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One-sided weights

1. Introduction

Let (X, F, u) be a o-finite measure space and let M (i) be the space of measurable functions f : (X, F) —
R where, as usual, we identify functions which are equal almost everywhere. By LP := LP(u), 1 < p < oo,
we denote the measurable functions f such that [, |f|Pdu < co. For f € LP, we write ||f||, = || f]|zr(du) =

1/
(S |17 dpe) "
Associated to a linear operator T : M(u) — M(p) (or alternatively T : LP(u) — LP(u)), we consider the
sequence A, p : M(u) — M(u) of operators (averages) defined by

I
- J
An,Tf n+1 JE:OT fa (11)

W
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and the ergodic maximal operator
My f =sup|A, rf]. (1.2)
n>0
Akcoglu’s theorem [1] says that if 1 < p < co and T is a positive linear contraction on L? then

1M flly < =11 (13)

and the sequence of averages A, rf converges a.e. and in the norm of LP for all f € LP (we recall that
positive means that if f > 0 a.e. then Tf > 0 a.e. and contraction stands for ||T'|| < 1). As usual, the norm
of My, denoted by ||Mr|| or ||Mr||p, is defined as the least constant C), such that ||[Myfl|, < Cpl|f]|, for
all f € LP. Thus, the above inequality says that ||Mr||, < 1% for all positive linear contractions T on LP.

The proof of Akcoglu’s theorem follows from the particular case of positive isometries (T is a positive linear
operator and ||T'|| = 1) which was previously proved by A. Ionescu-Tulcea [3]. The proof of Ionescu-Tulcea’s
result in Krengel’s book [5] follows the lines of the proofs by Kan [4] and de la Torre [2]. It is based on the
following key fact: if 1 < p < oo and T is a positive linear isometry on LP then T is a Lamperti operator
or, in other words, T separates supports (fg =0 a.e. = T fTg = 0 a.e.). As a first question we may wonder
whether or not p/(p — 1) is the best constant in inequality (1.3) for positive invertible linear isometries
on LP. We answer to this question in the affirmative in Section 6 for positive linear isometries such that
its associated automorphism has no periodic part (see Definition 2.1); obviously, the answer is negative for
trivial cases like the identity). This result is probably known but we have not found any reference.

As we have noticed, Lamperti operators are a very important case. For that reason, we choose these
kind of operators as the setting in the paper. Lamperti operators have a very special structure [4,6] that we
resume in Section 2.

In [11] (see also the previous paper [8]) it was proved a kind of generalization of Akcoglu’s theorem. On the
one hand, more restrictive assumptions are considered: the author works with positive invertible Lamperti
operators and a measure ¥ = w dy where w is a nonnegative measurable function. On the other hand, the
author treats with an assumption more general: he does not assume that T is a positive contraction but the
averages are uniformly bounded in LP(v), that is

sup || An,7|[zr () < 00
n

and, under these assumptions, it is proved that the maximal operator Mr is bounded in LP(v). It is clear
that sup,, [|An7l|r) < |[|Mr||Lr@). In this paper we search the sharp dependence of the norm ||Mr||1r ()
with respect to sup,, [|An 7||1r) < 00. We establish that if the associated automorphism has no periodic
part then

[Mr][Le) < CP)SWP [ AnTllzr )", (1.4)

where p’ = p/(p — 1) is the conjugate exponent and C(p) depends only on p. Furthermore, the exponent is
sharp (see Theorems 3.1 and 3.2).

The paper is organized in the following way: Section 2 is devoted to establish the setting of the paper;
in particular we resume the structure and properties of Lamperti operators. The next section contains the
main results and the proofs of the results are in the following sections.
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2. Lamperti operators

In this section we state the setting of our paper (which is the same as in [11]). A Lamperti operator on
M(p) is amap T : M(u) — M(p) of the form

Tf(z) = h(z)®f(z), (2.1)

where h € M(u) and @ : M(u) — M(p) is linear and multiplicative, that is,

2
2
Q
~
_l’_
@
NS
I

a®(f) + pe(g)

Throughout the paper we always assume that T is positive and invertible. It follows that 0 < h(z) < oo
a.e. and @ is invertible and positive. Other properties are ®1 = 1, ®(|f|") = |®(f)|" for positive r and the
following ones (see e.g. [4] and [6]):

(1) There exists a sequence of functions h; such that
TV f =h;® f (2.2)

where hy = h, ho =1 and hj1 = h; ®J by, for any 7, k in Z.
(2) By the Radon—Nikodym theorem, for every j € Z there exists a positive function J; € M(p) such that
if f >0 then

/Jj O fdy = /fdu and  Jipp = J; ;. (2.3)
X X

We finish this section with one definition which plays an important role in the results of this paper.

Definition 2.1. If ® is as before, we say that ® is aperiodic or, in other words, it has no periodic part if
for any n > 1 and £ C F with u(E) > 0 there exists a non-null measurable subset A of E such that

D" xa # XA

Given any bimeasurable measure preserving transformation 7 : X — X we consider @ f(z) = f(7(z)).
The morphism ® is aperiodic if 7 is ergodic and p(X) = oo or 7 is ergodic and (X, F, i) is a finite nonatomic
measure space. An example of an aperiodic ® such that 7 is not ergodic is the one induced by 7 : [0, 1] x [0, 1],
7(z,y) = ((z + a) mod 1,y), where a is irrational (see [12]).

3. Statement of the main results

A Cesaro bounded operator in LP(wdy) is a linear operator such that the averages are uniformly bounded
in LP(wdu), that is, sup, e [|[An, 7|l Lr(wdp) < o0. Under this assumption the next theorem estimates the
norm of the maximal operator associated to a positive invertible Lamperti operator T f(z) = h(z)® f(x)
when ® has no periodic part.

Theorem 3.1. Let T'f(x) = h(x)®f(x) a positive invertible Lamperti operator such that ® has no periodic
part. Let w be a nonnegative measurable function on X and let 1 < p < co. If T is Cesaro bounded operator
in LP(wdp) then the mazimal operator My is bounded in LP(wdu) and
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/

P
Mllor e < C(0) (su% |An,T|Lp(wdm) |
ne

where C(p) depends only on p.
The second theorem establishes that the above inequality is sharp.

Theorem 3.2. Let & : M(p) — M(u) invertible, linear and multiplicative and such that ® has no periodic
part. Assume that there exist py, 1 < pp < 00, a constant 8 > 0 and a constant C(pg) depending only on pg
such that

B
||MTHLP0 (wdp) < C(pO) <Su}tﬂ)\1 ||An,T||LP0 (’ll)d/l.))
ne

for all nonnegative measurable functions w on X and all positive invertible Lamperti operators Tf = h®f.
Then 3 > py.

In order to prove the first theorem we need to compute the norm of the averages A, r. This is included
in the next result.

Theorem 3.3. Let w be a monnegative measurable function on X. Let Tf = h®f a positive invertible
Lamperti operator on M(u) such that it has no periodic part. Let 1 < p < co. The following statements are
equivalent.

(a) T is a Cesdro bounded operator in LP(wd).
(b) we Af(T), i.e., there exists a positive constant C such that for a.e. x € X and all k € N

( S @) )P o) (i[h;%x),fi(w@iw(x)]ﬁ)p1 < Clh+ 1. (3.1)

i=—k =0

Furthermore, if [w]A;(T) stands for the infimum of the constants in (3.1) then we have

1 1/p 1/p

i[w]A;(T) < :25 ||A7L,T||Lp(wdu) < 4[w]A;(T) (32)

Remark 3.4. Inequality (3.1) must be understood in the following way: if ®*w(x) = 0 for some i, 0 < i < k,
. . . —1 .

then ®7w(x) = 0 for all j such that —k < j < 0; if ®*w(z) = oo then [ w(z)]?—T = 0; if P'w(x) = oo for

some i, —k < i <0, then ®‘w(x) = oo for all i, 0 < i < k. Similar conditions appearing in this paper must

be understood in the same way.

Remark 3.5. w € Af(T) if and only if there exists a positive constant C' such that for a.e. z € X all integers
jandall ke N

(i hy ”(w)Ji(sc><I>"w(a:>) (jic[h;p(x)Ji(aj)Cbiw(x)]pll>p_1 < Ok +1)".

i=j

Notice that the infimum of the constants in the above inequality equals [w] 44 7).
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In the proof of Theorem 3.2 we need to compute the norm of the maximal operator associated to a

positive invertible isometry. This result is probably known but we have not found any reference. We include

a proof to make the article more self-contained.

Theorem 3.6. Let 1 < p < oo. Let T}, be a positive invertible Lamperti operator T),f = h®f which is an

isometry on LP(u), that is,

T, f(x) = Ji(z)/P® f(2).

Assume that ® has no periodic part. Then
Mz, || Lo ap) = —
4. Proof of Theorem 3.3

Proof. Let’s start by proving that if (b) holds then T is a Cesaro bounded operator in L”(wdu) and

1
Sup [ Antll o) < A0l g

We consider first the averages

2k+1—1

Agi f(x Z T f

i=2Fk

and we prove that

1/
Aol < 2] y¥ )

for all £ > 0.

We may assume that the functions f are nonnegative. Let u;(z) = h; ?(x).J;(x)®"w(x). Notice that by
Remark 3.4, if A = {z : u;(z) = 0 for some 7,2% < i < 2¥*1 — 1} then w(x) = 0 for a.e. z € A. We also
point out that if B = {z : u;(x) = oo} then for all f in LP(wdu) we have that ®!f(x) = 0 for a.e. v € B.

Using that ® is linear and multiplicative, identities (2.2) and (2.3), Holder’s inequality and what we have

pointed out before, we have

} ) 1 ok+1_q P 1 ok+1_q ‘ s _1/pp
||A2’€fHLp(wdﬂ):/ ok Z f 'WdN:/ o Z hi(z)®" f u; ", wdp
X 7,:2)“ X 7,:2)“
1 ok+1_q ‘ ok+1_q / p—1
< 27‘”’/( Z (hiqﬂf)puo( Z Ujl'p) wdp
X i=2k j=2k
1 ok+1l_1 ok+1_q p—1
g > [ Teermer@ e (X @) e ed
i=2k j=2k
1 ok+1l_q ok+1_q o p—1 By
g 2 [ru( X @) etwan
i=2k ¥ j=2k

If we use (2.2) and (2.3) again then we obtain

(4.1)
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2kl ' p—1
( > (‘I’_zuy‘)l_p>
j=2*
2kt ) —p' p—1
= (X [emeri)e il )
j=2k
ok+1_1 A ‘ Pl
J_ih_f( Z {h:g@il(h;p):]_i¢72((]j)¢72+‘7w:| )
j=2*
ok+1_1 1
_ _ i 1P p
a2 (O3 et s e] )
j=2k
gk+1_q p—1
= J-ih_ ( Z U_Z+J> :
j=2F

Putting the last equality in (4.1) and taking into account that —2F +1 < —i 4+ j < 2F — 1, we get

ok+1_1 1
||A2k\|§p(wd#)§ = > /fpwJ h LD w( Z u_z+j> du
=2k j=2k
2’c+ -1 2kt _1 p—1
17 ’
= Qkp/fp < ’( Z u—iij) )d,u
X i=2k j=2Fk

1 okt+l_q 2k_1 N
i [ro(( X )X W)

S_

X i=2k l=—2k41

1 —ok 2k_1 APl
[ X W) (X W) w

X I=—2k+141 I=—2F41

1 —2k 2k 1 p—1
<gp [re( X w) (T )

l=—2k+141 I=—2k

2(k+1)p

= TR wA,rm/f wdp
X

:2p[w]A+(T)/fpde7

as we wished to prove.
Now we compare the general averages A, r with Ay, Since Aorf(z) = f(x), it is enough to consider
n > 1. In such a case, there exists j € IN such that 27 < n < 277! — 1. Then we have

n 2i+1_1q 2i+1_q
Ao f0) = S LTI S g B T = (e X 1)

jo2kti g

= ( +ZZT1 > il(f(x)jtgfﬁzkf(w))-

k=0 =2k
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Thus

1

J
||An,Tf||LP(wdy) < n—H (||f|LP(wd,u) + Z2k”A2k‘f||LP(wd,u)>
k=0

1 . J
n+1 (”fILP(wd;L) +2 [w]A/;?(T)”fHLP(wdu) Z 2k>
k=0

1+2(2j+171) 1/
n+1 [ ]A£(T) ”fHLP(wdp)

2j+2 _ 1 1p

T a1 [w]A;(T) Il Lr (wdn)

IN

IN

1
<4 [w]A/;(T) ”f”L”(wdu%

where we have used that [w]z/f ) > 1.

Now we prove the converse: if sup,,ci [|An, 7/l Lr (wap) < 00, then w € Af(T) and

1
(w3 ) < sup dnr

1
3 | L (wdp) -

More precisely, we prove that for a.e. z € X and all k € IN

0 k p—1
( > by p(x)Ji(x)@"w(a:)) (Z[h;p(x)Ji(a:)@iw(x)]pll) <or sup A7l o (wapy (k + 1P (4.2)

i=—k =0

We start proving the following remark.
Remark 4.1. Let A = {x : ®'w(x) = 0}. For a.e. x € A, " Jw(x) =0 for all j > 0.
Proof of 4.1. Since T is Cesaro bounded we have that

NT7 (" x )| o (wap) < (G + 1)(81611]1?I [ An. 7| 2o (wa) )12~ XAl Lo (wpe)
1/p

= (G + D)(sup [ An 1l 2o (o) /¢”Mww
nelN
1/p

= G+ 15 A2 i) /Lm@ww — 0,
ne

Thus h;(z)®7~*(xa)(z)w(z) = 0 a.e. Then I (h_;)(z)xa(z)®"Jw(z) = 0 a.e. and it follows that
Qi-Jw(x) =0 for a.e. z € A. O

Now we begin the proof of 4.2. Let us fix k. Let
Y ={z: Z[h-_p(x)Ji(az)@iw(x)}P%ll = oo} = U o{z: ®w(x) = 0}.

By Remark 4.1, for all i < 0 we have that ®*w(z) = 0 for almost every x € Y. Therefore, (4.2) holds for
a.e. z € Y. Now, let



A. Cabral, F.J. Martin-Reyes / J. Math. Anal. Appl. 462 (2018) 648-664 655
K -1
7 = {3 [h;P (@) Ji(2) @ w(@)] 7T < oo}

=0

We shall prove that (4.2) holds for a.e. € Z. This completes the proof of (4.2) for a.e. x € X.

As in the proof of the Lemma in [10] (see also [11]), we may assume without loss of generality that there
exists an invertible measurable map S : X — X such that S—' is measurable and ®/ f = f 0 S/ for every
Jj €Z and all f € M(u). Since ® has no periodic part, for fixed k£ > 0, there exist sets B; such that

o)
Z=\]J B,
j=0
where the sets B; satisfy the following:

B;NS'Bj =0 foralllsuch that 1 <[ < 2k.

Let us fix B; y let A be any measurable subset of B; with 0 < u(A) < co. Let f be the function defined on
X by

RN (@) [Ji(2)w(Siz)) 7T ifz e Aand 0< i<k
0 otherwise

f(S'w) = {

Using the definition of f it follows that for z € A and 0 < j < k we have

Aperr(5797) = gt > (s 1SS0 = T SUCERIERS

1 k _; . 1 k . 1
_ TRy ;hzﬂ(s x)f(S'z) = 20+ 1) ;hJ(S 2)hi () f(S'z)
1 I -
P TSA fg[hi (2) Ti(@)w(S'a)]7
1 k
T 2(kt1) (g (@)™ Y[y P (@) Ji(w)w(S )] 7,

where in the last inequality we have used that h;(S~7z) = [h_;(z)] "'

By property (2.3)

/ Asisrf (@) Puo(e)du

ko, S—iA

k
= Z/|A2k+1,Tf($)\pxs—m(x)w(x)du

j:OX

k
:Z/|A2k+1,Tf(Sfj$)|stfjA(57jx)w(57j$)J—j(x)dﬂ
j:OX

K
:Z/|A2k+1,Tf(S_j$)|pw(5_jx)J—j(iU)dM (4.3)

j:OA
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- 55T é ! {h (e)uw(S )T () ( g[hﬁ(@Ji(m)w(si@]p——ﬂ)p} dy
- ﬁ! (;"_?W)w(S%)J—j(m)) (gg[hfp(x)Ji(m)w(Sim)]f’ll)pdu.

Using the hypothesis, the fact that f is supported in U¥_,S?A and (2.3) we get

/ [Ask 1,7 f (@) Pw(x)dp < | Ak, 7 [l / [f (@) [Pw(z)dp

Uy 574 ULy 5ia

<sup|\AnT||L,,<wdu)Z [15@Pxsia@wd

1= OX
k
S:gglz‘lnﬂlm(wdmz(;/I (8'a)Pxsia (S w)w(S e) Ji(x)dp
] X (4.4)
< supHAnT”LP(W Z/ P’ 1) () (S'2)] 75 () Ji (2)d
Z:OA
k
< 5p [ty Y [ 1Y @) 7
z:OA
k
< 5D At | SN @) au(0)) el
A

o
I
=

Putting together (4.3) and (4.4) we obtain

k | o v
A/(jz;)h_ﬁ?(x)Jj(x)w(S_Jx)>(Z[hi ()i (2)w(Siz)]) 7 > du

=0

k
D_lh Ju(S'a)]7 1 dp.

< 2P sup ||A’VL,T||ZI),P(U)d/L) k + 1
nelN =0

m\

Since A is any measurable subset of B; C Z with finite and positive measure, it follows that for all j and
for a.e. x € Bj; and, therefore, for a.e. x € Z

k -1
(Zh D teyu(s o) ) (L0 @) au(s o)
i=0
< 27 sup [ An2 1% iy (6 + 1)
nelN
as we wished to prove. 0O
5. Proof of Theorem 3.1

As usual, the proof follows by transference arguments from a result in the integers. We start with some
definitions and the result we need on the integers.
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If f:7Z — R is any function then the one-sided maximal function m™ f on the integers is defined as
follows:

i+n

m*f(l)—sg%n+12|fl+y|—sup Zlf

We point out that m* = My, where Tf(i) = f(i + 1). It is said that a weight w defined on Z belongs to
Al (Z) if it is a nonnegative function such that

J 1 Jj+k L \P!
w = sup w (e — w(t)r—1 < 4o00. 5.1
[wlaz ) Jkem>0<k+1”zk )<k+1; (@) ) (5.1)

The quantity [w] 4+ is known as the characteristic of the weight w.
It is well known that if w € A} (Z) then there exists C' > 0 such that

o 1/p o 1/p
<Z|m+f(i)pw(i)> <C<Z If(i)l”w(i)> , (52)

for all f € LP(Z,w). As usual, the least constant C' in (5.2) is the norm of m™ and it is denoted by
lm™ || Le(z,w)- The next theorem follows from the results in [9] and gives the sharp constant in the above
inequality.

Theorem 5.1. Let w be a weight defined onZ and let 1 < p < co. Ifw € A;‘(Z) then there exists a constant
C(p) such that

Im ™l z.w) < CO)W) 5 )

Furthermore, the exponent is sharp, that is, if 8 > 0 and C(p) is a constant such that |m™| ez <
C’(p)[w]i;(z) for allw € A (Z), then B > pTl1

Although the proof follows from the results in [9], for reasons of completeness, we give an sketch of the
proof of this result in Section 8.

5.1. Proof of Theorem 3.1

For fixed z € X, let u”(i) = h; ?(x)J;(x)®"w(x) a function defined on the integers. By Theorem 3.3 and
Remark 3.5 we have that for a.e. z € X the functions u” belong to A (Z) and

W ap @ < 289 [Anr e cwaw )

for a.e. x € X.
Now we start the proof of the boundedness of Mp. It is enough to work with nonnegative measurable
functions f. For any natural number L, we consider the truncated maximal operator

MT,Lf: sup An,Tf~ (53)
0<n<L

Let N be any natural number. By (2.3), we have
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[ ppodi= / Z (@ My )P ] dp. (5.4)

X

Let f* the function on the integers given by f*(i) = T'f(z) and let [0, N + L] be the interval
{0,1,...,N + L}. By the properties of the functions h; we have

" (Mrpf)(x) < (hi2) " 'm™ (f*x0,n+1)) (0)-
Then
Z(‘i’l(MT,Lf))p(ﬂﬂ)‘I’Zw(x)Ji(fﬂ) <Y (T x0,8+2))P (0) (hi(2) 7P Ty (2) @' w(z)
1=0 1=0

< 3 (e 0 ),

where, as before, u®(i) = (h;(x))~PJ;(x)®%w(x). By Theorem 5.1, for a.e. z € X

N N+L
S @ M )Y (@B w() (@) < CO Py S (PP (0" ()
- - N+L
< C(p)2»" (bup | A, 7|l L (wdp)) Nl Z O fP(2)J;(z) P w(x).
i=0
The last inequality together with (5.4) gives
/ D1 N+L
/(MT,Lf)”w dp < C(p)2PP (225 [ An, 7!l Lo (wdp) )P* N—+1/ Z @' fP ;0w dp

X

, ,N+L+1
= C(p)2FP A P (w Pwd
()2 (5 | An o) =571~ /f p

Taking limit as N — oo,

/ (Mr.1.f )"0 dp < C)2 (5 A i) / P dp.
X X

Finally, letting L go to oo,

/ (Mo f)Pw dpt < C(0)27 (sup [ Anrll 1oy / frwdn,

nelN
b'e
as we wished to prove.
6. Proof of Theorem 3.6

Proof. It is well known that Mz, is bounded in LP(du) and

p
HMTPHLP(du) < ﬁ,



A. Cabral, F.J. Martin-Reyes / J. Math. Anal. Appl. 462 (2018) 648-664 659

(see [3]). In what follows, we shall prove

p

o1 = 1Mzl

As before, we may assume, without loss of generality, that there exists an invertible measurable map S :
X — X such that S~! is measurable and ®/ f = f 0 S7 for every j € Z and all f € M(u). Also, as before,

since ® has no periodic part, for all natural numbers k there exist measurable sets B; such that
X=|JB; and B;NS'B;=0, 1<1<2k
Let us fix a measurable subset A C By such that 0 < u(A) < co and consider the function

k

1

=2 G i@ xsa)
j=0

Let 0 <i <k and x € S~*A. It follows from the definition of T}, and (2.3) that for all I, 0 <1 < i,
T f(w) = Ji(x)' P @' f(x)

k
Y G ]+1 7575 (8'2) PXs-14(S')
7=0
1
= T )
1 1/
G

Therefore, if x € S~*A then

1 { L@~ 1 J@) S~ 1
T! = = '
f@) == ;(i—H—l)l/p i+l G+

Mr, f(x) >

N
Il

<
<

Thus

k
| vt s@pd=Y" [ D spd
i=0g" 4

ToSTiA
k i
Ji(x)'/P 1 P

= d

= Z / i4+1 “4 (] + 1)1/p M
=0g-ia 3=0
k 1 i 1 P

- Ji —i d
Zo<i+lzo(j+1)1/p) / () xs-ia(x)dp
1= %

X

U 1 P
:”(A)Z(m;ml)l/p)'
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Now we apply that My, is bounded in LP(du) and we obtain

[t @) < |, [ 17
X

o S7iA
GRS
= 1Mz, 17 4 Z?/XS—JA(SC)J](iC) du
Jj=0 J X
G
= 1M, i D 47 [ Xa(80) (o)
j=0 X

Putting together both inequalities we have

P
k 1 i 1
Zi:o (z+—1 ijo (j+1)1/p)
Yo 7T
J=0 j+1

We compute the limit of the sequence on the left hand side by applying Stolz—Cesaro theorem. We consider

(6.1)

< HMTPHip(du)-

the sequences (ay)ren and (bg)gen where

k 1 < 1 » oo
p— d b = - .
w=3 (il gemm) =™ vl

It is easy to see that

P
1 k 1
= N RS k+1 1 P
Ok — Ok—1 _ (kH 20 UH)W) _ <Zj_1 e )

be —br-1 T (k+1)'77

We observe that the term into the brackets is a Riemann sum of the function z='/? on the interval [0, 1].
Taking limit and applying Stolz—Cesaro theorem we obtain

k+1 1 1 p
.ag . Z] 13”? -1/p) _ p
lim — = lim T =1 —1.
0

This limit together with (6.1) gives

p
— < Mz, || Lo (@) O

7. Proof of Theorem 3.2
We start with the following lemma which is interesting by itself.

Lemma 7.1. Let 1 < p < pg < 0o and let T, a positive invertible isometry on LP(dy), T,f = Jll/p‘I’f, such
that ® has no periodic part. For each f € LP(du) let
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_ P
Rr=3 ol
k=0
where M, = Mr, is the ergodic mazimal operator associated to T, Mgf = f, M;f“f = M,,(M;ff) and

p+p =pp'. Finally, let w= (R,f)P"P°. Then T), is Cesdro bounded in LP°(wdu) and

sup ||An,Tp HLPO (u)dy,) S 4(4p/)(])0 _p)/po . (7,1)
neN

Proof of Lemma 7.1. We recall that the maximal operator M, is bounded on LP(du) and ||M,||1r(qu) =
p/(p—1) =p'. Then it is clear that

Rpf € LP(dp), |fI < Rpf. ||Bpfllrew < 20lfllr(an and My(Rpf) < 2p'Ryf. (7.2)

It follows from the last inequality that if £ > 0 and —k < ¢ < 0 then
1 &L .
y— N TR, f) < 4Ti(Ryf) ace. x. (7.3)
=0

Notice that this property implies that, for a.e. z, if T;;(Rpf)(:r) = 0 for some i, —k < i < 0, then Tg(Rpf) =0
for 0 < j < k (in fact for all j > ¢). Taking into account this remark it follows from (7.3) that

0

k po—1
Z (T;Z(Rpf))l_po (Z T;(Rpf)> < (4pHretk+ 1P ae. . (7.4)

i=—k

Now we proceed to prove that T}, is Cesaro bounded in L”°(wdpu). By Theorem 3.3, it suffices to prove that
w € A+ (T}). More precisely, we will prove that for a.e. x € X and all k € N

0 k po—1
( ) J{““’(z)Ji(z)@iw(x)) (Z[J;””p(x)&(x)@iw(xnpol) < WPk 1P, (1.5)
i=—k 1=0

By Holder’s inequality with exponents ¢ = po—l and ¢’ = PO— applied to both sums in (7.5) we get that
the left hand side of (7.5) is bounded by

pPo—P & (Po—l)zgif

0 po—1
( Z (T;(Rpf))l—Po> (k+ 1)1 <Z T;(Rpf)> (k4 1)po-1P~ D a0 g (7.6)
i=0

i=—k

Using (7.4) we obtain (7.5) and the lemma is completely proved since (7.1) follows from (7.5) and Theo-
rem 3.3. O

Proof of Theorem 3.2. We follow in this proof the ideas in [7].
Let f € LP(du) and let M, f, R, f and w be as in Lemma 7.1. Applying Holder’s inequality with exponent
po/p we obtain

P

My f | Lo (apy = </|Mpf|p(Rpf)(p_p0 %(R f)(po P) dﬂ)
X

*P

S<X/|Mpf|p°wdu> (X/ pfpdu>
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By Lemma 7.1, T}, is Cesaro bounded in LP° (wdy) and (7.1) holds. Then, by the assumption of Theorem 3.2,

1

1
00) PO

/|Mpf‘1’0wd,u < C(po)(4(4p/)(P0*P)/Po)ﬁ /|f|p0(Rpf)p7p0 dy
X

1

PO

< C(po)(4(dp! )P0 /v0)5 ﬂmw ,
X

where in the last inequality we have used that |f| < R,(f) (see (7.2)).
By (7.2)

pPo—P Po—pP

(frare) s fre)
X

X

The last inequalities together with (7.7) give

=

1My Lo apy < Clpo)2"55" (4(dpl) o003 /vww

/

Since ||Mpl|zraun) =p/(p—1) =p

po—p

p' < C(po)2 »o (4(4p’)(P0—P)/po)ﬁ_

Taking limit as p goes to 1, we obtain that

po — 1
Po

1<

or, in other words 8 > py(, as we wished to prove. O
8. Sketch of the proof of Theorem 5.1

We recall notations and results in [9].
Let 1 be a Borel measure on the real line which is finite on bounded sets. For any measurable function
F on the real line we define the one-sided maximal functions

1

M F(z) =sup ——— / F|du,

pE@ =sw ey )l
[z,xz+h)

and

1
M~ F(z) = sup ———— / Fldy,
v Fle) =), h]"“

where the respective quotients are understood as zero when u([z,x + h)) = 0 or u((x — h,z]) = 0. We also
introduce the following notations: given real numbers a < b < ¢, {a, b] and [b, ¢} will stand for (a, ] or [a, ]
and [b, ¢) or [b, c], respectively, while {a, ¢} will denote the union {a,b] U [b, c}.
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Definition 8.1. Let 1 < p < oo. Let W be a weight on the real line (a nonnegative measurable function).
The one-sided constant [W] 4+, is defined as

p—1

1 1 ,
[W] k) = sup —_— / Wdu / Wlfp dﬂr , (8.1)
Ap (1) (a,b,c)eT :u’({aﬁb]){ . H([b, C})[b )

where the supremum is taken over the set 7 of triplets (a, b, ¢) such that

p{a,c) >0, p{a,b) > Ju({a,c)) and p(lbe}) > su(fach).

DN | =

The one-sided constant [W] A5 () 15 defined reversing the orientation of the real line:

p—1

1 1 /
(W] 4=, = sup —_ / Wdu —_ / W= dy . (8.2)
A W) T e M([bac})[b } M({a»b])){ )

Theorem 8.2 (/9] Buckley’s theorem for one-sided mazimal operators). Let 1 < p < +o0. Let W be a weight
in R. The following assertions are equivalent.

(@) [W]asqu < oo,
(b) M, is bounded on LP(Wdp).

Moreover, if any of the above conditions hold then

1, 1 i
3 W15 o S IM B wa) < 26D W5 .

Proof of Theorem 5.1. Let p be the measure on the real line defined as the sum of the Dirac deltas on the
integers. For any real number x, let [z] be the integer part of x. Given any function f on the integers, let
F be the function on the real line defined as F(z) = f([z]). Taking into account this notation, we have the
following two lemmas.

Lemma 8.3. Let u be the measure on the real line defined as the sum of the Dirac deltas on the integers.
The weight w € Af(Z) if and only if W (x) = w([z]) € Af(u). Furthermore, there exists a constant C(p)
such that
(W]t zy < Wlaty < CO)Wl 4+ (2)-
Lemma 8.4. For any function f on the integers and all j € Z, we have
m* f(j) = M F(j),
with F(x) = f([z]).

The proofs of both lemmas are quite direct. So we left to the reader to fill the details of the proofs.
It follows from Lemmas 8.3 and 8.4 that

1

_1
Im* fllzezw) = 1M Fll Lo any < 2ep' W1, < 260" (C0)[w]ag z) 77

p

as we wished to prove. O
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