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Abstract

In this work we develop a multi-scale model to characterise the large scale constitutive behaviour of a material featuring a
small scale fibrous architecture. The Method of Multi-scale Virtual Power (MMVP) is employed to construct the model. At the
macro-scale, a classical continuum mechanics problem is formulated in the finite strain regime. At the micro-scale, a network
of fibres, modelled as one-dimensional continua, composes the representative volume element (RVE). The MMVP provides a
full characterisation of the equilibrium problem at the RVE, with consistent boundary conditions, as well as the homogenisation
formula which defines the first Piola—Kirchhoff stress tensor. Particular attention is given to the fact that the macro-scale continuum
could be considered incompressible. Numerical experiments are presented and model consistency is verified against well-known
phenomenological constitutive equations. Scenarios departing from the hypotheses of such phenomenological material models are
discussed.
© 2018 Elsevier B.V. All rights reserved.
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1. Introduction

Constitutive modelling of arterial tissue is a core subject towards the rational modelling of complex mechanical
processes related to the onset and progress of some cardiovascular diseases. For this reason, in the last decades,
several constitutive models have been proposed in the attempt to improve predictive capabilities to model the material
behaviour of arterial tissue [1-4].

Arterial tissue features a natural multi-scale character in which the large scale (or macro-scale) observable
behaviour is the result of complex mechanical interactions occurring at the level of the material constituents. Arteries
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are generally multi-layered and multi-component materials, whose basic unit blocks are elastin, collagen fibres and
smooth muscle cells. The modelling of such interactions is usually accomplished by using phenomenological models,
which require large number of material parameters and internal variables to describe increasingly intricate mechanical
processes. Naturally, such model parameters are difficult to characterise through experiments.

Within the characterisation of the arterial tissue, the mechanical relevance of the tunica media and adventitia is
of the utmost interest. These layers feature an architecture of elastic and collagen fibres which provide them with
particular functional roles [5]. The exact composition depends on the type of vessel and, also, on the size of the
vessel. However, the fibrous structure is dominant for these two outer layers. From a macro-scale viewpoint, these
fibres display a certain preferred material orientation around a given direction which, also, depends on the type of
vessel. Thus, phenomenological models have introduced the effect of fibres through transversely isotropic constitutive
functionals based on direction-dependent invariants also including the effect of fibre dispersion [2,4].

A natural approach to overcome the drawbacks inherent to phenomenological models is the explicit modelling
of the mechanical interactions between basic constituents of the tissues, through a multi-scale strategy based on the
Representative Volume Element (RVE) concept.

More specifically, in the context of biological materials displaying a fibrous structure, some works have addressed
the importance of the mechanical interaction among fibres at the micro-scale in the overall response of the tissue.
For example, as pointed in [6], the effect of stiffening is not well understood, and considering the non-affinity of
deformation in those models is necessary to gain insight into such phenomenon. In [7,8], the authors attributed the
nonlinear mechanical response observed in some experimental tests to two contributing factors: (i) the individual
nonlinear constitutive behaviour of each single fibre, and (ii) the non-affine collective deformation of the network.
Several non-affinity indexes are proposed and comparison made in [9]. In [10], the same factors are discussed, plus the
recruitment of individual fibres, which is also claimed to play an important role in the nonlinear behaviour observed at
the macro-scale. All these factors motivate the construction of multi-scale models, so that the internal structure of the
tissue along with underlying micro-mechanical interactions are taken into account in the resulting material response.

Up to the authors’ knowledge, very few works considered multi-scale methodologies to model the material response
of a network of fibres in biological tissues. For instance, the work of Speirs et al. [11] aimed at fitting parameters of
some classical strain energy functions by means of homogenisation and optimisation of a multi-scale model composed
by a continuum matrix of material (representing the elastin content) reinforced with a set of discrete trusses elements
representing the collagen fibres. However, and because of the existence of a background continuum elastin matrix, this
multi-scale approach was entirely based on standard continuum mechanics methods, and no reference to the discrete
nature of the fibres network was made.

In the works by Chandran and Barocas [8], Stylianopoulos and Barocas [12,13] the so-called collagen hyperelastic
network approach is presented and applied in the multi-scale analysis of the arterial tissue. These works postulate
the homogenisation for the stress measure based on a continuum-like homogenisation procedure, but no detailed
discussion about the connection of kinematical descriptors between scales, as well as boundary conditions other
than the linear boundary displacement constraint is mentioned. Following a similar approach, although relying on
an infinitesimal strain model for individual collagen fibres and also suffering from the same drawbacks than works
previously cited in this paragraph, the contributions by Thunes et al. [14,15] show interesting predictive capabilities,
and considerable advances were achieved towards correlating experimental data of human aorta. Pursuing a different
approach, Witthoft et al. [16] makes use of DFD (Dissipative Particle Dynamics) to model multi-constituent arterial
tissues.

Dealing with multi-scale methods based on asymptotic analysis and generalised non-Cauchy continuum applied
to fibre networks, the recent works of [17-19] present important contributions, the later being in the domain of
textiles, and including inter-fibre contact. These works are based on a more general procedure published independently
by Caillerie et al. [20] and Warren and Byskov [21], the so-called discrete homogenisation (in short DH). Importantly,
the DH method is restricted to periodic conditions.

Concerning size-effects of the RVE, Berkache et al. [17]; Shahsavari and Picu [22] perform convergence analyses
of their models and both conclude in favour of the fundamental role played by different boundary conditions in the
context of fibre networks. Notwithstanding this, both methodologies fail to provide a clear derivation and interpretation
of those boundary conditions. In this direction, the present contribution will considerably expand the understanding
on this matter by pursuing a multi-scale approach based on the Hill-Mandel principle.

In a more general context of material modelling using computational mechanics, very few attempts have been made
to couple discrete mechanical interactions with continua in a multi-scale setting. We highlight the works of Miehe
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and Dettmar [23], Miehe et al. [24], which addressed the homogenisation of a granular micro-structure to retrieve
standard measures of internal stresses in the material. Other works regarding the homogenisation of atomistic and
molecular dynamics interactions are reported in [25-28] and in the realm of multi-scale modelling of the paper an
example is [29].

Based on the above considerations, the aim of the present work is to develop a novel multi-scale model to address
the macro-scale constitutive response of biological tissues featuring an underlying fibrous architecture at a smaller
scale. The proposed model allows to consistently couple a classical continuum model in the finite strain regime at the
macro-scale with a fully discrete model characterised by a network of trusses at micro-scale. To achieve this goal we
make use of the Method of Multi-scale Virtual Power (MMVP) developed in [30,31] which provides a well-defined
systematic procedure to construct multi-scale models using a minimum set of hypotheses. The MM VP, relies on three
steps, namely: (i) the definition of kinematics at each scale, and the proper transfer of kinematical descriptors between
scales, (ii) the use of duality arguments to introduce the stress measures as dictated by the virtual power functionals
at both scales, and (iii) the formulation of the Principle of Multi-scale Virtual Power (PMVP), which ensures the
physical consistency between scales.

Concerning the boundary conditions of the micro-scale problem, it is important to emphasise that its choice strongly
affects the homogenised mechanical response, especially for small micro-scale domains whose representativeness may
be debatable. Therefore, a proper kinematical cross-talk between micro-scale and macro-scale becomes mandatory
when one looks to derive kinematical constraints that consistently yield suitable boundary conditions. Hence, in this
work we also provide the minimally constrained space of admissible displacement fields for the micro-scale problem.
This is a key aspect in the development and understanding of micro-scale boundary conditions in multi-scale problems,
since this provides the ground for the specification of other more constrained sub-models frequently found in literature.
Finally, it is also shown that the reactive generalised force caused by the kinematical restriction characterising the
minimally constrained space is related to the homogenised stress, which is obtained by a homogenisation rule also
(naturally) revealed by the proposed variational formulation.

The hypothesis of an incompressible macro-scale continuum, which is a standard assumption adopted in the
modelling of biological tissues, is also addressed in parallel to the developments. This unified treatment naturally
extends the present theory to deal with both compressible and incompressible macro-scale media.

The present work is organised as follows. In Section 2 we overview some features of the proposed multi-scale
model. Section 3 presents the model considered at the macro-scale, for which a closure constitutive equation is sought
using the proposed multi-scale approach. The multi-scale constitutive model is developed in three parts, presented in
Section 4 (kinematics), Section 5 (duality) and Section 6 (PMVP). Some theoretical aspects of the present multi-scale
model are discussed in Section 7, particularly those related to the mechanical significance of the generalised forces
associated to the kinematical restrictions. Section 8 is devoted to the constitutive modelling of fibres at the micro-
scale, and numerical tests are presented in Section 9. Extensions to the present model and limitations are discussed in
Section 10. Final remarks are outlined in Section 11. Furthermore, the reader interested in a more detailed continuum
flavour of the discrete model used at the micro-scale is directed to Appendix A. Finally, some complementary proofs
and properties can be found in Appendix B. Throughout the manuscript, an informative parallel with continuum multi-
scale formulations is discussed in a series of remarks termed “(Continuum Case)”. The same strategy of remarks is
applied when referring to the macro-scale incompressibility hypothesis, these termed “(Incompressible Case)”.

2. Overview of the multi-scale model
In this section we introduce the main hypotheses for the micro-scale model and provide a brief review of the
Method of Multiscale Virtual Power (MMVP) [30].

2.1. Main features of the model for fibres network

The present model aims to simulate the constitutive behaviour of biological tissues with an underlying fibrous
architecture, with special emphasis in arterial tissues for which the network of collagen fibres is the structural element.

The fibres are very slender components, and therefore their behaviour is considered through one-dimensional
structural components. The basic hypotheses about the network of fibres are the following:

e The network of fibres is an interconnected network of nonlinear rectilinear trusses. Therefore, bending, shear
and torsional effects in the fibres are neglected.
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e Fibres are connected through perfect joints which neither detach nor offer resistance to the relative change of
direction of the fibres.

e Body forces per unit volume are neglected in the network.

e No matrix is considered as ground substance for the network, then the fibres are surrounded by “empty space”.

Remark 1. For all purpose of this work, as “empty space” we consider a medium which is mechanically irrelevant.
For instance, in the case of a fluid surrounding the fibres, if dissipative effects are disregarded, the contribution in
stress state would be irrelevant, however it could add a kinematical constraint to the overall behaviour of the material,
turning the tissue into an incompressible medium. Incompressibility is addressed in a series of remarks throughout
the manuscript.

Remark 2. Other constituents of arterial tissue such as elastin fibres and smooth muscle cells could also be coupled
with the present multi-scale model, but their incorporation in the present model is out of the scope of this work.

These hypotheses are physically reasonable and have been already proposed in literature (see for example [12,13]).
Particularly, with respect to the interconnected network structure, in [32] it is argued that isolated fibres tend to
spontaneously cross-link in order to stabilise the structure.

Networks of fibres can be artificially generated using specific algorithms. Previous works used Voronoi [33] and
Delaunay [34] tessellations, as well as the so-called Mikado networks [35], which are randomly generated straight
lines with cross-links identified at each crossing of lines. Another alternative algorithm for network generation, similar
to Mikado networks, was presented in [12], but in such case, instead of line segments, the nodes are primarily
generated randomly. One may also want to consider the segmentation of real microscopic images as in [36].

Concerning the individual fibres, we take the following assumptions:

o Each single fibre is a straight segment' with uniform cross-sectional area, material properties and strain.

e Fibres only support tensile stress in axial direction, or even they just may be activated after exceeding a certain
stretch, called activation stretch.

e A fibre features a hyperelastic behaviour inspired in phenomenological models.

These hypotheses are considered for the sake of simplicity, but do not impose serious limitations to the formulation
of the proposed multi-scale model, which is the main focus of our work. Again, analogous assumptions were already
regarded in previous works [12,13].

For those readers interested in a more sophisticated model in terms of fibre kinematics, we refer to recent works
including the geometrically exact beam theory accounting different kinds of contacts between fibres [37,38].

2.2. Method of Multiscale Virtual Power (MMVP)

The multi-scale model is constructed using the MM VP developed in [30]. This approach was adopted because it
is a general methodology that, following well-defined steps, allows to construct new multi-scale models based on a
minimum set of assumptions. The MM VP has been successfully applied in a number of different multi-scale problems
such as the analysis of solid mechanics with micro-scale inertial effects [39]; in the connection between second order
continua and classical continuum mechanics models [40], in fluid mechanics [41], thermoelasticity [42] and also to
tackle multi-scale material failure [43-46].

The derivation of a multi-scale model using the MMVP is based on three fundamental concepts described next.

1. Kinematical Admissibility. The kinematics for both macro- and micro-scales must be first defined, which
amounts to define the kinematical descriptors at each scale together with the generalised gradient operators.
Connection between the scales is established through (i) the insertion of macro-scale entities into the micro-
scale kinematics and (ii) the homogenisation of micro-scale entities to render corresponding macro-scale
kinematical descriptors. The macro-scale and the micro-scale kinematics, and the connection between them
in terms of insertion and homogenisation operations are developed in detail in Section 4. Moreover, the role of
the homogenisation operations is to provide an unambiguous set of rules to define constraints for the kinematical
descriptors at the micro-scale, avoiding thus ad-hoc considerations.

! The physical effect of waviness will be considered in the constitutive law for each fibre but not in its geometrical description.
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Fig. 1. Macro-scale continuum and discrete micro-scale RVE domains.

2. Mathematical Duality. The postulation of the virtual power functionals for each scale is the second step. This
amounts to characterise, as power-conjugates to kinematical descriptors, the dual force- and stress-like entities.
These entities are thus compatible with the kinematics in each scale. The macro- and micro-scale virtual power
functionals, which play a key role in the multi-scale power balance, are introduced in Section 5.

3. Principle of Multiscale Virtual Power (PMVP). This principle consists in a variational statement and
generalisation of the Hill-Mandel Principle of Macrohomogeneity [47,48], where the postulated virtual power
functionals defined in the different scales are equated. From this principle, the micro-scale equilibrium problem
and the homogenisation formula for the stress measure are derived using variational arguments. The PMVP is
developed in Section 6.

The present contribution takes advantage of the possibility offered by the MMVP to deal with macro- and
micro-mechanical models featuring different kinematics. While the macro-scale solid kinematics is modelled using
a standard continuum approach in the finite strain regime, the micro-scale mechanics is modelled using a discrete
kinematics. In this sense, and in the context of applications of the MMVP, the present work is also novel and can be
used to drive the construction of multiscale models with similar features in other applications.

3. Macro-scale model

At the macro-scale we consider a standard model from continuum mechanics in the finite strain regime. Let
2 ¢ R, ng = 2,3, be an open set which represents the reference (or material) configuration of the body B. At
each material point x € {2 we introduce the displacement vector field u : {2 — R and the associated first material
gradient tensor field G := Vu : {2 — R"*"_ The boundary of {2 is denoted by I", whose outward unit normal vector
is v, and is split in Neumann (I'y) and Dirichlet (I'p) parts. This setting is depicted in Fig. 1 (left) and the mechanical
equilibrium is established by the following variational formulation.

Problem 1 (Macro-Scale Mechanical Problem). Given the traction vector t defined over Iy, find the displacement
field u € % such that the stress tensor P is such that the following variational equation is satisfied

/P-Vﬁd!?— t-adl'y=0 vae?v, €))
Q I'y
where the set of kinematically admissible displacement fields is

% ={we[H (D] ulr, =up}, )
the corresponding space of kinematically admissible virtual displacements is

¥ ={a e [H'(D]"; d|r, =0}, 3)
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and the stress tensor, the so-called first Piola—Kirchhoff tensor, is given by P = .#(G),> with .%(-) being a known
constitutive functional.

In a multi-scale approach, the constitutive functional .% is implicitly defined by solving a micro-scale problem (in
the RVE) and by applying a certain homogenisation procedure to entities defined at the micro-scale level. The full
characterisation of this constitutive multi-scale functional for fibrous tissues is the main goal of the present work and
is addressed in forthcoming sections.

Remark 3 (Incompressible Case). In the case of an incompressible macro-scale model, the set of kinematically
admissible displacement fields is

YUine = {u € % ; det(I + Vu) = 1 in (2}, )
and the associated space of admissible virtual displacements becomes
Yo ={1e¥; A+ Vu) T -Vi=0in2)
={ie?;u(Vad+Vu')=0in 2} ®)

where tr(-) denotes the trace of the second order tensor (-). Accordingly, the variational formulation in Problem 1 needs
to be slightly changed by switching % and ¥ to %inc and ¥inc, respectively. Moreover, the constitutive law .7 only
provides the isochoric (or deviatoric)® part of the stress, namely P'°, in both the single- and multi-scale approaches.

4. Multi-scale kinematics

4.1. Preliminaries

In this section we present the micro-scale kinematical setting for the network of fibres and its connection to the
macro-scale kinematics within the framework of the MM VP, which is illustrated in Fig. 1. For each macro-scale point
X € {2 we associate a micro-scale domain {2, C R" (also described in a reference configuration), which is called
Representative Volume Element (RVE). It is considered that the characteristic lengths are L, /L <« 1, where L and
L, are characteristic lengths related to the macro-scale and micro-scale, respectively. The RVE size L, is chosen
such that (2, is a representative piece of the material in terms of constituent elements. Coordinates in the micro-scale
domain {2, are denoted by y. Entities associated to the RVE will be denoted by index . In turn, entities point-valued at
coordinate x € {2 in the macro-scale are denoted by (-)|x. Using this notation, kinematical descriptors of macro-scale
are denoted by uly and Gy, which are elements from the finite-dimensional spaces R" and R"*", respectively. Also,
admissible variations @], and G|y belong to R" and R"*"d respectively.* Finally, Section 4.2 is devoted to present
the discrete structure that partially fills the volume 2,.

4.2. Characterisation of micro-scale fibre network

Before providing the specific description of the micro-scale kinematics, in this section we introduce some basic
notations. As already commented, our micro-scale network model consists of interconnected straight trusses, which
models the real fibrous structure at the micro-scale. Each truss is an idealisation of a collagen bundle (a group of
collagen fibres in the present context) and is geometrically represented by a line segment between two points. As
an abuse of notation, when referring to a truss we simply call it fibre. For more considerations and its constitutive
implications, see Section 8.

The other object that has to be modelled in the network is the joint that interconnects fibre segments, which
represents the interaction between two or more bundle of collagen fibres crossing each other. In this work, there is
no relative displacement among the fibres reaching the joint. Moreover, as the characteristic size of a joint is much
smaller than that of fibres, we idealise these entities as nodes (or simply points), that is, geometrical entities without
dimension.

2 Equivalently this could be formulated in terms of deformation gradient F := 1+ G.

3 By isochoric (or deviatoric) part of the first Piola—Kirchhoff stress tensor we mean that the trace of the corresponding Cauchy stress is zero.
The classical transformation between Piola—Kirchhoff and Cauchy stress tensors is recalled later in Remark 19.

4 As seen in Remark 3 for incompressible case, G|x and Glx are not free in R"¢*"d, We will return to this discussion in Remark 18.
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Fig. 2. Notation and basic ingredients in the geometrical/topological description of the Network of fibres.

Next, the kinematical framework for the components at micro-scale in a pure discrete form is presented. For the
interested reader, the justifications for this model from a continuum perspective can be found in Appendix A.2.
To denote the set of fibres which are interconnected through nodes we introduce the following notation

N,.e: = list of nodes in the network

={i;i=1...,n}, 6)
Frer = list of fibres in the network
= {Ol = (iou th) € -/\/;’lef X -/V;Let; io: 5& ja}, (7)

where i, and j, stand for initial and final node of fibre «, respectively.
To complement the geometrical characterisation of the oriented graph (N,;, Frer), we introduce the following
sets

N,,,, = boundary nodes in the network (/\/:f;l C Noer), ]
Ji)/’ wer = interior nodes in the network = N.s \ J\/:f;, 9
Vet = node positions = {y’ € 2., i € Nyer}, (10)
A,.: = fibre transversal areas = {4, € RT, « € Fpr}. (1

Then, the representation of the network of fibres is fully characterised by the following object

NET = (NF -K[net’ ]:netv ynet’ Anet)’ (12)

net’

which for brevity is simply called Network, and whose basic elements are schematically shown in Fig. 2. Note that
N,.er is already implicit in (12) since Ny = NL U N ;.

net
It is worth mentioning that the property A,,., equips the one-dimensional discrete model with a realistic three-
dimensional structure of the continuum model, which is further complemented by the activation stretch that is related
to the tortuosity of the real fibre. This will be taken into account later in Section 8 when addressing the constitutive
behaviour of the fibres.

Consider now the length of fibre « given by

Ly = [ly*™ = y“|l2, (13)
where | - ||, is the standard Euclidean norm in R™. Let us define the volume of the fibre V,, and the measure of the
whole set of fibres | F,.,| as follows

Vo = AqLe, o € Frer, (14)

| Fret| = Z Va. (5)

acFpet

The difference between any generic variable related to extreme points of fibre o, that is, (-}« — (-)’@, is denoted by the
following operator

A%C) = (= () (16)
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In addition, we introduce the fibre-node signal brackets [-, -] defined by

1 if j, =1,
[a,i] = {—1 ifi, =1, 17
0 otherwise.

This operation contains the same information as the standard fibre (mesh) connectivity data structure, being an
alternative way to describe it, but significantly simplifies the derivations in this work. Note that [«, i] is different
from zero only when « is in the set

F!,, = fibres sharing node i
={& = (iu» ju) € Frers la =1 OF jo =i} (18)
Operator A% can be expressed in terms of the fibre-node signal brackets as follows
A*()= Y o il (19)
iENnet

Also, we introduce the unit vector @* defined by fibre o and directed from the initial node i, to the final node j,,
that is

1
a’ = —A%. 20
Loy (20)

Associated to each node i € N'L, lying over the boundary of the RVE, we have the node boundary area(s) A; ; and
the node boundary normal vector(s) n; x, where k € {1, ..., k"*}, being k"** the number of RVE faces sharing node
i. For example, for a two-dimensional squared RVE as in Fig. 2, for anode i € NV.L. over a RVE corner corresponds
k" =2, otherwise it is k"** = 1. In a three-dimensional cubic RVE, k/"“* may assume the values of 3 (at vertices),
2 (on edges) or 1 (over faces).

The area(s) A;y is(are) calculated accounting for the area A, and direction of fibres @* that reach the boundary at
anodei € ./\/,f;, and its/their respective normal(s) n; ;, which is(are) the corresponding outward unit normal vector(s)

to the boundary 942, as follows

Ay = Z In; ;. -a%|A, for i e NL

net’

kefl,... kMey, (1)
acFl

net

The geometrical interpretation can be found in Appendix A.2 where typical examples of joints are analysed in
Fig. A.25 and equations therein.

To shorten notation let us introduce the equivalent boundary area and normal for a node over the boundary as

ké‘ﬂﬂ)(
A= Avmig | (22)
k=1 2
1 k;71aX
n = — Z A,',klli,k. (23)
Aj k=1

Now, let us define the joint normal vector m; for every i € N, accounting for the surface integral of the normals
for a given joint collapsed into its corresponding node. As explained in Appendix A, the surface considered is the
internal solid surface, which means the intersection of the joint and fibres for internal nodes, added to the intersection
between joint and RVE borders for boundary nodes. Using definitions (22) and (23) we can define m; as:

o
- ) e, ilA.a" i€ Noers
]_—i
m = *Fi (24)
Amj— ) [a.i]Aa” ieNL.
O‘E}-f;ez

Note that the negative sign and fibre-node signal brackets in the definition naturally accommodates the orientation
of fibre unit vector to point outwards the joint domain as can be appreciated in Fig. 3.

In the present framework, the discrete structure of NET of an RVE is just admissible when the graph (N,er, Frer)
is connected, that is, any two nodes of the network are connected by at least one path of fibres.
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Fig. 3. Concept of joint normal vector in different situations. Left inset: regular hexagonally-shaped joint with Ay, = Ay, = Aqy;, yieldingm; = 0.
Middle inset: arbitrary joint with Ay, # Ay, # Ag, and so m; # 0. Right inset: Joint at a corner.

Remark 4. In order to facilitate the reading of the manuscript, we adopt different fonts to represent tensorial
(including vectors) quantities associated to fibres and nodes, such as 8% (@ € F,,;) for fibre and y' (i € N,o)
for nodes. For n-tuples of tensors we consider Blackboard bold fonts, for example A = {a%},cr,,,, generally with
the same letter to represent the n-tuple as well as its elements. This kind of notation will be extensively used in the
forthcoming sections.

4.3. Micro-scale displacement space

Given a NET we are interested in describing the displacement experienced by material points in this Network. By
material points we have the joints (nodes) and the points that compose the fibres (points of the straight lines).
The displacement at the nodes is an element of the following vector space

N N ) ) )
%u ={U, = {uL}igNne,; “L eR™, i e Nl (25)
It consists of a | N, |-tuple of vectors (|N,.:| the cardinality of N,,;) in the ng-dimensional space, each vector

representing the displacement at each node of the Network, thus we denote uL the displacement of node i € N;.
For a given Uﬁ' € ?/MN , the fibre displacements fields are in the vector functional space

U = (UL = (U }aer,: US [0, Ly] — R™;
§ i s ..
uli(s) = (1 - L—a)ujf + L—au{f, a = (ia, jo) € Fre)}s (26)
where the vector field u;‘j associated to each fibre o € F,,, represents the displacement field along the centreline of the
fibre in the ng-dimensional space. Notice that, the space %MF is univocally established once Ul’f € %MN is specified. As
a consequence, if two fibres share a node, the displacement at such node is the same, which is one of the hypotheses

considered in this work.
Therefore, the displacement in the network is completely characterised by the space

U, =AU, =), U eu x U} (27)
The operation of addition in %, is such that for W, W, € %, yields W3 = W, + W, € %, with

Wg =w +w Vi € Nyer, (28)

W5 (s) = WY(s) + W5(s) Yo € Fuer, Vs € [0, Ly], 29)

where W; = ({Wj;}ie/\/ne,, {W{ laeF, 1), k = 1,2, 3. The zero element in this space is denoted by O in such way that
W+ 0 =W, VW € %, which means that O has zero-valued vectors for the nodes part and zero-valued constant
vector functions for the fibre part. Analogous interpretation of addition is considered for any other space to be defined
in terms of tuples in this manuscript.

Remark 5. From the definition of %, Fin (26), itis easy to see that the space %, has the same dimension than ?/MN .In
other words, an element U, € %), is uniquely determined by a choice of Ul’f € %MN . We extensively use this property
overall the manuscript by defining quantities exclusively in terms of Uﬁ’ .
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4.4. Insertion operators

So far, the discrete kinematics groundwork has been established for a network of fibres. Now, it is necessary to
define a mapping of the macro-scale kinematics at a given macro-scale point x into the micro-scale kinematics at the
corresponding RVE. This amounts to define the so-called insertion operators that map the macro-scale displacement
and gradient into the micro-scale description of the displacement. The same concept applies to mapping macro- and
micro-scale virtual actions (variations).

The macro-scale displacement at point X is mapped into the micro-scale kinematics using the following operator

TV R — 7, »
(30)
uly = J7 uly) = (F " uly), 7 (uly),
defined by
[T/ N )] = ulx i € Nyer, 31)
[T " (@l)](s) = uly @ € Fuerr s €10, L], (32)

i.e,. the macro-scale displacement at point X is inserted uniformly in the network (joints and trusses). The macro-scale
gradient tensor at point X is mapped into the micro-scale kinematics through the following operator

& . g XNg
JM 'R - Uy,

33)
Glx > JZ (Gl = (JZV(Gly), T2F (Gly)),
defined by
[TV GLY =Gy —y9). i €N, (34)
EF @y — _ S Ve oo S yie _ G
[T (Gl (S)—Glx((l La)y Y-y )
o € Fper,s €10, Ly]. (35)

where y© is the geometric centre for the network of fibres, still to be defined in (46).

Remark 6. The macro-scale displacement and gradient are only inserted in the material domain, that is, in the locus
of material particles at the micro-scale, specifically at nodes and in fibres. The empty space surrounding the network
plays no role in the definition of the micro-scale kinematics.

The insertion operators jlfz/ and jf provide, for a macro-scale kinematics at point x fully characterised by the
pair (ulx, Glx), an affine description of the micro-scale kinematics. In order to allow a nonaffine displacement in the
Network, we introduce the so-called micro-scale displacement fluctuations U,, € %, (see Remark 7) such that the
micro-scale displacement (and its virtual variations) can be expressed through the following expansion

Uy = J (uly) + JF (Gl + Uy, (36)
which, in the nodal-wise sense results

u, =ulx+GLy —y) +1u, €N, (37
where ﬁit is the displacement fluctuations of a node i € N, of the generalised fluctuation I[~J,4 (notation is as in (25)).
Remark 7. Fluctuations I[NJ,L is not an arbitrary element of %, but it belongs to a specific space (subspace of %), the
so-called space of admissible displacement fluctuations, denoted by %,. So far, it is only important to keep in mind

that the different manners to define %, imply in more or less constrained kinematics, as illustrated in Fig. 4. The
mathematical characterisation of this family of spaces is subject of Section 4.6.3.

Remark 8. From definition (36), the triple (uly, Glx, @M) € R x RN x % (see Remark 7) uniquely characterises
the displacement U,, € %,. This connection is used in Section 4.5.
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Affine (or Taylor) Model

! d Affine (or Linear) Boundary Model
u, =0, VieN N

net

Nonaffine Model

Fig. 4. Affine kinematics and nonaffine kinematics due to the existence of fluctuations.

4.5. Generalised micro-scale gradient operator

In this section we define the generalised gradient operation in the micro-scale reference configuration. This
operator, similarly to the gradient in continuum mechanics, provides the measure of the first order variation of the
displacement field defined in the network.

Associated to %,,, we have the space of generalised gradients given by

gﬂ = {Gu = ({GL}ieNne” {Gloi}ae]-},e,);
G, € R™M i€ Ny, G% € RMM | o € Frpr}. (38)
The addition in &), is defined in the same sense as in (28)—(29).
For a given NET-gradient G, € &,, we denote the N-gradient GL a generalised gradient measure at node i € N,

and the F-gradient G, a generalised gradient for fibre & € J,,,. The relation between node displacements and the
generalised gradients in nodes and fibres is given through the generalised micro-scale gradient operator

Dy: % — &,

(39
U~ G, =D,U,),
where G, = ({G!, }ieAye » (G aeF,,) is defined through
G, =0, ®m Vi € Nuer, (40)
1
GZ = L—aAaUM ® aa VO[ S ]:netv (41)
with m; being the joint normal vector defined in (24). An alternative form to (41) is given by
1 ~
G =Glia"®a" + L_aAaU“ ® a”. (42)

The definition of the N-gradient, given by (40), is reached by considering the integral of the gradient of the
displacement field in the domain of a joint, as detailed in Appendix A.2. Hence, if we understand the gradient as
a measure of the non-homogeneity of the displacement field, the N-gradient amounts to the total non-homogeneity
lumped at a joint connecting a certain number of concurrent fibres. As can also be appreciated in Appendix A.2, it can
be proved that only fluctuations play an important role in our model in which joints are idealised to be small.

Definition (41) can be regarded as the gradient of the displacement field in some fixed (global) coordinate frame of
a straight truss. Remember that for the truss the only mechanically relevant kinematics is along its axial coordinate.
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The alternative expression (42) is obtained by the replacing (36) into (4 1). For the interested reader, the full derivations
in a continuum setting are exhibited in Appendix A.2. The physical meaning of the F-gradient in each fibre is such
that the vector (I + G;’:)a‘)‘5 is pointed in the actual direction of the fibre and its euclidean norm is the stretch of the
fibre (ratio between actual and original lengths).

It is important to remember that the NET-gradient G, collects generalised gradients from two different kinds
of components, i.e, nodes and fibres, being these, respectively, zero-dimensional and one-dimensional entities.
Therefore, units are not homogeneous between N-gradient and F-gradient. Specifically in the case of N-gradient,
it is not dimensionless, as classical gradients are, but it already has units of volume (this is actually a matter of
convention). Although not classical, our special definition for G,, shows to be particularly suitable when we postulate
the homogenisation for gradients in Section 4.6.2.

Remark 9. At this point, it is important to highlight that the RVE domain 2, and the network of fibres NET are
different concepts. Domain {2, is understood as an observational window of the macro-scale point x € (2, while
NET is the collection of material particles for which a minimum set of geometrical and topological information was
endowed to adequately describe the discrete kinematical structure for the problem. The RVE domain {2, contains
the NET and empty space surrounding the NET. Hence, the NET provides the material substrate on top of which
kinematical quantities and generalised gradient measures are defined.

Remark 10. Definition (39) is such that the insertion of a uniform displacement field yields null gradient. In other
words, it is verified that D, (7 (uly)) = O (see proof in Appendix B).

Remark 11. Both definitions, (40) and (41), imply certain geometrical considerations. In the former, only the solid
part of the joint boundary is considered as it comes from the definition of joint normal vector in (24). In the later, only
the axial part of the gradient plays a role for the strain tensor as dictated by the one-dimensional character of fibres. As
we will see in Section 4.6, these two model simplifications have to be taken into consideration when homogenisation
operators are postulated.

4.6. Kinematic homogenisation operators

In this section we define the homogenisation operators which establish the kinematical connection between the
kinematics at both scales, providing a sense of kinematic conservation in the multi-scale transfer. Furthermore, these
operators clearly define the admissible kinematical restrictions to be satisfied by the displacement fluctuations in the
network.

4.6.1. Homogenisation of displacements
First, consider the homogenisation operator for the displacement field (and for its virtual variations) defined as

HZ/ U, — RM,
1 Vo . 43)
Uy = HY (U, = o > 5w,
aeFner
Note that, by construction, ’HZ/ satisfies
HY (T (uly)) = ulx. (44)
We also require
H (T (Gly) =0, (45)
that leads to
o= 3 Yo gy (46)
| Fe 2 ’

a€Fnet

5 Instead of GZ as primary generalised gradient variable, we can equivalently define F; = (I + G;‘j) as the generalised deformation gradient
associated to Gl‘j, which leads to an equivalent formulation.
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whose proof is given in Appendix B. Note that constraint (45) is needed for the homogenised displacement to be
independent from the macro-scale gradient.

The macro-scale and micro-scale displacement fields (or its virtual variations) are constrained to satisfy the
following

HY (U,,) = uly. (47)
Since the operator is linear, this is equivalent to
HY(U,) = HZ (T lp) + HY (TE (Gl) + HY (U,) = uly, (48)
which implies, from (44) and (45), that the fluctuation TEJM must satisfy
~ 1 V. . .
4 — Y (nia /o) —
Hl 00 = = ; - @+ =0. (49)
AES net

Remark 12 (Continuum Case). The definition in (43) is equivalent to taking the volumetric integral over the ensemble
of fibres modelled as continuum as detailed in Appendix A.2. This homogenisation formula follows the same ideas
from continuum media, for which v|y = \BIT f B v,dB,, where B; is the solid part of B,, (RVE domain), v, a
micro-scale displacement field and v|y the displacement from the macro-scale. Thus, restriction (49) is analogous to
the zero-mean integral for fluctuation, i.e, f B v,dB, = 0, in continuum multi-scale formulations (see Appendix A.1

for details).

4.6.2. Homogenisation of generalised micro-scale gradient

We propose the homogenisation operator for the generalised micro-scale gradient (and for its virtual variations)
& .
H, : & — RN,
" (50)
Gu g HM (G/l.)7

defined by

Ho(G,) = |fm|< dOVaGE+ > G- > Aiﬁ;®ﬁ)Bl, (51)

a€Fner i€Nnet ieNT

net

where B is an invertible second order tensor called structural tensor and n is the average normal vector. These two
geometric objects will be defined in (55) and (59), respectively. Note that (51) can be seen as a discrete counterpart
of the integral of the gradient of the displacement field in the material domain plus the incorporation of additional
terms that make the homogenisation consistent. The full justification, based on the kinematics of continua, is found in
Appendix A.

Before proceeding with the definitions for B and n, let us first rewrite (51). Let us simplify the first two summations
in (51), by using (40) and (42), as next

RO S

a€Fner i€eNnper

a o 1 af a ~i
> Va<G|xa ®a +L—aA Uﬂ®a>+ Y i, em =

a€Fpet i€Nper

D VeGha*®a*+ Y ) [a.ilA.ll, @a”

a€Fnet i €Ner aeFi

net

+Zﬁ;®<—2[a,i]Aaa“>+Z <An, Z[atAa)
iEX/ner AEF o ieNL, aeF,,
Z VaG|xa°‘ ®a* + Z A,fl;i X n;. (52)
a€Fpet ieNLD

net
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Replacing the above expression into (51) we get the equivalent homogenisation relation below
1 - .
& _ - a o =i . _ = -1
H(C) = ( Y VuGha'®a®+ Y A, ® 0 n))B : (53)
OtEJ:nct ie./\/;l[;[

The first fundamental requirement the operator ”Hf (-) must fulfil is that, for an affine model (i.e @M = Q) one has to
retrieve the macro-scale gradient G|y, that is

M (Guls,—0) = Glx, (54)
then, from (53) we are led to the definition of B

1
B = v,a* ®@a® ). 55
(X ) )

o« E€Fpet

This tensor, named here as structural tensor (also called orientation tensor), is a concept which has also been found
in the phenomenological modelling [4,33]. This theoretical connection can be regarded as a mathematical justification
for the phenomenological importance of this tensor.

In turn, a second fundamental property of operator Hf(~) is that, for a uniform fluctuation field (I[NJ,L = C), we get
the very same macro-scale gradient, this means

H; (Gyulg,—c) = Glx, (56)
Since Hf is a linear operator, from (56) we obtain
H; Guly,—c) = M, Guly,—o) + 1 Gulg,—0,5,-c) = Gh. (57)
which gives Hf(GMG‘X:Qm:C) = O by using (54). Finally, since
1 . N\
Hf(GH|G|x=O,®/L=C) = LF | < Z AiuM ® (ni - n)>B ! = Oa (58)
net
ieNL,

we obtain the definition for the vector n as

0= ;< Z Ain,). (59)
Zie/\/,f;, Ai [Ean;

Remark 13. Note that the final expression for n in (59) is simply the average normal over the solid boundary.

The average normal vector is a measure of the geometric unbalance in the solid part of the RVE boundary and, as

we will see, it plays a fundamental role in the minimally constrained kinematical model, and consequently in the

characterisation of the dual entities.

Remark 14. Properties (54) and (56), which ensure the conservation of the deformation gradient and kinematical
consistency of our model, naturally and univocally shape the tensor B and the vector n. In other words, the expressions
(55) and (59) result from the homogenisation of gradient postulated in (51), which embodies the choice for the NET-
gradient in (39), altogether with the considerations taken for the structural elements in the network (nodes and bars).

Analogously to (47), the micro-scale gradient measure is constrained to satisfy the following

H;(G,) = Glx, (60)
which implies, by linearity, that the fluctuation must satisfy
H; (Gpulep=0) = O, (61)
or, more explicitly, and by using (53), the fluctuation must be compliant with the following constraint
1 _ .
& _ =i =& -1 _
H, Guloeo) = = ( 3 A, @ (o n))B =o0. (62)

ieNL

net
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Macro-scale

Rnd Rnd Xng
spaces

Micro-scale
spaces

Fig. 5. Diagram of kinematics: relation between spaces and operators.

The fact that (62) solely depends on boundary data is reasonable as one should expect to be able to control the
RVE deformation exclusively by using the displacement field defined over the material points of the RVE that reach
the boundary.

Remark 15 (Continuum Case). As the tensor B is assumed to be invertible, post-multiplication of (62) by B leads to
the alternative restriction

> A}, ® (; —n) = 0. (63)
ieNk,

This last expression has a clear parallel with that one encountered in multi-scale models with no voids reaching
boundary fa By u, ® vddB, = O, with B, being the RVE domain and 9B, it is boundary for which the outward
normal unit vector is v [30,39]. In our context, voids do reach the boundary (the empty space between fibres) and
the above expression had to be generalised to an integral over dB;, N 9B, where Bj is the solid part of the RVE
(see details in Appendix A.1), as consequence the average normal vector has arisen as a necessary adjusting term to
generalise the classical constraint, while maintaining kinematical consistency.

In terms of relations between spaces and operators, the multi-scale kinematic setting can be summarised through
the diagram of Fig. 5.

4.6.3. Space of admissible fluctuations

Using kinematical constraints given in (47) and (60), which ensure preservation of kinematical descriptors between
macro and micro scales, we arrive respectively to the restrictions (49) and (63) for fluctuations. This allows us to define
the largest space of kinematically admissible displacement fluctuations (and its virtual variations)

UM = {U €U Y —(u"'—i—u’“)—O Y A, ® @ — i) = } (64)

€ Fnet ieNE,

The space %, /M is a subspace of %), whose elements satisfy the minimum set of constraints such that kinematic
conservation is guaranteed Hence, space %, /M defines the minimally constrained multi-scale model (MCMM), also
known in literature as uniform traction moc’{el for the reasons that will be clear in Section 7. Other more constrained
models, defined by corresponding spaces %, are also possible, provided they satisfy %7 C @/MM. Three sub-models
with theoretical and practical relevance are the following:

(i) Affine model (also called Taylor model or rule of mixtures): this model does not allow fluctuations neither in
interior nodes neither on the boundary, being the most kinematically constrained scenario. Such model can be
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obtained as sub-model of the MCMM proposed here by taking
= (U € % 0, =0, i € Nyui. (65)

(i) Affine boundary model (also called linear boundary model): this model allows nonzero fluctuations only in
interior nodes which renders this scenario be less constrained than the Affine model. Mathematically we have

={(Up € % H/ (U) =00, =0, i e N[} (66)

(iii) Periodic boundary model®: Still less constrained than the Affine boundary model, this model allows nonzero
fluctuations over the RVE boundary such that

U = (U, € U HY (U,) = 0,0 =i,
(iy, i) € WL x (WL )™ is a periodic pair }, (67)

where by periodic pair it is meant that A,+ ky = A;__and n;, ;. = —n;_;_, given that {( NEYE, (VE))is
a partition of A/L . Since i = 0 in this case, it is not difficult to see that U, /P Ccu, /M.

net*

As already pointed out, the characterisation of the minimal set of kinematical constraints in the present context
is a valuable aspect of the proposed model, because the space %MM established the admissible kinematical ground to
derive other sub-models whose admissibility is guaranteed. An example of a non-classical subspace, not yet explored
in the literature, is given by splitting the summation appearing in (63) and enforcing each of these parts to be zero.

Note that the aforementioned spaces satisfy the following hierarchy %, /T C U, /- u, /P C U, /M. A helpful
visualisation to show the transition from a more constrained model to a less constramed one is seen in Fig. 4. In
particular, numerical examples presented in Section 9 address the effect of the choice of the fluctuation displacement
spaces in the homogenised stress tensor at macro scale.

Finally, hereafter we denote % to the space %, /M. In turn, the space of kinematically adm1551ble virtual variations
associated to GZZM is itself %,L, ie, if UM = ([U,L)l — (Uu)z with (Uu)l, (UM)Q € OZZM, hence UM € %M.

5. Mathematical duality and virtual power

In this section the virtual power functionals at both scales are postulated according to the kinematical framework
considered at each scale.

At the macro-scale, and in view of the model already presented in Section 3, we have that the internal virtual power
exerted at a given point x in a volume |2,,| is characterised as follows’

Piin(Glo) = ~12u[Plx - Glx, 68)

where P|y is the first Piola—Kirchhoff stress tensor at point x, which is the stress measure power-conjugate to the
virtual variation of the displacement gradient f}|x. Here, |(2,] is the volume of the micro-scale domain where the
internal power is considered to be exerted. Thus, this measure corresponds to the size of the RVE.

Regarding the micro-scale, and according to the micro-scale kinematical setting presented in Section 4.2, the
internal virtual power is a linear functional of G Then, by duality arguments it admits the following characterisation

PG =— ) VaSL-GL— Y S -G, (69)
aE€Fpet i€Nnet

where SZ and SL are generalised stresses for a fibre a € F,,.; and for anode i € N,,;, respectively.
Hence, the model allows the N-gradient at each node to be different from zero as would be the case of torsional
resistance at fibre connections because of fibre entanglement. However, as postulated earlier in this work, we admit

that the generalised stress at nodes is zero, then (69) becomes

PG =~ Y VaS:- G, (70)
O(E]'—ngf
which is the final format for the micro-scale internal virtual power used in the following developments.

6 1t requires geometric periodicity of fibres reaching the boundary in terms of direction, area and position.
7 The minus sign in the definition of internal virtual power is to keep the usual convention adopted for the internal virtual power.
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According to (41), the stress tensor Sfi has the structure SZ = Sfi ® a* with SZ € R"™. Then, the stress field in the
entire network S, is a field

T =S = {Siacru  Fuar — RN, 87 = sf @@, s), € R"). (1)

Remark 16. Note that the micro-scale stress field is defined just in F,,; and not in A,,.; X Fre; as in &, (see definition
(38)). This is a primary consequence of (70) that led to the definition of the internal virtual power in the micro-scale,
which neglects any virtual power exerted at the nodes in the network.

6. Principle of Multi-scale Virtual Power

In this section we postulate the principle of mechanical equilibrium between scales. To this aim, the Principle of
Multi-scale Virtual Power (PMVP) and the virtual power functionals defined in Section 5 are invoked.

The PMVP in the present context can be understood as a generalised formulation of the Hill-Mandel Principle
of Macrohomogeneity [47,48]. This principle states that the internal virtual power exerted by macro-scale entities at
point x must equal the internal virtual power exerted in the corresponding micro-scale (the RVE) for all kinematically
admissible fields. Mathematically, this is

P}‘[}t‘x(élx) = P}ft(@u) Y(Gly, @u) kinematically admissible, (72)

where Gu = (@H(G|x, @M). Using (68) and (70), and also (42) we formulate the PMVP as follows.

Problem 2 (Principle of Multi-scale Virtual Power). Consider a point X in the macro-scale continuum, given the
macro-scale gradient measure G|y € R"*"d_ it is said that the macro-scale stress tensor at this point, P|, is in me-
chanical equilibrium with the network stress state, Si = {SZ}ae Foe» 1f the following variational equation is satisfied

1

N N 1 2
Plx-Glx = — Z VoS, - (Glxa“ ®a*+ —AU, ® a"‘)
|QM| a€Fnet La
V(Gly. U,) € R"™ x 7, (73)

As natural consequences of the PMVP we have: (i) the homogenisation formula for P|x (see Section 6.1), and (ii)
the variational problem that characterises the mechanical equilibrium at the micro-scale in terms of the fluctuations of
the displacement field (see Section 6.2).

Remark 17. In variational equation (73), it is clear the distinction between the RVE domain, called {2,, and the
network NET, as already pointed by Remark 9. While the micro-scale virtual power is truly exerted in the trusses
that form the NET, from the macro-scale point of view this corresponds to a subdomain of macro-continuum material
whose size is defined to be [§2,]. This RVE volume is partially filled by |F,.| plus the surrounding substance, as
already discussed in Remark 1.

Remark 18 (Incompressible Case). The PMVP in Problem 2 is easily cast into the incompressible case by
appropriately defining submanifolds of R"*" where G|y and G|y belong to. Following Remark 3, we have

Glx € Mijnc = {A € R"*"; det(I+ A) = 1}, (74)
and

Glx € Tine = (A € R (AT + Glo)™") = 0}. (75)

Moreover, the stress P|, is replaced by its isochoric component, namely P'°|,, whose derivation is shown in
Remark 20.

6.1. Homogenisation formula for the stress-tensor

Let us take T[j# = O 1in (73). We then derive the homogenisation formula for the stress tensor P at point x as follows

N 1 A N
Pl-Gly= = D VoS- (Gha"®a") VGl e RW™, (76)

| M' a€Fpet
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which yields
1 A A
(Plx - ,Sta” ® a"‘) Gly=0 VG|, € R*n, (77)
| Ml aeFnet

Therefore, the homogenisation of the Piola—Kirchhoff stress tensor follows
Plx = !
Y2

> v.Sta* ®a”. (78)
a€Fpet
Using the representation S}, = s}, ® a* (see (71)) we have
S;‘;a"‘ ®a* = (s;‘i Qa“)a*®a’ = s;‘; ®a* = S;’j, (79)
and, so, the Stress Homogenisation operator results

Hp : ), — R>M
Slf — HP(SD =

> Vst @a”, (80)

a€Fpet

o 1
2 VS g

a€Fpet

142,

in such way that P|x = Hp(S)).
It is also possible to derive a homogenisation formula completely equivalent to (80) but depending only on
boundary data, i.e., on the stress state of fibres that reach the boundary (see Section 7).

1

detFPFT the material description of the Cauchy stress tensor, and noting that

Remark 19. Denoting o, =

Onlx = mPRFT |x is the evaluation of the Cauchy stress at the material point x from the macro-scale, expression
(80) leads us to the homogenisation rule of the macro-scale Cauchy stress
1
Oplxy = ———— V. (8% @ F|xa%). 81
= e Fa] Y Va(si @ Flsa%) (81)

a€Fpet

Remark 20 (Incompressible Case). In this case, expressions (77) and (80) turn into

(Pl — Hp(SE)) - Glx =0 YGlx € Tinc. (82)
Using classical tensor identities® and noting that F|y is invertible, we have that condition (82) is equivalent to

(Pl — Hp(S)))F s - GIF'[x =0 VGl € Tine. (83)
but, since tr((ﬂ}|XF’1 |x) = 0, it results

(Pl — Hp(S}))F" |y = BL (84)
with 8 € R. Hence P's°|, is of the form

Pl = Hp(S]) + BF " |x. (85)
Taking g such that tr( detlF‘x P°|\FT|,) = 0 (see Remark 19) we have

B = —nl—d tr(Hp(S,F"|) = —nide(S,f ) - Fly, (86)

which replaced in (85) becomes
i 1
POl = Hp(S),) — n—d(HP(Sj) -Fl)F T

1
= Hp(S],) — n—d(F—T|x ® FloHe(S)). (87)

8 For any A1, A, and A3 second order tensors the following identity holds: A| - AgAz = A1A3T - Ao,
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Finally, defining the fourth order tensor
; 1
Tk =I1- —F "\ ®Fl, (88)
N4
with I being fourth-order identity tensor, we have the isochoric part of the stress given by
PO = HEO(S]) = T |y Hp(SE). (89)

We highlight that the only difference between (80) and (89) is the pre-multiplication of the projection isochoric
tensor in the former homogenisation formula. Moreover, by construction the homogenised Piola—Kirchhoff macro-
scale stress tensor in the incompressible case, transformed into the corresponding Cauchy stress, features null trace.

6.2. Micro-scale mechanical equilibrium problem
Now, taking G|x = O in (73) yields

o 1 Ol: o (PN =
> vaSy- (L—A U,®a ) = > AlSia")- AU, =
a€Fnet “ acFnet
D Al AU, =0 VU, € %, (90)
O(E.anl

Consequently we have the following problem to be solved at the RVE.

Problem 3 (Micro-scale Mechanical Equilibrium). Given G|, € R"*"™_ find ®u IS ?;u such that the stress vector
{8}, }ac 7, 1s such that the following variational equation holds

3 A8t AT, =0 VO, €%, o1)

a€Fpet

where s is related to Gf, = G|xa” ® a* + LLA"‘ U, ® a* through a micro-scale constitutive functional of the form
s) = Z(G).

Remark 21 (Incompressible Case). It is the same that Problem 3 but with G|y € Mj,c C R"*"d,

Once Problem 3 is solved, the evaluation of the micro-scale fibre stresses is straightforward, from which the
homogenisation of the macro-scale Piola—Kirchhoff stress tensor follows directly using (80).

In practice, constitutive and geometrical nonlinearities present in variational equation (91) can be addressed using
the classical Newton—Raphson linearisation strategy. We omit the details here for the sake of brevity.

The kinematical constraints in %), (see (47) and (60)) are imposed using the saddle point problem associated to
(91) in which Lagrange multipliers are added to relax such constraints. This is detailed in Section 7.

Finally, in Section 8 we discuss physical and implementation aspects for the constitutive laws provided for the
micro-scale problem.

Remark 22. The Variational formulation (91) for the micro-scale problem is the classical problem of nonlinear trusses
connected at end points with the exception of the specific constraints in the spaces of admissible functions. A standard
approach to this problem is presented in [49, Chapter 9], where elemental stiffness matrices and residual vectors are
derived in a reference frame aligned with the truss, and then properly rotated to assemble them in the global system of
equations. The present formulation is absolutely equivalent to such classical formulation (proof omitted for the sake of
brevity). The difference is that in the present work a global reference frame has been employed, which is advantageous
to deal more directly with the kinematical constraints imposed by the kinematic coupling between scales.

7. On the kinematical constraints and reactive forces

In this section we aim to rewrite Problem 3 relaxing the constrains in space OZZL through the introduction of Lagrange
multipliers. So, we have the following problem.
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Problem 4 (Lagrange Multiplier Formulation for the RVE Problem). Given G|y € R"*™_ find ([[jw A,0) ¢
U, x R">M x R" such that

> Aasg.Aaﬁu—A(Z Aiﬁ;@(ni—ﬁ))—}L(Z Aiﬁ;®(ni—ﬁ)>

a€Fpet i ENnI;, i ENnI;t
@ Vo( 2y 2 Jo @ Va ~iy ~ jo o 0
+o- Z j(uu tu,))+6- Z T(HM Tuo) =
o« EFnet a€Fpet
V(U,, A, O) € %, x R*M x R, (92)

o o/aa : o __ o 14 1 ) o
where 8§ = .7 7(G?), with G}, = Gxa* ® a —i—mA U, ®a“.

First, taking I[jﬂ —Qand ® = 0in (92) we retrieve, now as a natural consequence of the variational equation,

the kinematical restriction (63), which is equivalent to Hf(DM(@M)) = 0. Secondly, taking @M =Q0and A = O we
arrive to (49), i.e, #? (U,) = 0. Thirdly, taking A = O and @ = 0, it results

) AasZ~A“I[:JM—A~(Z Aiﬁ,’;@@(ni—ﬁ))

o€ Frer N,

Va ~lg 2 Ja ~
+O- ( 3 S (@, +u, )) =0 VU, €. (93)

a€Fpet

2 2l .
In particular, expression (93) is valid for U, = C (an uniform fluctuation field, i.e., u =c Vi € N,e:). After some
manipulation we have

(-4( X A -m) +1710) =0 ©4)
ieNL,

and by the fact that c is arbitrary and using the definition of n in (59), we arrive at

0= A( > A - ﬁ)> =0. 95)

ieN,L,
Remark 23. By construction of (95) the reactive force @ is zero. Therefore, from (98) the forces per unit area over
the RVE boundary are self-equilibrated.

1
| F et

Finally, rewriting (93) by taking into account (19) and (95) and splitting summations into interior and boundary
nodes we have

> (X o iaust) - Aam—) -6, +

ieN,f;, aef,ig,
> ( > [a,i]AasZ> 0, =0 VU, € %. (96)
[e_/(\)/'m,t ae‘Ffie!

This leads to the Euler-Lagrange equations

3 [0 14,88 = 0 Vi € Noer, ©7)
ate]:fu,,

> e ilA.SE = A A(n; — ) Vie NL. (98)
aeFi

net

The first equation expresses the equilibrium of fibre forces at each interior node. The second equation stands for the
equilibrium between forces at the nodes over the RVE boundary. This equilibrium is satisfied by the summation of
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fibre forces [«, i ]AO,SZ, o€ _7-",’1 o> and by the reactive force A; A(n; —n) (usually acknowledged as a uniform traction).
This later expression also gives a first physical interpretation for the Lagrange multiplier A’ In fact, the total force
(traction t; = A; A(n; — n)) supported by the bars reaching the boundary node i € /\/nl;; depends on the constant
second-order tensor A and the difference between the unitary outward normal vector of the RVE and the average

normal vector.

Remark 24 (Continuum Case). We can understand the Euler—Lagrange equations (97)—(98) as discrete counterparts
of the classical formulation in strong form (partial differential equations form) which read dive = 0,in Bandon =t
on 3By, where B C R is the body domain, o is the Cauchy stress tensor and t is a prescribed traction vector on the
Neumann boundary 9 By .

7.1. Alternatives expressions for the stress homogenisation

We focus now on finding an alternative expression for the homogenisation of the stress tensor depending only on
boundary data. As an additional consequence an alternative physical interpretation for the Lagrange Multiplier A will
also be achieved.

As (98) is valid for all boundary nodes, let us call A; A(m; — n) = t; (traction) and consider the summation over

i € NI, as follows

Y (AAm —) @G -y)= ) ey -y)=

iG/\/nIZ, ieNnIZt
> (T i) o -y
ieNL, “aeFi,

> ( > [a,i]Aasﬁ) By —y°) =

o i
ieNng[ ae.Fnet

=0 from (97)
Yo ) lwilAes* ® (' —y9) =
(Nt ae P
Z Ays® ® A%y = Z VoS® @ a® = [12,[Ply, 99)
a€Fnet acFner

where we have also made use of (19) and (20). From the development in (99), before adding the summation over
internal nodes, we have that P|; depends only on boundary information, that is

1 )
Ply= o0 D 0K -y, (100)
H ieN,,I;,
This is an alternative form of the homogenisation formula derived in (80). Now, define the auxiliary tensor
1 _ B .
B/ = > Am-n) ey —y9). (101)
|QM| ieNl

With (101) into (99), and since A is a constant tensor, we have

12,1 AB" = |2, Py, (102)
which leads us to conclude that

A =P (B (103)

This establishes that the reactive generalised force due to the imposition of the minimum kinematical constraint of the
space %MM is in direct connection with the homogenised stress tensor.

9 Connection between A and the homogenised stress tensor P is addressed in Section 7.1.
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Remark 25 (Continuum Case). The homogenisation for stress given by (100) is completely equivalent to that derived
in (80). The former can be understood as the discrete counterpart of the well known homogenisation formula for stress
based on boundary data in classical continuum mechanics that reads (see [39])

1
Pl = —/ £® (y — y6)ddB,, (104)
|Bp.| aBy,

where B, is the RVE domain, with boundary 9 B,,, and t is the traction vector over the boundary.
In turn, in the continuum limit and without pores on boundary, the tensor defined in (101) is

1 T
n®(y—ys)ddB, = —</ V(y—yc)df?Bu) =1 (105)
|B/l.| By |Bu| By,

where the divergence theorem was used. This fact suggests that in such situation the Lagrange multiplier associated
to the imposition of the minimum kinematical restriction has exactly the meaning of the first Piola—Kirchhoff stress
tensor, i.e, expression (103) in the continuum becomes A = P|y.

Remark 26. From a purely geometrical perspective, the well-posedness of the present multi-scale formulation is
inherently built upon the fact that B and B”', defined in (55) and (101) respectively, are non-singular second order
tensors.

8. Constitutive equations

This section discusses the most relevant constitutive aspects of a fibre (more precisely, of a bundle of collagen
fibres). For the sake of simplicity, dissipative effects such as damage or viscoelasticity are neglected. See [50,51] for
the consideration of these phenomena.

It is well-known in the biomechanics field (e.g. [50,52] and references therein) that collagen molecules are packed
in form of collagen fibrils, which, in turn, aggregate to form collagen fibres. Collagen fibres are arranged in distinct
and parallel bundles (also called fascicles), which are, in general, wavily deposited in a load-free state. This scale can
be visualised in Fig. 6 for a fibre bundle « € F,,,,, where L, is the length of an imaginary cylinder embracing fibres
featuring similar waviness and directions. When this cylinder is stretched up to a length £, the fibres align and start
bearing axial load. This defines the activation stretch (also called recruitment stretch) as the ratio:

ol
o La :

The focus of the present contribution is at the scale of the network of fibre bundles, while the detailed description
of smaller scales, ranging from collagen molecules up to bundle of fibres is out of scope of this contribution. In the
present context, let us admit that for a given o € F,,, the strain energy associated to the bundle can be characterised
by an elastic parameter ¢¢ and the already defined A as in [53]'":

(106)

afq2 a\2\2 : a
() = |1 (he — (A9)) %f)\a > AL, (107)

0 if hg < AS.

As usual, the stress S is derived from strain energy as follows
e BWE(G(GY))
S.(G)) = BT R (108)
0
where the derivative can be determined by the chain rule, knowing that
Ay = [A+Ga’]- [A+ GE)Ha]. (109)
Sii

Finally, for a standard Newton—Raphson linearisation procedure, we need to compute the tangent tensor as DY = &z
At this point it is important to highlight that ¢f and A{ have to be understood as homogenised quantities which
arise from smaller spatial length scales. We also note that the stress derived from this energy function is non-linear

10 The term Ag )2 is analogous to the invariant I, defined for transversally isotropic materials and the energy is equal to the first nonzero term of
the Taylor expansion for the exponential model evaluated at () = (Ag )2 (see [1] for example).
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Fig. 6. Imaginary cylinder (truss) in different deformed configurations enclosing a bundle of collagen fibres.

with respect to the stretch A, (but it is less steep than exponential models [2]). It is believed that such nonlinearity,
emerges from geometrical characteristic of collagen fibres (tortuosity) and from the fact that bending phenomena are
neglected (see [54], where assuming a sinusoidal shape for the fibre leads to an analytical expression for the axial
stress under tension). Another source of nonlinearity comes from the progressive fibre activations taking place within
the bundle [50]. An analogous effect, but at the scale of the network, will be investigated in Section 9.1.3, where we
will be able to reproduce a similar result as a consequence of the heterogeneities in the definition of 1Y among the
fibres of the network.

Finally, it is important to mention that Chandran and Barocas [8] reported that the qualitative network behaviour is
largely independent from the constitutive equation assigned to individual fibres. Furthermore in physiological ranges
of stretches caused by arterial pressure, most of fibre bundles act on tension [12]. Thus, it is expected that even when
picking a relatively simple constitutive model for individual fibres several important features of the multi-scale model
are manifested.

9. Numerical experiments

In this section we investigate the constitutive behaviour of fibrous specimens as predicted by the proposed
multi-scale model particularly in the presence of heterogeneities along the network. We report simulations in two-
dimensional and three-dimensional settings, in Sections 9.1 and 9.2, respectively.

9.1. Simulations in a two-dimensional setting

More precisely in the two-dimensional context, by heterogeneities we mean any kind of deviation from a
homogeneous network (as in Fig. 7). In a homogeneous network, fibres associated to the same family set have the
same properties, i.e. (i) the same fibre orientation 0 (associated to a%), (ii) the same length, (iii) the same area, A, and
(iv) the same activation stretch A%.'' In particular we will term X -heterogeneous network, the fibrous RVE, obtained
from a homogeneous network, whenever property X has lost its homogeneity character, where X € {6, A, A4}.
Cases in which two properties become heterogeneous the notation becomes X X,-heterogeneous network, with
Xy, X, e {6, A, A%

It is important to note that, in the field of materials science, any network of fibres is naturally a heterogeneous
media, and particularly anisotropic due to the intrinsic preferred directional distribution of the properties in the RVE
domain. Therefore, the characterisation employed here for a network as homogeneous (heterogeneous) must not be
confused with the classical concept of homogeneous (heterogeneous) material.

In this context, several realisations of fibrous RVEs are generated and compared for different spaces of
kinematically admissible fluctuation fields, specifically for the minimally constrained space %MM (see (64)) and for
the linear displacement space OZZLL (see (60)).

1T For sake of simplicity, A% is the only source of heterogeneity in the constitutive response of individual fibres since ¢ is kept constant in the
strain energy (107) for all fibres.
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Fig. 7. Example of homogeneous network.

The generation of the fibrous networks, together with the definition of the properties is outlined in Section 9.1.1.
As it will be seen, the aim of this kind of study is to analyse the sensitivity of the constitutive response to such
heterogeneities as well as the sensitivity to the choice of boundary conditions for the RVE.

In order to quantify the impact of topological and material RVE heterogeneities in the solution of the micro-scale
equilibrium problem, a measure of the non-affinity of the fluctuation field is proposed, called non-affinity index, as
follows

Vo .
> S+ i, (110)

aE€Fnet

Ina = ——
|‘Fn€f|

where V, is the volume of fibre « and |.F,,.;| is the volume of all fibres.

9.1.1. Random generation of fibrous networks

The network of fibres is computationally generated by providing a set of target properties. Initially, for a given
average fibre orientation, say 6, (measured from x-axis) and for a certain number of fibres ng,, a homogeneous
network is generated containing two families of fibres symmetrically oriented, as in the example shown in Fig. 7. As
already said, crossing-points are junctions, which are the extremes of computational fibres.

In a second stage, the position of each node is individually perturbed in a random magnitude and direction. The
maximum perturbation is limited by a given number §,,,x. As outcome, we obtain the networks illustrated in Fig. 8
(second row) for two different values of dp,«x. This kind of alteration in the network will render the irregularities in
the fibre orientations and lengths. Since orientations are relatively more affected than fibre lengths, in what follows
we simply refer to it as 6-heterogeneity.

The two other sources of geometrical and material heterogeneities are in the choice of fibre areas and activation
stretches, also called A-heterogeneity and A“-heterogeneity respectively. These values are taken from probability
distributions with mean value m 4 (m;a) and standard deviation s4 (s,«) for fibre area (activation stretch). Specifically,
for the case of heterogeneous activation stretches, the deviation from the unit value was assumed to follow a Gamma-
distribution,'” as suggested experimentally by the work of Hill et al. [56]. In turn, the fibre area is assumed to be
normally distributed with negative values disregarded.

For convenience, let us recall the most important parameters that define the characteristics of a certain realisation
of a network (i.e. a random generation of the network). The set of parameters is: 6, ngb, Omax, M A, S, Mja, Spa, and
will be defined for all the examples presented below.

When referring to numerical examples, the characteristics that govern the randomness of the network generation,
such as 8qx Or 54, for example, are denoted by p'** meaning that the kth realisation of the network was generated with
level [ for the property p. The k value acts as a label of the initialisation of the pseudo-random number generator. That
is, we may have different values of k for the same level /, which means that different realisations were taken from the

12 Brom [55] the pdf of the Gamma-distribution is defined as fy g(x) = (8*/I" (a))x*'e=P¥ for x > 0 (zero otherwise), with expected value
and variance only function of the two parameters « > 0 and B > 0. Given the values of m« and 53« we have « = (mya /s)a )2 and B = mja /(S2a )2,
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Fig. 8. Reorientation of fibre families considering different fibre orientation angles due to three different node perturbations (realisations for a fixed
random seed value). Angle distribution as a function of the macro-scale stretch (top row) and disposition of fibres in the original (mid row) and
deformed network at the maximum level of stretch A = 2.0 (bottom row).

Table 1

Network parameters to study the effect of fibre area and orientation.
All Realisations 6 nib mya Sya

33.69° 216 1.0 0.0

Levels® I 153 I3 _
salL?] 0.002 0004 0006  Omax = O0LL]
Levels® N b I3 o 5
Smax[L] 0002 0004 0006 4= 0O

2 For each level, 3 realisations are considered.

same value of property. In addition, it is possible to have different levels / for the kth realisation, which means that the
deviations are magnified but the random pattern remains the same.

9.1.2. Effect of fibre area and fibre orientation

In this section we test the effect of two sources of heterogeneities separately, namely: fibre area and fibre
orientation. In order to assess the impact of each parameter, 18 network realisations were generated by the procedure
described in Section 9.1.1. Within this set, 9 networks feature heterogeneous fibre area and have a homogeneous
fibre orientation, similar to Fig. 7. The remaining 9 networks have heterogeneous fibre orientation, and constant fibre
area, for which some realisations representing different levels of node perturbation are found in Fig. 8 (second row).
Parameters that control the heterogeneities are the area standard deviation s, and the node perturbation &,,,x, which
where equal to three different levels with 3 realisations each, as summarised in Table 1.

The constitutive behaviour of single fibres at the micro-scale is characterised by the strain energy function (107),
with parameter ¢ = 900[F/L?] constant for all fibres. A progressive stretch in the horizontal direction was applied
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Fig. 9. Homogenised constitutive response (left column) and non-affinity index (right column) considering fibre area variation (top row) and fibre
orientation (bottom row).

with macro-scale gradient given by

t 0
G’Z[O 0]’ (111)

where ¢ is a parameter in the range [0, 1] that increases linearly and monotonically through 50 load steps.

Fig. 9, on the left column, shows the dominant component of the first Piola—Kirchhoff stress tensor (P;;, from
P = (g: gi )) homogenised according to the proposed multi-scale methodology as a function of the macro-scale
stretch A, i.e. A = ¢t + 1, for the different sets of parameters. To better understand the role of the displacement
fluctuations in the constitutive response, the right column in the same figure displays the non-affinity index Ina (see
(110)) which measures the magnitude of the fluctuation field. In both cases (A-heterogeneity or -heterogeneity) it is
observed that the smaller the dispersion, the stiffer the constitutive response. Specifically, for the proposed scenarios,
the mechanical response is more sensitive to the definition of fibre area than to the fibre orientation.

Note that, when the fibre area is heterogeneous (see levels [, and /3), the index Iy doubles that obtained when the
fibre orientation is heterogeneous. Therefore, we conclude that the determination of fibre areas is a sensitive aspect in
the conformation of a fibrous network, even more than the definition of fibre orientation angles.

From this study, it is also possible to analyse the reorientation of fibre families and the resulting angle dispersion in
the RVE as the deformation takes place. This is reported in Fig. 8 (top row), where it is seen that the fibre dispersion
diminishes as the macro-scale stretch increases, providing a sense of fibre orientation around an average value. As
expected, such average fibre angle reduces with the increasing stretch. Also, the examples of the network realisations

for (Sf,'m;l}(, 82;&, 85?,5}( are illustrated in Fig. 8 (bottom and mid rows).
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Fig. 10. Histogram of the activation stretch following a Gamma-distribution for the different realisations defined in terms of the pair (m, §)ya.

Table 2
Network parameters to study the effect of fibre activation stretch.
All Realisations 6 R Smax[L] ma[L?] salL?]
33.69° 216 0.03 0.01 0.001
Realisation 1 2 3 4 5 6
mya 0.4 0.4 0.5 0.5 0.6 0.6
Sya 0.2 0.4 0.2 0.4 0.2 0.4

9.1.3. Effect of the activation stretch

In this section, we study the impact of potential heterogeneities in the definition of the fibre activation stretch
parameter throughout the network. To this end, we consider 6 random network realisations parameterised as described
in Table 2. Each realisation corresponds to a pair (m,a, 5;4), equivalently denoted by (m, s),«, which aims to control
the activation stretch of fibres in the network. Since the definition of the activation stretches does not affect the network
configuration (position of nodes, connectivity, etc.), the topology is fixed for all realisations (same seed is used in the
pseudo-random algorithm). Fig. 10 presents the distribution of the activation stretch as a function of the pair (m, §);a.

The macro-scale gradient applied to the specimens is that given by (111), and the constitutive equation of
individuals fibres follows (107). In this specific case, at early stretching stages the RVE may be highly unstable
because of the lack of fibre activation. To circumvent this phase, a neo-hookean material 1073 times softer than the
fibre material is considered to be a ground substance. Clearly, this is a pure numerical strategy necessary to stabilise the
problem in cases where just few (or even none) fibres are bearing load, but which introduces no artificial ingredients
in the constitutive response once the fibres activate start to be activates, as will be seen next.

Fig. 11 displays the homogenised P;; Piola—Kirchhoff stress tensor component for the 6 realisations. In general,
the stress curves are right-shifted towards the value determined by m;«, while the lower the standard deviation sa
the more pronounced the uprise in the stress value. More specifically, three regions can be distinguished in each
curve: toe-region, transition and linear regime. For instance, for the realisation (m, s),« = (0.4, 0.2), these regions
correspond approximately to the stretch intervals [1.0, 1.3], [1.3, 1.6] and [1.6, 2.0], respectively. In order to quantify
the fibres that are effectively bearing load, Fig. 12(a) features the relative number of fibres whose stretch exceeds the
activation stretch for all the realisations.'? Clearly, the three regions referred to before are unveiled. The toe region has
none-to-few activated fibres, while most of the fibres are engaged in the transition region, leading to the recruitment of
almost all fibres in the linear regime. Such mechanism is described in the specialised literature, see for example [56].
From a phenomenological point of view, this is modelled at the macro-scale either using exponential strain energy
function or a linear strain energy function convoluted with a probability density function.

13 A schematic representation of activated fibres in deformed networks is presented in the next numerical experiment, specifically in Figs. 15 and
16.
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Fig. 11. Homogenised constitutive response for different distributions of the activation stretch parameter.
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Fig. 12. 1“-heterogeneity in the RVE for the different realisations: impact on the non-affinity and overall activation ratio.

The heterogeneity in the fibre activation stretch leads to a complex pattern of fibre engagement, which in turn affects
the magnitude of the fluctuating component of the displacement field in the network. This is manifested through the
non-affinity index Ina, as appreciated in Fig. 12(b). While Iy is almost monotonously increasing with respect to
the stretch for wide activation stretch distributions (e.g. for s;« = 0.4), it features a non-monotonic behaviour when
the distribution is sharp (s;« = 0.2), and the magnitude of the fluctuation field becomes significantly bigger in the
transition region. However, for both cases, at late loading stages, the fluctuations accommodate to a certain value,
which suggests that the mechanical response has reached a stable regime.
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Fig. 13. Network of fibres generation through the replication of a basic unit pattern (multiplication factor from 1 to 5, i.e. left to right panels).
Perturbation level /; in top row, and perturbation level /; in the bottom row. Grey colour stands for the fibre transversal area values (the more
obscure the larger the area).

Table 3 ~
Network parameters for the study of boundary conditions related to %,LL
and %IM.

HM and %~ 0 niy  malL?]  mha s

33.69° 96 0.02 1.366 0.2

Levels I 153

salL?] 0.025 0.075

Smax[L] 0.025 0.075

9.1.4. On the choice of boundary conditions

In this last section, we aim to investigate the sensitivity of the constitutive response with respect to the fibres
network size, considering different sub-models from Section 4.6.3. This raises a sense of convergence as the network
size is increased and the homogenised solution becomes independent from the choice of boundary conditions.
Specifically, two choices are analysed, the Affine Boundary Model, %ML (see (66)), and the Minimally Constrained
Model, 0222"' (see (64)). In the present case, the fibrous specimens to be analysed feature heterogeneities of different
kinds (fibre area, orientation and activation stretch).

Firstly, two levels of perturbations were considered for the heterogeneities as detailed in Table 3. These parameters
were used to generate corresponding fibres networks which have been replicated horizontally and vertically by a
multiplication factor of 2, 3, 4 and 5. The value for m;« is such that all fibres are activated when 50% of axial stretch
is reached. The resulting networks are shown in Fig. 13.

As in the previous section, the loading protocol is defined by the macro-scale gradient. Also as before, the single
fibre constitutive response is as in (107). Two strain paths were considered with pseudo-time ¢ € [0, 1] sampled in 50
equally spaced increments for both cases:

1. Axial stretch (pure axial test): Identically to experiments from previous sections, and repeated here for
convenience:

[+ 0
G =/, o] (112)

2. Early axial stretch and late shear-like distortion (combined axial-shear test): In this case the macro-scale
gradient is
G, — mlng, ) max(Obt - to)i| ’ (113)
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(a) Perturbation Iy . (b) Perturbation I .

Fig. 14. Impact of boundary conditions in the displacement fluctuation field. Networks warped with the displacement fluctuation for models ?ZML
(red) and QQ;LM (blue) at the last pseudotime in the pure axial test. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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Fig. 15. Total deformed configuration of the RVE along the pseudotime showing activated fibres (in red) for the “ZZD" model, at the perturbation
level I, and for the pure axial test. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
this article.)

where 1y = 0.5 for the reported numerical examples. Observe that (G;);; increases linearly for ¢ < ty, when this
component saturates, whilst the shear component (G;);» only assumes non-zeros values for ¢ > fy. Around the
maximum level of axial stretch (r = #3), we have a minimum number of fibres activated necessary to make the
network stable during shear loading stage.

Fig. 14 displays the unit networks warped with the displacement fluctuation field, where we can clearly appreciate
how the selection of specific boundary conditions affects the mechanical equilibrium in the RVE. As expected, the
fluctuation displacement field is larger in the %MM model, because it is not constrained to be null over the boundary as
in the ?F/;L model. This reflects the expected less stiff response of the %TLM model.

Concerning the activation of fibres, Figs. 15 and 16 illustrate, for the pure axial and the combined axial-shear tests
respectively, the progression of activated fibres along the pseudotime. For the sake of simplicity, only perturbation
level [, is reported in Fig. 15 and just level /; is presented in Fig. 16, both for the %MM model. In the pure axial test
the ratio of activation fibres increases monotonically and there is no clear tendency concerning the spatial distribution
of activation fibres. On the other hand, in the combined axial-shear test and when distortion becomes increasingly
important, some fibres even deactivate along one preferred family, maintaining an activation trend in the other family.

In Fig. 17, the dependence of the homogenised Piola—Kirchhoff stress tensor, P = (gi 2; ), on the RVE size is
shown for the two perturbation levels /; and /,, and for the two tests. Such plot was constructed considering t = 1 in the
definition of the macro-scale gradient. This figure provides a sense of convergence of the RVE constitutive response
as the RVE size is enlarged, which makes the solution less sensitive to the choice of boundary conditions. We observe
that in most of the situations the relative differences between the ?/ML and the JZ/MM are rather small, hence yielding
sharp bounds, at least under the hypotheses considered, for the constitutive response of these fibrous specimens.
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Fig. 16. Total deformed configuration of the RVE along the pseudotime showing activated fibres (in red) for the ?;MM model, at the perturbation
level /1, and for the combined axial-shear test. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 17. Convergence of the homogenised stress response with respect to the RVE size for the @Z} (red dashed line) and ?ZI"' (blue solid line)
models.
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Going into the details, for a more homogeneous RVE and pure axial test (see top row in Fig. 17(a)), the ?ZLL model
is less sensitive to the RVE size (see components P, Pj, and 1221). In contrast, when the heterogeneities in the RVE
are more pronounced (see bottom panels of Fig. 17(b)) the OZZMM model performs better, with the dominant stress
components (see Pj; and P»;) being less sensitive to the RVE size.

Similar features are seen for the combined axial-shear test in Fig. 17(b). For the less perturbed state, the non-
diagonal components, which are not negligible in this case, found with the %MM model are less sensitive to the RVE
size. The opposite happens for the diagonal components. In the second perturbation level, Py, computed with the
%HM model is much less sensitive to the RVE size, while for the other components the sensitivity of both models is
comparable.

Note that a number of convergence patterns are found in Fig. 17 (see the behaviour of red and blue lines). For
instance, at the bottom right plot of Fig. 17(b) we have the red curve decreasing, while the blue curve is increasing. In
turn, in the top left plot of Fig. 17(a), both curves are increasing, with the linear model being stiffer than the minimally
constrained model. The explanation for the different patterns are twofold: (i) some stress components have negligible
order of magnitudes with respect to others, thus in general we should regard them according to their importance; and
(ii) the large levels of variability in the parameters, specially the activation stretch. It is important to keep in mind that
for the dominant stress components, the linear model is always stiffer than the minimally constrained one for the same
RVE size. Importantly, by increasing the RVE size, both models feature a convergent trend.

Using a different criterion to measure convergence with respect to the RVE size, Fig. 18(a) and (c) show the
convergence study with respect to the total averaged strain energy in the RVE, i.e,

1
92,1

U= D Ve W), (114)

acFnet
evaluated at the equilibrium point when reaching the last loading step. In this case we have a very similar convergence
pattern for all cases. Again, the linear model yields a stiffer behaviour than the minimally constrained model.
Evidently, in cases where the mechanical problem can be understood as a minimisation problem (in the case of
hyperelasticity), the total energy is necessarily smaller for the larger admissible space (i.e. the minimally constrained
model).

Another interesting analysis consists in measuring the role played by the fluctuations in terms of energy. To this
end, we propose the fluctuation energy ratio, defined as

. |¥ — U]
Wrel =
v

where ¥ = Q’hﬁﬂ:@ is the averaged energy due to the linear part of displacements, i.e, vanishing displacement

(115)

fluctuation. We remark that ¥ < ¥ always holds since [[NJ,L = O represents the Taylor model, which renders a higher
level of energy. For the simulations reported in this section, the behaviour of this index is observed in Fig. 18(b) and
(d). As expected, the fluctuation energy ratio is always larger for the minimally constrained model. In addition, such
contribution of energy becomes more important as the heterogeneities are higher as well as we move towards to a
shear dominated regime.

Such results point out the importance of an adequate minimally constrained multi-scale model, as proposed in this
work, in order to provide consistent and sharp bounds for the constitutive response. Even if the differences observed
are in some cases negligible (notice in some cases the stress scale in the plots is really small), the correct formulation
of the %MM allowed us to quantify the impact of the choice of boundary conditions in the homogenised response in a
wide variety of scenarios. Being more specific, the minimally constrained model is a lower bound for the homogenised
stress, and the affine boundary model is an upper,'* bound of these curves. From Fig. 17 it is clear that this observation
is always true, save for few cases where for relatively small values of the off-diagonal components these bounds are
actually inverted.

To gain more insight into the complex behaviour the homogenised stress may render, Fig. 19 provides the stress
components along the evolution of the pseudotime and for all the twenty cases (OZZML and OZ/MM with 5 RVE sizes each
for pure axial and combined axial-shear tests). The convergence of the solution in the dominant stress components P

14 Naturally, the Taylor submodel provides a stiffer response than the affine boundary model. Thus, we restrict the term “upper bound” to
boundary-like constraints, excluding the Taylor model from the analysis.
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Fig. 18. Convergence analyses with respect to the RVE size for the GZZML (red dashed line) and QZMM (blue solid line) models. Heterogeneity levels /;

(left) and [, (right).

and P, always takes place as expected (see the insets in the corresponding panels), with the % 7/ model being an upper
bound and the % /M model behaving as a lower bound. Remarkably, for the pure axial test and for components P}, and
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Fig. 19. Homogenised stress for different boundary conditions. Stress components during pseudotime for the “ZZ} (dashed lines) and “ZZD" (solid
lines) models.

Py, the response delivered by the %, /" model is much more sensitive to the RVE size than the corresponding to the
U, /M model. This effect is reduced when off-diagonal stress components gain importance as in Fig. 19(b). Observe that
exactly at the point of axial phase becoming shear distortion the stress curves are less similar, but the trend remains
similar to the cases discussed before.

9.2. Simulations in a three-dimensional setting

9.2.1. Generation of the network

Network generation of the three-dimensional random fibre network was based on Voronoi tessellations. For this
task, the open source library Voro++ [57] and its wrapper for Python pyvoro'> have been employed. First, a certain
number of points are chosen at random positions, and maintaining a certain distance among them. These points are

15 URL: https://pypi.org/project/pyvoro/1.3.1/.
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Fig. 20. Three-dimensional RVE from a piece of an adventitia layer and projections on the coordinate planes.

used as barycentric of cells that form a partition of a rectangular parallelepiped whose dimensions are also inputs to
the algorithm. Then, a fibre is considered over cell edges (transversal area and activation stretch are randomly assigned
following a given distribution). Edges lying on the RVE boundary are removed. A preference direction is emulated
by considering a preliminary network which is scaled differently in the different directions. An example of network
resulting from this pipeline is shown in Fig. 20. The RVE is considered to be a representative piece of adventia layer
(mainly composed by collagen) in a model of an arterial vessel. The initial network was generated in 0.5 x 1.0 x 1.0L3
(sizes in the directions ey, e, and e,, respectively) and then mapped to a size of 1.0 x 1.0 x 0.5L3. The effect of this
scaling procedure is translated in the, say, circumferential angle denoted by 8 (assumed positive but equally valid for
negative value), as observed in Fig. 20. In this case § < 45° as the initial block was scaled in ey direction, whereas
B = 45° when no scaling is involved.

9.2.2. Effect of circumferential angle
In this example we study the sensitivity in the mechanical response with respect to differences in the circumferential
angle 8. To this end, we generated 6 networks, 3 for each of the 2 cases as the following procedure:

1. Map from 1/2 x 1.0 x 1.0 to 1.0 x 1.0 x 0.5: B; = arctan(1/2) = 26.57°.
2. Map from 1/3 x 1.0 x 1.0to 1.0 x 1.0 x 0.5: B, = arctan(1/3) = 18.43°.

In all cases 200 random points (centres of the Voronoi cells) were uniformly picked inside the brick domain. This
resulted in networks with approximately 750 fibres.'® In addition, fibre areas were taken randomly from a normal
distribution with mean 0.01L? and standard deviation of 0.0005L>. Fibre constitutive model was assumed to be the
same than for the examples from Section 9.1, with unitary uniform activation stretch for all fibres, and axial load
applied along the circumferential direction. The macro-scale applied strain program is characterised by the gradient
G; = tey ® ey, with ¢ € [0.0, 0.7] divided into 20 equally spaced pseudo-time steps. The realisations are denoted
(Ba)psa € {1,2},b € {i,ii,iii} and some examples of undeformed meshes can be seen in Fig. 22(a) and (b), the later
displaying a smaller circumferential angle. To verify the preferred direction numerically we compute the structural
tensors (see definition (55)) for the different cases

0.69740 —0.00513 0.00450
B, = | —0.00513  0.23118  0.00033 |,
0.00450  0.00033  0.07142

16° A certain number of Voronoi cells does not yield the same certain number of fibres.
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Fig. 21. Homogenised stress tensor components along the loading program for the different circumferential angles.

0.82643 —0.01320 —0.00275
B, = | —0.01320 0.13334  0.00398 |,
—0.00275  0.00398  0.04024

where the basis considered is {ey, e., e,} (in this order). Regarding the first value of the diagonal (related with the
circumferential direction), we confirm the graphical suggestion, in general fibres are more aligned with ey in the case
(B2); than in case (B1);.

Fig. 21 reports the components of the homogenised stress tensor for all three normal realisations and for both
circumferential angles. As expected, the realisations with a smaller circumferential angle (group f,) feature a stiffer
response in the circumferential stress component, while for the axial and radial components, RVEs in group p; are
stiffer.

10. Discussion

10.1. On model predictions

Based on the reported numerical experiments using the proposed novel multi-scale model for fibrous materials, we
can highlight the following features:

1. The mechanical response is sensitive to non-homogeneities in network parameters, such as fibre orientation,
fibre area or activation stretches. In fact, different RVE realisations lead to different stress curves (see Fig. 9 left
column).

2. Moreover, the more structured and homogeneous the RVE, the stiffer the constitutive response (see also Fig. 9
left column). This goes along with a larger non-affinity in the network kinematics, as measures by the index
In 4 (see Fig. 9 right column).

3. Concerning the dispersion of fibre orientations it is observed that its variability and mechanical effect becomes
less evident when RVE is stretched (see Fig. 8). Such fibre alignment reduces the rate of the non-affinity at late
stretching stages (see Fig. 9 bottom right column panel).

4. Concerning the dependence upon the activation stretch distribution, it is observed that the homogenised
mechanical response of an RVE, resulting from the intermingling of progressively activated fibres (as noticed
in Fig. 12(a)), assumes a very distinct shape than the constitutive model adopted for a single fibre. In our
particular case, an exponential-shaped stress curve (see Fig. 11) is retrieved by using simple linear (quadratic
strain energy) constitutive laws for the micro-scale constituents, i.e, the fibres.

5. Finally, the comparison between two boundary conditions have resulted in two different scenarios. On the one
hand, the more homogeneous, and then stiffer, the network, the more suitable results the Affine Boundary Model
in terms of the solution delivered by small RVE sizes. On the other hand, for highly heterogeneous networks,
the use of the Minimally Constrained Model proposed in the present work yields better results in terms of the
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Fig. 22. Reference and deformed configurations of 3D networks. Colours represent fibre area at the beginning of the loading program (first row)

and the fluctuation magnitude for the last loading step (second row). (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

solution delivered by small RVE sizes. In any case, the two tested boundary conditions, which lead to two multi-
scale models, determine proper bounds (without considering Taylor submodel) for the constitutive response of

fibrous micro-structures. In this sense, we highlight that the proposed model constitutes an unprecedented lower
bound for this kind of analyses.

Based on the results reported in this work, the relevance of a proper multi-scale model for fibrous tissues is
larger as the network heterogeneities are more pronounced, and this holds for any of the sources of heterogeneities
studied in this work. Some recent phenomenological models even include specific parameters to account for the
effect of dispersion in the fibre orientation [4]. However, as seen in this work, this is not enough to effectively
predict the constitutive behaviour of fibrous networks with more accentuated heterogeneities. Moreover, up to the
authors’ knowledge, dispersion in fibre properties such as area and activation stretch have been overlooked in most of
phenomenological, or even histologically-inspired constitutive models. It is worth mentioning that these data can also
be extracted from images by using proper image processing techniques already available in the literature.

10.2. Limitations

In the construction of the micro-scale kinematics, we have neglected phenomena related to some deformation
modes the fibres may be subjected to. Bending and torsion are two examples as well as the interaction among fibres
at junctions. Particularly, interfibre sliding, and torsional resistance of junctions as a consequence of fibre interactions
are two examples which could provide an even more heterogeneous micro-mechanical phenomenology. Particularly,
inter-fibre sliding mechanisms have been modelled in El Nady and Ganghoffer [19] by using auxiliary beams in the
contact. Bending phenomena and torsional resistance of junctions have been partially addressed in Stylianopoulos and
Barocas [12]. Nevertheless, in such work it has been shown that for physiological ranges of stretches, fibre stretching
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continued to play the most important role in the constitutive response. Based on this, the proposed model is suitable
for biomedical application, and, moreover, it constitutes a general and consistent multi-scale formalism which enables
more kinematical complexities to be incorporated in order to test further hypotheses. In contrast, Berkache et al. [17]
introduce a parameter representing the ratio between bending and axial stiffnesses to establish a transition where the
response is dominated by bending or by axial tension.

Considering the theoretical suitability of the multi-scale approach, we highlight that the present work focused
on the coupling between a fibrous network and a standard continuum. When the hypothesis of scale separation
is questionable, and size-effects are important, the model must be improved in order to capture a more complex
phenomenology [58,59]. However, even in the context of higher order continua, or fracture mechanics, the MMPV
has proven to be a suitable tool for the development of effective multi-scale models [40,43], by providing the
characterisation of the minimally constrained kinematically admissible space in which the generalised Hill-Mandel
principle has to be regarded. These issues have been addressed in fibrous materials by the works of El Nady and
Ganghoffer [19], Berkache et al. [17].

From the numerical point of view, whenever the use coupled multi-scale simulations (also called computational
homogenisation or FE?) are to be conducted in the context of finite element procedures, the computational cost
involved poses a challenge to be addressed. In fact, the application of the present multi-scale approach requires,
for each Newton iteration at the macro-scale equilibrium problem, the determination of the stress and the tangent
operator at each Gauss point. Thus, the development of discrete mechanical models for representing the micro-
scale phenomenology is fundamental given its considerably cheaper computing burden when compared to continuum
approaches to the same problem. Another essential issue, that requires a statistically more rigorous attention, is the
correction determination of the minimum RVE size, in which an effective methodology was introduced by Kanit et al.
[60]. Notwithstanding the micro-scale problem is considered an embarrassingly parallel assembly process, it requires
an efficient management of the computational resources at hand for an effective implementation. Currently, this is only
possible if high performance computing facilities are available. One possible approach, specifically in the context of
load history independent material behaviour, is the off-line construction of an atlas of constitutive responses (stress
and tangent operator) for a certain representative range of potential load settings. The atlas could then be stored and
accessed during on-line computations. Another approach consists in the exploitation of the micro-scale model as an
in-silico mechanical testing machinery to fit the material parameters of a macro-scale strain energy function. Finally,
more sophisticated approaches relying on the concept of dimensionality reduction can be applied [61].

10.3. About modelling perspectives

A real motivation for the development of this kind of multi-scale model is the modelling of fibre damage processes.
Clearly, loading of fibrous specimens featuring damage yields more intricate mechanical interactions, which makes
even more complex the constitutive analysis because of the highly heterogeneous strain patterns nature of the fibre
network. In essence, the consideration of degradation processes weakens some parts of the networks as a consequence
of the fibre geometry, orientation, history of loadings, etc. This is known in the continuum mechanics realm as strain
localisation phenomena and results in the softening of the overall constitutive response. It has already been experimen-
tally shown that in biological fibrous tissues the unstable part of the constitutive response is characterised by a series
of bumps in the stress—stretch response, that is a series of softening and hardening stages. Classical phenomenological
damage modelling usually associates a single damage parameter for each fibre family [51,62], which seems not to
be enough to precisely model such complex interplay involving deactivation—activation—reorientation—degradation of
fibres. In this direction, we oversee a great applicability of the proposed theoretical multi-scale model.

In the present context, the consideration of the novel Minimally Constrained Model is an important springboard
to perform multi-scale analyses and comparisons with existing models which exploit the Affine Boundary Model,
as well as other mixed stress—displacement RVE boundary conditions. Moreover, an important characteristic of the
aforementioned damage process is propagation of strain localisation band throughout the network of fibres, therefore
a more flexible kinematics on boundary is specially mandatory in order not to preclude these deformation modes from
unfolding.

At last but not least, the proposed multi-scale approach was straightforwardly implemented to 3D RVEs, which
makes it an excellent candidate for also guiding the construction of general constitutive laws capable of accounting
for all the heterogeneities studied in this work.
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11. Concluding remarks

In this work, a multi-scale model for microscopic fibre networks has been developed in order to retrieve a
continuum-like constitutive response. Although the focus has been on modelling arterial tissue, the theory is general
and can be applied to any fibrous material. The main contributions of the present work is a rigorous and general
derivation of the micro-mechanical equilibrium problem as well as of the homogenisation formula for the dual
stress entity from a minimum set of basic kinematical hypotheses and through the use of the Principle of Multiscale
Virtual Power [30,31]. Furthermore, intrinsic to the proposed multi-scale formulation is the construction of the so-
called minimally constrained model, resulting in a lower bound for the homogenised mechanical response, of great
theoretical and practical interest. As a sub-product of the proposed variational setting, a specific homogenisation
formula for incompressible materials has also been established. In addition, we have also shown that the proposed
minimally constraining boundary condition is equivalent to setting a uniform traction model, and an alternative
formulation of practical interest has been reported resorting to the theory of Lagrange Multipliers.

Finally, through several numerical experiments, different key aspects of the theory have been demonstrated,
with special emphasis in the study of the sensitivity of the homogenised constitutive in terms of different kinds of
heterogeneities in the fibrous network architecture and with respect to the choice of kinematically admissible boundary
conditions for the micro-mechanical equilibrium problem.
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Appendix A. From continuum to discrete description of networks

In this section our aim is to succinctly review concepts of multi-scale modelling for standard continuum media
using the MM VP (Method of Multi-scale Virtual Power) proposed in [30,31]. Specially, in Appendix A.l we analyse
the case of a continuous RVE with voids reaching the boundary, something that could be understood as the groundwork
for our model of a fibre networks, to be derived in Appendix A.2.

It should be mentioned that the formulation presented here is not classical in multi-scale theory. Particularly, this is
because displacements fields are not well defined in the absence of material points, that is, in the void (empty) domain.
This particularity has already been noticed in the literature, e.g., [63,64]. However, up to the authors’ knowledge, the
impact of this fact to the derivation of admissible boundary condition in RVEs with random voids reaching boundary
(not periodic), has not yet been established in literature.

A.l. Continuum RVE model with voids reaching the boundary

Let £2; (£2)) and 92, (3£2})) be the solid (void) domain and its boundary respectively, as described in Fig. A.23.
Also, consider that the RVE is associated to point x from the macro-scale and its domain is denoted by
Q.= 02500, (A1)
where 92, is the boundary. We also set
s,b __ s v,b __ v SV s v
0027 =08, Nafdy, , 002" =002, N, , 92" =002, N3f. (A.2)

Then, it is verified that 92, = B.Qf[b U B.Qﬁ’b . By convention, a normal vector of 8fo , denoted by n, always points
from the solid towards the void domain. Now, following [30] and for given u|x and G|y macro-scale displacement
vector and macro-scale gradient of displacement tensor, respectively, we concisely present the main points of the

theory next.
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Fig. A.23. Example of RVE with voids reaching the boundary.

Displacement in the solid domain
The micro-scale displacement field u, : {2; — R™ is entirely characterised by ulx, G|x and by the fluctuation
fieldu, : 2] — R as follows

u,
f_'/L— ~ s
u,(y) =ulx + Glx(y —yo) +u,(y), ye 2, (A.3)

where u,, corresponds to the insertion of the displacement and gradient from the macro-scale into the micro-
scale.

Gradient in the solid domain

Applying the gradient operator on (A.3) yields

Vyuu(Y) = G|x + Vyﬁu(Y)a ye *Q/SL (A4)

Homogenisation of displacement field
Regarding the conservation of the displacement field, we postulate

uly = — u,dv,. (A.5)
1251 Jop "
This homogenisation formula together with the admissibility kinematical constraint @ /. I u,dV, = ulx
renders
1
vo= o [ yav,. (A6)
19231 J s

N
q

and, therefore, it leads to

f i, dv, =0. (A7)
£

i
Homogenisation of gradient field
As for the conservation of the displacement gradient field, we postulate

1
Glx = —|:/ Vyu,(y)dvV,
sil)e VT g

i

_/ Nﬁﬂ®ndS,L—/ U, ®nds } (A.8)
Iy TN

where n is the outward unit normal vector to 9{2; and n a vector to be defined at a later stage. Again, this
homogenisation together with the kinematical constraint IQL&I f a Vyu,(y)dV, = Gl results in

/ Vyﬁudvﬂ—/ vﬁﬂ®ndSM—/ LU, ®@nds, =
25 aq” agy
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> / ﬁﬂ®nds,i—/ l~lu®nd5u—/ i, ®nds, =
| Joge a0y’ ans?

ee{v,b "
/ u, ® (n—n)dS, = 0. (A9)
an?
Now we impose that constraint (A.9) is valid for trivial case where w,(y) = ¢, Vy € (2. Thus, n is defined as:
n= n(y)ds,,. (A.10)
190257 /ag;-b !

Remark 27. It is worth discussing some non-classical aspects of the above homogenisation postulations. Firstly, a
standard volume average has been considered for the displacement field in (A.5), with the main difference lying in the
fact that only the solid part of the domain has been considered. This is natural since the kinematics is not even defined
outside the solid part (see Remarks 9 and 12). Secondly, the homogenisation of the gradient has been established in
(A.8) using exclusively the solid part of the RVE domain. Additionally to the integral over the volume, this definition
gives rise to some terms appearing in the form of boundary integrals. For the boundary void-solid integral, only
fluctuations are required in order to be consistent with the insertion restricted to the solid part as already commented.
Finally, the integral over the solid boundary featuring also the average normal vector is included to remove the spurious
macro-scale gradient induced by a constant fluctuation field. This is a particularity found specially in fibrous material
modelling, in which one has random voids reaching the boundary. When the voids reach the boundary in a periodic
manner, the average normal term vanishes.

A.2. Transition from continuum to discrete network

Now, consider in the model developed in Appendix A.l that the voids grow sufficiently so that the solid part can
be portioned in a number of slender parts (each one representing a bundle of fibres) and in their intersections (joints)
as in Fig. A.24. The domain {27 denotes the volume occupied by a fibre ¢ € F,,, and (ZL is the domain of a joint
i € Nyer. Also, let us define the following auxiliary notations

F o N i s OF || ON
o= J 2. 0= 2. 2=0"uq).
a€Fner i€Nnet
v o v i,v __ i v i,b __ i
DO = 90U N AR, 2L =002 NaRY, AR = a2 NaN,,

F.N _ F N a,N __ 4 N iF__ i F
00IN =90 nanY | 90N =90 nanY , 90i" =902  Nank.

(A.11)

Further, note that 8(2;”’ = UieN,u 8(2;;}’ , i.e, the fibres are assumed to be always connected to the boundary through
a boundary joint. By convention, a normal vector n of a surface 92", always points from (2 to (2, where
r,t € {a,i, F, N,s, v} asabovein (A.11).

It is important to remark here that in the following developments we will maintain the same kinematics as described
in Appendix A.1, however now we will introduce what we call the Hypothesis of Small Joints (HSJ) and Hypothesis
of truss (HT) which relies on the assumptions.

(HSJ.A1) For a given integrable function ¢ defined in (2, of any type value (scalar, vector, tensor value), with

reasonable same order of magnitude in {2}, the approximation

Z/ pd2e > - /‘(pd()i, (A.12)
acFpet ﬁ i€Nper Qlll
holds. One first corollary is that
1= > 12+ Y 12~ > 128 = Fual, (A.13)
acFpet i€Nper a€Fpet

which is obtained by taking ¢ = 1.
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Fig. A.24. Example of a porous RVE featuring connected slender structural components.

(HSJ.A2) The joints are so small that material points y € Q/’; can be approximated by the point y; characterising the
joint i € N,;. Provided that y & y;, by the continuity of the displacement fluctuation we have

0, (y) ~ U, (y) =, Vye . (A.14)

Hence, the above assumption together with HSJ.A1 and (A.3) justify the adoption of the expression (37)
for the displacement at the joint i € N,,; in our discrete model for Networks.

(HT) The slender parts of the solid are so slender that allow us to be modelled as straight trusses with constant
cross sections, denoted Ay, @ € F,,,. Since, the displacement at each bar @ € F,,, must be constant in the
cross section of the bar and equal to the displacement at the centre of this section which is given by the linear
interpolation between the displacement at initial, y;, € 8(23 N 8.(2;, andend, y;, € 3.(2,‘1 N 8(2,{, points of the
centreline of the bar. Again, the above considerations justify in our Network model the adoption of expression
(26) recalled here below

s _ s _
uj(s) = (1 - L_>uu(ym) + L—uu(y,-a), s € [0, Lo]. (A.15)
By using HSJ.A2 and (37)
o ~ § io( § iot —_
u,(s) ~ l_L_a u; +L—au-u =

(1 - Lia)[uu + Gla(yi, — Yo) + U] +
s
L,
where y;, and y;, are points characterising the nodes io, jo € Nyer, respectively. As a straightforward corollary
of this assumption is that the non null part of Vyu, in {2 is given by %(ufj) ®a“, ie.

[ulx + Glx(yj, — Yo) + U], s € [0, L], (A.16)

d
Villul g = W) @a" =

1 ~ ~j o
Gya* ®a* + L—(u,’;Y —ur)®a%, o€ Fu. (A.17)

a

A.2.1. Discrete version of displacement homogenisation formula
Now, let us investigate the impact of the HSJ.A1 in the expression of the homogenisation of displacement field
given by (A.5) and its consequences, (A.6) and (A.7), due to the admissibility kinematical constraints. In the case of
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(A.5) it is obtained
Z/ u, dv, + Z/ uﬂdv)

uly = / u,dv, (
’ |Q | e |QY a€Fne ieNner

~ u,dv,. A.18
|fnet|a§ /(0‘ " . ( )

The result above leads to specialised versions of (A.6) and (A.7) respectively

1 1 3
yG = > / ydv,, > / i, dv, =0. (A.19)
|fner| Qe Fner f |]:net| @ Fner 2f

The above expressions can be further simplified by using the HT. Using (A.16) into (A.18) and formulas in (A.19)
we have respectively

1 Ve
ujy = D S +u),

|]:net| @€ Fer
1 Vo
Yo = oo Z 7()’1}1 + Vi) (A.20)
ne a€Fnet
1 )
(~1a + 'l‘l']oc) =0
Pl 2 2 ST

which have been postulated in (43), and derived in (46) and (49) respectively.

A.2.2. Discrete version of gradient homogenisation formula
We will now investigate the impact of the HSJ.A1 in the expression of the homogenisation of the gradient field
given by (A.8). Firstly, working with the first two integrals of (A.8) we have

/ Vyu, dV, — / U, ®ndS, =
" Yoo

> (/ VyuMqu—/ _ ii“@ndSM)

N Y 12 882"

+ ) (/ yuMdVM—/ E,L@ndS,L)
X0

a€Fper "

1N A" a02i?

i
+ ) </ Vyu, dV, —/ ﬁu®ndSﬂ>. (A.21)
DtE.F et BQS'L
The expression above in (A.21) can be still rephrased by taking into account HSJ.A2 yielding

. ®ndS +/ @ ®ndsS >+
([ tenass [ wonas,

iENnet
+ ) ( / Vyu, dV, — / ﬁu®ndSM>. (A.22)
(16.7‘— et B'Qg’v

Now, introducing HT and (A.17) into (A.22) and recalling the definitions of fibre-node brackets (see (17)) and
equivalent boundary area and normal (see (22) and (23) and text therein) we obtain

- ( > [a,i]AaﬁL(@a"‘) + Y AR, ®n

i€Nnet “aeFi ieNL,

net
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+ YV <G|Xa ® a” +—(uf“—ﬁi‘;)®aa> -

a€Fpet
> G+ Y V.G, (A.23)
iENn(/t a€Fnet

where the previously defined expressions for generalised N-gradient and F-gradient (recall (40) and (42) respectively)
have been used to shorten notation.
Now let us simplify the third integral in (A.8). Using HSJ.A2 we have.!”

/mbu,@ndsﬂ_ > / i, ®nds, ~ Y AW @i (A.24)

16./\/,,1;, ’ENnI;r

Finally, replacing (A.23) and (A.24) in (A.8), noticing that |Q/i| A |Fner| by HSI.A1 and post-multiplying by B!
(recall definition in (55)) we have

Gh= 17 |( DG+ Y VG- Aiﬁ;®ﬁ>Bl, (A.25)
net

i€Nner a€Fnet 16/\/.,,1;,

which is the formula postulated in (51), now justified. Note that B!, originally not present in (A.8), is necessary in
order to enable the homogenisation formula to recover the macro-scale gradient for zero fluctuations. The need for its
inclusion lies in the approximations explained in this section.

A.2.3. Comment on equivalent areas of boundary nodes
Finally, the boundary areas are computed by projecting the fibre areas arriving at a certain node over the
corresponding normal vector. For example, for the case of Fig. A.25(a) we have just one boundary surface, then

Aii=In;-alA+n;;-a'|A, (A.26)

where A and A’ are the areas related to the fibres with unit vector a and a’, respectively. For the case of Fig. A.25(a)
we have two boundary surfaces, then

Ajy = n;; -a*|A%, (A.27)
Ajo=nj,-a*|A", (A.28)

where A* is the area associated to fibre whose unit vector is a*. These ideas are of easy generalisation as defined in
(21). Equivalent areas and normals are obtained using (22) and (23), respectively. In the case of Fig. A. 25(a), these
expressions trivially lead to A; = A; 1 and n; = n; ;. For the case of Fig. A.25(b), it is easy to verify that A = A*

andn; = —a*.

Appendix B. Proofs of the restrictions above the operators

In the original paper [30] it was seen that the functional form of the insertion, deformation and homogenisation
operators can be arbitrarily defined provided they keep some relation between them. These relations were emphasised
during the text, but in some cases the proof was skipped. This section aims to present the rigorous justifications (not
necessarily proofs) for all necessary relations between operators proposed in this work, confirming that the formulation
proposed is consistent with abstract framework constructed in [30].

First, consider the operators Jf/ , j D, HZ/ , ’H‘; as defined in (30), (33), (39), (43) and (50), respectively. Given
uly € R, G|x € R"*™ and U € 02/ the followmg relations are satisfied

1. Du(J¥ (uly) = O
2. 1Y (T (uly) = uly.
3. HS(Du(TE (Glv) = Gly.

4. HY(TZ(Gl))) =0

7N aturally, consider the discrete definition for n (in (59)) instead of the original one in the continuum as in (A.10).
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(a) On an RVE side. (b) At an RVE corner.

Fig. A.25. Typical joints reaching the RVE boundary.

5. 1Y (U, =0.
6. Hf(DM(UM))) =0.

Below, the proofs for these propositions follow.
Proof.
1. From the definitions of the operators, for any o € F,,, we have
[D.(T )] = LiaA“J,f” (uy) ® a* = Lia<u|x —uly®a*=0.
Recalling that joint gradients only depend on the fluctuations, for any i € N, we have

[Du(T” l)] = 0.
Finally we conclude that D, (7 (uly)) = O.

2. Take
1 Ve 1. A
HY (T (uly) = I > 5 UG @l + 17 P =
net O‘G}_ner
1 Ve 1
—(u| +u|)=—( va)u| = uly,
|fne,|a§m 2770 Pl ; T

so, the result follows.
3. First recalling that joint gradients only depend on the fluctuations we have

1 o
H, (DT (Gly) = 7 |( > Vo[ DT (GIW)] )Bl =

acFpet

1
(X ok osJa =
net

a€Fnet

1
Gly —( vea® ® a") B! = Gy,
Fall 2

a€Fpet

=B from (55)

and the result is verified.
4. Take now

HY(TZ (Gly) =

Ve , 4
> — (T Gl + [T (Gl =

a€Fnet

|]:net|
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1 Vo
—G «(Vi — —
o > 5 GO, +¥i —2¥0)
a€Fnet
1 V. 1
G|X< Z _a(yiot +y]0t)__< Z Va)yG) = 07
Foel (& 2 Frrl \ &

=yg from (46)

so the statement holds. -
5. This restriction is directly taken into account in the definition of the space Y, (see (64)).
6. Also, this restriction is also directly enforced in the space %,. W
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