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a b s t r a c t 

The energetic formulation of a rate-independent system assumes that the evolution of the system is 

driven by two scalar-valued functions: the storage energy functional and the dissipation pseudo-potential. 

The evolution of the material system is then characterized by two energetic principles: the global stabil- 

ity condition and the energy balance between stored and dissipated energies with the work of external 

loading. Rate-independent generalized standard materials are endowed with such structure, whereas the 

existence of such energetic structure is not so apparent in materials with non-associated flow rule. In this 

paper, we consider a rate-independent gradient damage model for concrete where the evolution of the 

damage does not follow the normality rule. We will show that such model can be nevertheless derived 

by a dissipation potential at the expense of having a state variable-dependent potential, and therefore 

the energetic formulation can be obtained also in this case. After introducing the incremental minimiza- 

tion problem consistent with such formulation, we obtain a discrete version of the stability condition and 

establish lower and upper a-priori energy bounds met by the energetic solution. These are fundamental 

results for the analysis of the formulation. 

The actual numerical solution of the incremental minimization problem is realized by considering 

first a variable splitting in order to treat the gradient of the damage field as an independent variable, and 

then by applying the augmented Lagrangian method to tackle with the resulting constrained optimization 

problem. We solve the first order stationarity conditions of the augmented Lagrangian functional by a 

path-following Newton’s method based on the energy dissipation rate control. 

We show that we are able to describe highly non-linear responses of the material, such as softening 

branches and snap-back responses. Several numerical tests are performed to verify the objectivity of the 

formulation and of the proposed numerical method. Details of the numerical implementation are also 

given. 

© 2018 Elsevier Ltd. All rights reserved. 
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1. Introduction 

Concrete failure as result of propagation and coalescence of mi-

crocracks can be modeled by continuum damage mechanics using

the framework of thermodynamic of irreversible processes ( Besson

et al., 2010; Krajcinovic, 1996; Lemaitre, 1996 ). Within such setting,

the material is characterized by state and internal variables and

its behavior can be described by constitutive equations and ther-

modynamic potentials, so to meet the fundamental principles of

thermodynamics and classical continuum mechanics. Though use-
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ul in many cases of practical interest ( Krajcinovic, 1996; Lemaitre,

996 ), it was soon recognized that both from a physical ( Bazant,

976; 1991 ) and a mathematical point of view ( Pijaudier-Cabot and

azant, 1987; Belytschko et al., 1986; Benallal et al., 1993 ), the lo-

ality assumption of the classical continuum mechanics was not

atisfactory. Such assumption does not account for length scales

nd long-range effects of the material microstructure, thus the

esulting continuum constitutive theory is, for instance, not able

o capture size effects on structural strength ( Bazant and Planas,

997 ) and produces unrealistic concentration phenomena, such as

train and damage localization, on bands of infinitesimal width

ith null energy dissipation ( Belytschko et al., 1986 ), leading to

ll-posed problems. From the numerical point of view, this would

roduce spurious mesh sensitivity of the numerical results. Still re-

aining in the field of the continuum description of the behavior
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f the concrete, a common remedy has been to resort to different

heories of generalized continuum mechanics. Of particular inter-

st are those which replace the constitutive assumption of the lo-

al action ( Besson et al., 2010; Peric and Owen, 2008 ) with one

escribing the nonlocal interaction between the material points

 Maugin, 2017 ). 

In this paper, we will consider a nonlocal rate-independent

amage model for concrete, where the nonlocality is introduced

y taking the gradient of the damage as internal variable and

he time-scale invariance results from the absence of all rate-

ependent processes, such as viscosity in the material modeling

nd inertial forces in the balance equations. Furthermore, we con-

ider damage evolution that accounts for the non-symmetric be-

avior in tension and compression, and damage threshold that is

djusted with respect to the loading direction. The use of the dam-

ge gradient as an internal variable is usually motivated by mi-

romechanics considerations and is a concept that was suggested

n Frémond and Nedjar (1995) and Frémond and Nedjar (1996) . It

as also been justified from the mathematical viewpoint by the

oundedness of the damage field for the control of the localization

and width ( Mielke and Roubíček, 2006 ). 

For the derivation of the evolution equations, different ap-

roaches have been however suggested. For instance, Lorentz and

ndrieux (1999) , Lorentz and Andrieux (2003) , and Lorentz and

odard (2011) use the standard principle of virtual power to de-

ive the balance equations of momentum, but they then apply

he methods of continuum thermodynamics ( Halphen and Nguyen,

975; Germain et al., 1983 ) through the definition of a global po-

ential energy and a global dissipation potential which produce a

ormulation of the constitutive laws at the structure scale. This is

one because of the constraint between the damage variable and

ts gradient ( Lorentz and Andrieux, 1999; 2003 ), which would not

llow the damage gradient to be considered as an independent

ariable. Despite the integral formulation of these equations, it is

hown that such relations can however be expressed in a point-

ise manner. In the pointwise formulation, the constitutive equa-

ions retain the same algebraic structure as in the local constitu-

ive theory, except for the consistency condition that contains now

he Laplacian of the damage variable. While such dependence was

lso put forward by Comi (1999) as a constitutive assumption, in

orentz and Andrieux (1999) , Lorentz and Andrieux (2003) , and

orentz and Godard (2011) it appears as a consequence of the con-

titutive theory. In the approach proposed by Frémond and Ned-

ar (1995) and Frémond and Nedjar (1996) , on the other hand, the

tarting point is an extended version of the principle of virtual

ork where both the power of the external and internal forces

resent additional terms associated with the microscopic move-

ents which produce damage ( Frémond, 2002 ). By this approach,

he field equations of momentum balance are coupled to addi-

ional ones which express the balance of the forces dual to the

inematic variables used to describe the microscopic movements.

his system of field equations is then completed by the consti-

utive equations which are also here derived by the methods of

ontinuum thermodynamics ( Halphen and Nguyen, 1975; Germain

t al., 1983 ) through the definition of the free Helmholtz energy

nd the dissipation pseudo-potential, originating a first order gra-

ient type dissipative theory in the full thermodynamic context.

he two previous constitutive theories, which assume the gradi-

nt damage as an internal variable, have been related to each

ther in Nguyen (2010, 2014) and shown to be substantially equiv-

lent. 

The energetic formulation proposed by Mielke and coworkers in

ielke et al. (2002) , Mielke (2005) , Mielke and Roubíček (2006) ,

ielke et al. (2010) , and Mielke and Roubíček (2015) , on the other

and, unifies the different point of views, is of clear mechanical

nterpretation, and offers at once a framework for the modeling,
nalysis and numerical simulation of rate-independent processes

hat can experience discontinuity jumps in time and space and

oncentration of deformations and damage. This is possible be-

ause of the minimal regularity assumptions needed for its setting

p and for a shift of the viewpoint, from a local to a global one.

n the energetic formulation the evolution of the material defor-

ation and damage is the result of an energy balance condition

nd of a stability condition. The main ingredients of the theory are

herefore the definition of the total stored energy, which can be

on convex, and of the dissipation distance, which is well defined

lso for discontinuous damage evolutions. Furthermore, given the

ype of formulation, a suitable concept of weak solvability for the

ifferential model is introduced which yields to the notion of en-

rgetic solution. 

Despite the large class of applications that have been ad-

ressed by the energetic theory, especially in the field of mechan-

cs ( Bourdin et al., 20 0 0; Mielke et al., 20 02; Mielke and Roubíček,

0 06; Francfort and Garroni, 20 06; Bouchitté et al., 20 09; Mielke

nd Roubíček, 2009 ), the theory has therein been applied to gener-

lized standard materials where the material mechanisms respon-

ible for the energy dissipation are independent on the current

tate of the material itself. This has streamlined the mathemati-

al analysis of the formulation given that the objective of those

orks was essentially the study of existence of solutions of the

nergetic formulation. The associativity of the flow rule, which in

he context of damage modeling means the use of the thermody-

amic force dual of the damage variable as damage driving force

hat enters the damage evolution criterion, and the independence

f the dissipation on the current state of the material are simpli-

ying assumptions which do not hold generally for materials such

s concrete, soils and rocks ( Vermeer and de Borst, 1984 ). On the

ther hand, while the definition of the main ingredients of the en-

rgetic formulation, that is, the storage energy functional and the

issipation potential, appear quite natural for generalized standard

aterials, or for model materials meeting the Drucker–Ilyushin in-

quality ( Marigo, 2002 ), this seems not to be the case when the

atter assumptions are not met, which would thus preclude the ex-

stence of an energetic structure. We will show that this is not al-

ays true. On the contrary, for our gradient damage model which

resents the damage activated in terms of a damage surface dif-

erent from the thermodynamic force dual of the damage variable,

t is possible to derive the energetic formulation at the expense

f introducing a state variable-dependent dissipation potential.

he description of non-associativity in terms of a state variable-

ependent dissipation potential, or equivalently, a state-dependent

oading function, is, however, not new ( Germain et al., 1983 , Sec-

ion IV 3) and it has been revitalized by Francfort (2018) to de-

cribe, for instance, the non-associated model of nonlinear kine-

atic hardening of Armstrong-Frederick, and the Drucker–Prager

ap model. 

The realization of the variational structure for our gradient

amage model is a fundamental result, for it can be used to es-

ablish the link between the gradient damage model and a discrete

rack model, and justifies the former as approximation of the latter

 Pham et al., 2011; Marigo et al., 2016 ), typically by �−convergence

rguments ( Conti et al., 2016a ). Furthermore, it has also been rec-

gnized that the existence of a variational structure allows the pre-

iction of crack nucleation and crack propagation without requir-

ng the introduction of ad-hoc criteria ( Alessi et al., 2014; Marigo

t al., 2016; Tamé et al., 2018 ). 

The purpose of the present study is, therefore, ( i ) to derive

he energetic formulation of a gradient damage model for con-

rete where the damage evolution criterion is defined in terms of

 stress-based damage surface built upon the failure criterion for

oncrete by Lubliner et al. (1989) and Oller et al. (1990) ; ( ii ) to

nd fundamental properties met by the incremental energetic so-
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lutions; and ( iii ) to propose a computational procedure for the nu-

merical simulation of the energetic formulation. 

We will find that the energetic formulation of this model is also

defined by a stored energy which depends on the gradient of the

damage variable, in addition to the strain and the damage vari-

able, whereas the energy dissipation is modeled by a dissipation

pseudo-potential which depends on the evolution of the damage

and on the current state of the material system. By applying a

semi-implicit scheme, the incremental problems corresponding to

our continuous formulation have the form of minimization prob-

lems and can be thus used for the consistent numerical simula-

tion of the theory itself. Using the optimality property of the dis-

crete energetic solution, we prove, in particular, also for the case

of state-dependent dissipation, a discrete version of the stability

condition which ensures the stability of the discrete energetic so-

lution, and a two-sided energy estimate which, compared to the

one in Mielke et al. (2010) , presents now the upper bound with an

additional term that accounts for the variation of dissipation be-

tween the instant t n −1 and t n due to the different state of the sys-

tem. Both results are fundamental ingredients for the proof of exis-

tence of energetic solutions in the analysis of Mielke et al. (2002) ,

Mielke and Roubíček (2015) , and Mielke et al. (2008) , for the de-

sign of the numerical strategies implemented in Bourdin et al.

(20 08) , Bourdin (20 07) , Mielke et al. (2010) , Benesova (2011) , and

Conti et al. (2016b) and for the stability analysis of the numerical

scheme ( Mielke and Roubíček, 2009 ). 

After this introduction, in Section 2 we develop our rate-

independent gradient damage model for concrete with a state-

dependent dissipation pseudo-potential and derive the correspond-

ing energetic formulation. We then recall the relationship between

such formulation and the gradient damage constitutive theories of

Lorentz and Andrieux (1999) , Lorentz and Andrieux (2003) , Lorentz

and Godard (2011) , Frémond and Nedjar (1995) , and Frémond

and Nedjar (1996) . The energetic formulation is then used in

Section 3 to justify our incremental minimization problem. In this

Section we also derive the discrete stability condition and the two-

sided energy inequality, and describe the numerical strategy that

has been adopted to solve the incremental minimization prob-

lem. Section 4 contains numerical examples showing the perfor-

mance of the formulation and of the proposed numerical method

whereas Section 5 reports some concluding remarks about the for-

mulation and the numerical method. An appendix with the de-

tailed expressions of the terms of the Jacobian concludes the pa-

per. 

2. Energetic formulation of a gradient damage model 

In this section we first introduce a rate-independent gradi-

ent damage model, following the approach proposed by Frémond

(2002) and Frémond and Nedjar (1996) . We then develop a varia-

tional characterization of the resulting initial boundary value prob-

lem, based on the energetic formulation proposed by Francfort and

Mielke (2006) , Mielke (2005) , Mielke and Roubíček (2006) , and

Mielke and Roubíček (2015) . Finally, we will discuss the relation

between the energetic formulation and other constitutive theories

of gradient damage model. 

2.1. Notations, main assumptions and field equations 

We consider the quasi-static evolution of an homogeneous

isotropic body made of brittle damaging material with reference

configuration � ∈ R 

n , n = 1 , 2 , 3 , and boundary ∂�, with outward

normal n , split into a Dirichlet boundary ∂�D and the remaining

Neumann boundary ∂ �N := ∂ ��∂ �D where displacements w and

surface tractions t are prescribed, respectively. We assume the dis-

placement field u to be small and the system to undergo isother-
al processes with uniform temperature in �. The state of the sys-

em is then characterized by the linearized strain ε ( u ) = ∇ 

sym u :=
(∇ u + ∇ u 

T ) / 2 , where ∇ denotes the gradient operator, and ad-

itional variables which are introduced to capture the effects of

icrofractures at the material point on its macroscopic properties.

s such additional variables we consider the damage variable field

and its gradient ∇ β . The field variable β can take values in

0, 1] with β = 0 when the material is undamaged and β = 1 for

ompleted damaged material, i.e. when the material is not able

o sustain any stress. Its gradient ∇β is introduced to account for

he influence of the damage at a point on damage of its neigh-

orhood. Following the method of virtual power, we assume as

n Frémond (2002) that damage is produced by microscopic mo-

ions which break bonds among particles and such motion is de-

cribed on the macroscopic level by the rate quantities ˙ β := d β/d t

nd ∇ 

˙ β := ∇ (dβ/dt) . The underlying assumption of the theory is

hat the power of these motions must be taken into account in the

ower of the internal forces. 

Let V denote the space of all continuous displacement fields

hat generate compatible strain fields and V D, 0 ⊂ V the linear space

f the kinematically admissible virtual displacement fields, that is,

he space of the continuous displacement fields u D , 0 meeting the

omogeneous kinematic boundary conditions on ∂�D , i.e. u D, 0 = 0

n ∂�D . We furthermore denote by V D ⊂ V the affine space of

inematically admissible fields, i.e. u ∈ V such that u = w on ∂�D .

et u D, w 

∈ V D be a given (fixed) extension of w onto �̄, the clo-

ure of � with �̄ = � ∪ ∂�D ∪ ∂�N . Such extension is generally

eferred to as lifting of the Dirichlet boundary data ( Quarteroni,

017 ) and can be obtained, for instance, by taking an interpola-

ion of w onto �̄ by finite element shape functions. Then, for any

 ∈ V D , there exists a u D, 0 ∈ V D, 0 such that u = u D, 0 + u D, w 

and we

xpress this by writing that V D = u D, w 

+ V D, 0 . 

We use the notation ε D, 0 = ∇ 

sym u D, 0 to refer to the linearized

train of virtual admissible displacement fields, and use the symbol

for the linear space of the admissible damage fields, which are

ere required to be scalar fields 0 ≤β ≤ 1 such that ∇β is bounded

o to make sense the integrals we write. 

By applying the extended virtual work principle ( Frémond,

002; Maugin, 2017 ), we obtain the following two field equations:

he standard balance equations of linear momentum between the

tress field σ and the external forces f and t , 

div σ + f = 0 in �
σn = t on ∂�N 

(2.1)

ith the corresponding Neumann boundary conditions, and the

icroforce balance equations between the internal forces H and V

ual of the kinematic variables ∇ 

˙ β and 

˙ β, respectively 

div H − V = 0 in �
H · n = 0 on ∂�

(2.2)

ith the corresponding boundary values. 

.2. Constitutive equations 

The field balance equations of the previous section must be

ompleted by the constitutive equations which are hereafter de-

ived within the framework of continuum thermomechanics and

or the class of generalized standard models ( Besson et al., 2010;

rémond, 2002 ). We start thus from the Clausius–Duhem in-

quality which, for isothermal processes and uniform temperature,

tates that the part of the total internal power which is not re-

ersible must be non-negative, that is 

˙ ψ + σ : ˙ ε + V 

˙ β + H · ∇ 

˙ β ≥ 0 (2.3)



M. Luege et al. / International Journal of Solids and Structures 155 (2018) 160–184 163 

w  

fi  

σ  

t  

a  

s  

σ  

w  

r  

H

σ  

B

D

σ  

T  

t  

s  

a  

t

a  

p  

(  

t  

s  

t  

a

 

w  

b

α  

i  

w  

t  

i  

w  

ψ
 

t  

d

 

 

 

 

 

 

 

 

 

 

 

 

 

R

 

 

 

 

 

 

 

 

 

 

 

 

 

 

g

H

a  

σ  

R  

c  

s

 

(  

t  

s  

o  

(  

(  

p

c  

T  

∂  

t

w  

 

R  

p  

a  

(

 

p  

S

2

 

t  
here ψ is the free Helmholtz energy per unit volume de-

ned in terms of the state variables, i.e, ψ = ψ( ε , β, ∇β) , and

: ˙ ε + V ˙ β + H · ∇ 

˙ β is the total internal power as defined in

he previous section. We assume then, as part of our modeling

ssumptions, that the internal forces, σ , V and H can be additively

plit into a non-dissipative and dissipative component as follows

= σnd + σd , V = V 

nd + V 

d , H = H 

nd + H 

d 
, (2.4)

here the non-dissipative components are those which produce

eversible power. As a result, they are defined in terms of the free

elmholtz energy ψ = ψ( ε , β, ∇β) as follows 

nd = 

∂ψ 

∂ ε 

, V 

nd = 

∂ψ 

∂β
, H 

nd = 

∂ψ 

∂∇β
. (2.5)

y accounting for (2.5) into (2.3) and noting (2.4) , the Clausius–

uhem inequality reduces to the following condition 

d : ˙ ε + V 

d ˙ β + H 

d · ∇ 

˙ β ≥ 0 . (2.6)

he material model is thus completely determined if, in addition

o (2.5) , we define σd , V 

d and H 

d such that (2.6) is satisfied. The

pecific definition of σd , V 

d and H 

d depends in turn on the mech-

nisms inside the material responsible for the irreversibility of

he process. For the generalized standard models, σd , V 

d and H 

d 

re defined in terms of a function φ, referred to as dissipation

seudo-potential, which is assumed: ( i ) to depend on ( ̇ ε , ˙ β, ∇ 

˙ β) ;

 ii ) to be parametrized by the state variables ( ε , β , ∇β) and ( iii )

o have structural properties which ensure the validity of (2.6) ,

uch as φ convex with respect to the rate variables, subdifferen-

iable, non-negative and such that φ( 0 , 0 , 0 ; ( ε , β, ∇β)) = 0 for

ny ( ε , β , ∇β). In this case, if we assume 

( σd , V 

d , H 

d ) ∈ ∂ 
( ̇ ε , ̇ β, ∇ 

˙ β) 
φ( ̇ ε , ˙ β, ∇ 

˙ β; ( ε , β, ∇ β)) (2.7)

here ∂φ( x ; y ) denotes the subdifferential of φ with respect to x

y treating y as parameter, i.e. α ∈ ∂φ(x ; y ) ⇔ φ(z; y ) − φ(x ; y ) ≥
· (z − x ) ∀ z , we can easily check that condition (2.6) is met. If

n addition φ is a positively homogeneous function of degree one

ith respect to the rate variables, i.e. φ(tx ; y ) = tφ(x ; y ) ∀ t > 0,

hen the evolution laws defined by (2.7) are rate-independent,

.e., invariant with respect to time scaling. Within such frame-

ork, the model is thus completely specified by the two functions:

 = ψ( ε , β, ∇β) and φ = φ( ̇ ε , ˙ β, ∇ 

˙ β; ( ε , β, ∇β)) . 

Let X ⊂ R and denote by I X : R → R ∪ { + ∞} the indicator func-

ion of X , i.e. I X (x ) = 0 if x ∈ X and I X (x ) = + ∞ otherwise. For the

efinition of our model, we assume: 

(i) the free Helmhotz energy given by 

ψ( ε , β, ∇β) = 

1 

2 

R (β) E ε : ε + 

c 

2 

|∇β| 2 + I [0 , 1] (β) (2.8)

where E is the Hooke elastic material tensor, R ( β) is a de-

creasing function in [0, 1] such that R (0) = 1 and R (1) = 0

which we refer to as softening function and is described in

Section 2.3 , c is a regularizing parameter which introduces

a size-dependent scale effect in the model and accounts for

the influence of the damage at a material point on its neigh-

borhood, and I [0, 1] ( β) is the indicator function of the interval

[0, 1] which enforces the constraint β ∈ [0, 1]; 

(ii) the dissipation pseudo-potential given by 

φ( ̇ ε , ˙ β, ∇ 

˙ β; ( ε , β, ∇ β)) = (k + V 

∗ − V 

nd ) ˙ β + I R + ( ˙ β) 

(2.9) 

where V 

nd is obtained by (2.5) 2 , V 

∗ is related to the dam-

age criterion as it will be discussed below in Section 2.4 ,

k is the initial damage threshold that determines the acti-

vation of the damage, and I R + ( ˙ β) is introduced to enforce

the constraint ˙ β ≥ 0 corresponding to the assumption of ir-
reversibility of the damage, i.e. no healing. a  
emark 2.1. 

(a) The choice of φ dependent only on 

˙ β means that we are as-

suming that at the material point the only internal dissipa-

tion mechanisms are those associated with 

˙ β . Such dissipa-

tion is furthermore assumed to depend on the current state

of the system through the dependence of φ on ( ε, β , ∇β).

Equivalently, we will see below (see Remark 2.3 ) that such

choice for the dissipation potential corresponds to assume a

loading function f with the threshold dependent on the state

of the system. 

(b) The function φ defined by (2.9) is linear with respect to
˙ β and is non-negative provided that (k + V ∗( ε , β, ∇β) −

V nd ( ε , β, ∇β)) ≥ 0 for any ( ε , β , ∇β). By realizing such

condition, we satisfy (2.6) and the evolution is rate-

independent. We refer to Section 2.4 for a discussion of

the condition k + V ∗ − V nd ≥ 0 which depends clearly on the

choice of the damage criterion V 

∗. 

If we let R ′ ( β) := dR / d β , from (2.5) by accounting of (2.8) we

et 

σnd = R (β) E ε , V 

nd = 

1 

2 

R 

′ (β) E ε : ε + ∂ β I [0 , 1] (β) 

 

nd = c∇β , (2.10) 

nd from (2.7) using (2.9) , where φ depends only on 

˙ β, we obtain

d = 0 , V 

d ∈ ∂ ˙ βφ = k + V 

∗ − V 

nd + ∂ ˙ β I R + 
0 
( ˙ β) , H 

d = 0 . (2.11)

emark 2.2. If in (2.11) we assume V ∗ = V nd and consider the lo-

al version of the model ( c = 0 ), we find the evolution law of the

tandard local damage model, with −V nd ∈ k + ∂ ˙ β I 
R 

+ 
0 
( ˙ β) . 

The balance Eqs. (2.1) and (2.2) along with the constitutive Eqs.

2.4) , (2.10) and (2.11) , complemented by the predefined value of

he damage profile at the time t = 0 , for instance β( x , 0) = 0 , de-

cribe the full evolution of the system. For our subsequent devel-

pments, it is, however, convenient to rewrite the evolution law

2.11) into an equivalent manner. By substituting H = c∇ β into

2.2) and assuming c( x ) = c in �, we obtain V = c
β which, re-

laced into (2.11) after noting (2.4) 2 , gives 


β − k − V 

∗ ∈ ∂ ˙ β I R + 
0 
( ˙ β) . (2.12)

hus, if we let f = c
β − k − V ∗ and recall the definition of

 ˙ β
I 
R 

+ 
0 
( ˙ β) ( Hiriart-Urruty and Lemaréchal, 2001 ), (2.12) represents

he following set of conditions 

f = 0 if ˙ β > 0 

f < 0 if ˙ β = 0 (2.13) 

hich can in turn be succinctly expressed in the following manner

f ≤ 0 , f ˙ β = 0 , ˙ β ≥ 0 . (2.14)

emark 2.3. At variance of the classical model of damage cou-

led with elasticity referred to in Krajcinovic (1996) as brittle dam-

ge, here the damage threshold is dependent also on the state

 ε , β , ∇β) of the system and is non-local. 

Box 1 summarizes the classical formulation of the evolution

roblem with R ( β) and V 

∗ to be defined, for instance, as in

ection 2.3 and Section 2.4 , respectively. 

.3. Softening function 

One of the influence of damage on the macroscopic behavior of

he material is a decreasing unloading-reloading stiffness which is

ccounted for by the function R ( β). Whenever β is defined such
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t  
that β = 0 corresponds to the elastic, undamaged state and β = 1

to material failure, R ( β) must be a decreasing function with β . The

classical assumption for R ( β) due to Kachanov (1958) is a linear

interpolation of the two states β = 0 and β = 1 by taking simply

R (β) = 1 − β . Still, even other expressions have been suggested for

R ( β) and justified by analyzing the asymptotic behavior of the re-

sulting model in the case of uniaxial tension ( Pham and Marigo,

2010a; 2010b; Lorentz and Andrieux, 1999; Lorentz et al., 2011 ).

In order to retrieve the response of a cohesive zone model as the

length scale goes to zero while keeping the other macroscopic pa-

rameters constant, Lorentz et al. (2011) and Lorentz (2017) suggest

the following expression for R ( β), which will also be adopted in

this work, 

R (β) = 

(1 − β) 2 

( 1 − β) 2 + 

3 E 0 G f 
2 f 2 

t0 
D 
β(1 + pβ exp (qβ2 )) 

(2.15)

with G f the fracture energy, E 0 the initial Young’s modulus, f t 0 the

uniaxial tensile strength, p a shape parameter related to the open-

ing displacement at failure, q a positive dimensionless parameter

that controls the curvature of the cohesive response, and D the half

band width given in Lorentz et al. (2011) by D = 

√ 

2 c/k with c and

k the parameters that enter (2.8) and (2.9) , respectively. We refer

to Lorentz et al. (2011) and Lorentz (2017) for the details of the

derivation of (2.15) and the asymptotic analysis of the model. 

Remark 2.4. For uniaxial traction, due to the expression of the

damage surface given below, our model coincides with the one

given in Lorentz et al. (2011, 2012) and Lorentz (2017) , i.e. we find

that φ = k ˙ β (see Remark 2.5 ( a )), which is shown to converge to a
cohesive zone model. d  
.4. Damage surface 

An important ingredient of the model formulation in Box 1 is

he selection of V 

∗. The choice of V 

∗ defines the conditions that

etermine the occurrence of damage and regulates its evolution.

n the brittle damage models proposed in Lorentz and Godard

2011) and Lorentz et al. (2012) , for instance, it is assumed V ∗ =
 

nd corresponding to a strain-based damage criterion which does

ot differentiate between the energy accumulated in tension and

ompression that activates the damage. On the other hand, to ac-

ount for the non-symmetric behavior in traction and compression,

ne can either modify the free energy ψ , thus V 

nd that enters the

xpression of φ or define directly V 

∗. Examples of damage criteria

f the first type are given in Amor et al. (2009) and Freddi and

oyer-Carfagni (2010) which can be obtained within the current

ramework by simply taking V ∗ = V nd with V 

nd defined in terms of

he free energy therein considered, whereas instances of the sec-

nd approach are the damage criteria suggested by Frémond and

edjar (1995) and Nedjar (2001) which can be obtained by tak-

ng 

 

∗ = −1 

2 

[(
β(1 − M) 

1 − Mβ
(2 με 

+ : ε 

+ + λ( tr + ( ε )) 2 
)]

here the part positive ε + of the strain tensor is obtained after

he diagonalization of ε , tr + ( ε ) = max { 0 , tr ( ε ) } and M is a dimen-

ionless factor that ensures the pseudo-potential to be positive, or

lso the damage criteria given in Comi (1999) , Eq. (3). By these ap-

roaches one relates the damage criteria to the strain energy or

o some part of it. For brittle elastic material, such as the con-

rete, on the other hand, stress-based criteria are more reliable

 Krajcinovic, 1996 ). This means that one assumes damage evolu-

ion to be driven by an equivalent strain that quantifies the local

eformation state in the material. Among the several definitions
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 Lorentz, 2017; Giry et al., 2011 ), here we consider 

 

∗ = R 

′ (β) 
(σeq ) 2 

2 E 
(2.16) 

ith σ eq the equivalent stress of the stress-based failure criterion

or the concrete proposed by Lubliner et al. (1989) and Oller et al.

1990) which has proved successful in simulating concrete behav-

or under different type of loadings. This criterion is expressed in

he undamaged configuration in terms of the undamaged stress

0 = E ε as follows 

eq = 

1 


 1 (1 − 
 2 ) 

(√ 

3 J 2 + 
 2 I 1 + 
 3 〈 σ0 ,max 〉 − 
 4 〈−σ0 ,max 〉 
)

(2.17) 

here I 1 = tr ( σ0 ) , J 2 = 1 / 2[ tr ( σ2 
0 
) − 1 / 3( tr ( σ0 )) 

2 ] , σ 0, max the

aximum principal stress of σ0 and 〈 · 〉 the Macaulay bracket de-

ned as 〈 x 〉 = 1 / 2(x + | x | ) . In (2.17) , the parameters 
 1 , 
 2 , 
 3 and

 4 are dimensionless constants which are derived from (2.17) for

pecial stress states paths, and are obtained in Lubliner et al.

1989) , Oller et al. (1990) , and Zhang and Li (2012) as follows 

 1 = 

f c0 

f t0 

, 
 2 = 

( f b0 / f c0 ) − 1 

2( f b0 / f c0 ) − 1 

 3 = (1 − 
 2 )( f c0 / f t0 ) − (1 + 
 2 ) , 
 4 = 

3(1 − K c ) 

2 K c − 1 

(2.18) 

here f b 0 , f c 0 and f t 0 are the initial equibiaxial, uniaxial compres-

ive and uniaxial tensile strength, respectively, and K c is the ratio

f 
√ 

J 2 on the tensile meridian to that on the compressive merid-

an ( Zhang and Li, 2012 ). For details on their derivation in elemen-

ary tests, we refer to Lubliner et al. (1989) , Oller et al. (1990) , and

hang and Li (2012) . 

emark 2.5. 

( a ) Under uniaxial traction stress σ , σ0 ,max = σ > 0 , and taking

into account for (2.18) , we find that (2.17) yields σeq = σ .

In biaxial compression, σ0 ,max = 0 and (2.17) reduces to the

Drucker–Prager criterion, whereas in triaxial stress states,

if tensile stresses components are present, i.e. σ 0, max > 0,

(2.17) is a combination of the Drucker–Prager criterion and

of the Rankine criterion. For σ 0, max < 0, on the other hand,

we have a modified Drucker–Prager criterion. 

( b ) As a result of the choice (2.16) for V 

∗, and by accounting for

(2.10) , we can now verify that there holds 

k + V 

∗ − V 

nd = k − 1 

2 

R 

′ (β) 

(
E ε : ε − (σeq ) 2 

E 

)
≥ 0 , 

which ensures the pseudo-potential of dissipation to be non

negative. In absence of damage, 
β = 0 , and from the con-

dition f < 0, we get k + V ∗ > 0 , and so is, ’a fortiori’, k + V ∗ −
1 / 2 R ′ (β) E ε : ε > 0 , given that R ′ ( β) < 0. When damage oc-

curs, 1 / 2 E ε : ε represents the elastic energy that would be

stored in the material if it were undamaged, which must

thus be greater than ( σ eq ) 
2 /(2 E ), related somehow to the en-

ergy of the damaged state. 

.5. Energetic formulation 

We present now the energetic formulation corresponding to the

ifferential model given in Box 1 as an application of the theory

escribed in Mielke and Roubíček (2015) . Such formulation gen-

ralizes the differential model in the sense that it allows for so-

utions q ( x , t) = ( u ( x , t) , ε ( x , t) , β( x , t) , ∇ β( x , t)) with jumps with

espect to time and space, and for free energies ψ that are not

onvex, permitting in this manner the modeling of a larger class

f phenomena. We will see, however, that this generalization will

e at the cost of enforcing the evolution law (2.7) only in an in-

egral form, such as in the gradient damage models advanced, for
nstance, in Lorentz and Benallal (2005) and Lorentz and Godard

2011) . 

We assume that the variables ( u , ε , β , z ) (with then ε = ∇ 

sym u

nd z = ∇ β) that describe the evolution process of the system,

elong to a Banach space Q = V D × W × B × X which serves as a

tate space and is assumed for now with the minimal regular-

ty assumptions necessary for the formulation to make sense. In

he above notation, W is the space of the compatible strain fields

hereas X is the space of the gradient fields. Furthermore, in the

ollowing, in order to streamline notations, we will use indiffer-

ntly the symbol q to denote either ( u , ε , β , ∇ β) or ( ε , β , ∇ β) or

 u , β) and the symbol Q to denote the corresponding space, being

lways clear from the context what the right formulation should

e. If necessary, the notation will then be made rigorous. 

The space Q is independent of the time, in the sense that

f [0, T ] is our time interval of interest, we require that for all

 ∈ [0, T ], q (·, t) ∈ Q . In the following, we will also be using the no-

ation q (t) ∈ Q to denote the x −dependent fields for any value of

 . We consider then the stored energy functional E : [0 , T ] × Q →
 ∪ {∞} defined by 

(t, q (t)) = 

∫ 
�

ψ( ε ( x , t) , β( x , t) , ∇ β( x , t)) d x − 〈 
 (t) , u 〉 (2.19)

ith 〈 · , · 〉 the linear form modeling the work of the external

ime-dependent loading, which in the case of the model of Box

 is given by 

 
 (t) , u 〉 = 

∫ 
�

f ( x , t) · u ( x , t) d x + 

∫ 
∂�N 

t (s, t) · u (s, t) ds , (2.20)

nd the dissipation functional R : W × B → R ∪ {∞} given by 

 ( ˙ β; ( ε , β)) = 

∫ 
�

φ( ˙ β( x , t) ; ( ε ( x , t) , β( x , t)) d x , (2.21)

n the case of smooth evolutions. Likewise Mielke and Roubíček

2015) , we refer to the triple (Q , E, R ) as Energetic Rate-

ndependent System given that its specification defines completely

he evolution of the model. 

efinition 1. We say that q ( x , t) = 

(
u ( x , t) , ε ( x , t) , β( x , t) ,

 β( x , t) 
)

is an energetic solution of the system (Q , E, R ) if

or all t ∈ [0, T ], the following two conditions are met, 

(t, q (t)) + 

∫ t 

0 

R ( ˙ β; ( ε , β)) dτ = E(0 , q (0)) 

+ 

∫ t 

0 

∂E 
∂τ

(τ, q (τ )) dτ , (E) 

 ̃

 q = ( ̃  u , ̃  ε , ˜ β, ∇ 

˜ β) ∈ Q , E(t, q (t)) ≤ E(t, ̃  q ) + R ( ̃  β − β; ( ε , β)) .

(S) 

Both in (E) and in (S) , the Dirichlet boundary conditions are au-

omatically accounted for and we refer to it by saying that ˜ q ∈ Q is

n admissible state. 

emark 2.6. The term ∂ E/∂ t which occurs in (E) represents the

ariation of the total stored energy E for the explicit dependence

f E on t . This results from time dependent loadings 
 ( t ) and pre-

cribed displacements w = w ( x , t) on ∂�D . Given the expression

2.19) of E, it is not difficult to show (compare also with Francfort

nd Mielke, 2006 , page 60) that if for any u ∈ V D , we write u =
 D, 0 + u D, w 

with u D, 0 ∈ V D, 0 (see Section 2.1 ), there holds 

∂ 

∂t 
E(t, q (t)) = 

∫ 
�

∂ψ 

∂ ε 

: ε ( ̇ u D, w 

) d x − 〈 ̇ 
 (t) , u 〉 − 〈 
 (t) , ˙ u D, w 

〉 , 
(2.22) 

.e. ∂ E/∂ t is equal to the work done by the external actions, where

lso the work associated with the lift function u D , w 

of the Dirich-

et boundary data w and the free stored energy associated with
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ε ( ̇ u D, w 

) must be taken into account. We recall that by definition

(2.20) , it is 

〈 ̇ 
 (t) , u 〉 = 

∫ 
�

˙ f ( x , t) · u ( x , t) d x + 

∫ 
∂�N 

˙ t (s, t) · u (s, t) ds

and 〈 
 (t) , ˙ u D, w 

〉 = 

∫ 
�

f ( x , t) · ˙ u D, w 

( x , t) d x 

+ 

∫ 
∂�N 

t (s, t) · ˙ u D, w 

(s, t) ds . (2.23)

Condition (E) represents therefore an energy balance equation

which enforces that during the evolution q = q (t) of the system,

the work 
∫ t 

0 ∂ E/∂ τ dτ of the external actions during the time in-

terval [0, t ] for any t ∈ [0, T ], is equal to the sum of the variation of

the total stored energy in the time interval [0, t ] and the energy

dissipated by damage during the same time interval [0, t ]. Condi-

tion (S) , on the other hand, enforces a stability property of the pro-

cess q = q (t) by requiring that the gain of the total stored energy

E(t, q (t)) − E(t, ̃  q ) at any other admissible state ˜ q is not greater

than the dissipation associated with such variation of state. 

Compared to the differential model, for the energetic formula-

tion to make sense, we need the regularity with respect to time

of the loading so that ∂ E/∂ t be defined. Furthermore, the occur-

rence of condition (E) implies that along a process q = q (t) the to-

tal energy E is continuous with respect to time, even though the

response of the system can experience discontinuity jumps in time.

Remark 2.7. The field β( x , 0), which appears in (E) through q (0),

is the initial condition associated with the evolution of the damage

variable β , and is indeed a data, whereas u ( x , 0) is obtained by

solving the equilibrium elastic equation at t = 0 . 

For sake of completeness and reader’s convenience, next we il-

lustrate the relationship between an energetic solution and a so-

lution of the differential model given in Box 1 . However, it must

be remarked that the following relationships have been also estab-

lished in Pham and Marigo (2010a,b) , Pham et al. (2011) , Marigo

et al. (2016) , where they have been obtained using the variational

formulation of Pham and Marigo (2010a,b) which is derived by the

Drucker-Ilyushin inequality ( Marigo, 2002 ) and a unilateral local

minimization of the total energy. This variational formulation coin-

cides with the energetic formulation of Mielke in the case of local

stability. 

Let us assume q (t) = ( u , β) ∈ V D × B be a solution of (E) and

(S) for any t ∈ [0, T ], and consider the following variations 

˜ u = u + αv , ˜ ε = ε ( u ) + αε ( v ) , 
˜ β = β + αγ , ∇ 

˜ β = ∇β + α∇γ , (2.24)

for any ( v , γ ) ∈ V D, 0 × B and α > 0. The corresponding expansion

of E reads then as 

E(t, ̃  u , ̃  ε , ˜ β, ∇ 

˜ β) = E(t, u , ε , β, ∇β) 

+ α

∫ 
�

(
∂ψ(q (t)) 

∂ ε 

: ε ( v ) + 

∂ψ(q (t)) 

∂β
γ

+ 

∂ψ(q (t)) 

∂∇β
· ∇γ

)
d x − α〈 
 (t) , v 〉 + o(α) 

for all ( v , γ ) ∈ V D, 0 × B, α > 0 , (2.25)

where o ( α) is the o -little symbol of Landau such that

lim α→ 0 o(α) /α = 0 . By replacing (2.25) into the stability con-

dition (S) and taking into account the definitions (2.5) along with

the assumptions that σd = 0 and H 

d = 0 , corresponding to having

the dissipation pseudo-potential φ dependent only on 

˙ β, we
ave 

(t, q (t)) ≤ E(t, q (t)) + α

∫ 
�

(
σ : ε ( v ) + V 

nd γ + H · ∇γ
)

d x 

−α〈 
 (t) , v 〉 + o(α) + α

∫ 
�

φ(γ ; ( ε , β)) d x 

for all ( v , γ ) ∈ V D, 0 × B, α > 0 , 

(2.26)

here we have used the definition (2.21) of R ( ˙ β; q ) and the fact

hat φ( · ; ( ε , β)) is positively homogeneous of degree one. The ap-

lication then of Green theorem to the term ∫ �H ·∇γ d x and let-

ing α → 0 give 

 ≤
∫ 
�

(
σ : ε ( v ) + (V 

nd − div H ) γ
)

d x − 〈 
 (t) , v 〉 
(2.27)

+ 

∫ 
�

φ(γ ; ( ε , β)) d x for all ( v , γ ) ∈ V D, 0 × B , 

hich is equivalent to the following two conditions ∫ 
�

σ : ε ( v ) d x − 〈 
 (t) , v 〉 = 0 for all v ∈ V D, 0 , (2.28)

∫ 
�

(
(V 

nd − div H ) γ + φ(γ ; ( ε , β)) 
)

d x ≥ 0 for all γ ∈ B , 

(2.29)

here (2.28) represents the weak form of the balance equation of

he linear momentum whereas (2.29) will be used to retrieve the

ntegral form of the evolution law. With this aim, we first take the

otal time derivative of condition (E) which gives 

d 

dt 
E(t, q (t)) + R ( ˙ β; ( ε , β)) = 

∂ 

∂t 
E(t, q (t)) . (2.30)

iven the expression (2.19) of E, we then apply the chain rule and

ccount for the lifting of the boundary data u = u D, 0 + u D, w 

to ob-

ain 

d 

dt 
E(t, q (t)) = 

∫ 
�

dψ 

dt 
d x − 〈 
 (t) , ˙ u 〉 − 〈 ̇ 
 (t) , u 〉 

= 

∫ 
�

(
∂ψ 

∂ ε 

: ˙ ε + 

∂ψ 

∂β
˙ β + 

∂ψ 

∂∇β
· ∇ 

˙ β

)
d x 

−〈 
 (t) , ˙ u 〉 − 〈 ̇ 
 (t) , u 〉 , 
= 

∫ 
�

(
∂ψ 

∂ ε 

: ˙ ε D, 0 + 

∂ψ 

∂β
˙ β + 

∂ψ 

∂∇β
· ∇ 

˙ β

)
d x 

−〈 
 (t) , ˙ u D, 0 〉 
+ 

∫ 
�

∂ψ 

∂ ε 

: ˙ ε D, w 

d x − 〈 
 (t) , ˙ u D, w 

〉 − 〈 ̇ 
 (t) , u 〉 , 

= 

∫ 
�

(
∂ψ 

∂ ε 

: ˙ ε D, 0 + 

∂ψ 

∂β
˙ β + 

∂ψ 

∂∇β
· ∇ 

˙ β

)
d x 

−〈 
 (t) , ˙ u D, 0 〉 
+ 

∂ 

∂t 
E(t, q (t)) , (2.31)

here we have used (2.22) and let ˙ ε = ∇ 

sym ( ̇ u ) , ˙ ε D, 0 = ∇ 

sym ( ̇ u D, 0 )

nd 

˙ ε D, w 

= ∇ 

sym ( ̇ u D, w 

) . 

By comparing now (2.31) and (2.30) , and using (2.5) and (2.21) ,

e find 

 

�

(
σ : ˙ ε D, 0 + V 

nd β + H · ∇ 

˙ β
)

d x − 〈 
 (t) , ˙ u D, 0 〉 

+ 

∫ 
�

φ( ˙ β; ( ε , β)) d x = 0 . (2.32)

ince by (2.28) it is 
 

σ : ˙ ε D, 0 d x − 〈 
 (t) , ˙ u D, 0 〉 = 0 , (2.33)

�
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t  
iven that u D, 0 ∈ V D, 0 , the application of Green theorem to the

erm 

∫ 
� H · ∇ 

˙ β d x in (2.32) yields 
 

�

(
(V 

nd − div H ) ˙ β + φ( ˙ β; ( ε , β)) 
)

d x = 0 . (2.34) 

hus, by subtracting (2.34) to (2.29) and letting V d = div H − V nd ,

e finally have 
 

�
φ(γ ; ( ε , β)) d x ≥

∫ 
�

φ( ˙ β; ( ε , β)) d x + 

∫ 
�

V 

d (γ − ˙ β) d x 

for all γ ∈ B , (2.35) 

hich is the integral form of the evolution law 

 

d ∈ ∂φ( ˙ β; ( ε , β)) . (2.36)

emark 2.8. While we have obtained (2.35) as a consequence of

he energetic formulation, condition (2.35) is in fact a constitutive

ssumption in the gradient damage models developed in Lorentz

nd Andrieux (1999, 2003) , which are, therefore, in this respect,

onsistent with the present energetic formulation. 

As for the inverse implication, given q = q (t) solution of the dif-

erential model, while for general ψ we can still conclude that q

erifies the energy balance condition (E) , as will it be shown be-

ow, the stability condition (S) does not hold in general. A condi-

ion for this to occur is the convexity of ψ . However, this is not

ur case, given that ψ is not convex but it is separately convex. In

uch a case, the solution q = q (t) of the differential model meets

 weaker condition than (S) which is referred to as local stabil-

ty condition ( Mielke, 2005; Mielke and Roubíček, 2015; Pham and

arigo, 2010b ) that reads as 

 ( v , γ ) ∈ V D, 0 × B, 〈 D q E(t, ( ε , β, ∇β)) , ( v , γ ) 〉 
+ R (γ ; ( ε , β)) ≥ 0 (LS) 

here D q E denotes the Gateaux derivative of E defined by the lin-

ar form 

 D q E, ( v , γ ) 〉 = 

∫ 
�

[
σ : ε ( v ) + V 

nd γ + H · ∇γ
]

d x − 〈 
, v 〉 
for all ( v , γ ) ∈ V D, 0 × B , (2.37) 

ith σ = σ( ε ( u )) and V nd = V nd ( u , β) . 

emark 2.9. If we compare (2.27) with (2.37) and we recall the

efinition (2.21) of R , we conclude that (2.27) is nothing other

han condition (LS) . As a result, condition (S) implies condition

LS) . The inverse implication holds if, for instance, E = E(t, ·) is

onvex. In such a case, it is 

 ̃

 q ∈ Q , E(t, ̃  q ) − E(t, q ) ≥ 〈 D q E(t, q ) , ˜ q − q 〉 , (2.38)

nd noting that ∀ ̃  q ∈ Q , ˜ q − q ∈ V D, 0 × B, (LS) gives 

 ̃

 q ∈ Q , 〈 D q E(t, q ) , ˜ q − q 〉 + R ( ̃  β − β; q ) ≥ 0 , (2.39)

hich together with (2.38) yields (S) . 

To derive the energy balance condition (E) from the differential

odel, let us start from the balance equations of linear momentum

2.1) tested by ˙ u D, 0 and the microforce balance Eq. (2.2) tested by
˙ . After integrating each of them over � and applying Green the-

rem, we obtain ∫ 
�

σ : ˙ ε D, 0 d x − 〈 
 (t) , ˙ u D, 0 〉 = 0 (2.40) 

∫ 
�

H · ∇ 

˙ β d x + 

∫ 
�

V 

nd ˙ β dx + 

∫ 
�

V 

d ˙ β d x = 0 . (2.41) 

here we have accounted for (2.4) 2 in deriving (2.41) . Now, by

dding and subtracting the terms 
∫ 
� σ : ˙ ε D, w 

d x and 〈 
 (t) , ˙ u D, w 

〉 ,
2.40) can also be written as 
 

σ : ˙ ε d x −
∫ 

σ : ˙ ε D, w 

d x − 〈 
 (t) , ˙ u 〉 + 〈 
 (t) , ˙ u D, w 

〉 = 0 , (2.42)

� �
here ˙ u = 

˙ u D, 0 + 

˙ u D, w 

and 

˙ ε = 

˙ ε D, 0 + 

˙ ε D, w 

. By summing up

2.42) to (2.41) and after rearranging the terms, it is also 
 

�

(
σ : ˙ ε + V 

nd ˙ β + H · ∇ 

˙ β
)

d x − 〈 
 (t) , ˙ u 〉 

−
∫ 
�

σ : ˙ ε D, w 

d x + 〈 
 (t) , ˙ u D, w 

〉 + 

∫ 
�

V 

d ˙ β d x = 0 . (2.43) 

iven that 
 

�

(
σ : ˙ ε + V 

nd ˙ β + H · ∇ 

˙ β
)

d x = 

∫ 
�

dψ 

dt 
d x , (2.44) 

hen (2.43) is also equal to 
 

�

dψ 

dt 
d x − 〈 
 (t) , ˙ u 〉 −

∫ 
�

σ : ˙ ε D, w 

d x + 〈 
 (t) , ˙ u D, w 

〉 

+ 

∫ 
�

V 

d ˙ β d x = 0 , (2.45) 

hich is convenient to express as 

dE 
dt 

+ 〈 ̇ 
 (t) , u 〉 −
∫ 
�

σ : ˙ ε D, w 

d x + 〈 
 (t) , ˙ u D, w 

〉 + 

∫ 
�

V 

d ˙ β d x = 0 , 

(2.46) 

fter comparing (2.45) with (2.31) . By using now (2.22) , and noting

hat ∂ ψ/∂ ε = σ, we have that (2.46) can also be written as 

dE 
dt 

− ∂E 
∂t 

+ 

∫ 
�

V 

d ˙ β d x = 0 . (2.47)

ince φ( · ; ( ε , β)) is convex and positively homogeneous of degree

ne, and 

 

d ∈ ∂ ˙ βφ
(

˙ β; ( ε , β) 
)
, (2.48) 

he following representation holds (
˙ β; ( ε , β) 

)
= V 

d ˙ β , (2.49) 

hich replaced into (2.47) , integrating over [0, t ] and using

2.21) yields finally (E) . 

To derive now the stability condition (LS) from the differential

odel, let us observe that since 

 

d ∈ ∂ ˙ βφ( ˙ β; ( ε , β)) , (2.50)

hen it is also 

 

d ∈ ∂φ(0 ; ( ε , β)) , (2.51)

nd by the definition of subdifferential, we have 

 γ ∈ B, φ(γ ; ( ε , β)) ≥ φ(0 ; ( ε , β)) + V 

d γ , (2.52)

hich is the same as 

 γ ∈ B, φ(γ ; ( ε , β)) ≥ ( di v H − V 

nd ) γ , (2.53)

here we have taken into account (2.4) 2 and used the fact that

(0 ; ( ε , β)) = 0 . Integrating over � and applying Green theorem

o the term ∫ �div H γ d x , we find 

 γ ∈ B, 

∫ 
�

(
V 

nd γ + H · ∇γ
)

d x + 

∫ 
�

φ(γ ; ( ε , β)) d x ≥ 0 , 

(2.54) 

hich summed up to the weak form of the equilibrium equation

ields 

 ( v , γ ) ∈ V D, 0 × B, 

∫ 
�

[
σ : ε ( v ) + V 

nd γ + H · ∇γ
]

− 〈 
, γ 〉 

+ 

∫ 
�

φ(γ ; ( ε , β)) d x ≥ 0 , (2.55) 

hich is (LS) and concludes the proof. 

For the continuous gradient damage model, Fig. 1 compares

he relationship between the energetic formulation as developed in
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Fig. 1. Relationship between different continuous gradient damage model formulations. If q ∈ Q is solution of the energetic formulation (E) + (S) , then q is also solution of 

(E) + (LS) , and of the global formulation of Lorentz and Andrieux (1999, 2003) . If q ∈ Q is solution of the generalized formulation of Frémond and Nedjar (1996) and Frémond 

(2002) , then q is also solution of (E) + (LS) . The equivalence between the global formulation and the generalized formulation is established in Nguyen (2014, 2016) . The 

relationship between the formulation (E) + (LS) and the global formulation of Lorentz and Andrieux (1999, 2003) was also established in Pham and Marigo (2010b) , and Pham 

et al. (2011) . 
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Mielke et al. (2010) and in Section 2 , the generalized formulation

based on the extended virtual work as developed by Frémond and

Nedjar (1996) and Frémond (2002) and recalled in Section 2 , and

the generalized formulation based on global expressions of the en-

ergy and dissipation potentials due to Lorentz and Andrieux (1999,

2003) . As for the equivalence between the last two formulations,

we refer to Nguyen (2014, 2016) . 

3. The fully discrete scheme 

In this section we derive the fully discrete finite element ap-

proximations of the energetic formulation. These approximations

are obtained by deriving a time incremental problem in the form

of a global minimization of the sum of the total and dissipated en-

ergy over each time step, using a semi-implicit Euler method for

the time discretization. Given the structure of the objective func-

tion, we apply then a variable splitting to obtain an equivalent con-

strained optimization problem which is then transformed into a

saddle-point problem of an augmented Lagrangian function. We fi-

nally use the finite element method for the spatial discretization. 

3.1. The time-incremental two-field minimization problem 

Given the time interval [0, T ], let P = { 0 = t 0 , . . . , t N = T } where

0 = t 0 < t 1 < . . . < t N = T and consider a partition of [0, T ] into the

subintervals [ t n , t n +1 ] for n = 0 , . . . , N − 1 , with the time instants

t n not necessarily equidistant. Denote by q P n = (u P n , ε 
P 
n , β

P 
n , ∇ βP 

n )

an approximation of q = q (t) at t n corresponding to the partition P
and by q P (t) the piecewise constant interpolant defined as q P (t) =
q P 

n −1 
for t ∈ [ t n −1 , t n [ , n = 1 , . . . , N and q P (T ) = q P 

N 
. When we refer

to a fixed partition, the superscript P will be omitted. We consider

then the following time incremental minimization problems. ∣∣∣∣∣∣∣∣∣∣∣∣

Let P = { 0 = t 0 , . . . , t N = T } , N ∈ N 

For n = 0 , . . . , N − 1 

Given External loading: 

 (t n +1 ) Neum
w (x, t n +1 ) on ∂�D Dirich

State of the system at t n : q n = ( u n , βn ) ∈ V D × B 

Find q n +1 = ( u n +1 , βn +1 ) ∈ Q = V D × B such that minimize ov

F( ̃  q ) = E(t n +1 , ̃  q ) + R ( ̃  β − βn ; q n ) 

(3.1)

∣∣∣∣∣
subject to 

0 ≤ βn +1 ≤ 1 , 

βn ≤ βn +1 . 

(3.2)
 b.c. 
.c. 

 the function 

In (3.1) we let 

(t n +1 , ̃  q ) = 

∫ 
�

ψ( ̃  ε , ˜ β, ∇ 

˜ β) d x − 〈 
 (t n +1 ) , ̃  u 〉 
(3.3)

 ( ̃  β − βn ; q n ) = 

∫ 
�

φ
(

˜ β − βn ; ( ε n , βn ) 
)

d x , 

ith 

˜ u = 

˜ u D, 0 + u D, w 

and 

˜ ε = 

˜ ε D, 0 + ε D, w 

, whereas for n = 0 the

nitial data q 0 is given by β( x , 0) and u ( x , 0) (see Remark 2.7 ). 

emark 3.1. 

(a) The side conditions on the variable β correspond to the con-

stitutive assumptions on β and 

˙ β, which were enforced by

introducing the indicator functions I [0, 1] ( β) and I R + ( ˙ β) in

the definition of the free energy ψ (2.8) and of the dissipa-

tion pseudo-potential φ (2.9) , respectively. It follows that by

taking into account now explicitly such conditions in (3.1) ,

the expressions of ψ and φ that enter the definitions (3.3) of

E and R , respectively, are thus given as follows 

ψ( ε n +1 , βn +1 , ∇βn +1 ) = 

1 

2 

R (βn +1 ) E ε n +1 : ε n +1 + 

c 

2 

|∇βn +1 | 2 
φ( βn +1 − βn ; ( ε n , βn ) ) = 

(
k + V 

∗( ε n , βn ) − V 

nd ( ε n , βn ) 
)

(βn +1 − βn ) , 

(3.4)

with V 

∗ and V 

nd defined by (2.16) and (2.10) 2 , respectively. 

(b) The time discrete problem expresses the minimization of the

sum of the total energy at the current time t n +1 and the dis-

sipated energy in the given time step, with the size of the

time step that does not appear. This is a characteristic of

rate-independent systems which is inherited from φ being
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positively homogeneous of degree one and can be seen as

follows. Over each time step [ t n , t n +1 ] , we can take ∫ t n +1 

t n 

φ
(

˙ β( x , τ ) ; ( ε , β) 
)

dτ

≈ φ
(

˙ β( x , ξn ) ; ( ε ( x , ξn ) , β( x , ξn )) 
)

t n 

with ξn ∈ [ t n , t n +1 ] and 
t n = t n +1 − t n . Here, using the fact

that φ is positively homogeneous of degree one and the La-

grange mean value theorem, we conclude that ∫ t n +1 

t n 

φ
(

˙ β; ( ε , β) 
)

dτ ≈ φ
(
βn +1 ( x ) − βn ( x ) ; ( ε n ( x ) , βn ( x )) 

)
The evolutionary character of (3.1) derives from the con-

straint βn ≤ βn +1 and, in our case of state-dependent dissi-

pation pseudo-potential, by the occurrence of ( ε n , βn ) in the

expression of φ. 

( c ) Solutions of (3.1) takes on the form u n +1 ( x ) =
u n +1 ,D, 0 ( x ) + u D, w 

( x , t n +1 ) with u D , w 

( x , t ) known func-

tion (see Section 2.1 ). 

In the case of dissipation pseudo-potential independent on the

tate of the system, that is, for R ( ˙ β; q ) = R ( ˙ β) , the theoretical jus-

ification of (3.1) as time discrete scheme of the energetic formula-

ion (E) and (S) relies on two results. The first is that the solutions

f (3.1) satisfy the following properties 

(t n +1 , q n +1 ) ≤ E(t n +1 , ̃  q ) + R ( ̃  β − βn +1 ) for all ˜ q ∈ Q , (3.5) 

 t n +1 

t n 

∂ 

∂τ
E(τ, q n +1 ) dτ ≤ E(t n +1 , q n +1 ) − E(t n , q n ) + R (βn +1 − βn ) 

≤
∫ t n +1 

t n 

∂ 

∂τ
E(τ, q n ) dτ (3.6) 

hich are, somehow, closely related to (S) and (E) , respectively.

he second mostly important result is the validity of a-priori esti-

ates of the energy and dissipation potential ( Mielke et al., 2008 ).

sing such estimates and structural properties of the function-

ls, such as the lower-semicontinuity of E and R , Mielke et al.

2008) and Mielke and Roubíček (2015) prove by �-convergence

he existence of an energetic solution. 

In our case, where φ depends also on the state of the system,

f q n +1 = ( u n +1 , βn +1 ) denotes a solution of (3.1) , we are able to

erify the following results: 

( i ) A stability condition met by q n +1 that reads as follows 

E(t n +1 , q n +1 ) ≤ E(t n +1 , ̃  q ) + R ( ̃  β − βn +1 ; q n ) for all ˜ q ∈ Q . 

(3.7) 

( ii ) The upper bound to E(t n +1 , q n +1 ) − E(t n , q n ) + R (βn +1 − βn )

given by 

E(t n +1 , q n +1 ) − E(t n , q n ) + R (βn +1 − β

which is the same as the one that occurs in (3.6) for state-

independent dissipation pseudo-potential. 

( iii ) The lower bound to E(t n +1 , q n +1 ) − E(t n , q n ) + R (βn +1 −
βn ) given by 

E(t n +1 , q n +1 ) − E(t n , q n ) + R (βn +1 − βn ; q n ) ≥
∫ t n +1 

t n 

∂ 

∂τ
E(τ, q n +1 

which would recover the left side inequality in (3.6) if R
does not depend on the state of the system. 
 ≤
∫ t n +1 

t n 

∂ 

∂τ
E(τ, q n ) dτ, (3.8) 

 R (βn +1 − βn ; q n ) − R (βn +1 − βn ; q n −1 ) (3.9) 

Furthermore, the same a-priori estimates as in Mielke et al.

2008) , Eqs. (3.10) and (3.11) and given by 

(t, q P (t)) + c 0 ≤ c 2 exp (c 1 t) for any t ∈ [0 , T ] , 

−1 ∑ 

n =1 

R (βn +1 − βn ; q n ) ≤ c 2 exp (c 1 T ) , (3.10) 

ith c 0 , c 1 , c 2 > 0, are still valid. 

The proofs of the previous results adapt fundamentally the ar-

uments of Mielke and Roubíček (2015) , page 52 and Mielke et al.

2008) , where we need to take into account that according to

emark 3.1 ( b ), if the constraints (3.3) are violated, then the func-

ion (3.1) takes on infinity value. 

For any admissible ˜ q = ( ̃  u , ˜ β) ∈ Q = V D × B, we have 

(t n +1 , ̃  q ) + R ( ̃  β − βn +1 ; q n ) = E(t n +1 , ̃  q ) + R ( ̃  β − βn ; q n ) 

+ R ( ̃  β − βn +1 ; q n ) 

−R ( ̃  β − βn ; q n ) . (3.11) 

sing that q n +1 solves (3.1) , we obtain 

(t n +1 , ̃  q ) + R ( ̃  β − βn +1 ; q n ) ≥ E(t n +1 , q n +1 ) + R (βn +1 − βn ; q n ) 

+ R ( ̃  β − βn +1 ; q n ) − R ( ̃  β − βn ; q n ) . 

(3.12) 

ince from the definition of R ( ˙ β; q n ) , there holds 

 (βn +1 − βn ; q n ) + R (β − βn +1 ; q n ) − R (β − βn ; q n ) ≥ 0 (3.13)

hich is the triangle inequality with respect to the first variable,

y comparing (3.13) with (3.12) we conclude (3.7) . 

For the proof of (3.8) , we first observe that for all admissible

˜  = ( ̃  u , ˜ β) ∈ Q = V D × B, there holds 

(t n +1 , q n +1 ) − E(t n , q n ) + R (βn +1 − βn ; q n ) 

≤ E(t n +1 , ̃  q ) + R ( ̃  β − βn ; q n ) − E(t n , q n ) , (3.14) 

hich is obtained from the definition of q n +1 as solution of (3.1) .

y specializing (3.14) for ˜ q = q n = ( u n , βn ) we then find (3.8) . 

For the proof of (3.9) , we start from 

(t n +1 , q n +1 ) − E(t n , q n ) + R (βn +1 − βn ; q n ) 

= E(t n +1 , q n +1 ) − E(t n , q n +1 ) + E(t n , q n +1 ) − E(t n , q n ) 

 R (βn +1 − βn ; q n −1 ) + R (βn +1 − βn ; q n ) − R (βn +1 − βn ; q n −1 ) , 

(3.15) 

nd use the stability (3.7) of q n with ˜ q = q n +1 so that 

(t n , q n +1 ) − E(t n , q n ) + R (βn +1 − βn ; q n −1 ) ≥ 0 , (3.16)

hich replaced into (3.15) yields (3.9) . 

For the proof of (3.10) and the existence of an energetic solu-

ion, we refer to the arguments detailed in Francfort and Mielke

2006) , Mielke and Roubíček (2015) , and Mielke et al. (2008) . 
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Remark 3.2. (a) The consistency of the time incremental mini-

mization problem (3.1) with the differential model of Box 1 can

be also inferred directly by finding the first order optimality con-

ditions of (3.1) given by 

− di v 
(

∂ψ 

∂ ε 

)
− f (t n +1 ) = 0 (3.17a)

− ∂ψ 

∂β
+ di v 

(
∂ψ 

∂∇β

)
∈ ∂ βφ(β − βn ; q n ) , (3.17b)

along with the Neumann-type boundary conditions (2.1) and (2.2) .

Such conditions represent indeed a time discrete model of the dif-

ferential model. Eq. (3.17a) is Eq. (2.1) along with Eq. (2.5) 1 , evalu-

ated at the current time t n +1 whereas Eq. (3.17b) is a time discrete

model of the evolution law 

−∂ψ 

∂β
+ di v 

(
∂ψ 

∂∇β

)
∈ ∂ ˙ βφ( ˙ β; ( ε , β)) (3.18)

which is derived from the microfield balance Eq. (2.2) and the con-

stitutive Eqs. (2.5) 2, 3 and (2.11) 2 . This is, for instance, the point of

view adopted in Miehe (2011) . 

(b) Under suitable conditions, the a-priori estimate (3.10) along

with the bounds (3.8) and (3.9) guarantee that energetic solutions

q ( t ) can be obtained as limit of subsequences of the interpolants

q P (t) . We can, therefore, conclude that q ( t ) will meet the integral

form of the evolution law (2.35) as a result of the relationships

between the energetic formulation and the gradient constitutive

equations displayed in Fig. 1 . 

(c) Condition (3.7) represents the discrete counterpart of the

stability condition (S) , which thus ensures the stability of the dis-

crete energetic solution. 

(d) In gradient damage models, crack nucleation is defined in

Pham et al. (2011) , Pham and Marigo (2013) , Alessi et al. (2014) ,

and Tamé et al. (2018) for uniaxial traction tests as the localization

of the damage within a strip with the damage that grows not uni-

formly in space in such region until it reaches its ultimate value

(β = 1) at some point of the strip. To assess therefore the capa-

bility of the formulation to describe crack nucleation, one should

verify whether the formulation itself is able to pick up such type

of damage profiles. As an application of the stability analysis de-

scribed in Pham et al. (2011) and Pham and Marigo (2013) for

a uniaxial traction test, Luege (2017) analyses the stability of the

homogeneous solutions of the optimality conditions of Problem

(3.1) for the softening law E(β) = R (β) E 0 . In this 1 d case, we have

 

∗ = V nd (see Remark 2.5 ( a )), thus φ = kβ . Homogeneous solutions

are those characterized by uniform strain and damage along the

bar. Consistent with the findings of Pham et al. (2011) , if the bar

length L satisfies the inequality ( Luege, 2017 , Eq. (4.18)) 

L 2 

D 

2 
≤ 4 π2 k (S ′ ) 4 

(S ′′ ) 3 U 

2 
, (3.19)

where U is the applied end-free displacement, S ′ = d S/d β and S ′′ =
d 2 S/dβ2 with S = 1 /E(β) , the homogeneous solutions are stable,

for otherwise are unstable. Since for (3.7) the discrete energetic

solutions are stable solutions, for being global minima, it follows

that when (3.19) is not met, the discrete energetic solutions can-

not be homogeneous solutions. Nevertheless, stable solutions of

the optimality conditions, which have localization of the damage

profile, can be constructed as shown in Pham et al. (2011) , Pham

and Marigo (2013) , and Tamé et al. (2018) . These can, therefore,

be possible candidates for energetic solutions, which we have not

checked and leave for future work. 

3.2. Variable splitting and augmented lagrangian formulation 

An approach for deriving the finite element equations of the

model of Box 1 consists in obtaining first some weak form of the
rst order optimality conditions (3.17) of the minimization prob-

em (3.1) and then making some assumptions on the shape of the

est and trial functions ( Miehe, 2011; Miehe et al., 2013 ). As oppo-

ite, an optimization method can be directly applied to the search

f the minima (3.1) , such as the alternating minimization method

uggested in Bourdin et al. (20 0 0, 20 08) , Mielke and Roubíček

2015) , and Mielke et al. (2010) which is a staggered scheme where

3.1) is solved separately and sequentially with respect to each

ariable, the displacement and the damage field. As shown in

ignollet et al. (2014) , the staggered scheme can be very sensi-

ive to the size of the load increments and is not able to capture

he snap-back behavior ( May, 2016 , page 30). As a result, we will

pt for solving the full coupled system with a monolithic scheme

ased on Newton’s method. The occurrence of the term di v 
(

∂ψ 

∂∇β

)
n the evolution law (3.17b) makes, on the other hand, cumber-

ome its numerical treatment. We would need to derive a weak

ntegral formulation of (3.17b) and consequently we would loose

ne of the appealing features of the finite element method which

s the decoupling between the pointwise solution of the constitu-

ive equations (which is in practice carry out only at the Gauss

oints of each finite element according to the type of element) and

he variational problem expressing the global equilibrium equation.

evertheless, following the method of decomposition-coordination

escribed in Fortin and Glowinski (1983) and applied for instance

n Lorentz and Benallal (2005) and Lorentz and Godard (2011) , it is

ossible to retain the above features also for non-local models. The

ationale behind such method is, in fact, to transform an eventual

eak integral formulation of (3.17b) into a variational equation and

ocal differential inclusions such as the one that occur in a local

ate-independent constitutive model ( Mielke and Roubíček, 2015;

eric and Owen, 2008 ). This can be achieved by a variable split-

ing procedure by which we separate and rename the variable that

onfers the non-local character to the evolution law and then in-

roduce a linking constraint. For the functional (3.1) , since the term

i v 
(

∂ψ 

∂∇β

)
comes from 

∫ 
�

c 
2 |∇ β| 2 d x , the idea is to treat the vari-

ble β , which appears therein, as a new independent variable α
nd then to enforce the equality α − β = 0 . 

Hereafter, to be more specific, let us denote by H 

1 (�; R 

n )

nd L 2 (�; R ) the standard Sobolev spaces. We assume then V D =
 

1 
D 
(�; R 

n ) and B = L 2 (�; R ) where H 

1 
D 
(�; R 

n ) is the lifting of

he space H 

1 
D, 0 (�; R 

n ) by u D, w 

∈ H 

1 (�; R 

n ) , with H 

1 
D, 0 (�; R 

n ) sub-

pace of H 

1 (�; R 

n ) of functions with vanishing trace on ∂�D (see

uarteroni, 2017 and Section 2.1 ). 

Problem (3.1) is thus transformed into the following variational

roblem with u , α and λ as main variables, σ and β as secondary

ariables, and r a given penalty parameter associated with the

eak enforcement of the condition α − β = 0 , 

Let r ≥ 0 .F ind( u n +1 , αn +1 , λn +1 ) ∈ ( u D, w 

+ H 

1 
D, 0 ) × L 2 × L 2 ∫ 

�
σ( ε ( u ) , β) : ε ( v ) d x = 〈 
 (t n +1 ) , v 〉 + 

∫ 
∂�N 

t · v ds 

for all v ∈ H 

1 
D, 0 

(3.20a)

∫ 
�

c∇ α · ∇ γ d x + r 

∫ 
�
(β − α) γ d x + 

∫ 
�

λγ dx = 0 

for all γ ∈ L 2 

(3.20b)

∫ 
�
(β − α) q d x = 0 for all q ∈ L 2 , (3.20c)
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here β is obtained by solving at any point x ∈ � the following

nequality 

Given ( ε n , βn ) and ( ε , α, λ) 
Find β ≥ βn such that 
0 ≤ β ≤ 1 , (

− V 

nd ( ε , β) + V 

nd ( ε n , βn ) − V 

∗( ε n , βn ) 

−k + λ + r 
(
β − α

))
(γ − β) ≤ 0 

for all 0 ≤ βn ≤ γ ≤ 1 . 

(3.21) 

This is then used to define the mappings that enter (3.20), that

s, 

( ε ( x ) , α( x ) , λ( x )) → β( ε ( x ) , α( x ) , λ( x )) solution of (3.21) , 

(3.22) 

nd 

( ε ( x ) , α( x ) , λ( x )) = R (β( x )) E ε ( x ) . (3.23)

he dependence of σ also on α and λ is through β which appears

s argument of the softening function R ( β). 

emark 3.3. 

( a ) Inequality (3.21) represents the differential inclusion that

defines the evolution law in the optimality conditions of the

augmented Lagrangian functional 

L r ( u , β, α, λ) = 

1 

2 

∫ 
�

R (β) E ε : ε d x − 〈 
 (t n +1 ) , u 〉 

+ 

1 

2 

∫ 
�

|∇α| 2 d x + R (β − βn ; q n ) 

+ 

∫ 
�

λ(α − β) d x + 

r 

2 

∫ 
�

| α − β| 2 d x 
(3.24) 

associated with Problem (3.1) . 

( b ) The terms V 

nd ( ε n , βn ) and V 

∗( ε n , βn ) that appear in

(3.21) result from the type of dissipation pseudo-potential

φ (2.9) which we are using and from the type of time-

discrete scheme applied to (3.18) which is transformed, by

the decomposition-coordination technique into the differen-

tial equation 

−∂ψ 

∂β
+ r(β − α) + λ − ∂ βφ(β − βn ; q n ) � 0 . 

Thus, their effect is to define a system state-dependent dam-

age threshold. As opposite, if φ were simply given by k ˙ β +
I R + ( ˙ β) , then inequality (3.21) would have read 

0 ≤ β ≤ 1 , (
− V 

nd ( ε , β) − k + λ + r 
(
β − α

))
(γ − β) ≤ 0 (3.25) 

for all 0 ≤ βn ≤ γ ≤ 1 , 

which is, for instance, the model proposed in Lorentz and

Godard (2011) , Eq. (18). For the solution of (3.21) we can

therefore apply the same algorithm therein given. The dif-

ference from the present case would be that the damage

threshold is not simply k , but it is given by k − V nd ( ε n , βn ) +
V ∗( ε n , βn ) . 

.3. Finite element discretization 

For the variational formulation of the one-single time step

3.20), the fully discrete equations are obtained by replacing the
nfinite dimensional affine spaces of the trial functions ( u , α, λ) ∈
( u D, w 

+ H 

1 
D, 0 ) × L 2 × L 2 and of the test functions ( v , γ , q ) ∈ H 

1 
D, 0 ×

 

2 × L 2 with finite dimensional affine subspaces which are taken

ere as finite element spaces. Given however the underlying

addle-point structure of (3.20), it is well known that such fi-

ite element spaces must meet compatibility conditions in order

o avoid locking phenomena and/or the occurrence of spurious

odes. In the abstract framework of linear problems, such con-

itions are the coercivity of the bilinear form dependent on the

rimary variables, and the inf-sup condition of the biliner form as-

ociated with the linear constraint and dependent on the primary

nd dual variables. However, while in the case of linear problems

he coercivity of the augmented lagrangian formulation is guaran-

eed for a certain range of values of r > 0 ( Boffi et al., 2013 ), the

nly concern for the finite element approximation of such formu-

ation is to check the inf-sup condition so to ensure a stable and

onvergent method. For the analysis of such condition in general,

e refer to the specific literature ( Fortin and Glowinski, 1983; Boffi

nd Lovadina, 1997; Boffi et al., 2013 ). 

Let T be a triangulation of � made of simplices. In this pa-

er we will consider continuous piecewise polynomials of degree

wo for the approximation of the displacement field u and contin-

ous piecewise affine functions for the approximation of the dam-

ge field α and of the Lagrange multiplier field λ. 

Let us denote by N u , N α and N λ the shape interpolation func-

ions of u , α and λ, respectively; by U , U D ∈ R 

n u the displacement

egree of freedom of the test functions u D, 0 ∈ H 

1 
D, 0 

and of the lift-

ng function u D, w 

∈ H 

1 
D , respectively, and by A ∈ R 

n α and L ∈ R 

n λ

he degree of freedom of the fields α and λ, respectively. We have

hen 

 

h ( x ) = u 

h 
D, 0 ( x ) + u 

h 
D, w 

( x ) 

= N u ( x )( U + U D ) , αh ( x ) = N α( x ) A , λh ( x ) = N λ( x ) L , 

(3.26) 

nd, consequently, 

ε 

h ( x ) = 

1 

2 

(∇ u 

h + (∇ u 

h ) T 
)

= B u ( x )( U + U D ) and ∇αh ( x ) = B α( x ) A , 

(3.27) 

here we have introduced the matrices B u and B α which are

btained by appropriately differentiating and combining rows of

he matrices N u and N α , respectively ( Bathe, 1996 ). By using then

3.26) and (3.27) into (3.20), we obtain the following discrete vari-

tional formulation 

U 

T 

∫ 
�

B 

T 
u ( x ) 

h σ
(
ε 

h ( x ) , h β( x ) 
)

d x − δU 

T 

∫ 
�

N 

T 
u ( x ) f ( x , t n +1 ) d x 

− δU 

T 

∫ 
∂�N 

N 

T 
u (s ) t (s, t n +1 ) ds = 0 (3.28a) 

A 

T 
∫ 
�

c B 

T 
α( x ) B α( x ) A d x + δA 

T 
∫ 
�

r N 

T 
α( x ) 

(
N α( x ) A − h β( x ) 

)
d x 

+ δA 

T 
∫ 
�

N 

T 
α( x ) N λ( x ) L d x = 0 (3.28b) 

L T 
∫ 
�

N 

T 
λ( x ) 

(
N α( x ) A − h β( x ) 

)
d x = 0 (3.28c) 

here h σ and 

h β are the secondary variables defined, respectively,

y (3.23) and (3.22) with ε h = B u ( U + U D ) . Without loss of gen-

rality and for simplifying notation, in the following we drop the

ork of the traction forces t in (3.28a) and we do not show explic-

tly the dependence on U . 
D 
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Remark 3.4. The symbol h ( · ) is here used to mean that, in the

present formulation, the field ( · ) is not interpolated but it is com-

puted by solving an equation. 

In the actual computation, the integrals that appear in (3.28)

are seldom computed exactly. Instead, they are approximated

through a process of numerical integration such as Gaussian

quadrature formula. If we denote by �h 
e a generic element of the

triangulation T h and by x e , i the i th Gauss point of the element �h 
e 

and ngp their number, the discrete variational formulation (3.28) is

thus transformed into the following system of nonlinear algebraic

equations 

R u ( U , A , L ) := 

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i 

[ 
B 

T 
u ( x e,i ) 

h σ
(
ε 

h ( x e,i ) , 
h β( x e,i ) 

)
− N 

T 
u ( x e,i ) f ( x e,i , t n +1 ) 

] 
= 0 , (3.29a)

R α( U , A , L ) : = 

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i 

[ 
c B 

T 
α( x e,i ) B α( x e,i ) A 

+ r N 

T 
α( x e,i ) 

(
N α( x e,i ) A − h β( x e,i ) 

)
+ N 

T 
α( x e,i ) N λ( x e,i ) L 

] 
= 0 , (3.29b)

R λ( U , A , L ) : = 

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i 

[ 
N 

T 
λ( x e,i ) 

(
N α( x e,i ) A − h β( x e,i ) 

)] 
= 0 , (3.29c)

with w e,i and j e , i the weight and the value of the Jacobian deter-

minant at the Gauss point x e , i ( Bathe, 1996 ), respectively, whereas
h σ( ε h ( x e , i ), 

h β( x e , i )) and 

h β( x e , i ) are the secondary variables ob-

tained by solving the strain-driven constitutive nonlinear incre-

mental problem (3.21) at such Gauss points. 

3.4. Continuation condition based on energy dissipation 

Newton’s method for the solution of the system (3.29) has a

very small domain of convergence. Furthermore, the strain soft-

ening characteristic feature of concrete results in unstable global

structural responses due to the growth of damage zones which

produces a degradation of the elastic material properties, gener-

ally caused by redistribution of stresses together with local elastic

unloading or elastic energy release higher than the damage zone’s

dissipation. To understand what are the implications on the actual

solution of the system (3.29), in practice one analyses the equi-

librium configurations of the system under the variation of gen-

erally one parameter which the system depends on. For instance,

this can be the load multiplier which defines the current applied

load level f ( x , t ) or the displacement multiplier which defines the

current boundary displacement u D ( x , t ). Hence, if we express the

current applied force f ( x , t ) in (3.29) as f ( x , t) = ζ (t) f 0 ( x ) , where

ζ ( t ) is a real parameter that defines the loading history and f 0 ( x )

a given loading pattern (or in the case of displacement control,

u D ( x , t) = ζ (t) u D, 0 ( x ) with u D , 0 ( x ) the initial displacement pat-

tern), then the system of nonlinear algebraic Eqs. (3.29) takes on

the following form 

R u ( U , A , L , ζ ) = 0 , 

R α( U , A , L , ζ ) = 0 , 

R λ( U , A , L , ζ ) = 0 , (3.30)

where the expression of R u at the time level t n +1 is 

R u ( U , A , L , ζ ) := 

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i 

[ 
B 

T 
u ( x e,i ) 

h σ
(
ε 

h ( x e,i ) , 
h β( x e,i ) 

)

− ζ (t n +1 ) N 

T 
u ( x e,i ) f 0 ( x e,i ) 

] 
, 

(3.31)

hereas the expressions of R α and R λ are given by (3.29b) and

3.29c) , respectively. 

emark 3.5. The dependence of R α and R λ on ζ occurs in the

ase of displacement control through β , solution of (3.22) with

 

h = B u ( U + U D ) . 

In this case we are therefore faced with the solution of a pa-

ameter dependent system of nonlinear algebraic equations and

ur interest centers on finding the solutions ( U , A , L , ζ ) of (3.30) ,

hich form a one-dimensional manifold in the space R 

n u × R 

n α ×
 

n λ . 

To trace continuous paths of regular solutions of (3.30) with ζ
s control parameter, we apply Newton’s method. Let us denote by

 = J ( U , A , L , ζ ) the Jacobian of the system (3.30) defined by 

 ( U , A , L , ζ ) = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

D R u 

D U 

D R u 

D A 

D R u 

D L 

D R α

D U 

D R α

D A 

D R α

D L 

D R λ

D U 

D R λ

D A 

D R λ

D L 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

(3.32)

ith D R j / D i derivative of R j with respect to the variable i , for

 ∈ { U , A , L }, j ∈ { u , α, λ}, and by ( U n , A n , L n , ζ n ) a regular solution

f (3.30) , that is, a solution of (3.30) such that 

et J ( U n , A n , L n , ζn ) � = 0 . (3.33)

We then take ( U n , A n , L n , ζ n ) as predicted value (starting guess)

or the solution ( U n +1 , A n +1 , L n +1 ) at the given ζn +1 , which is cor-

ected by the Newton’s iteration scheme as follows 

U 

0 
n +1 = U n 

U 

k +1 
n +1 = U 

k 
n +1 + 
U 

k , 

∣∣∣∣ A 

0 
n +1 = A n 

A 

k +1 
n +1 = A 

k 
n +1 + 
A 

k , 

(3.34)∣∣∣∣L 0 n +1 = L n 
L k +1 

n +1 = L k n +1 + 
L k 
, 

ith the index k ≥ 0 standing for the iteration step and

 
U 

k , 
A 

k , 
L k ) solution of the linear system ⎡ 

⎣ 


U 

k 


A 

k 


L k 

⎤ 

⎦ = −J 
−1 ( U 

k 
n +1 , A 

k 
n +1 , L 

k 
n +1 , ζn +1 ) 

⎡ 

⎣ 

R u ( U 

k 
n +1 , A 

k 
n +1 , L 

k 
n +1 , ζn +1 ) 

R α( U 

k 
n +1 , A 

k 
n +1 , L 

k 
n +1 , ζn +1 ) 

R λ( U 

k 
n +1 , A 

k 
n +1 , L 

k 
n +1 , ζn +1 ) 

⎤ 

⎦ . (3.35)

Algorithm 1 below summarizes the conceptual implementation

f Newton’s method for solving (3.30) . 

By the implicit function theorem and under general regularity

ssumptions on the functions R j , j ∈ { u , α, λ}, condition (3.33) guar-

ntees that if for the given value of ζn +1 , the Algorithm 1 does not

onverge, convergence can still be attained by reducing the value

f ζn +1 , for instance by halving the load factor ζn +1 and by apply-

ng again Algorithm 1 . On the other hand, if condition (3.33) is not

et or the Jacobian J −1 ( U 

k 
n +1 , A 

k 
n +1 , L 

k 
n +1 , ζn +1 ) is ill-conditioned,

lgorithm 1 with ζ as continuation parameter fails to converge be-

ause of the break down of the Newton’s method (3.35) . For our

odel such circumstance occurs when the damaged areas become

o influential in the response of the system that there is a change
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f the monotonic properties of the equilibrium path. This mani-

ests, for instance, with the occurrence of turning points and de-

reasing paths. In this case then ζ cannot be used as continuation

arameter. 

A manner to overcome this problem is to adopt a different

arametrization of the solution manifold. This can be realized by

ntroducing an additional equation 

( U , A , L , ζ ) = 0 , (3.36)

uch that if a solution ( U , A , L , ζ ) is singular for J , then the so-

ution ( U , A , L , ζ ) is not such for the Jacobian of the augmented

ystem formed by (3.30) and (3.36) . Now, given the system (3.30) ,

ow do we actually define the additional Eq. (3.36) depends on

hether we are able to identify a physical feature of the process,

hich will be then modeled by (3.36) , that varies continuously

uring the deformation across the turning points. For nonlinear

amage models it was observed in Gutierrez (2004) that the con-

gurations past the turning point, which are the one we are in-

erested to, are characterized by monotonically increasing dissipa-

ion, thus it came natural to use a dissipation control condition

s continuation condition. Such condition was also used effectively

n Verhoosel et al. (2009) , May et al. (2016) , and Vignollet et al.

2014) for plasticity models and geometrically non-linear problems

ith damage along with the introduction of a criteria for switching

he continuation parameter. By assuming such continuation condi-

ion, we are practically stating that if, past the turning point, dis-

ipation occurs during the variation of configuration, then we look

or the configuration close to the previously converged one such

hat the dissipation associated to such variation of configuration is

qual to a predefined value. 

Likewise, in this paper we decide to control the following quan-

ity 

1 

2 

(
ζ (t) ̇ U 

T − ˙ ζ (t) U 

T 
)∫ 

�
N 

T 
u f 0 ( x ) d x − ˙ A 

T 
∫ 
�

c B 

T 
αB αA d x , (3.37)

hich represents the Finite Element expression of the total dissi-

ation (2.6) integrated over �. 

emark 3.6. Compared with May et al. (2016) , Eq. (19) and

erhoosel et al. (2009) ,Eq. (23), it is of interest to note in (3.37) an

dditional term that accounts for the part of recoverable energy

ate associated with the gradient of the internal variable. This

erivation is consistent with the expression of the free Helmholtz

nergy (2.8) of our model. 

By evaluating (3.37) at t = t n and using therein the difference

uotient for the rate quantities, we conclude that the additional

onstraint ϕ( U , A , L , ζ ) is given by 

( U , A , L , ζ ) = 

1 

2 

(
ζn 

˙ U 

T − ζU 

T 

n 

)∫ 
�

N 

T 
u f 0 ( x ) d x 

−
A 

T 
∫ 
�

c B 

T 
αB αA n d x − 
τ (3.38) 

here 
A = A − A n , U = U + U D with known U D , and 
τ ≥ 0 is

he pseudo-arch length that prescribes the amount of energy that

s dissipated in each step of the equilibrium path. 

The augmented system is thus given, in the case of load control,

y 

 u ( U , A , L ) − ζ ˆ F = 0 

 α( U , A , L ) = 0 

 λ( U , A , L ) = 0 

( U , A , L , ζ ) = 0 (3.39) 
hich can be solved using Newton’s method according to the fol-

owing scheme ∣∣∣∣∣
U 

0 
n +1 = U n 

U 

k +1 
n +1 = U 

k 
n +1 + 
U 

k 
, 

∣∣∣∣∣
A 

0 
n +1 = A n 

A 

k +1 
n +1 = A 

k 
n +1 + 
A 

k 
, 

∣∣∣∣∣
L 0 n +1 = L n 

L k +1 
n +1 = L k n +1 + 
L k 

, 

∣∣∣∣∣
ζ 0 

n +1 = ζn 

ζ k +1 
n +1 = ζ k 

n +1 + 
ζ k 
, 

(3.40) 

ith ( 
U 

k , 
A 

k , 
L k , 
ζ k ) solution of the linear system ⎡ 

⎢ ⎣ 


U 

k 


A 

k 


L k 


ζ k 

⎤ 

⎥ ⎦ 

= −H 

−1 ( U 

k 
n +1 , A 

k 
n +1 , L 

k 
n +1 , ζ

k 
n +1 ) 

⎡ 

⎢ ⎢ ⎣ 

R u ( U 

k 
n +1 , A 

k 
n +1 , L 

k 
n +1 , ζ

k 
n +1 ) 

R α( U 

k 
n +1 , A 

k 
n +1 , L 

k 
n +1 , ζ

k 
n +1 ) 

R λ( U 

k 
n +1 , A 

k 
n +1 , L 

k 
n +1 , ζ

k 
n +1 ) 

ϕ( U 

k 
n +1 , A 

k 
n +1 , L 

k 
n +1 , ζ

k 
n +1 ) 

⎤ 

⎥ ⎥ ⎦ 

, (3.41) 

here H is now the Jacobian of the augmented system (3.39) given

y 

 ( U , A , L , ζ ) = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

D R u 

D U 

D R u 

D A 

D R u 

D L 

D R u 

Dζ

D R α

D U 

D R α

D A 

D R α

D L 

D R α

Dζ

D R λ

D U 

D R λ

D A 

D R λ

D L 

D R λ

Dζ
Dϕ 

D U 

Dϕ 

D A 

Dϕ 

D L 

Dϕ 

Dζ

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

, (3.42) 

ith the detailed expressions of the terms of H reported in Ap-

endix A. 

emark 3.7. As stopping rule for the iterations of the scheme

3.34) and (3.35) and of the scheme (3.40) and (3.41) , depend-

ng on the continuation Newton’s method we are using, we com-

are the Euclidean norm of the residuals (3.30) or (3.39) and

he Euclidean norm of the increments (3.35) or (3.41) to the re-

pective prescribed error tolerances. These tolerances are taken of

he form tol = ε| x n | + ε with x n denoting the respective previously

onverged solution, so to control effectively the absolute and rela-

ive error ( Gautschi, 2012 ). 

The actual realization of the numerical strategy described

n this section consists therefore in solving first the New-

on’s method (3.34) and (3.35) by increasing monotonically the

oad/displacement parameter ζ until one can achieve convergence.

hen this is no more possible, that is, the load/displacement

ased continuation Newton’s method (3.34) and (3.35) fails to con-

erge for any value of ζ such that ζn < ζ < ζn +1 with ζ n being the

ast converged solution with load/displacement control, we switch

o the energy dissipation control using now 
τ as continuation

arameter. In this case, we therefore prescribe the energy dissi-

ation increment 
τ and solve the Newton’s method (3.40) and

3.41) using as starting guess the last converged solution. This

cheme will be used until we can achieve convergence for values of

τ ≥ 0, for then to switch back to load control. The fail of conver-

ence of (3.40) and (3.41) will occur if there is no close variation

f the system configuration which produces dissipation of energy.

his means that by this algorithm we actually are able to avoid

he artificial unloading described in Pohl et al. (2014) , which, on

he contrary, might occur in the arc-length continuation method

escribed in Crisfield (1981) . By our algorithm, the switch back to
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Fig. 2. Flow chart of the complete numerical procedure based on the application of Algorithms 1 and 2 . To make notation compact, in the picture we have set T = ( A , L , β, σ ) . 
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load/displacement would happen if a global unloading of the sys-

tem occurs, which is not the case we consider here. A summary

of the whole procedure is reported in Algorithm 2 whereas Fig. 2

contains the flow chart of the whole numerical procedure based

on the application of Algorithms 1 and 2 . 

4. Numerical examples 

In this Section we study the performance of the energetic for-

mulation and of the proposed numerical algorithms by means of

representative numerical examples. The problems that we consider

are: 

( i ) A trapezium double cantilever beam to study the properties

of stable and rectilinear damage propagation and the sensi-

tivity of the model to mesh size; 

( ii ) A perforated plate with an off-centre hole to study the

model’s behavior for unstable and multi damage patterns

which produce a global snap-back response of the structure;

( iii ) An asymmetric three point bending test to assess the capa-

bility of the numerical model to reproduce curvilinear dam-

age paths. 

All the specimens are assumed to be in plane strain condi-

tions. As in Lorentz and Godard (2011) , in all the numerical sim-

ulations, we take the penalty parameter r that appears in the aug-

mented lagrangian formulation equal to r = 10 3 · k, where k is the

initial damage threshold that enters (2.9) . Numerical experiments

of problem ( i ) carried out for different values of r which we do

not report here, show that the above choice for r by Lorentz and

Godard (2011) gives a good trade-off between the absence of spu-

rious modes on β and the extent to which the constraint α = β
is met. An improvement of the order of approximation of the fi-

nite elements described in Section 3.3 and used in our simulations
an, however, be obtained by choosing values of r dependent on

he characteristic mesh size h in the damage band as suggested in

offi and Lovadina (1997) . As for the check of convergence of Al-

orithm 1 we refer to the general observations in Remark 3.7 with

 = 10 −4 , whereas for the convergence test of Algorithm 2 we con-

ider a tolerance equal to 10 −3 and 10 −6 N on the values of 
ζ and

τ , respectively. 

.1. Trapezoidal double cantilever beam 

We use this first example to highlight the mesh-objective fi-

ite element analysis of the energetic formulation of our gradi-

nt damage model. We consider therefore the numerical simula-

ion of a structure with softening behavior caused by the stable

ropagation of a rectilinear damage zone. This problem has al-

eady been treated in Lorentz and Godard (2011) . It consists of a

light variation of the Double Cantilever Beam (DCB) test which is

sually used to determine fracture toughness under pure mode I

oading. The geometry of the specimen along with the boundary

onditions are displayed in Fig. 3 ( a ). The model material parame-

ers of the concrete are given in Table 1 . In addition to the elas-

ic constants, Table 1 contains also the parameters that define the

oftening function R = R (β) (2.15) and the equivalent stress σ eq 

2.17) which enters the definition of the damage surface and ac-

ounts for the asymmetric behavior between tension and compres-

ion. The characteristic length D has been set equal to 50 mm. Such

alue enters the softening function R = R (β) and has been taken

ufficiently small compared to the characteristic structural length

f the specimen shown in Fig. 3 ( a ). 

Given the symmetry of the mechanical model, only half system

as analysed. The unstructured finite element meshes which have

een used for the numerical simulations are shown in Fig. 3 ( b ).

he meshes present different refinement in the zone where we
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Algorithm 1. Newton’s method for the incremental problem with load or displacement control. 

Algorithm 2. Continuation Newton’s method with energy dissipation control. 
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Fig. 3. Example 4.1 . ( a ) Mechanical model. Geometry and boundary conditions. Displacement control is applied on one edge of the specimen. ( b ) Finite element meshes 

used in the simulations. The mesh has especially been refined across the area where the damage pattern is anticipated to develop. 

Table 1 

Concrete model material properties. The parameter 
 1 ac- 

counts for the different values between the initial uniaxial 

compressive and tensile strength. 

Elastic material properties 

E 0 3 · 10 4 MPa 

ν 2 · 10 −1 

Softening function (2.15) 

D 5 · 10 −2 m 

G f 1 · 10 −4 MPa · m 

f t 0 3 MPa 

p 2 

q 0 

Damage surface (2.17) 


 1 10 


 2 0.1 


 3 7.66 


 4 3.5 

Table 2 

Example 4.1 . Number of nodes and elements of each fi- 

nite element mesh. The mesh density is determined by the 

number of elements used across the expected damage band 

width. Such area is marked in the picture with a rectangle. 

Number of: 

Nodes Elements Elements in D 

Mesh TA 200 1118 1/2 

Mesh TB 543 2896 1 

Mesh TC 1417 7380 2 

Mesh TD 3812 19574 4 

Mesh TE 7603 38910 8 

Mesh TF 22792 115626 16 

 

 

 

 

 

 

 

 

 

Fig. 4. Example 4.1 . Diagram of the reaction force on the restrained edge versus 

the uniform prescribed displacement of such edge. 
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expect damage to develop. Therein, the mesh density is deter-

mined by the number of elements present within the distance D ,

the material internal length scale. The total number of nodes and

elements corresponding to each type of finite element mesh are

given in Table 2 . All the numerical simulations could be carried

out by applying only Algorithm 1 with displacement control. That

is, it has never been necessary to switch to energy dissipation con-

trol. The failure of convergence of Algorithm 1 was, in fact, always

caused by the development of complete damage in a meaningful
umber of elements which provoked the formation of a rigid body

echanism. 

Fig. 4 compares the curves reaction force versus displacement

f the restrained edge obtained with the different finite element

eshes. Apart from the response corresponding to the coarse

esh, which shows a poor approximation of the numerical results,

ll the other curves, on the contrary, approximate a fixed curve as

he refinement increases. In particular, the reaction-displacement

urve corresponding to the finite element mesh TE with 7603 ele-

ents almost coincides with the one relative to the finite element

esh TF with 22792 elements, which can therefore be taken as re-

ponse of the experiment set-up of Fig. 3 ( a ). We note that all the

urves present the typical global softening behavior of a mode I

oading, which is induced by the damage growth at the local level.

ig. 5 displays a zoom of the damage field obtained at the end of

ach simulation. We observe that, by refining the mesh, the width

f the damage band does not shrink to zero. In contrast, it attains a

table value of about 50 mm which is comparable with the value of

he material internal length scale of the model. We confirm in this

anner the regularization of the formulation due to the presence

f the damage gradient. Finally, we also note that we are able to

eproduce such behavior just by using finite element meshes with

t least two elements across the zone where the damage pattern

evelops. 
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Fig. 5. Example 4.1 . ( a ) Region monitoring for damage evolution. ( b ) Map of the damage field for the different meshes at the end of the simulation in the area depicted in 

( a ). The damage spreads across the finite elements in the damage band of width D . Such width is constant along the damage path. 

Fig. 6. Example 4.2 . Mechanical and computational model. ( a ) Geometry and boundary conditions for the whole plate. ( b ) Finite element mesh for only half plate. 
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.2. Plate with off-centre hole 

In this second example we test the continuation Newton’s

ethod for the numerical simulation of a system with sharp snap-

ack equilibrium branches caused by the formation of multiple

amage paths. This problem has also been examined in Lorentz

nd Godard (2011) , Lorentz and Badel (2004) , and Pohl et al.

2014) . It consists of a square plate with an off-centre hole loaded

ith uniform tension on two opposite sides whereas the other

wo sides are set free. The setting up of the model is displayed in

ig. 6 ( a ). Given the presence of the hole, damage will clearly start

here stress concentrations are expected to occur. We designed,

herefore, the unstructured finite element mesh of 2767 linear el-

ments shown in Fig. 6 ( b ) with mesh refinement of the weakened

egion for a width D , with D = 50 mm . The minimal element size in

his region was set equal to h = 20 mm . The model material prop-

rties are the same as the one used for the Example 4.1 and are

iven in Table 1 . 
As for the computation, this was performed by applying first

lgorithm 1 with load control. This was possible until damage

tarted to propagate towards left and right from the hole. At this

nstant, the procedure switched to energy dissipation control us-

ng Algorithm 2 and keeping this continuation condition active un-

il the end of the simulation, though with different values of 
τ .

hese were varying between 10 −4 N and 10 −3 N, according to the

ranch of the equilibrium path which was being described. 

Fig. 7 contains the curve representing the total load (in equi-

ibrium with the configuration) versus the opening displacement.

he latter was computed as twice the displacement of the point P

hown in Fig. 6 ( a ). On this curve we have highlighted some repre-

entative points of the deformation process. In fact, we can distin-

uish a first phase which is the elastic one followed by the occur-

ence of damage first on the right side of the hole and soon after

n the left. At this stage, we get to the peak of the response rep-

esented by the point A . After passing point A , we enter a second

hase. During such phase, the damage stops to advance on the left
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Fig. 7. Example 4.2 . Equilibrium curve of the system in terms of the total load ver- 

sus the opening displacement given by twice the displacement of the point P shown 

in Fig. 6 ( a ). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9. Example 4.3 . Mechanical model. Geometry and boundary conditions. Load- 

ing conditions. 

Table 3 

Example 4.3 . Concrete model material properties. 

Elastic material properties 

E 0 3 . 3 · 10 4 MPa 

ν 0.18 

Softening function (2.15) 

D 1 5 · 10 −3 m 

D 2 2 . 5 · 10 −3 m 

D 3 1 . 25 · 10 −3 m 

G f 5 · 10 −5 MPa · m 

f t 0 2 . 8 MPa 

p 2 

q 0 

Damage surface (2.17) 


 1 20 


 2 0 


 3 7.66 


 4 3.5 
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side of the hole and it propagates only on the right side until we

reach the point B . From this instant on, the damage band tends to

stabilize resulting in a sharp snap-back from B to C . From point C

to point D , the opening displacement of the hole starts to increase

caused by the re-activation of the damage on the left side of the

hole. After passing D , the damage continues to propagate and grow

until we reach the free left boundary. In this moment, convergence

could not be anymore achieved, because we have complete dam-

age in all the elements at the left and right side of the hole. As a

result, the structure was cut in to half with the formation of a rigid

body mechanism. Similar behaviors have been reported also in the

experiments by Lorentz and Badel (2004) and Pohl et al. (2014) .

Finally, Fig. 8 displays the damage distribution on the initial con-

figuration at some significant stages of the deformation process,

identified as stage S 1, S 2 and S 3 on the load-displacement curve

shown in Fig. 7 . 

4.3. Asymmetric three-point-bending test 

Aim of this example is to show the model energetic formula-

tion’s capability of reproducing curved damage patterns with dif-

ferent band widths. We consider the finite element analysis of the

three-point beam test with an eccentric notch reported in Galvez

et al. (1998) and treated numerically also in Nedjar (2001) and

Miehe et al. (2010) . The test is designed to study the mixed mode

concrete fracture which is known to be a challenging problem,

beyond the capability of many models ( Caner and Bazant, 2013;

Galvez et al., 1998 ). The geometry and the boundary conditions of

the test specimen are shown in Fig. 9 where the notch presents

a width of 5 mm and reaches a depth of 20 mm in a beam with
Fig. 8. Example 4.2 . Damage distribution on the initial configuration at different stages 

load-displacement curve in Fig. 7 . 
eight equal to 100 mm. The applied load is eccentric with respect

o the notch which is placed at 15 mm from it. We consider, more-

ver, the simplified setting of proportional loading. In this case, the

amage pattern, and thus what is to be the crack pattern, can be

uessed from kinematic considerations. The loading produces com-

ined normal and shear stress in the vertical crack-tip cross sec-

ion, and the crack starts at the right corner of the notch and ends

here the load is applied. This behavior is quite well documented

n the literature on the three point bend testing of notched beams

ith eccentric notch ( Jenq and Shah, 1988; Galvez et al., 1998 ). The

odel material parameters are given in Table 3 along with differ-

nt values of the parameter D which, as shown in the previous two

xamples, are related to the internal length-scale and control the

amage band width. Correspondingly to each value of D , we car-

ied out our simulations using unstructured finite element meshes

hat are refined in the region where damage is expected to occur.

he characteristic element size in such region was chosen as func-

ion of D so to obtain an objective response. As a result, for the

esh RA , we set h = 2 . 5 mm , for the mesh RB h = 1 . 25 mm , and
of the equilibrium path. ( a ) Stage S 1; ( b ) Stage S 2 and ( c ) Stage S 3 shown on the 
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Fig. 10. Example 4.3 . Unstructured finite element meshes used in the simulations, 

with different refinement density in the region where damage is expected to de- 

velop. The refinement was designed so to have at least two elements in the D - 

wide damage band. ( a ) Mesh RA presents a characteristic mesh size in the re- 

fined zone equal to h = 2 . 5 mm . ( b ) Mesh RB with h = 1 . 25 mm . ( c ) Mesh RC with 

h = 0 . 625 mm . 

Fig. 11. Example 4.3 . Total reaction force versus point-applied load displacement 

for different finite element meshes. 

Table 4 

Example 4.3 . General data of the unstructured finite element meshes used in the 

simulations. The symbol h denotes the minimal characteristic element size in the 

refined region. 

Minimal mesh size Number of elements Number of nodes 

Mesh RA h 1 = 2 . 5 mm 1449 7588 

Mesh RB h 2 = 1 . 25 mm 4533 23170 

Mesh RC h 3 = 0 . 625 mm 7594 38616 
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Fig. 12. Example 4.3 . Map of the damage field in the refined zone at the end of the simul

length scale D . 
nally for the mesh RC , it was taken h = 0 . 625 mm . Fig. 10 displays

he three different meshes whereas Table 4 contains general data

bout the number of nodes and elements of each mesh, and the

inimal characteristic element size h in the refined region. 

In order to ascertain the dependence of the damage pattern on

he internal length scale D in the case of curvilinear paths, for each

alue of D we first carried out our simulations using the three

bove meshes. The results, which however are not displayed here

nd in conformity also with the results of the two previous ex-

mples, showed that by just having two elements in the expected

amage band width, we were able to obtain an objective response

f the system independent on the mesh, with a stable localization

f the damage in a region of width D . That is, the damage does not

hrinks on one element but remains localized with finite size. Tak-

ng thus as representative of the response of the system, the coars-

st mesh for each value of D which yields stable results (the mesh

A for the simulations of the model with D = 2 . 5 mm , the mesh RB

or the simulations of the model with D = 1 . 25 mm and the mesh

C for the simulations of the model with D = 2 . 5 mm ), Fig. 11 dis-

lays the total reaction force versus the displacement of the point-

pplied load for each model. Each curve presents its characteris-

ic shape with softening and snap-back of the global response. Al-

hough the response of the three models appear to be close to

ach other, apart from differentiating slightly at the late stage of

he simulation, the map of the damage field in the refined zone

t the end of the simulation, which is displayed in Fig. 12 , reveals

learly the different width of the damage band, ultimately related

o the value of D . Fig. 13 shows the map of the damage field at

ome meaningful stages of the deformation process for the model

ith D = 1 . 25 mm simulated with the mesh RB . These stages were

dentified as the ones before getting to the peak of the response,

fter the peak on the branch with sharp slope, and finally on the

ail of the reaction force-displacement curve. By inspecting these

ictures, we can appreciate the evolution of the damage pattern

s predicted by experiments, i.e., the damage pattern starts at the

ight corner of the notch and then propagates up to the location of

he applied point load. 
ation run with: ( a ) Mesh RA ; ( b ) Mesh RB and ( c ) Mesh RC . Influence of the internal 
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Fig. 13. Example 4.3 . Map of the Damage field in the case of Mesh RC at the stages: 

( a ) S 1, ( b ) S 2 and ( c ) S 3. The displayed deformed configuration has been amplified 

by the factor 1 · 10 2 . 

Fig. 14. Example 4.3 . Finite element mesh with uniform refinement in the region 

where damage is expected to develop. 

Table 5 

Example 4.3 . Data for the finite element mesh with uniform refinement in the 

region where the damage pattern is expected to develop. 

Minimal mesh size Number of elements Number of nodes 

Mesh RA 1 h 1 = 2 . 5 mm 2005 10416 

 

 

 

 

 

 

 

 

 

 

 

Fig. 15. Example 4.3 . Total reaction force versus point-applied load displacement 

for uniform and unstructured refinement of the region where damage is expected 

to develop. 

Fig. 16. Example 4.3 . Map of the damage field at the end of the simulation for ( a ) 

unstructured and ( b ) uniform refinement of the region where damage is expected 

to develop with the correspondent damage profile across the crack taken at the 

middle height of the beam. In these simulations, D = 5 mm and h = 2 . 5 mm . 
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For the model with D = 5 mm , we compared furthermore the

response of the test specimen for different types of refinement in

the region where damage was expected to develop. We considered

therefore the mesh displayed in Fig. 14 with uniform refinement

h = 2 . 5 mm and general data given in Table 5 . Fig. 15 compares the

reaction force-displacement curves obtained with the mesh RA and

the mesh RA 1, whereas Fig. 16 compares the damage field in such

region at the end of the simulation together with the respective

damage profile across the crack taken at the middle height of the

beam. For both simulations, we find two elements ( h = 2 . 5 mm ) in

the transition zone ( D = 5 mm ) with no practical difference both in

the response and in the damage field. 
To describe the whole deformation process, the numerical pro-

edure of Fig. 2 was applied in all the simulations first with load

ontrol until reaching the peak response. At this instant, the pro-

edure switched to energy dissipation control with steps 
τ =
 · 10 −4 N until the end of the simulation. As in the previous exam-

les, the simulation was terminated when we had complete dam-

ge in all the elements of the damage band with consequent for-

ation of a rigid body mechanism. 

. Conclusions 

In this paper we have presented the energetic formulation of a

ate-independent gradient damage model for concrete where dam-

ge evolution does not meet the normality rule. This has been pos-

ible at the expense of defining a state variable-dependent dissipa-

ion potential by which we restore the variational structure. 

By applying a semi-implicit Euler method for the time dis-

retization, we have derived the incremental problem consistent
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ith the continuous formulation and found some interesting prop-

rties met by the discrete energetic solution. Starting then from

he variational structure of the incremental problem, we have de-

eloped a numerical procedure based on variable splitting and con-

trained optimization to deal with the constraint enforced by the

radient of the damage field. 

The nonlinear algebraic equations obtained by applying the fi-

ite element method for the spatial discretization have been solved

y applying a path following Newton’s method which uses the en-

rgy dissipation as continuation condition. 

The modeling framework and the numerical procedure have

een successfully verified by the numerical simulation of basic en-

ineering benchmark problems, which represent standard testing

rocedures for crack propagation in concrete. 

We can therefore conclude that for its sound mathematical, nu-

erical and mechanical basis, the energetic formulation proves to

e an attractive paradigma also for the modeling and simulation

f standard materials with non-associated flow rule, provided that

he evolution law of the internal variables can be eventually ob-

ained by a state-variable dependent-dissipation potential. In this

anner, the field of applications of the energetic formulation can

e extended to more realistic constitutive models for describing

aterial deterioration effects. 

There are however some aspects of this formulation that de-

erve further investigation. These are how to ensure the global op-

imality of the discrete energetic solution and the relevance of the

lobal optimization as modeling paradigma. Both are being ana-

yzed in an ongoing work. 
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ppendix A. Consistent stiffness matrix 

We give hereafter the expression of all the terms of the lin-

arization of the augmented system (3.39) which also includes the

ontinuation condition 

 u ( U , A , L , ζ ) = 0 

 α( U , A , L , ζ ) = 0 (A.1) 

 λ( U , A , L , ζ ) = 0 

( U , A , L , ζ ) = 0 , 

ith R u , R α , R λ and ϕ given by (3.31), (3.29b), (3.29c) and (3.38) ,

espectively. Let 

U = U 

k +1 − U 

k 
, 
A = A 

k +1 − A 

k 
, 
L = L k +1 − L k 

and 
ζ = ζ k +1 − ζ k , (A.2) 

he first order expansion of (A.1) then reads as follows 

 u ( U 

i 
, A 

i 
, L i , ζ i ) + 

D R u 

D U 


U + 

D R u 

D A 


A + 

D R u 

D L 

L + 

D R u 

Dζ

ζ = 0 , 

 α( U 

i 
, A 

i 
, L i , ζ i ) + 

D R α

D U 


U + 

D R α

D A 


A + 

D R α

D L 

L + 

D R α

Dζ

ζ = 0 ,
 λ( U 

i 
, A 

i 
, L i , ζ i ) + 

D R λ

D U 


U + 

D R λ

D A 


A + 

D R λ

D L 

L + 

D R λ

Dζ

ζ = 0 , 

( U 

i 
, A 

i 
, L i , ζ i ) + 

Dϕ 

D U 


U + 

Dϕ 

D A 


A + 

Dϕ 

D L 

L + 

Dϕ 

Dζ

ζ = 0 . 

(A.3)

iven the expression (3.31) of R u , we find that 

D R u 

D U 

= 

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i B 

T 
u ( x e,i ) 

D 

h σ

D U 

( x e,i ) . (A.4) 

To simplify notation, from now on we will leave as understood

hat the terms of the sum are evaluated at the Gauss points x e , i . 

Since the dependence of σ on U is through ε and through β ,

ith the latter that depends as well on U through ε , the applica-

ion of the chain rule gives 

D 

h σ

D U 

= 

D 

h σ

D ε 

B u + 

D 

h σ

Dβ

Dβ

D ε 

B u . (A.5) 

rom (2.10) , we have therefore that 

D σ

D ε 

= R (β) E and 

D σ

Dβ
= R 

′ 
E ε , (A.6)

hereas by differentiating (3.22) with β defined implicitly by

3.21) , we can show that there holds 

Dβ

D ε 

= − R 

′ 
R 

′′ ω 

∗ + r 

Dω 

∗

D ε 

(A.7) 

ith ω 

∗ = σ 2 
eq / 2 E, r the penalty parameter and 

Dω 

∗

D ε 

= 

σeq 

E 
E 

Dσeq 

D σ0 
. (A.8) 

oreover, from (2.17) it is 

Dσeq 

D σ0 

= 

1 

1 − α

( √ 

3 

4 J 2 
σ0 ,D + αδ + β

D 〈 σ0 ,max 〉 
D σ0 

) 

(A.9) 

ith σ0, D the deviatoric part of the undamaged stress σ0 = E ε , δ
he identity tensor and 

D 〈 σ0 ,max 〉 
D σ0 

= 

⎧ ⎨ 

⎩ 

v � v if σ0 ,max > 0 

0 if σ0 ,max ≤ 0 , 
(A.10) 

here v is the normalized eigenvector of σ0 associated with the

aximum eigenvalue σ 0, max and v �v is the tensor product be-

ween v and itself. 

Given the expression (3.31) of R u , we find that 

D R u 

D A 

= 

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i B 

T 
u 

D 

h σ

D A 

. (A.11) 

oting then that the dependence of σ on A is through β which in

urn depends on A through α, using the chain rule gives 

D 

h σ

D A 

= 

D 

h σ

Dβ

Dβ

Dα
N α , (A.12) 

ith D β/ D α obtained by differentiating (3.22) , so that 

Dβ

Dα
= 

r 

R 

′′ ω 

∗ + r 
(A.13) 

here R ′′ = d 2 R/dβ2 . 

Given the expression (3.31) of R u , we find that 

D R u 

D L 
= 

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i B 

T 
u 

D 

h σ

D L 
. (A.14) 
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However, since the dependence of σ on L is through β which in

turn depends on L through λ, by applying the chain rule, we obtain

D 

h σ

D L 
= 

D 

h σ

Dβ

Dβ

Dλ
N λ , (A.15)

with D β/ D α still obtained by differentiating (3.22) and given by 

Dβ

Dλ
= 

1 

R 

′′ ω 

∗ + r 
. (A.16)

Given the expression (3.31) of R u , we find that, in the case of

load control, it is 

D R u 

Dζ
= −

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i N 

T 
u f 0 , (A.17)

whereas, in the case of displacement control, by applying the chain

rule, we have 

D R u 

Dζ
= −

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i B 

T 
u 

[
D 

h σ

D ε 

D ε 

Dζ
+ 

D 

h σ

Dβ

Dβ

D ε 

D ε 

Dζ

]
, (A.18)

where D σ/ D ε and D σ/ D β are given by (A.6) , D β/ D ε by (A.7) and

D ε /Dζ = B u U D, 0 . 

Given the expression (3.29b) of R α , we find that 

D R α

D U 

= −r 
∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i N 

T 
α

Dβ

D ε 

B u . (A.19)

Given the expression (3.29b) of R α , we find that 

D R α

D A 

= 

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i 

[ 
c B 

T 
αB α + r N 

T 
α

(
N α − Dβ

Dα
N α

)] 
. (A.20)

Given the expression (3.29b) of R α , we find that 

D R α

D L 
= 

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i 

[ 
− r N 

T 
α

Dβ

Dλ
N λ + N 

T 
αN λ

] 
. (A.21)

Given the expression (3.29b) of R α , we find that, in the case of

load control, it is 

D R α

Dζ
= 0 (A.22)

whereas, in the case of displacement control, by applying the chain

rule, we have 

D R α

Dζ
= 

D R α

Dβ

Dβ

D ε 

D ε 

Dζ
(A.23)
B

here 

D R α

Dβ
= −r 

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i N 

T 
α , (A.24)

 β/ D ε is given by (A.7) and D ε /Dζ = B u U D, 0 . 

Given the expression (3.29c) of R λ, we find that 

D R λ

D U 

= −
∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i N 

T 
λ

Dβ

D ε 

B u . (A.25)

Given the expression (3.29c) of R λ, we find that 

D R λ

D A 

= 

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i N 

T 
λ

(
N α − Dβ

Dα
N α

)
. (A.26)

Given the expression (3.29c) of R λ, we find that 

D R λ

D L 
= −

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i N 

T 
λ

Dβ

Dλ
N λ . (A.27)

Given the expression (3.29c) of R λ, we find that, in the case of

oad control, it is 

D R λ

Dζ
= 0 (A.28)

hereas, in the case of displacement control, by applying the chain

ule, we have 

D R λ

Dζ
= 

D R λ

Dβ

Dβ

D ε 

D ε 

Dζ
(A.29)

here 

D R λ

Dβ
= −

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i N 

T 
λ , (A.30)

 β/ D ε is given by (A.7) and D ε /Dζ = B u U D, 0 . 

Given the expression (3.38) of ϕ, we find that 

Dϕ 

D U 

= 

1 

2 

ζn 

∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i N 

T 
u f 0 . (A.31)

Given the expression (3.38) of ϕ, we find that 

Dϕ 

D A 

= −c 
∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i B 

T 
αB αA n . (A.32)

Given the expression (3.38) of ϕ, we find that 

Dϕ 

D L 
= 0 . (A.33)

Given the expression (3.38) of ϕ, we find that 

Dϕ 

Dζ
= −1 

2 

U 

T 
∑ 

�h 
e ∈T h 

ngp ∑ 

i =1 

w e,i j e,i N 

T 
u f 0 . (A.34)
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