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coloribe atleasti+1.Goddard et al.(2008) found an upper bound for the packing chromatic

number of hypercubes Q,. Moreover, they compute x,(Q,) for n < 5 leaving as an open

problem the remaining cases. In this paper, we obtain a better upper bound for x,(Q,) and
we improve the lower bounds for x,(Q,) for 6 < n < 11. In particular we compute the
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Hypercube graphs

1. Introduction

We consider finite undirected graphs without loops or multiple edges. The concept of packing coloring comes from the
area of frequency planning in wireless networks. This model emphasizes the fact that some frequencies might be used more
sparely than the others. In graph terms, we ask for a partitioning of the vertex set of a graph G into disjoint classes V1, . .., Vi
(representing frequency usage) according to the following constraints. Each color class V; should be an i-packing, i.e. a set of
vertices with the property that any distinct pair u, v € V; satisfies dist(u, v) > i+ 1. Here, dist(u, v) is the distance between
u and v, i.e. the length of the shortest path in G from u to v. The greatest size of an i-packing of G is called the i-packing
number of G and denoted by «;(G).

Such partitioning into k classes is called a packing k-coloring, even though it is allowed that some sets V; can be empty. The
smallest integer k for which exists a packing k-coloring of G is called the packing chromatic number of G, and it is denoted
by x,(G). The notion of the packing chromatic number was established by Goddard et al. [9] under the name broadcast
chromatic number. The term packing chromatic number was introduced by Bresar et al. [4].

Much work has been devoted to the packing chromatic number of graphs [2-13,16]. Fiala and Golovach [6] showed
that determining the packing chromatic number is an NP-hard problem for trees. Goddard et al. [9] provided polynomial
time algorithms for cographs and split graphs. Recently, Argiroffo et al. [2,3] gave polynomial time algorithms for special
subfamilies of trees, for partner limited graphs and for (q, ¢ — 4) graphs. Lower and upper bounds for the packing chromatic
number have been obtained recently for some families of graphs [5,16,12,7] and some families of lattices [8,13]. Goddard
and Xu [10,11] studied a generalized version of packing colorings of graphs.

In this paper, we are interested in bounding and, whenever possible, finding the packing chromatic number of
hypercubes. For any n € Z*, the n-dimensional hypercube (or n-cube), denoted Q,, is the graph in which the vertices are all
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binary vectors of length n (i.e., the set {0, 1}""), and two vertices are adjacent if and only if they differ in exactly one position.
Based on coding theory, Goddard et al. [9] gave an asymptotic result for the packing chromatic number of hypercubes. They
proved that x,(Qa) ~ (3 — O(3))2". More precisely, Goddard et al. [9] obtained that x,(Q,) < 2+ (3 — 7-)2".In the same
paper, they also computed x,(Q,) for 1 < n < 5, leaving as an open problem the remaining cases.

The diameter, diam(G), of a connected graph G is the maximum distance between two vertices of G. The Cartesian product
GOH of graphs G and H is the graph with vertex set V(G) x V(H), vertices (g, h) and (g’, h’) being adjacent whenever
gg' € E(G)and h = h,or hh' € E(H) and g = g’. Bre3ar et al. [4] obtained that if G and H are connected graphs on at least
two vertices, x,(GOH) > (x,(G) 4+ 1)|H| — diam(GOH)(|H| — 1) — 1. Moreover, if H = K, the complete graph onn > 2
vertices, then x,(GOK,) > nyx,(G) — (n — 1)diam(G). It is well known that the binary hypercube Q, is isomorphic to the
graph Q,_10K;. Then, we obtain directly the following lower bound for the packing chromatic number of Q,.

Corollary 1.1 ([4]). Let n > 2. Then, x,(Qs) > 2x,(Qu—1) — (n — 1).

In this paper, we improve the upper bound found by Goddard et al. [9]. For this, we use elementary algebraic techniques
in order to construct a packing coloring of Q,, for n > 4. Furthermore, we obtain the exact values of x,(Q,) forn = 6,7
and 8.

2. Preliminaries

In this section we present definitions, notations and previous results. For each n € Z™, let [n] = {1,..., n}. All the
graphs in this paper are finite, simple and connected. Given a graph G, V(G) and E(G) denote its sets of vertices and edges,
respectively.

Let I" be a group and C a subset of I" closed under inverses and identity free. The Cayley graph Cay(/", C) is the graph
with I as its vertex set, two vertices u and v being joining by an edge if and only if u='v € C. The set C is then called the
connector set of Cay(I", C). It is well known that Q, is the Cayley graph of the Abelian group Zj (the elements of Z are the
binary n-vectors of the set {0, 1}" and the group operation is the sum modulo two coordinatewise), where the connector set
is the subset of n-vectors having exactly one component equal to 1.

Consider v € Z3. For i € [n], we denote by v' the ith position of v, thatis, v = (v!, ..., ', ..., v"), where v' is either 0
or either 1. The weight of v, denoted wt (v), is the sum of its components, i.e. wt(v) = Z?:l v' (the number of components
in v equal to 1).

Clearly, dist(u, v) = wt(u + v) for any u, v € Q,. Moreover, for any u, v € Z}, we can define u N v as the n-vector
(u1.v1, Up.v9, ..., Uy.Vy), Where u;.v; = 1 < u; = v; = 1. The following well known results are very easy to deduce
(see [15] for example). Let u, v € Q, then,

Observation 2.1. dist(u, v) = wt(u) + wt(v) — 2wt(u N v).

Observation 2.2. wt(u) and wt(v) are of the same parity if and only if dist(u, v) is even.

Let G be a graph and |V(G)| = n.Forany v € V(G), N(v) denotes the open neighborhood of v,i.e.N(v) = {u : uv € E(G)},
and if U C V(G) then, N(U) is the set Uycy N(v) \ U.

Regarding i-packings, we define a more general concept. For F C [n], we say that a subset of vertices X is an F-packing
of Gif X = Ujcr X; where each X; is an i-packing of G. The F-packing number of G is the maximum size of an F-packing of
G and it is denoted by o (G), i.e. @ (G) = max {|X] : X is an F-packing of G}. By abuse of notation, if F is a singleton {i}, we
will use o;(G) instead of «;) (G). This concept allows us to give an alternative definition of the packing chromatic number of
G, since x,(G) = min{k : ay(G) = n}. Argiroffo et al. [3] studied the packing-chromatic number of a graph G in terms of
[d — 1]-packings, d > 2 being the diameter of G. They obtain the following result.

Lemma 2.3 (Lemma 3in[3]).If Gis a connected graph on nvertices and d = diam(G) > 2, then x,(G) < (d—1)4+n—a¢—1(G),
with equality if og—1;(G) < n.
From this last result we can obtain a lower bound for the packing chromatic number of connected graphs.

Lemma 2.4. Let G be a connected graph where |V (G)| = n,d = diam(G) > 2andF C [d — 1].If af (G)—i—ZiE[GHN ai(G) <n
then

6@ zd=1+n—(@+ > a(6).

ie[d—1]\F

Proof. Observe that ag_11(G) < ar(G) + Zie[d_”_F i(G) < n.
From Lemma 2.3, we have that x,(G) =d — 14+ n — ajg—11(G).

Therefore, x,(G) > d — 1+n — (ap(c) + Y ai(c)). 0
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Table 1
Values of «;(Q,) from [1].

i 2 3 4 5

@i(Qs) 8 4
ai(Q7) 16 8
@;(Qg) 20 16
@;(Qg) 40 20
ai(Q10) 72 40
@i(Q11) 144 72
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Table 2
Previous results.

n 1 2 3 4 5 6 7 8 9 10 11

Xp(Qn) = - - -
Xp(Qu) = - - - - - 15 28 63 132 285 610
Xp(Qn) < - - - - - 25 49 95 219 441 881
Gap - - - - - 10 21 32 87 156 271
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In Section 4.1 we will use the above results in order to obtain lower bounds for x,(Q;) and x,(Qs). For this, we will use
the i-packing numbers of some hypercubes, that can be obtained from results on Coding Theory [1].

An (n, d) binary code is a subset of V (Q,,) such that the distance between any pair of vertices is at least d and A(n, d) is the
maximum size of an (n, d) binary code. Therefore, an (n, d) binary code is a (d — 1)-packing of Q, and A(n, d) = ag_1(Qy).
In Table 1 we show some i-packing numbers of Q, (see Ref. [1]) that we use in order to prove that every F C [6] verifies the
condition in Lemma 2.4 for Q;. In fact,

6
ar@)+ Y ai@) <) Q) =94<2".
i=1

ie[6]—F

For example, let F = {1, 2, 6}. In this case we have:
5
Xxp(Q7) > 6+ 2/ — (CYF(Q7) + Z%‘(Qﬂ) =122 — ar(Qy). (m
i=3

In Section 4.1 we will prove that 1 2 6,(Q7) < 73, which implies that x,(Q;) > 49 and from the upper bound in Table 2
(see Section 4), we will conclude that x,(Q;) = 49.

Analogously, 21‘7:1 @i(Qg) = 174 < 28.If F = {1, 2, 4}, from Lemma 2.4 we have
Xo(Qs) = 7 +2° — (ar(Qs) + 22) = 241 — ar(Qs). 2)

In Section 4.1 we will show that a; 3 4;(Qs) < 146 and therefore the lower and upper bounds coincide.

This paper is organized as follows. Next section is devoted to improve the upper bound for the packing chromatic number
of Q, given by Goddard et al. in [9]. In Section 4 we prove several properties on F-packings that allow us to obtain yx,(Qn)
forn = 6, 7, 8. Using these results, in Section 5 we improve the bounds for the packing chromatic number of the n-cube
forn = 9, 10, 11. Finally, we present a non-closed formula for an upper bound of Q, for n > 9, that slightly improves the
bound given in Section 3.

3. Packing colorings of Q,: the upper bound
The principal result of this section is the following:

Theorem 3.1. x,(Q,) <3 +2"(5 — W) —2[%52 ], forn> 4

In order to prove Theorem 3.1, we derive a packing coloring of Q, with such a number of colors. For this, we use an
algebraic approach to construct 2- and 3-packings for Q, as follows.

As mentioned previously, Q, is the Cayley graph of the Abelian group Z where the connector set is the subset of n-vectors
having exactly one component equal to 1. By using the greedy algorithm that computes iteratively a maximum i-packing
I; in the subgraph of Q, induced by the vertices V(Q,) \ Uj<i I;, fori > 1and n < 13, we have observed that the 2- and
3-packings of Q,, obtained via this method had a very nice structure that we define as follows:

Definition 3.2. Letn > 4.Form € {4, ...,n} \ {2¥ 4+ 1: k € Z*}, consider the n-vectors of 7, defined as follows:
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1. Typel: If mis even,
i 1, ifie{l,2,m—1,m}
Vi =
m,n = |0, otherwise.
2. Type II: If m is odd and m — 1 is not a power of 2,
S ifie{1,m—2logaml 1 pllogam]
mn " |0, otherwise.

We define the subset W,, C ZJ as the set containing the vectors vy, , defined previously.

Let us see an example of W), forn = 13:

vy13 11110 0 0 0 0 0 0 0 O
w3 1 1.0 0 1 1 0 0O O O O O O
vwi3 10 1.0 1 01 0 0 0 O0 0O
wgiz 110 0 0 0 1 1 0 0 0 0O
vo13 1 1.0 0 0 O O O 1 1 0 0 O
vi;i3 10 1.0 0 0 0 01 0 1 0 O
vpi3 110 0 0 0 0O OO O 1T 1 O
V13,13 1 0 001 000 1 0O0 01

Notice that every vector in W, has weight four. Moreover, by construction, we have that:

Observation 3.3. Let n > 4. Then, |W,|+1 = |W,| ifand only if nis not a power of two, otherwise |W,,| = |W,.1|. Moreover,
if nis even (resp. odd), the new vector in Wy, 1 is of Type II (resp. ).

By Observation 3.3 and by induction on n, we can deduce the following result.
Lemma 3.4. Let n > 4. Then, |W,| =n — 1 — [log, n].
Definition 3.5. Let n > 4. We denote by §, the subgroup of the Abelian group Z} generated by W,.

Theorem 3.6. Let n > 4. The elements of the subgroup ., form a 3-packing of Q.

The proof of Theorem 3.6 follows from next Lemmas 3.7-3.10.

Lemma 3.7. Let n > 4. The elements in §, satisfy the following properties:

1. Forallu € 4y, u has an even number ( 0 included) of components equal to 1, that is, wt (u) is even.
2. Forallu, v € ,, we have that dist (u, v) is even.

Proof. We know that dist(u, v) = wt(u+v) forallu, v € Z3. Moreover, by construction, we know that wt(u) = wt(v) = 4
forallu, v € Wy, and by Observation 2.1, we know that dist(u, v) = wt(u+ v) is even. Now, each u € §, is equal to the sum
of some vectors in W,. By applying appropriately Observation 2.1 and Observation 2.2, we can deduce that wt(u) is even,
which proves (1). Now, by (1) we have that the weight of both u and v is even. Therefore, by Observation 2.2, we have that
dist(u, v) is even, which proves (2). O

Lemma 3.8. Let n > 4 and let M be a nonempty set of even integers such that for each m € M we have that vy, € W, is of
Typel Lety =Y .y Umn- Then, wt(y) > 4.

Proof. By Definition 3.2, if vy, , is a vector of Type I then, it has four 1's in positions 1, 2, m — 1, m. Thus, if [M| = 1 then, the
result trivially holds. Now, if [M| > 2 then, for any pair of different n-vectors vy, , and vy, , in W, of Type I, withmq, m, € M,
we have that vy, n + vm,,» has at least four 1's in positions m; — 1, my, m, — 1, my because m; # m,. Therefore, it is easy
to deduce that wt(y) > 4 in all the cases. O

Lemma 3.9. Let n > 4 and let M be a nonempty set of odd integers such that for each m € M we have that vy, , € Wy is of Type
I.Lety =", s Umn. Then, wt(y) > 4.

Proof. Let k = |M|. We will proceed by induction on k. If k = 1 then, by Definition 3.2, the results trivially holds. We
assume that k > 1 and that the lemma holds for any t < k and we will prove that if y is the sum of k + 1 different vectors
of Type Il in W, then, wt(y) > 4. Thus, we have thaty = )", U o With [M| = k + 1. Let m" = max{m : m € M} and let
M ={meM: [log,m| = [log,m']}.Clearly, 1 < [M'| < k+ 1.Lety’ = ), .1y Um.n. We consider the following two
cases:

e Case M = M'.If [M| > 2 then, y’ has 1’s at least in positions m € M and in positions m — [log, m’]|. Therefore,
wt(y) = wt(y) > 4.
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o CaseM # M'.Lety” =Y,y Um.n. Notice that if m € M \ M’ then, v}, , = 0foralli > 1+ 21°22™ (otherwise, there
is a value p € M \ M’ such that p > 1 + 2Ll "] and so, Llog, p] > |log, m'| and thus p must be in M"). By induction
hypothesis, we have that wt(y') > 4 and wt(y”) > 4. Moreover,y = y' +y” and y” has 0’s in all positions i > 1+ 2Llog2m'J,
As we have mentioned before, for eachm € M, we have thatm —2U82m < 14 2U0&2m « m Suppose that M’ = {vyy ).
Then, vy, has 1's in positions 1, m’ — 2Ueg2mJ 1 4 plleg2m] and m’. By induction hypothesis, wt(y”) > 4 and y” has
0's in all positions i > 1+ 21°22™] Therefore, y’ and y” differ in positions 1 4 21°22™') and m’. Moreover, y’ has a 1
in positionj € {2, ..., 2l"°%2™1} and y” has at least three 1's in positions j1, j», j3 € {2, ..., 2U°%2™1} Therefore, in this
case, y’ and y” differ in at least two positions in the interval {2, . .., 2U°%2™J} Thus, wt(y) > 4.
If [M’| > 3 then, there are at least three different values my, m, and m’ in M’, with m; < m, < m’, and thus, y’ has 1's at
least in positions my, m, and m’. Moreover, y” is such that it has 0’s in all positionsi > 1+ 2U82m) Asm, > 1+ 2llg2m’]
then, wt(y’ + y”) > 3. Moreover, by Lemma 3.7(1), wt(y) is even, and thus, wt(y) > 4.
Finally, let [M'| = 2. Let m, m" € M’ with m < m’. By induction hypothesis, wt(y”) > 4 and y” has 0’s in all positions
i > 1+ 2Uoe2m] Therefore,y’ and y” differ in positions m, m’, and in at least one positionj € {2, ..., 21°22™1}\ (m, m'},
which implies that wt(y) > 3. Again, by Lemma 3.7(1), wt(y) is even and thus, we conclude that wt(y) > 4. O

Now, we are ready to prove that the set G, is a 3-packing of Q,,.

Lemma 3.10. Let n > 4. Forany u, v € Qu, u # v, such that u, v € §,, we have that the distance between u and v in Q, satisfies
cdist(u, v) > 4.

Proof. Let x € §,. Therefore,x = . w for some Hy C W,. Then, we define H; and H,’ as the sets of n-vectors in Hy of
type I and II, respectively. For any pair A, B € W,, denote AAB the set (AU B) \ (A N B).

Letu, v € Qu, u # v. Consider H, € W, and H, € Wy suchthatu =}, , wandv =} . w.

Notice thatu + v = ZweH;uH{{ W+ D emuny W = ZweH{,AH{, w+ ZweH,’,’AH{( w.

Letx =2, cyamwandy =3, rayy w. We have thatu + v = x +.

Moreover, we know that dist(u, v) = wt(u +v) = ZL] (u+ v)', hence dist(x, y) = 2?21 (x +y)' = dist(u, v). We will
prove that the distance between x and y is at least 4.

By Lemma 3.8 (resp. Lemma 3.9), if HyAH, # @ (resp. H,/ AH, # ) then, wt(x) > 4 (resp. wt(y) > 4). Therefore, if
either H) AH, = ( or H; AH, = { then, dist(x, y) = wt(x 4+ y) > 4. Therefore, assume that H;AH; # { and H,] AH}] # {.
By Lemma 3.8 (resp. Lemma 3.9), wt(x) > 4 (resp. wt(y) > 4). Moreover, all the 1’s in y occur in odd positions. Besides, x
has at least one 1 in an even position greater than 2 and at least one 1 in an odd position greater than 1. The other possible
1’s in x are in position 1 and 2. Therefore, x and y differ in at least three positions and thus, wt(x + y) > 3. However, by
Lemma 3.7 (1), wt(x + y) is even and so, wt(x + y) = dist(x,y) > 4. O

As a simple consequence of Definition 3.2, we can deduce easily the following observation:

Observation 3.11. Let n > 4. Then, for any element u € W, and for any nonempty set M C W, \ {u}, we have that u # ), _,, v.

In fact, letu = vip, w =),y vand m = max{j : vj, € M}.Itis easy to see thatj # i sinceu ¢ M.Ifj < i, w! = 0and
then w # u. Analogously, ifj > i, w/ = 1and then, w # u since 1/ = 0.
Since Observation 3.11 states that the elements of W, are linearly independent, the following lemma is immediate.

Lemma 3.12. Let n > 4, and let G, be the subgroup of the Abelian group Z5 generated by W,. Then, the order of 4, is equal to
2IWal

Definition 3.13. Let n > 4. For eachj, with 1 < j < L”z;“J, let A; and B; be 2-subsets of Z} constructed as follows : A; is
formed by two n-vectors a;, and a;, where a;, has only one 1 in position j + 2 and 0 otherwise, and aj, has 1 in positions
t € [2j+ 4]\ {j + 2}, and 0 otherwise. The 2-set B; is formed by two n-vectors b;, and b;,, where b;, (resp.b;, ) is equal to a;,
(resp. aj,) but with the two first positions complemented.

Lemma 3.14. Let n > 6.Let g, € Z (resp. g3 € Z3) be the element having only the first component (resp. the second component)

equal to 1 and the remaining components equal to 0. For each j, with 1 < j < L”Z;“J, the 2-sets A; and B; in Definition 3.13 satisfy
the following properties :

LAN@+G)=ANE@+%)=BN(E&+%)=BN(g+ %) =0

2. Aj (resp. B;) is a (2j + 2)-packing (resp. (2j + 3)-packing) of Q.

Proof. First notice that, by construction, all the vectors in A; and B; have odd weight. By Lemma 3.7(1), we know that each
vector in 4, has even weight. Therefore, each vector in g, + G, (resp. g3 + ) has odd weight.

1. By Definition 3.13, a;, € A; has only one 1 in position j + 2. Moreover, g, (resp. g3) belongs to the coset g, + §, (resp.
g3 + Gn) and it is easy to verify that dist(a;,, g&) = dist(a;,, g3) = 2. Thus, aj, & & + Gn (resp. aj, & &3 + Gn)- Now,
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Fig. 1. Relation scheme.

by Definition 3.13, a;, € A;j has 1's in positions t € [2j + 4] \ {j + 2}. Let v4 be the element in §, generated by the sum
of vectors vyq4 € Wy, for 0 < k < j. Now, let wy = gy + va. If j is even, wy has 1’s in positions t € [2j + 4] \ {2},
otherwise, if j is odd then, w4 has 1’s in positions t € [2j+4]\ {1}. In both cases, it is easy to verify that dist(a;,, wa) = 2.
Similarly, if wa = g3 + va then, dist(a;,, wa) = 2, therefore, a;, & g + G (resp. a;, € g3 + $n) which implies that
AN (g + %n) = A N (g3 + $n) = ¥.In a similar way, we can deduce that B; N (g2 + %) = Bj N (g3 + $n) = 9.

2. By Definition 3.13, we have that dist(q;, , a;,) = dist(b;,, b;,) = 2j + 4. Moreover, notice that by construction, we have
that A; N B; = ¥ and for all j # j', we have that A; N Ay = A; N By = B; N Ay = B; N By = {. It shows that A; (resp. B;) is a
(2j + 2)-packing (resp. (2j 4 3)-packing) of Q, as desired. Actually, A; is in fact a (2j + 3)-packing of Q, and so, it is also
a (2j + 2)-packing of Q,. O

From the previous lemmas, we are able to prove Theorem 3.1.
Proof of Theorem 3.1

Let n > 4. Let , be the subgroup of the Abelian group Z} generated by the set W, (see Definition 3.2). Clearly, the
elements of Z} correspond to the vertices of the binary n-dimensional hypercube Q,. Let I, I} and I§ be subsets of vertices
of Q, constructed as follows : I is the set of all vertices in Q, having even weight (0 included). The sets I} and I} are the
cosets g, + G, and g3 + Gn, resp., where g, and g3 are defined as in Lemma 3.14. By Lemma 3.10, it is clear that both IJ and
I3 are disjoint of I, because all the elements in IJ and in I have odd weight. Moreover, IJ and I§ are disjoint by Lagrange’s
Theorem. Therefore, I is ani-packing of Q,, fori = 1, 2, 3. Now, observe that the family of sets in Definition 3.13 are pairwise
disjoint. Furthermore, by Lemma 3.14,for 1 < j < L"z;ﬂ, the sets A; and B; are (2j + 2)-packing and (2j + 3)-packing of
Q, respectively. By given a different color greater than 2 an;ﬂ + 3 to the remaining vertices in Q,, we obtain the desired
packing coloring of Q, with 3 + 2"(3 — zﬂoﬁ) —2["%*| colors. O

4. Lower bounds for x,(Q,): the casesn = 6,7 and 8

As mentioned in the introduction, Goddard et al. [9] computed the packing chromatic numbers of the first five hypercubes
and provided particular bounds for x,(Q,) for6 <n < 11.

Moreover, by Corollary 1.1 and Theorem 3.1, actually we know that 25 < x,(Qs) < 25,44 < x,(Q;) < 49 and
81 < x,(Qg) < 95.Thus, we have the following direct result.

Corollary 4.1. x,(Qs) = 25.

The main result in this section is the computation of a tight lower bound for the packing chromatic number of hypercubes
of dimensions 7 and 8. In order to obtain these lower bounds, we combine the results obtained by Agrell et al. [ 1] concerning
the i-packing numbers of Q; and Qg (see Table 1), for 1 < i < 8, with the ones concerning the maximum size of balanced
independent (and dominating) sets on hypercubes obtained by Ramras [14].

4.1. The packing chromatic number of Q; and Qg

In this section, we will obtain the packing chromatic number of Q; and Qg. As we have proved in Section 2, from
Lemma 2.4, we can compute x,(Qy) and x,(Qg) by proving that o126 (Q7) < 73 and ay1,2,4(Qs) < 146, respectively.
Therefore, we will show that a1 6(Q7) = 73 and (1 2,4y(Qg) = 146.

Previously, we present some definitions and technical results on hypercubes.

We denote by V,(Q,) and V,(Q,) the subset of vertices v € V(Q,) with even weight (included 0) and odd weight,
respectively.

Let VO(Q,) = {v € V(Qy) : v! =0} and V'(Q,) = {v e V(Q,) : v! = 1}.

Fori € {0, 1} andj € {e, 0}, V/(Q,) denotes the set V'(Q,) N V;(Qn).

Besides, we call Q,SL1 and Qn[1 to the (n — 1)-dimensional hypercube induced by V°(Q,) and V'(Q,) in Q,, respectively.
In Fig. 1 we present a relation scheme.
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Remark 4.2. It is not hard to see that the set of edges in the subgraph induced by Ve0 QU VJ (Qyp) is a matching of Q, with
size 2"~2, Analogously, if we consider the set of edges in the subgraph induced by Ve1 Qn U Vg’ (Qn), we have a matching of
Q, with size 2"~2. Moreover, these matchings are disjoint and the union of them is a perfect matching of Q,.

Let us recall some results on 1-packings due to Ramras [14].

Lemma 4.3 (Proposition 4 in [14]). If I is a 1-packing of Qs such that I N\ V,(Qs) # @ and I N V,(Qs) # @, then |I| < 12.

Given a graph G, a subset of vertices U is a dominating set of G if N[v] " U # () for all v € V. A subset of vertices of a
connected bipartite graph is called balanced if it has exactly half its elements in each of the partition sets.

Theorem 4.4 (Proposition 7 in [14]). The maximum size of a balanced 1-packing of Q7 is 44, and there is a balanced independent
dominating set of this size.

Following, we present some useful remarks that involves i-packings of hypercubes.
Let v € V(Q,), we know that every pair of vertices in N(v) are at distance 2. So, if X; is an i-packing of Q, withi > 2, then
|Xi N N(v)| < 1. Moreover,

Remark 4.5. Let X; be an i-packing of Q, withi > 2 and I C V(Q,). Then, |[X; N N(I)| < |I|.

Now, consider X; an i-packing of Q, with i even. If v, w € X; N V,(Q,), the distance between u and v is even and at least
i+ 1. Therefore, dist (u, v) > i+ 2. This reasoning leads us to the following result.

Remark 4.6. Let X; be an i-packing of Q,, with i even. Then, |X; N V,(Q,)| < ai+1(Qy) and |X; N Vo (Qn)| < @ir1(Qn).

Next, we obtain a combinatorial result on hypercubes that we will apply to compute the packing chromatic numbers in
the next section.

Lemma 4.7. Let K be a subset of V.(Qy) or V,(Qy) such that |K| =k, for k < 4 and k < n. Then,
k(k+ 1) 1
2

)

IN(K)| > kn — <

with equality if k = 1.

Proof. If K = {v}, N(K) = N(v) and the result is trivial.

For the remaining cases we proceed by induction on n. It is not hard to prove that the result holds ifn < 4.Letn > 5 and
suppose that the result holds if K C V.(Qu—1) or K C V,(Qu—1)-

k = 2. Firstly, let us consider K C V.(Q,).IfK C Veo (Qn), we can apply the inductive hypothesis over Q,SL1 and we obtain
IN(K) NV2(Qa)| = IN(K) N V,(Q2_))| > 2(n — 1) — 2. On the other hand, from Remark 4.2, [N(K) N V] (Qy)| = 2.
Therefore, [IN(K)| > 2n — 2. Analogously if K C V.}(Qy).

Now, consider |[K N'V2(Q,)| = 1and let K N V2(Q,) = {x} and K N V,}(Q,) = {y}. Since Q?_, and Q. , are (n — 1)-
cubes, [N(x) N V2(Qy)| = IN®) NV,(QY_ )| = n— Tand IN(y) NVI(Qy)| = INW) NV,(Ql )| = n— 1. Thus
IN(K)| = 2n — 2.

k = 3. Suppose K = {x,y,2z} C Vo(Qu).IfK C V2(Qn), by applying the inductive hypothesis over Q,?q, we obtain that
IN(K) N Vf(Qn)| > 3(n — 1) — 5 and from Remark 4.2, [IN(K) N VD] (Qn)| = 3.Then [N(K)| > 3n — 5. Analogously if
K C V(Qn).

IfFK NV2(Qy) = {x,y} and K NV} (Q,) = {z}, from previous result when k = 2, we have that [N({x, y}) N V2(Q,)| >
2(n — 2). Therefore |N(K)| > 3n — 5, since [N(z) NV} (Q,)| =n — 1.
The case when [K N V2(Q,)| = 1and |[K N V1(Q,)| = 2 can be obtained in an analogous way.

k = 4. First, consider K = {w, x, ¥, z} C V,(Qy).

IfK C Vf (Qn), by applying the inductive hypothesis over Q,?fl, we have that [N(K) N Vl? Qn)] =4(n—1)—9and
from Remark 4.2, [IN(K) N V,} (Qy)| = 4. Therefore, [IN(K)| > 4n — 9. Analogously if K C Ve1 (Qn)-

IfKNV2Q) = {w,xy}and K N V}(Q,) = {z}, using previous results when k = 3 over Q° ,, we can
conclude that [N({w, x,¥}) N V2(Q,)| > 3(n — 1) — 5. Besides, we know that [N(z) N V}(Q;)| = n — 1. Then,
IN(K)] >3(n—1) =54 (n— 1) = 4n — 9. Similarly, the result holds if |[K N VEO(Q,.,)| =1land|KN Vel(Q,.,)| =3.
Finally, suppose that K N V2(Q,) = {w, x} and K N V}(Q,) = {y, z}. From previous results when k = 2, we obtain
that IN({w, x}) N V2(Qy)| > 2(n —2) and [N({w, x}) NV} (Qy)| > 2(n — 2). Therefore, |N(K)| > 4(n —2) > 4n—9.

Applying similar reasoning as above for the case when K C V,(Q,), we obtain the result. O

As we have mentioned before, our goal is to obtain the packing chromatic number of Q; and Qg. To this end, it is enough
to prove that a1 2,6)(Q7) < 73 and oy12,4(Qs) < 146, respectively.
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Fig. 2. Arelation scheme of sets Vs'j' Qs and Q;.

4.2. Computing x,(Q7)
Along this section we assume that F = {1, 2, 6}. Firstly, we compute the size of an F-packing of Q; for a particular case.

Lemma 4.8. Let X; be an i-packing of Q; for i € F. Consider X = Uicr Xi. If |X1 NV,(Q7)| < 1or |X; N Ve(Q7)| < 1 then,
|X| <73.

Proof. Without lost of generality we can suppose that X;, X, and Xg are pairwise disjoint. Then, |X| = |X1| + |Xa| + |Xg].

Consider |X1 N VO(Q7)| <1 and let] = X1 N VO(Q]).

From the facts that X = (X N V,(Q7)) U (X N V,(Q7)) and X; N N(I) = ¥, we can conclude that

X CSTURNVe(Q)) U Xs NVo(Q7)) U (Ve(Q) \NU) U X2 NNI) U (X NND)).

Therefore,

IXI < 1 + X2 N Vo(Q7)| + X6 N Vo(Q7)] + [Ve(Q)| — IN(DI + [X2 NN | + [Xg NN(D)I.

From Remark 4.6, we know that |X; N V,(Q7)] < «3(Q7;) = 8 and |Xs N V,(Q7)| < «7(Q;) = 1. Besides, applying
Remark 4.5, |X; " N(I)| < |I| and [Xg N N(I)| < min{|I], |Xs N Ve(Q7)|}.

Observe that, if I is the empty set, [Xs "N(I)| = 0and |Xs N N(I)| < 1 otherwise.

Then,

IXI <73+ 2|I] = IN(D)| + min{|I], [Xs N Ve(Q7) [}

Therefore, if = ¢, |X| <73 andif [I[| = 1, [N(I)| = 7 and |X| < 69.
If |X; N Ve(Q7)| < 1the result follows similarly. O

Now, let X = Ujcr X; be an F-packing of Q;. To prove that ar(Q;) < 73, from the previous lemma, it remains to analyze
the case |X; NV,(Q7)| > 2 and |X; N V,(Q7)| > 2. Notice that |X; U Xs| < a2(Q7) + a5(Q7) = 18. Therefore, it is enough to
show that |X;| < 55 in this case. To do this, if | = X; N V,(Q;), we proceed by case analysis on |I|.

Lemma 4.9. Let X; be a 1-packing of Q; and I = X1 NV,(Q7). If 2 < |I| < 7 then, |X;| < 55.

Proof. If |I| = 2,from Lemma4.7,|N(I)| > 12 and then |X;| < |V.(Q7)\ND|+|I| = |Ve(Q7)|—=IN(D|+|I| < 64—1242 =
54. Analogously, if 3 < |I| < 7,|N(I)| > 16.Then |X;| <55. O

Next, for the cases 8 < |I| < 22 we will use a different strategy than before. Previously, we need to define some subsets
of vertices in Q5.

Definition 4.10. Consider i,j € {0, 1} and let VI = {v € V(Q;) : v'v? = ij}. Fors € f{e, 0}, we denote VI to the set
VY N Vs(Qy) (see Fig. 2).

Let us observe that the subgraph induced by V¥ is isomorphic to Qs for all i,j € {0, 1}. Notice that, from definition,

Ve(Q7) = Uijeqo, Ve and Vy(Q7) = Ujjeqo.ny Ve

Besides, it is not hard to see that a similar result that in Remark 4.2 can be applied to these sets. For instance, the edges of
the subgraph induced by V2°UV?' is a matching. Analogous result follows if we consider the subgraphs induced by VXUV,
vIuve vatuvitveuve veu v v uvtor viITU VS,

o’"e o’’e o’"e

Lemma 4.11. Let X; be a 1-packing of Q; and I = X1 NV,(Q7). If 8 < |I| < 22 then, |X;| < 54.
Proof. LetS; = Vin X, foralli,j € {0, 1}. We consider three different cases.

Case 1. Suppose |[I N V| > 12. From Lemma 4.3 we have that X; N V° = (. Besides, from Remark 4.2, we obtain that
IN(D) N VO > 12. Thus, [X; N V| < 4. Similarly, |X; N V| < 4. Therefore, [X; N V.(Q7)] = |X; N VX[ + |X; N
VO + XNV + XNV <0+4+4+ 16 <24and |X;| <24+ || < 46.

Analogously, the same result follows if [I N V21| > 12, I N V| > 12,0r I N V]| > 12.



P. Torres, M. Valencia-Pabon / Discrete Applied Mathematics 190-191 (2015) 127-140 135

Case 2. Consider 8 < |I| < 11.

IfI € V2, from Lemma 4.3 we obtain that [Sgp| < 12. Besides, |So1| = |X; N V2| < 8 since, from Remark 4.2,
IN() NV > |1]. Similarly, [Sio] = [X; N V,°] < 8.Then, [X;| < 12 + 8 + 8 + 16 = 44. We also obtain the result
ifrcvoircvi®orr cvih

Case 3. Suppose NV = ¢, 1NVO" # Gand [INVY| < 11foralli,j € {0, 1}. From Lemma 4.3, we have that [Spo| < 12 and

ISo1| < 12.Besides, applying Remark 4.2, N(I) N V}° = @ and N(I) N V! # . Therefore, |S1o| < 15 and |Sy;| < 15.
Then, |X;| < 54.

By similar reasonings we can obtain the result for the cases when |I N Véj| < 11foralli,j € {0, 1} and I has no
empty intersection with at least two of the sets V20, Vo1, V10, v 1.

Finally, observe that we cover every possible case for 8 < |I| < 22. Therefore, |X;| <54. O

Notice that Lemmas 4.9 and 4.11 can be applied similarly when I = X; N V,(Qy).

Lemma 4.12. Let X; be a 1-packing of Qy such that |X; NV,(Q7)| > 2 and |X; N V.(Q;)| > 2. Then, |X;| < 55.

Proof. From Theorem 4.4 we have that [X; N V,(Q7)| < 22 or [X; N Ve(Q7)] < 22. Since |X; N V,(Q7)] > 2 and
[X1 N Ve(Q7)| = 2, the result follows from previous lemmas. O

It is clear from Lemmas 4.8 and 4.12 that if X is an F-packing of Q; then |X| < 73. Thus, «r(Q;) < 73. Hence, we have
the main result of this section.

Theorem 4.13. x,(Q;) = 49.

To conclude this section, notice that to compute x,(Qy), it was enough to show that or(Q;) < 73. Actually, or(Q7) = 73.1In
fact, let X; = V,(Qy),

Xy = {(0,0,0,0,0,0, 1), (0,0,0,1,1,1,0),(0,1,1,0,0,1,0), (0,1,1,1,1,0, 1), (1,0, 1,0, 1, 0, 0),
(1,0,1,1,0,1,1),(1,1,0,0,1,1, 1), (1,1,0, 1,0, 0, 0)} and

Xs={(1,1,1,1,1,1, D}.

It is not hard to see that {X;};c, is a family of pairwise disjoint i-packing of Q;. Thus, X = J;; X; is an F-packing of Q;
and |X| = 73. Therefore, ar(Q;) = 73.

4.3. Computing x,(Qs)

This section is devoted to compute ;2 4) (Qg), which allows us to obtain x,(Qs). For the rest of this section we consider
F={1,2,4).

Before concluding that o (Qg) < 146, we are going to prove three lemmas, in which we compute an upper bound for an
F-packing of Qg.

Lemma 4.14. Let X; be an i-packing of Qg for i € F. Consider X = Ujcr Xi. If |X7 N Ve(Qg)| < 10 or |X1 N V,(Qg)| < 10 then,
|X] < 146.

Proof. Without lost of generality we can suppose that X;, X, and Xg are pairwise disjoint. Let | = X; N V,(Qg) and i = [I|.
IfI = @, from Remark 4.6 we have that |[X NV,(Qg)| < a3(Qg) + as5(Qg) = 18.Therefore, |X| < |X NV.(Qg)|+ |Vo(Qg)| <
146.
Consider 1 <i < 10. It is clear that N(I) C V,(Qg). Let T = V,(Qg) \ N(I). Observe that,
X=TUNV(Qs)) U KsNVe(Qs)) U (X2 UXs) NNI)) U X NT).
From Remark 4.6, |X; NV.(Qg)| < a3(Qg) = 16, |X4NV.(Qg)| < a5(Qg) = 2.Besides, from Remark 4.5, | (X, UX4) NN()| <
[Xo NN+ X4 NN()| <i+ 2.Then, |X| < |T| + 20 + 2i.
Ifi=1,|T| = 120 and |X| < 142. Applying Lemma 4.7 we have that
114 ifi=2
IT| < :109 ifi=3
105 if4 <i<10.
Therefore |X| < 146. Analogously, the result follows if |X; N V,(Qg)| < 10. O

If X = Ujer X; is an F-packing of Qg, to prove that |X| < 146, it remains to analyze the cases such that |[X; N V,(Qg)| > 11
and |X; N V,(Qg)| > 11. In this regard, notice that o, (Qg) = 20 and a4(Qg) = 4. Then, it is enough to prove that, in these
cases, |X1| < 122.Moreover, in the following lemmas we prove that the size of X; is at most 110 for a bit more general cases.

Lemma 4.15. Let X; be a 1-packing of Qg such that |X; N Vsi(Qg)l > 2foralli € {0, 1}, s € {e, 0}. Then, |X;| < 110.

Proof. First, observe that V/(Qg) = V5(QJ), for alli € {0, 1}, s € {e, 0}. Then, [X; N V5(Q})| > 2 foralli € {0, 1}, s € {e, o}.
From Lemma 4.12, we obtain that |X; N V°(Qg)| < 55 and |X; N V1(Qg)| < 55.Then, |X;| < 110. O
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Lemma 4.16. Let X; be a 1-packing of Qg such that |X; N V.(Qg)| > 11 and |X; N V,(Qg)| > 11. If there exist i € {0, 1} and
s € {e, o} such that |X; N V](Qg)| < 1, then [X;] < 110.

Proof. Without loss of generality, suppose [X; N V!(Qs)| < 1. From hypothesis, [X; N V2(Qg)| > 10, since V2(Qg) U
V; (Qg) = Ve(Qg). Observe that, from Remark 4.2, the set of edges in the subgraph induced by Vf (Qg)U Vo1 (Qg) is a matching.
Then,

IN(X1) NV, (Qs)| > 1X1 NV2(Qs)| > 10.

Therefore, |X; NV, (Qg)| <54 and [X; NV(Qs)| = X1 NV(Qs)| + X1 N V)(Qs)| < 55.

To conclude, let us see that [X; N V°(Qg)| < 55.

If 1X; N V2(Qs)| < 1, by a similar reasoning as before, we obtain [X; N V°(Qs)| < 55.

Finally, suppose that [X; N V2(Qg)| > 2. As we have seen, [X; N V2(Qg)| > 10, hence we can apply Lemma 4.12 to the
7-cube Q7 and obtain that [X; N V°(Qg)| < 55. O

From Lemmas 4.14-4.16 we conclude that ar(Qg) < 146 and, therefore, we have the principal result of this section.

Theorem 4.17. x,(Qs) = 95.

Finally, we obtain an F-packing of Qg with size 146, which proves that ar(Qg) > 146.
To this end, consider X = Ujcr X;, where X; = V,(Qsg),

X, = {0,0,0,0,0,0,0, 1),(0,0,0,0,1,1,1,0),(0,0, 1,1,0,0,1,0),(0,0,1,1,1,1,0,1), (0, 1,0, 1,0, 1,0, 0)
(0,1,0,1,1,0,1,1),(0,1,1,0,0,1,1, 1), (0,1,1,0, 1,0,0,0), (1,0,0,1,0, 1, 1, 1), (1,0,0, 1, 1, 0, 0, 0),
(1,0,1,0,0,1,0,0),(1,0,1,0,1,0,1,1),(1,1,0,0,1,1,0, 1), (1,1,0,0,0,0,1,0), (1, 1,1, 1,0,0,0, 1),

(1,1 ,1,1,1,1,0)} and
Xs ={(0,0,0,0,0,1,1,1), (0,0,1,1,1,0,0,0)}.

It is not hard to see that {X;};cr is a family of pairwise disjoint i-packing of Qg. Thus, X = |, Xi is an F-packing of Qs

ieF
and |X| = 146. Therefore, ar(Qg) = 146.

Remark 4.18. «or(Qg) = 146.

5. Better bounds for x,(Q,) forn =9, 10, 11

Our goal in this section is to improve the known previous lower bounds for the packing chromatic number of Qg, Q19 and
Qll (Table 2)

In order to do that we use the following result on i-packing numbers of hypercubes.
Lemma 5.1. Let n > 1. Then ap (Qny1) < 2ap(Qy) for every F C [27].

Proof. Observe that if X is an F-packing of Q,;1, then X N V°(Q,.1) is an F-packing of the subgraph QC. Therefore,

IX N VO(Qus1)| < ar(Qn).
Analogously, |X N V'(Qus1)| < ar(Qq). Then, [X]| = X N VO(Qus)| + X NV (Qup1)| < 20p(Qn). Thus, o (Qui1) <
20p(Qy). O

Now, we obtain the better lower bounds directly from Remark 4.18.

Theorem 5.2. x,(Qq) > 198, x,(Q10) > 395 and x,(Q11) = 794.

Proof. From Lemma 5.1 and recalling that o(; 2 4)(Qg) = 146, we obtain that a1 3 4(Q9) < 292, @(12,4,(Q10) < 584 and

12,4y (Qi1) = 1168.
Besides, from the values in Table 1, we have

8 9 10
@3(Q) + Y Q) =30, a3(Quo) + Y i(Quo) =54 and e3(Qu1) + »_ ei(Qi1) = 96.
i=5 i=5 i=5

Notice that we can apply Lemma 2.4, since a1 2,4;(Qn) + o3(Qn) + Z}ZS] ;(Qy) < 2", forn =29, 10, 11.
Hence, x,(Qq) > 198, x,(Qi0) > 395 and x,(Qq1) > 794. O

6. Discussion

In this section we present a non-closed formula for an upper bound of the packing chromatic number of hypercubes that
slightly improves the bounds in Theorem 3.1, forn > 9.
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Fig. 3. Vectors vy, and jup p.

To do this, we will construct i-packings of the hypercubes Q,, for n > 9. Recall the sets W,y defined in Section 3. For each
vm.w € Wy, consider the vector obtained by replacing each component of v, by a block of i components (see Fig. 3).

Formally, leti > 2,n > 4iandn’ = | % |.Forn € {in’, ..., i(n" + 1) — 1}, we define W} = {jvmn € Z} : vmw € Wy},
where

e fi=ik=D 1k
Hm.n 0 otherwise.

For example, leti = 2,n = 15 and n’ = 7. We know that Wy = {v4 7, v6 7, v7.7}, Where

ve7=(1,1,1,1,0,0,0),

ve7 = (1,1,0,0,1, 1, 0),

U7,7 = (1, O, 1, 0, ], 0, 1)

Then, W{5 = {2v4,15 , 26,15 » 207,15}, Where

2vs5=1(1,1,1,1,1,1,1,1,0,0, 0,0, 0, 0, 0),

2615 =(1,1,1,1,0,0,0,0,1,1,1, 1, 0,0, 0),

2715 =(1,1,0,0,1,1,0,0,1,1,0,0, 1, 1, 0).

Next, we compute the size of Wr’;. First, notice that from previous definition, if n + 1 is not a multiple of i then
|W,i+1| = |W,§|. Otherwise, if n 4+ 1 is a multiple of i, then |W£+1| = |W$| and |W,§| = |W%1_1 | So, from Observation 3.3,

|Wr"[+]| = |W,;'| & @ — 1is a power of 2. Then, it is easy to see the following property.

; ; . . . n+1 .
[W,,1| = I[W,| & n+ 1isnotamultiple of i or —— — 11is a power of 2.

Using this fact, it is not hard to show the following remark by induction on n in a similar way to the proof of Lemma 3.4.
Remark 6.1. Leti > 2 and n > 4i. Then, |[W}| = [ 2] — 1 — [log, | 2]].

Fori > 2 and n > 4i, we denote by 9; the subgroup of Z} generated by W,"l. From Lemma 3.10, it can be obtained a lower
bound for the distance between two vectors in §!.

Lemma 6.2. Let i > 2 and n > 4i. Then, dist(v, w) > 4iforallv, w € 9;, v # w.

~ Observe that this result allows us to define i-packings in the hypercubes. Firstly, we see a property concerning the sets
g5, and Gn.
We will show that g; is a subgroup of ¢, wheni is an even positive integer. This fact plays an important role in the proof
of the main theorem in this section. To this end, we show that every vector in W;' belongs to .
Let i be an even positive integer,n > 4i and n’ = HJ Consider jv , € W;' the vector obtained from vy, v € W,. Then,
iUm.n has four blocks of i consecutive components equal to 1 starting in positions 1,q+ 1,s + 1and r + 1, with q, s, r even
numbers such thatq > i, s > g+ iandr > s+ i. Then,

T L L PO L B B A O N O
Pmn = 10 otherwise.

Consider the sets Vi = {vpyn € Wy : 4 <m' <i Am'even}, Vo = {vpyp, e Wy:q+2<m <q+i A meven}, V3 =
{vwneW,:s+2<m <s+inmevenjand Vs ={vy, € Wy:r+2<m <r+i Am even}.

Letvyy =), . ev, Um'n fork=1,...,4and v = vy + vy + v3 + v4. Itis trivial that v € ,. We will prove that v = ;v 5.

First, observe that |V;| = é —1,|Vi| = %for k=2,3,4,and,if U = U;::l Vi, (Ul = 2i — 1.

Furthermore, notice that v}, . = v?, = 1forall vy, € U.Then, v' = v> = 1since |U| is odd.

Now, let j > 3. From definition, we have that v’] = lifand only ifj € {3, ..., i}. Analogously, v’2 = 1if and only if
jel{g+1,...,q+i} vy =1ifandonlyifj € {s+1,...,s+i}and v, = 1ifand onlyifj € {r + 1, ..., r + i}. Therefore,

UV = iUm,n.

Lemma 6.3. If i is an even positive integer, 9,}, is a subgroup of Gn.

Our goal now is to obtain k-packings of Q. To do this, we will construct cosets of Z) by using previous subgroups.
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Table 3

Previous results.
n 6 7 8 9 10 11
Xp(Qn) =
Xp(Qn) = 15 28 63 132 285 610
Xp(Qn) < 25 49 95 219 441 881
Gap 10 21 32 87 156 271

Letn > 9.Fork € {2, ..., n},letg, € Zj be the vector having only the (k— 1)th component equal to 1 and the remaining

components equal to 0. Consider the cosets I¥ C ZJ such that I}, I? and I} are defined as in the proof of Theorem 3.1,
ie Il = Vo(Qu),I2 = g, + Gnand I> = g3 + G,. Furthermore, let [¥ = g, + 2 fork = 4,5,6,7 and if n > 16, for k > 8 let
I¥ defined as follows:

e Considert = | 2|.Foreachj € {2,...,t}, letIf =g +G7fork=8G—1),...,8 — 1.

As we have seen, I" is a k-packing of Q, for k = 1, 2, 3. Besides, from Lemma 6.2, we have that gn is an (8j — 1)-packing of
the n-cube for allj € [t]. Then, from the fact that every i-packing is a j-packing for all j < i, we conclude that I¥ is a k-packing
of Q,, fork =1, ..., 8t — 1. Furthermore, from Lemma 6.3, we can see that I,’f C V,(Qy) for all k > 2. Moreover, these sets
are pairwise disjoint in Q.

Theorem 6.4. Letn > 9andt = L J Then, {I"}st is a family of pairwise disjoint k-packings of Q,.

Proof. We know that I" is a k-packings of Q, fork =1, ..., 8t — 1.
Then, we only need to prove that {I" 8- 1 is a family of pairwise disjoint subsets of V (Q,). First, observe that I1 N I" =0,
since wt(v) is odd for all v € Ugt ! Ik Therefore it is enough to show that {I"}Sf !is a family of pairwise disjoint subsets

of V(Qy).

Suppose that there are two different subsets ¥ and 1¥ such that I¥' N 2 #+ {.letv € X" N 1¥2. From definition,
V4 gy € §2andv + g, € 6% for some i,j = 1,...,t (consider g} = g,). Observe that dist(v + gk, v + &k,) =
YUt gy U8y =Y (8 &) = 2.

On the other hand, from Lemma 6.3, v + g, € 9,11 and v + g, € 9,,11. Then, from Lemma 3.10, dist (v + gk, v + &k,) > 4,
which contradicts the previous fact.

Therefore {I"}S‘ 1is a family of pairwise disjoint k-packings of Q,. O

Finally, observe that Ust ! 1s an [8t — 1]-packing of the n-cube. Then, if we assign a different color greater than 8t — 1

to each vertex in V(Qy) \ Uk:] »» we obtain a packing h-coloring of Q, with h = 8t — 1+ 2" — Zst ! |I’ |. Notice that |I’ |
can be obtained from Lemma 3.4 and Remark 6.1. Then, we have the following upper bound.

Corollary 6.5. Let n > 9and t = |} |. Then:
If n < 15,

(@) <7 +2"<% _ p-logonl _ 21*f%1*f‘°gzL%ﬂ>.
If n > 16,

xp<oﬂ>ssf_mn(;_zwogm_zlfr%ngzL%ﬂ Zz’% z"ﬂ).

7. Conclusion
Observe that the packing chromatic number of Q, reaches the upper bounds given by Goddard et al. [9] forn = 6, 7, 8.
This behavior leads to assess whether the same is true for n > 9. In that sense, we prove in the following that this statement

is false for n = 9, 10 by giving a packing 211-coloring of Qg and a packing 421-coloring of Q. Finally, we show previous
results in Table 3 and we summarize our results in Table 4.

A packing 211-coloring of Qg

Forv e V(Qy),letd' =1—v", 92 =1—v%and d' = v' forall3 <i<n.
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Table 4

New bounds.
n 6 7 8 9 10 11
Xp(Qn) = 25 49 95
Xp(Qu) = - - - 198 395 794
Xp(Qn) < - - - 211 421 881
Gap 0 0 0 13 26 87

Consider the following packing coloring of Qo.

X1 = Ve(Qo),

X, ={1,1,1,0,0,0,0,0,0),(,1,0,0,1,1,1,0,0),(1,1,1,1,1,1,0,1,0), (1,1,0,1,1,0,0,0, 1),
(1,1,1,00,1,1,1,1),(,0,1,1,1,0,0,0,0), (0,0,0,0,0,1,0,0,0), (0,0,1,0,1,1,1,1,0), (0,0,0,1,1,1, 1,0, 1),
(0,0,1,0,0,0,0,1,1),¢(,1,0,1,0,0,1,0,0), (0,1,1,1,0,1,0,0, 1), (0,1,1,0,1,0,1,0, 1), (0,1,0,0,1,1,0, 1, 1),
(1,0,1,1,0,1,1,0,0),(1,0,0,0,1,0,0,1,0),(1,0,1,0,1,1,0,0, 1), (1,0,0,0,0,0,1,0, 1), (1,0,0,1,0,1,0, 1, 1),
(1,0,1,1,1,0,1, 1, 1)},

X3={1A)Z'U€X2},

X,={1,1,0,0,0,0,1,1,1),(,1,0,1,1,1,0,0,0), (0,0,1,0,0,0,0,0,0), (0,0,1,1,1,1, 1, 1, 1)},

={0:v € Xy},

Xs =1{(1,1,1,0,1,1,1,1,0),(0,0,0,1,0,0,0,0,0)},

={0:v e Xg}.

Observe that the family { }], is palrW1se disjoint and ‘U' 1X ‘ = 308. Then, fori = 8, ..., 211 we assign a vertex in
V(Qo) \ UJ';} X; to each X;. Therefore {Xj} is a packing 211-coloring of Q.

A packing 421-coloring of Q1o

Similarly, the following i-packings X; in Q¢ are pairwise disjoint,

X1 = Ve(Qio),

X, = {(0,1,1,1,0,0,0,0,0,0), 0,1,1,1,1,1,0,1,1,0), (0, 1,1,0,0,0, 1,1,1,0), (0, 1, 1,0,0, 1,0, 1,0, 1),
0,1,1,1,1,0,1,1,0,1), (0,1,1,0,1,1,1,0, 1, 1), (0,0,0, 1,0, 0, 1, 1,0, 0), (0,0,0,1,1,1, 1,0, 1, 0),
,o0,0,0,0,1,0,1,1,0),(0,0,0,0,0,0,0,0,0, 1), (0,0,0,1,1,1,0,1,0, 1), (0,0,0,0,1,0,1, 1,1, 1),
(0,0,1,0,1,1,1,1,0,0), (0,0,1,0,1,0,0,0.1,0), (0,0, 1,1,0, 1, 1,0, 0, 1), (0,0, 1,1,0,0,0, 1,1, 1),
©,1,0,0,0,1,1,0,0,0),(0,1,0,0,1,0,0,1,0,0),(,1,0,1,1,0,0,0,1, 1), (0,1,0,1,0,1,1, 1,1, 1),
(1.0.1,0,0,0,0,1,0,0), (1,0,1,0,0,1,1,0.1,0), (1,0, 1,1,1,0,0,0,0, 1), (1,0, 1,1,1,1,1,1,1, 1),
1,1,0,0,0,0,0,0,1,0),(,1,0,0,1,1,1,1,1,0),(1,1,0,1,1,1,1,0,0, 1), (1,1,0,1,0,0,0, 1,0, 1),
(1,1,1,0,1,1,0,0,0,0), (1,1,1,1,0,1,1,1,0,0), (1,1,1,1, 1,0, 1,0, 1,0), (1, 1, 1,0,0, 0, 1,0, 0, 1),
(1,1,1,1,0,1,0,0,1,1), (1,1,1,0,1,0,0, 1.1, 1), (1,0,0, 1,0, 1,0, 0,0, 0), (1,0, 0,0, 1,0, 1,0, 0, 0),
(1,0,0,1,1,0,0,1,1,0),(1,0,0,0,0,1,1,1,0, 1), (1,0,0,0,1,1,0,0,1, 1), (1,0,0,1,0,0, 1,0, 1, 1)},

X3 ={0:veX},

X, =1{(1,1,1,1,0,0,0,0,0,0), (1,0,0,1,1,1,0,1,1,0), (1,0,0,0,0,0,1,0,1, 1), (1,0,1,0,1,0, 1, 1,0, 0)
(1,1,0,1,1,1,1,0,0, 1), (1,1,1,0,0, 1,0, 1, 1, 1)},

X ={ﬁ v € Xy},

Xs = {(0,0,0,0,0,0,0,1,0,0),(1,1,1,1,1,1, 1,0, 1, 1)},

X; ={0:v € Xg},
Xs = {(0,0,0,0,0,1,0,0,0,0),(1,1,1,1,1,0, 1, 1, 1, 1)},
= {1’} v e Xg}.
By applying analogous reasoning as before, we have a packing 421-coloring of Q1.

Acknowledgments

We would like to thank the anonymous referees for their careful reading and suggestions that helped us to improve the
paper. Actually in “Délégation” at INRIA Nancy — Grand Est, France, 2013-2014.

References

[1] E. Agrell, A. Vardy, K. Zeger, A table of upper bounds for binary codes, IEEE Trans. Inform. Theory 47 (7) (2001) 3004-3006.

[2] G. Argiroffo, G. Nasini, P. Torres, The packing coloring problem for lobsters and partner limited graphs, Discrete Appl. Math. 164 (2) (2014) 373-382.

[3] G. Argiroffo, G. Nasini, P. Torres, The packing coloring problem for (q, ¢ — 4) graphs, Lect. Notes Comput. Sci. 7422 (2012) 309-319.

[4] B.Bresar, S. KlavZar, D.F. Rall, On the packing chromatic numbers of Cartesian products, hexagonal lattice, and trees, Discrete Appl. Math. 155 (2007)
2303-2311.

[5] J. Ekstein, P. Holub, O. Togni, The packing coloring of distance graphs D(k, t), Discrete Appl. Math. 167 (2014) 100-106.

[6] J. Fiala, P.A. Golovach, Complexity of the packing coloring problem of trees, Discrete Appl. Math. 158 (2010) 771-778.


http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref1
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref2
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref3
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref4
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref5
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref6

140 P. Torres, M. Valencia-Pabon / Discrete Applied Mathematics 190-191 (2015) 127-140

[7] J. Fiala, S. KlavZar, B. Lidicky, The packing chromatic number of infinite product graphs, European J. of Combin. 30 (5) (2009) 1101-1113.
[8] A.Finbow, D.F. Rall, On the packing chromatic number of some lattices, Discrete Appl. Math. 158 (2010) 1224-1228.
[9] W. Goddard, S.M. Hedetniemi, S.T. Hedetniemi, ]. Harris, D.F. Rall, Broadcast chromatic numbers of graphs, Ars Combin. 86 (2008) 33-49.
[10] W. Goddard, H. Xu, The S-packing chromatic number of a graph, Discuss. Math. Graph Theory 32 (4) (2012) 795-806.
[11] W. Goddard, H. Xu, A note on S-packing colorings of lattices, Discrete Appl. Math. 166 (2014) 255-262.
[12] Y. Jacobs, E. Jonck, E.J. Joubert, A lower bound for the packing chromatic number of the Cartesian product of cycles, Cent. Eur. ]. Math. 11 (7) (2013)
1344-1357.
[13] D. KorZe, A. Vesel, On the packing chromatic number of the square and hexagonal lattice, Ars Math. Contemp. 7 (1) (2014) 13-22.
[14] M. Ramras, Balanced independent sets in hypercubes, Australas. ]. Combin. 48 (2010) 57-72.
[15] ].G. Rix, Hypercube coloring and the structure of binary codes (Master’s thesis), University of British Columbia, 2008.
[16] O.Togni, On packing colorings of distance graphs, Discrete Appl. Math. 167 (2014) 280-289.


http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref7
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref8
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref9
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref10
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref11
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref12
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref13
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref14
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref15
http://refhub.elsevier.com/S0166-218X(15)00176-6/sbref16

	The packing chromatic number of hypercubes
	Introduction
	Preliminaries
	Packing colorings of  Qn : the upper bound
	Lower bounds for  χρ (Qn) : the cases  n = 6 , 7 and 8
	The packing chromatic number of  Q7  and  Q8 
	Computing  χρ (Q7) 
	Computing  χρ (Q8) 

	Better bounds for  χρ (Qn)  for  n = 9, 1 0, 1 1 
	Discussion
	Conclusion
	Acknowledgments
	References


