition 4.9. Consider the subsequence {Fj}fi,f of the tower H and the se-
quence of places

QI C QT coY”
If Q% is a simple zero of vy, + 1 then e(Q’éjﬂQE“) = 2, i.e. the above sequence of

places satisfies the ramification condition (R1).

Proof. Let u = xfﬂ:—fll and let 0 = zj0 + u. By Lemma 3.2 we have
1 1

xi+xk+1+xk—|—1'

246 = fxper) +ul4u= Tp+1 +
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Since Q% is a simple zero of x;, + 1 and e(Q§+1|Q’f) = 1 from Proposition 4.1, we
see that QZH is also a simple zero of z;, + 1. Then, by writing e = e(Q'gj2\Q§+l),

we have

(02 +6) = + ! RN
Your Tt M T O 1 T k1) O

so that 2v,r+2(0) = —e. Therefore e = 2 as desired. O
We are finally in a position to state and prove the main results of this work.

Theorem 4.10. Let {Fj}fii be a subsequence of the tower H and consider the
sequence of places

Qi C Qs C L
Suppose that Q¥ is a rational place and a simple zero of xy, + 1. Then Q%F? splits
completely in H.

Proof. From Proposition 4.1 we see that the sequence of places in the tower H
lying above Q*? is a combination of the following two types of sequences of places
(S1) and (S2) respectively:
Q@ cel?
and
Q. c QM cittc QI C Qirt?,

for 5 > k+ 3 and [ > 4. From Proposition 4.9 we have that Q%2 is a rational
place so that from Proposition 4.1 we see that the place Q%3 (resp. Q¥ is
rational in the case (S1) (resp. (S2)) for j = k + 3. Then Lemma 4.7 implies that
the sequence of type (S1) satisfies the ramification condition (R2) for j = k + 3
and so does the sequence Q{H C Q?ﬁl“ C QT2 in the sequence of type (S2) for
j=k+3and [ > 4. In the first case Q%12 splits completely in Fj,5 while in the

second one Q*+? splits completely in Fj 54 for [ > 4. Now the conclusion follows

immediately from Corollary 4.8. 0
Now we compute the exact number of rational places of each F; € H for [ > 3.

Theorem 4.11. Let | > 3. The number N(F;) of rational places of the function
field F; € H is
N(F) =2 48
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Proof. Since QY is rational and a simple zero of g+ 1 € Fy, we have two sequences

0 1 2 0 1 2
Q) CQ, CQ and Q1 C Qpy1 C Q%

by Proposition 4.1. Moreover each Q2 splits completely in F;/F, by Theorem 4.11,
so we have 2 - 2/=2 rational places in F} lying over Q.

Now we consider the rational place Q) which is a simple zero of zy € Fy. By
Proposition 4.1 QY splits completely into the places @}, a simple zero of z1 + 1,
and @}, a simple zero of z;. Thus we have two sequences QY C Q1 and Q3 C Q{.

In the first case we have the sequences

QC@ac@, and QI CQ, CQ,
and we are in the above same situation because Q1 is rational and a simple zero of
21 + 1 € F;. The same argument we used above shows that we have 2=2 rational
places of F} lying over Q1. Now for 1 <4 <[ — 2 we have the following sequences
of places lying over Q}

QCQC---CQ'cQ;, and QCQC--CQy’CQi”
Each of the first [ — 2 sequences add 2!7*~! rational places to Fj and for the latter
we conclude from Proposition 4.1 that there are four additional rational places Q',,
Lo @ and Q' lying over Qf %, Therefore the number of rational places of F;
lying over Q) is
272 ol 42 44=0"1 49

0

o, Which is a simple pole of xy. From

Let us consider now the rational place @)
Proposition 4.1 we see that the rational places of F; lying above the rational place
Q" exhibit the same behavior we already saw for Q). Thus the number of rational
places of F} lying over QY is also 2!~ + 2.

Finally we consider the number of rational places of F; lying over Q% with
p € {a,a+ 1}. Since Q% is a simple pole of z¢ + [, from Proposition 4.2 (i) with
u = 0, we have that Q% is totally ramified in F}/F, and the place Q. of F} over
Q% is a simple pole of x;. We see that we are in the situation considered for the
place QY but starting from F;. Therefore the number of rational places of Fj lying
over Qf is 272 4-2. Putting all together we have that the number N (F}) of rational

places of Fj is exactly

NF)=2""+2- 2" +2)+2- (22 +2) =2 + 8.
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Remark 4.12. We see from Proposition 4.9 and the arguments used in the above
proof that every rational place of the base step Fy in the tower H over Fy ramifies
in the tower and also every place of F; lying over any rational place of Fy is also

rational . This is exactly what was claimed in Remark 3.5.
Corollary 4.13. The tower H over Fy is optimal.

Proof. From Theorem 4.11 we have that v(H) = 2 and from Theorem 3.6 we know
that y(#H) < 2, then

1=V4—1>\H) =

so that A(H) = 1. O

Corollary 4.14. The tower H over Fas is asymptotically good for s even with
limit

ANH) > 1.
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