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We define a class of weighted Besov spaces and we obtain a characterization of this class by means of an
appropriate class of weighted Lipschitzφ spaces.

1 Introduction

In this work we introduce a class of weighted Besov spaces,Ḃφ,∞∞ (w), where the smoothness of the functions
involved is controlled by a growth functionφ. For the caseφ(t) = tα and the weightw equal to one, these spaces
coincide with the well-known Besov spacesBα,∞∞ , 0 < α < 1, (see for example [5]).

We obtain a characterization of these weighted spaces by means of an appropriate class of weighted-Lipschitz
φ-spaces,̇Λφ(w). This characterization holds for weights belonging to a certain class,Hφ(∞), see Definition
2.6. We use the Calderón-type reproducing formula as one of the main tools. Our result generalizes that contained
in [5] for the caseφ(t) = tα andw = 1, (see Theorem 23 in p. 19 of [5]).

The weighted Lipschitzφ-space,Λ̇φ(w) coincides withBMOφ(w) wheneverφ is of positive lower type and
w satisfies a doubling condition, as we state in Lemma3.1. The spacesBMOφ(w) consisting of functions whose
mean oscillation is controlled by a weightw and a growth functionφ, were studied in different situations and
contexts, by several authors. For instance, see [13], [15], [1], [12], [11], [20], [3], [4], [2], [22], [16] and [8]. The
first appearance of this kind of unweighted spaces for generalφ, BMOφ goes back to [20]. There the author
characterizes these spaces in terms of a non-increasing rearrangement. Later on, in [11], Janson obtained another
characterization by means of the Riesz transforms and the Lipschitz spacesΛφ generalizing the well known
decomposition ofBMO functions by C. Fefferman (see [3]).

The weightedBMO spaces, that isBMOφ(w) with φ = 1 in our context, were first introduced by Mucken-
houpt and Wheeden in [MW1] where the authors study the boundedness of the Hilbert transform.

Finally, we remark that the Lipschitz spacesΛφ, with φ(t) = tβ , are the spaces whereLp functions for
p > n/α, are mapped byIα, the fractional integral operator, wheneverβ/n = α/n− 1/p. These results, for the
weighted case were proved in [7]. Likewise, the integral operator defined in [10] by

Iψ =
∫
ψ(|x− y|)
|x− y|n

f(y) dy.

mapsLp(w) to the weighted Lipschitz spacėΛφ(w).
Other generalizations of these classical results can be found in [17], [6], [14], [7], [9], [18], [19].
Our paper is organized as follows: In Section2 we define the spaces and the classes of weights used throughout

and we state the main result concerning the characterization of weighted Besov spaces by means of weighted
Lipschitz spaces. In Section3 we include some basic lemmas that we use in the proof of our main result. Finally,
the main result is proved in Section4.
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2 Statement of the main result

Before stating the main result we will include a few definitions and auxiliary lemmas.
We are going to deal with positive functionsφ defined and increasing on[0,∞). We also assume that the

following conditions are satisfied
(a)φ is of lower typeα, α > 0, that is there exists a constantC such that

φ(st) ≤ Csαφ(t)

holds for everys ∈ [0, 1] and everyt ≥ 0.
(b) φ is of upper typeβ, 0 < β < 1, that is there exists a constantC such that

φ(st) ≤ Csβφ(t)

holds for everys ≥ 1 and everyt ≥ 0.

In order to define our spaces we need the following lemma contained in [5] (see p. 7). We omit its proof.

Lemma 2.1 Fix N ∈ Z+. Then there exists a functionϕ : Rn → R such that

(i) supp ϕ ⊂ {x ∈ Rn : |x| ≤ 1} ≡ B1(0),

(ii) ϕ is radial,

(iii) ϕ ∈ C∞(Rn),

(iv)
∫

Rn x
γϕ(x) dx = 0 if |γ| ≤ N , γ ∈ Zn+, xγ = xγ11 x

γ2
2 ...x

γn
n ,

|γ| = γ1 + γ2 + ...+ γn,

(v)
∫∞
0

(ϕ̂(tξ))2 dt/t = 1 if ξ ∈ Rn − {0}.

In the sequence, we denote byϕt(x) = t−nϕ(t−1x) with t > 0 and byw a weight, that is, a non negative,
locally integrable function defined onRn.

Definition 2.2 Let ϕ be a function having the properties of Lemma (2.1) andφ be an increasing function of
positive lower type. Letf be a function such that∫

Rn

f(x)
(1 + |x|)n+1

dx <∞. (1)

We say that the functionf ∈ Ḃφ,∞∞ (w) if

‖f‖Ḃφ,∞
∞ (w) = sup

x∈Rn, t>0

|ϕt ∗ f(x)|
wφt (x)

<∞, (2)

where

wφt (x) =
∫
|u−x|<t

w(u)
φ(|x− u|)
|x− u|n

du. (3)

Observe thatwφt (x) <∞ a.e. x, in fact, sinceφ is of positive lower type, for anyR > 0∫
|x|<R

wφt (x) dx =
∫
|x|<R

∫
|u−x|<t

w(u)
φ(|x− u|)
|x− u|n

du dx

≤
∫
|u|<R+t

w(u)
∫
|u−x|<t

φ(|x− u|)
|x− u|n

dx du = Cn

∫
|u|<R+t

w(u)
∫ t

0

φ(s)
s

ds

= Cn

∫
|u|<R+t

w(u)
∫ 1

0

φ(st)
s

ds ≤ Cφ(t)w(B(0, R+ t)) <∞.
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Remark 2.3 We remark that condition (1) for f will be necessary in order to state the convergence of
Caldeŕon’s formula inS ′ modulus constant to the functionf or, equivalently, inS ′0, with S0 = {φ ∈ S/

∫
φ = 0}

(see [5], p. 125 or [21], p. 164).

Definition 2.4 Let φ be a function of positive lower type. We say thatf ∈ Λ̇φ(w) if

|f(x)− f(y)| ≤ C(wφ2|x−y|(x) + wφ2|x−y|(y)) (4)

wherewφt is defined as in(3) for t = 2|x− y|. The least constantC will be denoted by‖f‖Λ̇φ(w).

Remark 2.5 If w = 1 andφ(t) = tα this space coincides with the usual Lipschitz space, and we denote it by
Λα. For more generalw andφ(t) = tα this space coincides with that defined in [7].

Now we give the classes of weightsw we are working with.

Definition 2.6 We say that a weightw belongs toHφ(∞) if there is a constantC such that

|B|1/n

φ(|B|1/n)

∫
Rn−B

w(y)φ(|xB − y|)
|xB − y|n+1

dy ≤ C
w(B)
|B|

, (5)

for every ballB in Rn centered inxB .

Remark 2.7 If we let φ(t) = tnβ , with 0 < β < 1/n,Hφ(∞) is given by

|B|−β+1/n

∫
Rn−B

w(y)
|xB − y|n−nβ+1

dy ≤ C
w(B)
|B|

(6)

which coincides with the classH(βn,∞) introduced in [7].

Now, we are in condition to state the main result of this paper.

Theorem 2.8 Let φ be a function of positive lower typeα and of upper typeβ < 1. Letw be a weight in
Hφ(∞). Then

Λ̇φ(w) ≡ Ḃφ,∞∞ (w) (7)

and the norms‖.‖Λ̇φ(w) and‖.‖Ḃφ,∞
∞ (w) are equivalent.

3 Lemmas and preliminary results

In this section we introduce some basic lemmas that we are going to use in the proof of the main results. The
first of them gives the relation betweenΛ̇φ(w) and the spaceBMOφ(w) consisting in all the locally integrable
functionsf such that

‖f‖BMOφ(w) = sup
B

1
w(B)φ(|B|1/n)

∫
B

|f −mBf | dx <∞ (8)

Lemma 3.1 Let φ be a function of positive lower type. Ifw satisfies a doubling condition, then the space
Λ̇φ(w) coincides with the spaceBMOφ(w).
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Proof: The proof follows similar lines to that in Proposition 1.3 of [7]. First, we check(4) for f ∈ BMOφ(w).
Givenx andy in Rn, with x 6= y we takeB = B(x, |x− y|) andB′ = B(y, |x− y|). Then

|f(x)− f(y)| ≤ |f(x)−mBf |+ |f(y)−mB′f |+ |mBf −mB′f |.

The estimate of the three terms are similar, thus, we only estimate the first of them. LettingBi = B(x, 2−i|x−y|),
i ≥ 1 andBo = B and using the doubling condition ofw we get

|f (x)−mBf | ≤ lim
k→∞

(
|f (x)−mBk

f |+
k−1∑
i=0

∣∣mBi+1f −mBif
∣∣)

≤ C
∞∑
i=0

|Bi|−1
∫
Bi

|f(z)−mBif | dz

≤ C ||f ||BMOφ(w)

∞∑
i=0

w(Bi)
|Bi|

φ
(
|Bi|1/n

)
≤ C ||f ||BMOφ(w)

∞∑
i=0

∫
Bi−Bi+1

w(z)φ(|x− z|)
|z − x|n

dz

≤ C ||f ||BMOφ(w)

∫
|z−x|<2|x−y|

w(z)φ(|x− z|)
|z − x|n

dz

≤ C ||f ||BMOφ(w) w
φ
2|x−y|(x)

for almostx ∈ Rn.

Conversely, integrating(4) on a ballB with respect to both variables,x andy, and changing the order of
integration, we obtain thatf belongs toBMOφ(w). �

The following proposition asserts thatf ∈ Λ̇φ(w) also satisfies condition (1).

Proposition 3.2 Letf ∈ Λ̇φ(w) andw ∈ Hφ(∞). If B = B(xB , t) then there exists a constantC such that∫
Rn

|f(x)−mBf |
t

(t+ |xB − x|)n+1
dx ≤ C‖f‖Λ̇φ(w)

w(B)φ(|B|1/n)
|B|

(9)

Proof: LetB = B(xB , t)∫
Rn

|f(x)−mBf |
t

(t+ |xB − x|)n+1
dx

≤
∫
B

|f(x)−mBf |
t

(t+ |xB − x|)n+1
dx+

∫
Rn−B

|f(x)−mBf |
t

(t+ |xB − x|)n+1
dx

= I + II.

Let us first estimateI. Sincef ∈ Λ̇φ(w), by Lemma3.1 we obtain that∫
B

|f(x)−mBf |
t

(t+ |xB − x|)n+1
dx ≤ 1

tn

∫
B

|f(x)−mBf | dx

≤ C
w(B)φ(|B|1/n)

|B|
‖f‖Λ̇φ(w).
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To estimateII, we setBk = B(xB , 2kt). Since, by Lemma3.7 beloww satisfies a doubling condition, we
can use Lemma3.1 obtaining∫

Rn−B
|f(x)−mBf |

t

(t+ |xB − x|)n+1
dx ≤ Ct

∫
Rn−B

|f(x)−mBf |
|xB − x|n+1

dx

≤ Ct
∞∑
k=0

∫
Bk+1−Bk

|f(x)−mBf |
|xB − x|n+1

dx

≤ Ct
∞∑
k=0

1
(2k+1t)n+1

∫
Bk+1

|f(x)−mBf | dx

≤ C
∞∑
k=0

1
2k+1

k+1∑
j=1

1
|Bj |

∫
Bj

|f(x)−mBj
f | dx

≤ C‖f‖Λ̇φ(w)

∞∑
k=0

1
2k+1

k+1∑
j=1

w(Bj)
|Bj |

φ(|Bj |1/n)

≤ C‖f‖Λ̇φ(w)

∞∑
j=0

w(Bj)
|Bj |

φ(|Bj |1/n)
∞∑
k=j

1
2k

≤ C‖f‖Λ̇φ(w)t
∞∑
j=0

w(Bj)
(2jt)n+1

φ(|Bj |1/n)

Sincew ∈ Hφ(∞), using again Lemma3.7 we get

II ≤ C‖f‖Λ̇φ(w)t
∞∑
j=0

1
(2jt)n+1

w(Bj+1 −Bj)φ(|Bj |1/n)

≤ C‖f‖Λ̇φ(w)t
∞∑
j=0

∫
Bj+1−Bj

w(t)φ(|xB − x|)
|xB − x|n+1

dx

≤ C‖f‖Λ̇φ(w)t

∫
Rn−B

w(t)φ(|xB − x|)
|xB − x|n+1

dx

≤ C‖f‖Λ̇φ(w)

w(B)
|B|

φ(|B|1/n).�

Remark 3.3 From the above proposition, iff ∈ Λ̇φ(w) andw ∈ Hφ(∞), by takingB = B(0, 1) we obtain
that the functiong(x) = f(x)−mBf satisfies (1).

The following two lemmas about real functions were proved in [7] and we omit its proofs.

Lemma 3.4 Letϕ be a non negative and non decreasing function defined on(0,∞). If there exist two positive
constantsCo andr such that∫ ∞

t

ϕ(s)
sr+1

ds ≤ Co
ϕ(t)
tr

(10)

for everyt > 0, then the functionϕ(t)/tr is quasi-decreasing with constant equal toCo2r+1, that is, for any
t1 ≤ t2, ϕ(t2)/tr2 ≤ Co2r+1ϕ(t1)/tr1.
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Lemma 3.5 Let ϕ be a non negative and non decreasing function defined on(0,∞) and r > 0. Then, the
following conditions are equivalent:

(i) The functionϕ satisfies (10).

(ii) There existsa > 1 such thatϕ(at) ≤ 1
2
arϕ(t) for everyt > 0.

(iii) There exist two positive constantsC andδ such that

ϕ(θt) ≤ Cθr−δϕ(t)

for all t > 0 and allθ ≥ 1.

We also need the following properties to deal with growth functions.

Lemma 3.6 Letφ be a function of upper typeβ ≤ 1. Then for everys < t

φ(t)
tn

≤ C
φ(s)
sn

,

that isφ(t)/tn is quasi decreasing.

Proof: From the fact thatφ has upper typeβ andt/s > 1 we have

φ(t) ≤ C(t/s)βφ(s) ≤ C(t/s)nφ(s).�

We also note that ifφ is of lower typeα > 0 then, clearly,∫ t

0

φ(ρ)
ρ

dρ =
∫ 1

0

φ(ts)
s

ds ≤ Cφ(t). (11)

The properties for weighs inHφ(∞) are stated in the following two lemmas.

Lemma 3.7 Letw be a weight belonging toHφ(∞) whereφ is an increasing function of finite upper type.
Thenw satisfies a doubling condition.

Proof: LetB be a ball inRn. Sincew belongs toHφ(∞) andφ is an increasing function of finite upper type,
we have

|B|1/n

φ(|B|1/n)

∫
Rn

w(y)φ(|xB − y|+ |B|1/n)
(|xB − y|+ |B|1/n)n+1

dy ≤ C

(
w(B)
|B|

+
|B|1/n

φ(|B|1/n)

∫
B

w(y)φ(|B|1/n)
|B|1+1/n

dy

)
≤ C

w(B)
|B|

.

Therefore

w(B)
|B|

≥ C
|B|1/n

φ(|B|1/n)

∫
2B

w(y)φ(|xB − y|+ |B|1/n)
(|xB − y|+ |B|1/n)n+1

dy ≥ C
w(2B)
|B|

,

sinceφ is increasing. This completes the proof.�

Lemma 3.8 Letw be a weight. Then the following conditions are equivalent

(i) w belongs toHφ(∞)
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(ii) There exist two positive constantsC andδ such that

w(B(xB , θt))φ(θt) ≤ Cθn+1−δw(B(xB , t))φ(t)

for every ballB = B(xB , t) and for allθ ≥ 1.

Proof: Let us first suppose that (i) holds. LetB = B(xB , t) andBk = B(xB , 2kt), sincew ∈ Hφ(∞), we have

w(B)
|B|

≥ C
|B|1/n

φ(|B|1/n)

∫
Rn−B

w(y)φ(|xB − y|)
|xB − y|n+1

dy

= C
|B|1/n

φ(|B|1/n)

∞∑
k=0

∫
Bk+1−Bk

w(y)φ(|xB − y|)
|xB − y|n+1

dy

≥ C
|B|1/n

φ(|B|1/n)

∞∑
k=0

φ(2kt)
(2kt)n+1

w(B(xB , 2k+1t))

≥ C
|B|1/n

φ(|B|1/n)

∞∫
t

φ(s)
sn+1

w(B(xB , s))
ds

s
,

where we use thatφ is increasing andw satisfies a doubling condition. Therefore, we get

∞∫
t

φ(s)
sn+1

w(B(xB , s))
ds

s
≤ w(B(xB , t))

tn+1
φ(t).

By Lemma3.5 with r = n+ 1, we get that there exist two positive constantsC andδ < 1 such that

w(B(xB , θt))φ(θt) ≤ Cθn+1−δw(B(xB , t))φ(t)

for all t > 0 and allθ ≥ 1.
Conversely, if (ii) is valid then, forBk = B(xB , 2kt), we have∫

Rn−B

w(y)φ(|xB − y|)
|xB − y|n+1

dy ≤ C

∞∑
k=0

∫
Bk+1−Bk

w(y)φ(|xB − y|)
|xB − y|n+1

dy

≤ C
∞∑
k=0

w(Bk+1)φ(|Bk+1|1/n)
|Bk+1|1+1/n

≤
∞∑
k=0

2k(n+1−δ)w(B)φ(|B|1/n)
2k(n+1)|B|1+1/n

≤ C
w(B)φ(|B|1/n)
|B|1/n+1

∞∑
k=0

1
2kδ

≤ C
w(B)φ(|B|1/n)
|B|1/n+1

.�

4 Proof of the main theorem

Proof of Theorem2.8: If f ∈ Ḃφ,∞∞ (w), first we prove that∫ ∞

0

ϕt ∗ ϕt ∗ f(x) dt/t (12)
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represents an element ofΛ̇φ(w) in the sense that if

fε(x) =
∫ 1/ε

ε

ϕt ∗ ϕt ∗ f(x) dt/t

for ε > 0, then there exists a sequence of constants{cε}ε>0 such thatfε(x)− cε converges to a functiong(x) for
eachx ∈ Rn andg ∈ Λ̇φ(w) with ‖g‖Λ̇φ(w) ≤ C‖f‖Ḃφ,∞

∞ (w).

Let xo ∈ Rn and let us consider the function

fε,xo
(x) =

∫ 1/ε

ε

ϕt ∗ ϕt ∗ f(x) dt/t−
∫ 1/ε

ε

ϕt ∗ ϕt ∗ f(xo) dt/t = fε(x)− fε(xo)

Note thatfε(x) is finite for eachε andx. Let us first prove that, for each fixedx, the sequence{fε,xo
}ε is a

Cauchy sequence inC. In fact, let0 < ε1 < ε2, then

|fε1,xo
(x)− fε2,xo

(x)| ≤

(∫ ε2

ε1

+
∫ 1/ε1

1/ε2

)
|ϕt ∗ ϕt ∗ f(x)− ϕt ∗ ϕt ∗ f(xo)| dt/t

≤
∫ ε2

ε1

|ϕt ∗ ϕt ∗ f(x)| dt/t+
∫ ε2

ε1

|ϕt ∗ ϕt ∗ f(xo)| dt/t (13)

+
∫ 1/ε1

1/ε2

|ϕt ∗ ϕt ∗ f(x)− ϕt ∗ ϕt ∗ f(xo)| dt/t

= I1
1 + I2

1 + I2.

Let us first estimateI1
1 . The estimate forI2

1 follows similar lines. Since|ϕt| ≤ Ct−n, we have that

∫ ε2

ε1

|ϕt ∗ ϕt ∗ f(x)| dt/t

=
∫ ε2

ε1

|
∫
ϕt(x− z)

ϕt ∗ f(z)

wφt (z)
wφt (z)| dz dt/t

≤ C‖f‖Ḃφ,∞
∞ (w)

∫ ε2

ε1

∫
ϕt(x− z)wφt (z) dz dt/t

≤ C‖f‖Ḃφ,∞
∞ (w)

∫ ε2

ε1

∫
|x−z|≤t

t−n
∫
|z−u|<t

w(u)φ(|z − u|)
|z − u|n

du dz dt/t

≤ C‖f‖Ḃφ,∞
∞ (w)

∫
|x−u|<2ε2

w(u)
∫ ε2

|x−u|/2
t−n−1

∫
|z−u|<t

φ(|z − u|)
|z − u|n

dz dt du

≤ C‖f‖Ḃφ,∞
∞ (w)

∫
|x−u|<2ε2

w(u)
∫ ε2

|x−u|/2
t−n−1

∫ t

0

φ(ρ)
ρ

dρ dt du.

Sinceφ is of lower typeα > 0, by (11), the expression above is bounded by

C‖f‖Ḃφ,∞
∞ (w)

∫
|x−u|<2ε2

w(u)
∫ ε2

|x−u|/2

φ(t)
tn

dt

t
, du

≤ C‖f‖Ḃφ,∞
∞ (w)

∫
|x−u|<2ε2

w(u)
∫ ∞

1

φ(r|x− u|/2)
rn|x− u|n

dr

r
du.
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Using the fact thatφ is of upper typeβ with β < 1, we get that∫ ε2

ε1

|ϕt ∗ ϕt ∗ f(x)| dt/t ≤ C‖f‖Ḃφ,∞
∞ (w)

∫
|x−u|<2ε2

w(u)
φ(|x− u|)
|x− u|n

du

∫ ∞

1

rβ−n
dr

r

≤ C‖f‖Ḃφ,∞
∞ (w)

∫
|x−u|<2ε2

w(u)
φ(|x− u|)
|x− u|n

du

= C‖f‖Ḃφ,∞
∞ (w)w

φ
2ε2

(x).

which tends to zero whenε2 tends to zero, for almost everyx.

In order to estimateI2 we first note that from the mean value Theorem we have

I2 =
∫ 1/ε1

1/ε2

|ϕt ∗ ϕt ∗ f(x)− ϕt ∗ ϕt ∗ f(xo)| dt/t

≤
∫ 1/ε1

1/ε2

∫
|ϕt(x− z)− ϕt(xo − z)

|ϕt ∗ f(z)|
wφt (z)

wφt (z) dz dt/t

≤ C‖f‖Ḃφ,∞
∞ (w)|x− xo|

×
∫ 1/ε1

1/ε2

∫
{z:|z−x|<t|}∪{z:|z−xo|<t}

1
tn+2

∫
|u−z|<t

w(u)
φ(|z − u|)
|z − u|n

du dz dt (14)

Now, let ε2 such that|x − xo| < 1/ε2 < t. Then if |z − xo| < t we get that|z − x| < 2t and|u − x| < 3t for
|u− z| < t. Then, using (11) and (14) we obtain

I2 ≤ C‖f‖Ḃφ,∞
∞ (w)|x− xo| (15)

×
∫ 1/ε1

1/ε2

1
tn+2

∫
{u:|u−x|<3t}

w(u)
∫
|u−z|<t

φ(|z − u|)
|z − u|n

dz du dt.

≤ C‖f‖Ḃφ,∞
∞ (w)|x− xo|

∫ 1/ε1

1/ε2

φ(t)
tn+2

∫
|u−x|<3t

w(u) du dt

≤ C‖f‖Ḃφ,∞
∞ (w)|x− xo|

∫ 1/ε1

1/ε2

φ(t)
tn+1

w(B(x, 3t)) dt/t

≤ C‖f‖Ḃφ,∞
∞ (w)|x− xo|

Jo∑
j=1

∫
2j/ε2<t≤2j+1/ε2

φ(t)
tn+1

w(B(x, 3t)) dt/t

≤ C‖f‖Ḃφ,∞
∞ (w)|x− xo|

∞∑
j=1

w(B(x, 32j/ε2))
φ(32j/ε2)
(2j/ε2)n+1

Sincew ∈ Hφ
∞, from Lemma3.8 the last expression is bounded by

C‖f‖Ḃφ,∞
∞ (w)|x− xo|w(B(x, 3))φ(3)

∞∑
j=1

(2j/ε2)n+1−δ

(2j/ε2)n+1
(16)

≤ C‖f‖Ḃφ,∞
∞ (w)|x− xo|εδ2w(B(x, 3)),

which also tends to zero whenε2 tends to zero. Thus, as we said,{fε,xo
(x)} is a Cauchy sequence inC

and then there existsfxo
(x) = limε→0 fε,xo

(x). Let us see thatfxo
(x) ∈ Λ̇φ(w) and verifies‖fxo

‖Λ̇φ(w) ≤
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C‖fxo
‖Ḃφ,∞

∞ (w), with C independent ofε. In fact

|fxo
(x)− fxo

(y)| = lim
ε→0

|fε,xo
(x)− fε,xo

(y)| (17)

= lim
ε→0

|
∫ 1/ε

ε

ϕt ∗ ϕt ∗ f(x)− ϕt ∗ ϕt ∗ f(y) dt/t|

= lim
ε→0

|fε(x)− fε(y)|

≤ I1 + I2,

where

I1 =
∫ |x−y|

0

|ϕt ∗ ϕt ∗ f(x)− ϕt ∗ ϕt ∗ f(y)| dt/t

and

I2 =
∫ ∞

|x−y|
|ϕt ∗ ϕt ∗ f(x)− ϕt ∗ ϕt ∗ f(y)| dt/t

The estimate forI1 follows in similar way as the estimate ofI1
1 and we omit it.

In order to estimateI2, we also proceed as in the estimate ofI2 above. After applying the mean value Theorem
and (11), we obtain as in (15) that

I2 ≤ C‖f‖Ḃφ,∞
∞ (w)|x− y|

∞∑
j=0

φ(2j |x− y|)
(2j |x− y|)n+1

w(B(x, 32j |x− y|)).

By Lemmas3.7 and3.8 we get

I2 ≤ C‖f‖Ḃφ,∞
∞ (w)w(B(x, 2|x− y|))φ(|x− y|)

|x− y|n
∞∑
j=0

2−jδ

≤ C‖f‖Ḃφ,∞
∞ (w)

φ(|x− y|)
|x− y|n

∫
|u−x|<2|x−y|

w(u) du.

From Lemma3.6 the last term is bounded by

C‖f‖Ḃφ,∞
∞ (w)

∫
|u−x|<2|x−y|

w(u)
φ(|u− x|)
|u− x|n

du = C‖f‖Ḃφ,∞
∞ (w)w

φ
2|x−y|(x).

Thus‖fxo
‖Λ̇φ(w) ≤ C‖f‖Ḃφ,∞

∞ (w). Moreover, from (17) it is clear that

‖fε‖Λ̇φ(w) ≤ C‖f‖Ḃφ,∞
∞ (w) (18)

whereC is a constant independent ofε.
We also have that the functionfxo

is unique in the sense that ifg(x) = (limε→0 fε(x) − dε), theng(x) =
fxo

+ constant. In fact

fxo
(x)− g(x) = lim

ε→0

(
dε −

∫ 1/ε

ε

ϕt ∗ ϕt ∗ f(xo)) dt/t

)
which is independent ofx, i.e. is a constant.

On the other hand, sincef in Ḃφ,∞∞ (w) satisfies (1), from Remark2.3 we have that

lim
ε→0

fε = f
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in S ′0, and consequentlylimε→0 fε,xo
= f in S ′0.

Also, sincefε,xo
converges pointwisely tofxo

, then, by (18), Proposition (3.2) and the dominated convergence
Theorem we get that

lim
ε→0

fε,xo
= fxo

in S ′0. Thusf coincides withfxo
as a function inΛ̇φ(w), that is, modulus constants.

Conversely, iff ∈ Λ̇φ(w) and from the fact that
∫
ϕt dt = 0 we get

|ϕt ∗ f(x)| =
∣∣∣∣∫ ϕt(x− y)f(y) dy

∣∣∣∣ = ∣∣∣∣∫ ϕt(x− y)(f(y)− f(x)) dy
∣∣∣∣

≤ C‖f‖Λ̇φ(w)

∫
|x−y|<t

|ϕt(x− y)|(wφ2|x−y|(x)|+ wφ2|x−y|(y)) dy

≤ C‖f‖Λ̇φ(w)

(
wφ2t(x) +

∫
|x−y|<t

ϕt(x− y)

(∫
|u−y|<2t

w(u)
|y − u|n

φ(|y − u|) du

)
dy

)

≤ C‖f‖Λ̇φ(w)

(
wφ2t(x) +

∫
|u−x|<3t

w(u) t−n
∫
|u−y|<2t

φ(|y − u|)
|y − u|n

dy du

)

≤ C‖f‖Λ̇φ(w)

(
wφ2t(x) +

∫
|u−x|<3t

w(u) t−n
∫ 2t

0

φ(ρ)
ρ

dρ du

)
.

By changing variables and using (11)∫
|u−x|<3t

w(u) t−n
∫ 2t

0

φ(ρ)
ρ

dρ du =
∫
|u−x|<3t

w(u) t−n
∫ 1

0

φ(2st)
s

ds du (19)

≤ Ct−nφ(t)
∫
|u−x|<3t

w(u) du

≤ Ct−nφ(t)
∫
|u−x|<2t

w(u) du,

where in the last inequality we have used the fact thatw satisfyies a doubling condition. Now, by Lemma3.6 we
have that the last term in (19) is bounded byCwφ2t(x). From this fact and Remark (3.3) we have the result.�
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