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Abstract

We find the sharp range of boundedness for transplantation operators associated
with Laguerre function expansions in LP spaces with power weights. Namely, the oper-
ators interchanging {£} and {Eg} are bounded in LP(y°?) if and only if —£ — % <6<
1-— % + &, where p = min{a, 3}. This improves a previous partial result by Stempak
and Trebels, which was only sharp for p < 0. Our approach is based on new multiplier
estimates for Hermite expansions, weighted inequalities for local singular integrals and
a careful analysis of Kanjin’s original proof of the unweighted case. As a consequence
we obtain new results on multipliers, Riesz transforms and g-functions for Laguerre

expansions in LP(y°P).

1 Introduction
In R, = (0, 00), we consider the system of Laguerre functions defined by
LEW) =cray? e LM (y), k=0,1,2,... (1.1)

where L,(f‘) (y) = (y*+*e=v)*) /(kly®e~Y) is the usual Laguerre polynomial of degree k. For
each a > —1, this system is an orthonormal basis of L?(IR,) when we choose the normalizing

constants

cha = VI(k+1)/T(a+k+1), k=0,1,2,...
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(see e.g. [19]). This produces a formal expansion f = >"27 (f, L)LY, which is convergent
in norm at least for f € L%(R,).

A main object in the theory of Laguerre function expansions are the so-called transplan-
tation operators, defined for o, 3 > —1 and f € L?(R,) by

o
T5f =Y (L)L) (12)
k=0
The LP boundedness of such operators was first established in a celebrated theorem of Kanjin
[10]. Namely T is bounded in LP(R,) whenever @ < % <1l- %, where v := min{«, 3, 0}.
In particular, boundedness holds for all 1 < p < oo when «, 3 > 0. We refer to Ch. 6 of [21]
for a discussion and several applications of transplantation in problems involving Laguerre
function expansions (see also [18, 8]).

In this paper we shall be interested in extensions of Kanjin’s result to power weighted
Lebesgue spaces LY = LP(R,, y%Pdy). The main theorem in this setting is due to Stempak
and Trebels [18], which have established the boundedness of T} in LY whenever

vl vl

1 1 .
25 <6< 1—];—7, where ~ := min{a, 3,0}. (1.3)

Power weighted estimates for Tg appear naturally in the study of multiplier and trans-
plantation theorems for several well-known variants of the Laguerre system, as noticed by
Thangavelu in [20] (see also [18, 1], and §6 below).

Our goal in this paper is to improve the result of Stempak and Trebels with a new
transplantation theorem in a range of weights strictly larger than (1.3), and which is in
fact optimal for the operators T7'. As we shall see, this result transfers to other systems,
producing as well optimal power weighted inequalities for the corresponding transplantation
and multiplier operators (see Corollary 6.19). More precisely, our main result can be stated

as follows.

THEOREM 1.4 Let —1 < a < and 1 <p < oco. Then the operators Tg and Tg admit a

bounded extension to L§ if and only if

a 1 1 «
—— <<l = =4+ —. 1.5
> ) >3 (1.5)
We point out that (1.3) coincides with (1.5) precisely when min{a, 8} < 0 (see Figure
1.1). Such a constraint in p and § for negative parameters is well known in Laguerre systems.
However, the fact that the range —% <d<1l-— % can be improved for positive parameters

seems to come as a surprise.



Figure 1.1: Region of LY boundedness for 7| 5 when > «, according to Theorem 1.4. The

region in dashed lines corresponds to earlier results for o > 0 in [18].

That such behavior should be possible was suggested to the authors by recent results
about Riesz transforms and other operators, which have a better behavior for special o’s
due to properties of Hermite function expansions (see [9, 12] or §5.1 below). In fact, a
phenomenon of similar type was recently discovered by Nowak and Stempak for the Hankel
transform transplantation operator [13].

We should nevertheless point out that the range in (1.5) is the natural one suggested
by examples. Indeed, it is straightforward to verify that this is precisely the range where
both L and Ef belong to L{ N r 5» S0 that each of the individual summands (f, £g>£f (y)
in (1.2) is well-defined in L¥. An appropriate modification of this argument as in [8, §5] is
enough to obtain the necessity statement of Theorem 1.4. Moreover, it is also easy to see
that T does not admit (L% » ng) inequalities when §; # 2 (see Remark 6.20 below).

The main contribution of the paper is therefore the sufficient condition in the theorem,
which requires some new ideas compared to [18], plus a few refinements in certain estimates
of Kanjin’s original proof [10]. The key argument is a new multiplier theorem for Her-
mite function expansions in R™, which can be stated as follows (see section 2 for a precise

definition of the Hermite functions by):



THEOREM 1.6 Let 1 < p < oo and m € {>*°(N") such that
IA®m(k)| < C(1+k))7®, keN" V|a|<n+1. (1.7)

Consider the operator T, f = >, m(k)(f, bx)bxk, defined at least for f € L*(R™). Then, Ty,
admits a bounded extension to LP(w) whenever the weight w belongs to the Muckenhoupt
class Ap(R™).

This improves a previous result in [8, Th. 3.1], where only A/, for p > 2 was obtained
(which in turn was an adaptation of an earlier argument by Thangavelu; see [21, Th. 4.2.1]).
We observe that this multiplier theorem can be transferred to Laguerre function expansions
for the special parameters o = "2, using the method developed in [7] (see also [8]). All
these results will be presented in section 2.

In section 3 we study the transplantation operators TS+ introduced by Kanjin [10].
Appropriately modified with a multiplier, Kanjin found for these operators an explicit
expression, which can be further estimated by a positive operator (of Hardy type) and
a singular integral. Here we shall refine the estimates of the positive operator to show
boundedness in LF(R,) for all § > —% — 5. On the other hand, the oscillating part is only
a local singular integral, so that, as noticed by Nowak and Stempak [13], it is a bounded
operator in L{(R,) for all § € R. Finally, the multiplier which appears in Kanjin’s explicit
expression of 797 can be handled with Theorem 1.6 for the special parameters o = "T_Q
With these ideas and complex interpolation we shall prove a new multiplier theorem for

Laguerre function expansions, which is the main result in section 3.
THEOREM 1.8 Leta > —1, 1 <p < oo and m € C*[0,00) such that
|ID'm(&)] < Cp(146)7% €>0, £=0,1,2,... (1.9)

Consider the operator Tn, f = o m(k)(f, L3) L}, defined at least for f € L?*(R,). Then,

T, admits a bounded extension to Lf; whenever —5 — ]% <d<1- % + 3.

The range of power weights is sharp for each p and «, and improves the one given in the
multiplier theorem of Stempak and Trebels for all & > 0 (see Theorem 1.1 and Corollary
4.3 in [18]). We observe that the Mihlin-type version we have stated above suffices for our
applications, but the same conclusions hold with less smoothness required on the multiplier
m(§) (see Remark 3.24 below).

Armed with Theorem 1.8, it will be easy to conclude the proof of Theorem 1.4. Indeed,
we can now handle the multiplier which appears in Kanjin’s explicit expression of Tgﬂ'@ for

any o > —1, and obtain as a consequence the boundedness of this operator in L*g in the



whole range —§ — % <d<1-— 1% + 5. Then, a clever use of complex interpolation with

three parameters (p, « and §) will be enough to establish the desired result. It should be
observed that the use we make of complex interpolation produces in addition a simplification
of Kanjin’s original proof of the unweighted case, since there is no need to appeal to the
operators T2, This program is carried out in section 4. As an illustration, we present in
section 5 an application of the above theorems to the boundedness of Riesz transforms and
Littlewood-Paley g-functions associated with the Laguerre system.

Finally, in section 6, we state the corresponding versions of the transplantation and
multiplier theorems for modified Laguerre systems (see Corollary 6.19).

Acknowledgements: This research was carried out during a visit of the first and third
authors to CONICET and the Institute of Mathematics of Universidad Nacional de Litoral,
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2 Multipliers for Hermite expansions

Following [21, Ch. 1], Hermite functions in R™ are defined by

bi(@) = dic e 2] Hi (@), k= (ki,..o k), ki >0, (2.1)

i=1
where Hj(t) = (—1)%e"” D®) () is the usual Hermite polynomial in R. Normalizing with
den = T101 (25 K;\/m) "2, {h k>0 is an orthonormal basis of L?(R") and a complete

system of eigenvectors for the Hermite operator —A + |z|?.

2.1 Proof of Theorem 1.6

In order to prove Theorem 1.6, we follow the usual approach adapted from the Euclidean
case [15]. Most steps are contained in Ch. 4 of [21], so we only sketch them here.
We define respectively the Hermite g-function and g*-function by

d 1
\23}2, (=1.2,...
S

wha@ = [[ 1ot sa)

_n

. B > o dsdy 1%
g/\(f)(x) - /n/ 1+|CE y| n/\|San )‘ S }  A>1

where T = e~s(=A+12*) denotes the Hermite heat semigroup. We shall denote the kernel of



Ts by Ts(y, z), so that we can write

oL AT, f(y) = / 2T £(2) g,

n

For convenience, we shall change variables s = t? in the definition of ¢ and ¢*, and denote
T

OLWA)| _» for £ > 1. It is well known that

these kernels are symmetric and satisfy the estimates

by Q¢(y, z) the new (normalized) kernels ¢2[

t—n
a Qt 4 < C
o ) N(1+Iy—2|/t)]‘\;‘ - (2.2)
(0) 1Quly +h2) = Quly, 2)| < On TR Vb <t

for some Cy > 0 and any positive integer N (see e.g. [21, p. 87]). From these estimates
and the theory of vector-valued singular integrals it is not difficult to obtain the following

proposition (see e.g. [21, Th. 4.1.2]).

PROPOSITION 2.3 Let 1 < p < o0, £ = 1,2,... and w € Ap(R™). Then, there exists
C > 0 such that

C M gD Loy < 1fllr@) < Cllge(f)llirw)-

The second required result is the following pointwise estimate, that can be found in [21,
p. 91].

PROPOSITION 2.4 Let A\ > 1 and m be a bounded sequence so that (1.7) holds for all
la| < [An/2] =min{k € N : k> An/2}. Then, for all ¢ > An/2 + 1 we have

9 (T f)(x) < C'gx(f)(x), a.e.xeR™

At this point, combining the previous two results we have, for f € C.(R"),

1T fllow) < Cllgns2(Tm )o@y < CIA o),

provided condition (1.7) is satisfied and A is bigger but close enough to 2. The only re-
maining step to establish Theorem 1.6 is the LP(w) boundedness of the g*-function for A,
weights. This result seems to be new in the literature, so we shall state and prove it in

detail in the next subsection.



2.2 Weighted inequalities for g*-functions

THEOREM 2.5 Let 1 <p < oo and w € Ap(R™). Then, for each X > 2 there is a constant
C >0 so that

1gx (P zrwy < C L w)-

REMARK 2.6 The unweighted version of this theorem for p > 2 can be found in [21, Th.
4.1.3]. In the weighted case, a variant of the previous for p > 2 and w € A, /»(R") appears

in [8, Lemma 3.3]. We shall make use of these facts later on.

REMARK 2.7 As we will see in the proof, this theorem is actually valid for any kernel
Qi(x,y) satisfying the estimates (a) and (b) in (2.2) above. Thus, it will hold as well for

semigroups with more general potentials —A + V' (z) (see e.g. [5]).

To prove the theorem it is convenient to look at g* as a vector-valued singular integral.
Let X denote the Hilbert space L?(R, x R", dtdy/t"!), and consider the operator G :
L*(R") — L% (R™) defined by

Gfx)= | K(r.2)f()dz

where K(z, 2) is the X-valued kernel

K(r,2) = {1+ 2% Q.2 } .

(ty)

Observe that |G f(x)|x = g(f)(x). Therefore, the boundedness of g} in LP(w) is equivalent
to the boundedness of G from LP(w) into L% (w). Moreover, by Remark 2.6 boundedness
holds in the unweighted case at least for 2 < p < co. The crucial estimate to establish the

theorem is contained in the following lemma.

LEMMA 2.8 Let A\ > 2. Then, there exists § > 0 such that

|2 — 20

[K(@,2) = K@, 20)lx < Cp—70

whenever |z — 2| < 3|z — 2|.

This lemma says that G is a Calderén-Zygmund vector-valued operator with a variable
kernel satisfying a strong Hormander condition in the second variable. Hence the classical
theory applies (see e.g. [14, p. 30]), and G admits a bounded extension from LP(R"; w(z)dx)
into L% (R";w(z)dz) for all 1 < p < oo and all w € A,(R™). We observe that the L?
boundedness of G for p > 2 asserted in Remark 2.6 is used strongly in order to obtain the
full weighted result (see the hypotheses of Th. II1.1.2 in [14]).



At this point Theorem 2.5 is completely proved except for Lemma 2.8. We devote the

rest of the section to obtain this estimate.
PROOF of Lemma 2.8:

Throughout the proof we shall use the fact that |x — z| ~ |x — 20|, meaning that ¢i|z — z| <
|z — 20| < ez — 2| for some constants ¢, ¢z > 0 which can be estimated by the triangle
inequality.

The main difficulty is to split the domain of integration into a relevant number of regions.
We do this as follows:

A 2
K(z,2) — K(x, 2)| / / (14 23 0y, 2) — Quly, z0) [* 2t

|z—z0]/2 00
S AL R A

0 ly—z|>3%|z—2| |z—201/2 / [y—2|>3|z—2|

|z—20]/2 %\x 2| oo
< A |

0 ri<2osl Doz ymsi<2iost 2o Syri<2ioms

= I+ 1T+ 1T +1V + V.

We start with the first two integrals. Observe that in this region y € R"\ Bz, (z), and
3
therefore |y — z| ~ |y — zp|. For the first integral we use the crude estimate in (a) of (2.2)

and disregard the factor raised to A:

|z— zo|

I < / / | Quly, =) — Quly, 20) | Lt
y—z|>2|z—2|
|z— Zol
<[ (1 ) Y g
ly—z|>2|z—z|
|z 220|
< / tN‘3"/ ly == dy
0 ly—l>2la—|
]z—zolN_?’" ‘Z—Z()’%
T 2N = Cp e

provided we take N > 3n+ 2§. To compute the second integral we still disregard the factor



raised to A, but use instead the estimate (b) in (2.2):

11 < / / \Z 20\) 42 (14 ly— Z\) Ndydt
N l=— zOl ly— z|> |z— z\ !

|Z _ ZO| / + / | Z| (3n+1) dy dt
. ly—=1>3le—=|

|z — 2o ]2—20\25
|z — 22041 = ¢ |z — 2|20 +20°

(choose N =3n+1)

IN

for any 0 < 1/2. Passing to integrals II11,IV and V, observe that in these regions y €

Ba,_, (2) and therefore [z — y| ~ [ — 2|. So, we shall estimate (1 + @)ﬂ»‘ ~ 1+
3

%;Z')_n)‘, which can be taken outside the integral in dy. As before for 11 we use estimate

(a) to obtain:

lz—=0l

2 t nA B B
nrs [0 ()T e T b
0 |‘T Z‘ |y7z|<2\xfz|

For the integration in dy it is enough to enlarge the domain to R™, which easily gives

lz—=0l

2
1 s |z—z™™ / AT
0

]z . Zo|n(>\—2) |Z . ZO|25

‘ﬂ?—Z’n)‘ — |x_z|2n+25’

(use A >2) =

provided we choose § < n(A/2 —1). To treat IV we can also enlarge the integration in dy
to R™, which using (b) instead of (a) leads to:

22—z tn(A—Q) _ 2
JATEES /3 o ('Z ZO') / (L + Jul) ™ du
|Z*2ZO\ |J,‘ — Z‘ t uER”™

210
- 2 — ZO|26 5lz—=| nA-2)-28 dt _ |z — zo|26
B e L

2

(use |z — 20| < 2t) ¢ m’

provided we choose § < n(A/2 — 1). Finally, V is estimated with (b) but disregarding the

M-factor, which gives

o0
|z—20]\2 ,—2 ly—z|\ =N dydt
vis o[ e )Y
2oz Jly—sI<3ja—2]
oo
_ Z_ZOP/ t2”2/ (14 fu) ™ du e
Zjz—2| jul< 2 1222

ST /oo t_Qn_Q(\%z\)n@ . |z — 2o/?
~ 2 Z t |z — 22042

which is smaller than the desired expression when § < 1. The lemma is now proved with
any positive 6 < min{n(\/2 —1),1/2}.

a
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2.3 Laguerre multipliers for special a’s

Theorem 1.6 has an immediate counterpart for Laguerre expansions when o = § — 1, by
using the same transference principle as in [8, Cor. 3.4]. Since it is an important step in
this paper, we describe the procedure in some detail in this subsection. The key point is
the following formula which relates Laguerre and Hermite functions (see [7, Lemma 1.1]).

Below, we use the notation |k| = k1 + ...+ k,, for every multi-index k = (kq,...,k,) € N"™.

LEMMA 2.9 Let a = ”T_Q where n € Z,. Then, for some constants ax € R the following

formula holds

L3217 = > axba(2) 2%, VzeR® k=0,1,2,... (2.10)
|k|=F

We shall also use the following elementary fact.

LEMMA 2.11 For every f € L'(0,00) we have
/ F22) 12" 2 dz = ¢, / £(t)dt. (2.12)
R" 0

PROOF: Use first polar coordinates |z| = r, and then change variables r? = ¢.

COROLLARY 2.13 Theorem 1.8 holds when o = "7_2 and n is a positive integer.

PROOF: Let m(§) be as in the statement of Theorem 1.8. The function M (&) = m((&1 +
...+ &,)/2) restricted to the lattice N™ defines a multiplier {M(k)} which satisfies the

smoothness conditions in (1.7). This is in fact an easy consequence of the following lemma.
LEMMA 2.14 Let M € CL([0,00)"). Then for each £ € N* with |€| < L we have

IA*M(K)| < sup  |[DWM(E)], VkeN (2.15)
&E(k’i,ki-‘r&')

PROOF: When n =1 one has the formula

1 prsi+1 sg_1+1
A'M(k) = / / / DOM(sp+ k)dse...dsy, k>0, (2.16)
0 S1 Sp_1

which can be easily verified by induction on ¢. In R™, by repeated composition of (2.16) one

can represent A*M (k) in terms of a similar integral, from which (2.15) is obtained easily.
Od
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Continuing with the proof of Corollary 2.13, we can use (2.10) to write
(T =S k) (F L) anchakla) oI, = € R
k=0 [k|=k

Then, changing variables as in (2.12) and using (2.10) we have

1Tl = [ 1EDOF w)ar
- / ‘ZZ M (2k) (f, L3} ax hox( )‘p\z|ap_(n_2)w(|z]2)dz

R™ k=0 [k|=k

/n‘z Z (f, £5) ax b (2) [P 2] DGV o (|2?) d=

k=0 |k|=k

Sl

IN

Of course, in the inequality we are using Theorem 1.6, for which we have the required

smoothness on {M (k)} but we also need
|2 DE D w(|2?) € ApR™).

Now it is well-known that |z|” € A,(R") if and only if —n < v < n(p —1). Recall that
we are interested in the case w(y) = y?°. Therefore, writing v = (n — 2)(5 — 1) + 2ps we
easily see that the above condition is equivalent to —§ — % <d<1l-— 1% + 5, establishing
the result.

O
REMARK 2.17 Observe from Theorem 1.6 that, letting o = ”T_Q the corollary also holds

for multipliers m € C?2*3[0, 0o) which satisfy the hypothesis (1.9) whenever ¢ < 2a + 3.

3 Multipliers for Laguerre expansions

In this section we prove Theorem 1.8. Recall that the cases @ < 0 in Theorem 1.8 were
already proved by Stempak and Trebels (see Theorem 1.1 and Corollary 4.3 in [18]). We
shall concentrate mainly in « > 0, which is also what produces the new results in Theorem
1.4 (see however Remark 3.23). For later use of complex interpolation, it is important to
fix throughout the paper the inner product notation (f,g) = [ f7.

The strategy is to obtain the result from the special cases in Corollary 2.13, by interpo-

lation of the analytic family of operators

T:f =Y mp(f.LF) LF, where z € C with Rez > —1. (3.1)
k=0
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In order to give a precise meaning to this expression and make the whole argument work,
we first need to recall the definition of Kanjin’s operators T¢T% and extend its boundedness
to the full range of LY(R,).

Throughout this section we shall use the following notation from [10]. We write M ()
for any function of the form M(0) = (1 + |8])" e’ for suitably large constants N and c.
Other constants appearing in the paper such as C, ¢ or N may depend (continuously) on «,
p and §, but are independent of § € R. Finally, it is also convenient to denote the admissible

range of indices by

A={(2,2,6)€(0,1)x (~1,00) xR : —§—-1<d<1-1+%} (3.2)

(see Figure 1.1).

3.1 Boundedness of 7°** in LI(R,) for special a’s
Recall from [10, p. 539] that Laguerre polynomials can be extended to complex parameters
z € C with fe z > —1 by the formula
Dék) [yz—i-ke—

k'y?e v

P(k+2z+1) (—y)?
L(k—j+1DIG+2+1) j!

M?r

, y>0,

L) =

J=0

and likewise for the corresponding Laguerre functions

1 — z
Liy) = (rbts) 2y 2 e L (y), y>o.

Moreover, the following lemma due to Kanjin holds (see [10, Lemma 1]).

LEMMA 3.3 Let a > —1 and f € C°(0,00). Then, for each N > 1 there exist constants
C >0 and ko € N (depending on N, f and «) such that

(£ L2770 < o+l ™M ezl @+ k)™, k> ko, (3.4)
for all 0 € R.

Using this lemma one can define the complex transplantation operators

(e.¢]
Tif =Y (FLDLY, Rez>-1, a>-I,
k=0
at least for functions f € C2°(R,). Kanjin has shown the boundedness of T2+ in LP(R.)
for all 1 < p < oo and a > 0 (see [10, Prop. 2]). Stempak and Trebels extended the result
to the weighted spaces LY for o > 0 and max{—f, —1} <6 < minf{l — > 11} (see [18, Prop.
4.2]). The purpose of this section is to improve the range of validity of such result to all

a > —1 and all admissible weights —§ — % <I<1l-— }D + 3.
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THEOREM 3.5 Let a > —1 and § € R. Then, TS can be boundedly extended to LE(R,)
for all1 <p < oo and —5 — % <oi<1-— % + 5. Moreover, there exist constants C,c > 0
and N € N (depending only on a,p,d) so that

1T f g < L+ 10DY ¢ £l VO ER. (3.6)

The proof of the theorem will follow the scheme proposed by Kanjin in [10], except for
a few refinements leading to the new results. For every a > —1 and 0 € R we define a

multiplier by

NO = 2anl®) = (Frerer ) €20 @)

Observe that A is an analytic function of £ when fe & > —1 — . The following result is a

slight modification of Lemma 2 in [10], which is valid with exactly the same proof.

LEMMA 3.8 Let o« > —1. Then the function A(§) defined in (3.7) belongs to C*°[0,00)

and satisfies

sup (14 [¢)°IDAE)| < Co(1+10]), VOER, £=0,1,2,...
£€[0,00)

where the constant Cy is independent of 0.

We shall prove Theorem 3.5 under the following assumption on (%, a,9).

Assumption (A): The point (%,a,é) € A is so that the multiplier operator T)f =
Src o ME)(f, LYLE, with X = Ag g as in (3.7), is bounded on LY(R,) and moreover

I3 fllrz < CA+10DY e |fllz, VOER (A)

for some constants C,c, N > 0.

REMARK 3.9 Observe that, by Corollary 2.13 and Lemma 3.8, Assumption (A) is already

known to hold for parameters in A of the form (%, ”T_2,

the assumption also holds trivially for (%, a,0) and all & > —1, while by duality it holds

J), whenever n € Z,. Moreover,

for a fixed (%,a,é) if and only if it does for (ﬁ,a, —¢). Finally, as we observed before,

Assumption (A) holds for all (%,a,é) € A with a < 0, by the results of Stempak and
Trebels in [18].

Clearly, under Assumption (A) it suffices to show (3.6) with 7.2+% replaced by the

operator
oo

o416 I'(k+a+1 1 a+i0\ pa
TS f = Z(r(k&a+1+ze))2 (f, L)Ly
k=0
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This new write up of T2+ is due to Kanjin and it leads to a remarkable explicit formula
in terms of an oscillatory integral. More precisely, following [10, §3] we can define for € > 0

the operators

S i A
GG 8 Z I'(k+a+1) )) 2 <f7 £g+£+19>£g

k+a+1+5+19
k=0

so that TOM0f(z) = lim._g Gof(z), for all > 0, at least when f € C2°(0,00) (by
Lemma 3.3). Moreover, the following remarkable formula holds [10, (3.10)]:

_; z\e—1+i0 [\ 5 ,eti0
Goef(z) = 5+19)/ () _?) 1+ (f)th % (3.10)

The rest of this section is devoted to the proof of the following proposition.

PROPOSITION 3.11 Let o> —1 and p,d so that 6 > —% — 5. Then, there exist constants
C,c>0 and N € N (depending only on o, p,0) so that

IGocflly < C(L+16DN e (I1f(@)2 3] gy + |1 f ()23 1), (3.12)
forall e R and all 0 < e < 1.

REMARK 3.13 We remark that under Assumption (A), Theorem 3.5 follows immediately

from the last proposition and Fatou’s lemma. Indeed, using these facts we have

TS f e = NI flle S MO ITETf e

M(6) tim |Go.cf 1
M(6) tim (£ (@)a g + 1@ zz)
MO) £l f e C(0,00),

where in the last step we have implicitly used that the constants in Proposition 3.11 are

NN

independent of ¢.

PROOF of Proposition 3.11:

As noticed by Kanjin, |T'(e +46)|7! < (1 + ]9|)e% (see [10, p. 547]), so in the rest of the
proof we only look at the integral defining Gy f(z) in (3.10). We shall prove (3.12) by
splitting this integral into “local” and “global” parts: fjx and f;xo The last part can be

crudely estimated by a positive operator, since no singularity is present there:

i o e440 a . o0 _ e—a
ftye Z° (1 =20 (z)s =t d | < C’xze/2/2 ()| e 255" d
= G:f(x),

The next lemma takes care of this part.

‘23:

where we used ¢ > 2x to control 1 — % > %
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LEMMA 3.14 Let 6 > —1% — §. Then there exists a constant C' > 0, independent of

€ (0,1], so that

sl < of 2

. Vf e C®(0,00). (3.15)

1+ ’Lg

PROOF:

Let v € R be a fixed number to be specified later. Multiplying and dividing by ¢ inside
the integral defining G. f(z), and using Hélder’s inequality we have

o0 a px o0 o0 / s %
HG;inp < / (2P ey / |f(t) [/ sTWe 3577 8] dx.
8 0 2z 2z
The integral inside the brackets can easily be estimated (separating the cases z > 1 and
x <1) by

ef:z:/2

E—«

!
ccx P2

1+az’
provided we have —yp’ + 552 < 0. Observe that growth of the constant c. is of the order
1/(yp" —55%). Inserting thls expression to the power p/p’ in the above inequality, and using

Fubini we have
1 p o t e—a t/2 e—a p z als 4
HGEfHLg S /0 l[f@)PtPe 2t 2 /0 x Py (l—i—(it)P*l (2P da &

1 oo
= /Od;+/1 =0+ L (3.16)

In the first case we can easily estimate the integral in dx, provided that the exponent

K= —p + 552 ap (§ +0)p+1>0. This leads to

1
no< d /0 £(®)
1
= ) t2 0P gt
, /0 )85+

Here the constant ¢, is of the order 1/k. We can estimate I similarly, except that the

= [—“/p-ﬁ-a <L +(5 +5)p+1] dt
t

integral in dx takes a different form, leading to

=2y (gtop €/’ ]d’f

o0
L < ¢ HP P e s 5 [t g S
2 = G /1 |f( )| e (1+t)p71 t

oo t§+(5p
< 2 [ |rw [ e
1

1+t
again provided x > 0 and with ¢/ < 1/k. Therefore, for all these computations to be valid

we only need to choose v € R so that

’EM—‘
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This is clearly always possible when § > —I% — 5. Moreover, choosing 7 close to the right

hand point all the constants c., ¢, and ¢ are bounded by C independently of . Thus,
inserting the previous estimates for I; and I in (3.16) we obtain (3.15).

O

Going back to (3.12), it remains to look at the part of Gy .f(x) defined by the local

integral sz Proceeding as in [10, p. 547], we add and subtract 1 to the factor (%)%, SO

that we can write

2x 2z . . ) 8

\/ code| < / Ol — 2 |(2)F —1|eF 2 4
+ ‘ /2$ f(t) e_t_Tz (t _ x)e—1+i9 t_E-;iG it ‘

= Gf(z) + |Gif(x)]. (3.17)

Using the Taylor expansion (1+w)Y = 1+~w+O(Jw|?), valid for all v € R when |w| < 1/2,

we must have that

[N]])

—1=92(2-1) +0(2-1)° te(x22)

(%)
Thus, in the first integral we can kill the singularity, since

15T - < ghd 0= < 0 re @)

Bounding as well the exponential by 1 we obtain

2x

62w < | C RO < oi [ i

T

It is now easy to compute the Lg—norm of these expressions:
) ST 2z D
ezt < [T [Tl
0 0 T
oo 2x ,
(by Holder) < / x(2_1+6)p/ |F()P dt 2P/P" da
X
Ooo t R
(by Fubini) < / |F()[P / 2 Z71HOP 2P g i
0 t/2
c0 1>
s [Clapdiora
0

As noticed by Kanjin, the remaining term G2f(z) in (3.17) can be expressed in terms of a

singular integral kernel. Namely, letting

_lul 144
Keﬂ(u) =€ 2 |U|E 1—i_w’X(—oo,O)(u)a u € R,
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it is easily verified that
1+ 6]

C
‘KE,G(U)’ S m and ‘K::,G(u)’ S C |U|2 ) Vu 7é 07
with a constant C' independent of § € R and ¢ € (0, 1]. Moreover, letting g(t) = f(t)t_#,
we can write -
G3 () = / o) Kogla —t)dt, x>0, (3.18)

The right hand side of (3.18) will then be a local Calderén-Zygmund operator in R, (in the

sense of Nowak and Stempak [13]) if we can show the following lemma.

LEMMA 3.19 There exists a constant C' independent of € € (0, 1] so that

L

Assuming the lemma, we can use Theorem 4.3 in [13] to obtain

0 2z » %
62y = [[7]) o) Keata ] a2 o]
S M) lgllzz = MO) | 02| -

This argument is valid for all 6 € R and 1 < p < oo, since power weights 2° always belong
to the local Muckenhoupt classes AP (0,00) (see [13]). Thus, the proof of Proposition 3.11

loc

1

2x 2 1 W
| a0 Kepta -~y da] < Ct0DEN glly Vg € O (0. 00)

will be finished once we establish Lemma 3.19.
PROOF of Lemma 3.19:

For each z > 0 we write

2z 00 o]
/ g(t) Keg(x —t)dt = / Loodt — /2 codt = Tig(x) + Teg(x).

Observe that Tig(x) = g * K. g(), and as was shown by Kanjin [10, p. 547] we have

sup [K.0(9)] < CeTl
£eR

Thus, extending g = 0 in (—o00,0) and using Plancherel, it immediately follows that
I T1gll2 < C 219 g]lo.

To estimate the term Thg(x), we use Lemma 3.14 with a = 0 to obtain
oo 2 oo oo —a 2
/ | Tog(@)|”dz < / ]/ lg(t) e = (t —x)*! dt‘ dz
0 0o 'Joz

o0 o0 € —x £ 2
(since t —x > t/2) < / ‘/ |t§g(t)|e_t7t§_1dt‘ da
0 2x

tg(t)

(Lemma 3.14 with o = 0) —_—
1+1¢

o|529)° < el

whenever ¢ < 1.
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3.2 Proof of Theorem 1.8

We may assume o > 0, since the cases a < 0 are contained in [18]. We shall obtain
Theorem 1.8 by complex interpolation from Corollary 2.13 and the knowledge we presently
have of Theorem 3.5. That is, the L} boundedness of 727 when a = "7_2, and also the
L? boundedness for all & > —1 (see Remarks 3.9 and 3.13).

LEMMA 3.20 Let Py = (pi07 ap,d0) and P = (pil, a1, 61) be two fized points in A for which
Theorem 1.8 is known to hold*. Then the theorem must also hold for all points P = (%, a,0)
of the form

P=(1-t)Py+tP, te(0,1). (3.21)

PROOF: We shall use the convenient notation
a(z) =(1—2)ag+za; and §(z) = (1 — 2)dg + 201,

for complex z = s+ 6 such that 0 < s < 1. Recall that M (6) denotes a function of the form
M(0) = (1+16))N el for suitably large constants N and c. Also, observe from Lemma 3.3
and Remarks 3.9 and 3.13 that the operator

T =3 mk)f, £ £ = (T T TS S
k=0

is well-defined and bounded at least when f € L?(R,). We define an analytic family of

operators by letting
S.F(y) =y & TaO(F ()2 =) (y),

at least for F' € L?(0,00). We must show that {S,} satisfies the conditions of Stein’s inter-
polation theorem (see [3]). First of all, given any two subsets E1, Fs compactly contained
in (0,00), the function

Z — (I)(Z) = <Sz(XE1)7XE2>7

defined whenever 0 < Re z < 1, satisfies

2()] < (|70 @ xm)|, 1y x (3.22)
< Cp, H (Ts((;))Jrz(mfao)@)* Tﬁ(s) Ts((;))*Z(alfao)O (xfé(z)XEl) H2
< CE2 M(G) Hx_é(Z)XEl Hg < CEl CE'z M(9)7

*These may be any of points we discussed in Remark 3.9
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by the L? boundedness of 7917, V¥ ¢ > —1. We next show that ® is holomorphic in a
neighborhood of the strip S := {0 < fe z < 1}. Since HTW?(Z)HLzﬁLz is uniformly bounded
in compact sets of S, by a standard approximation argument (with estimates similar to
(3.22)) it will suffice to show the holomorphy of z — (S,F,G) for all F,G € C°(0,0).
Now, if we denote f(z) = 2 G F(z), g(y) = y’®G(y) and a(z) = o + i, we can write

(S.F,G) = (T29(f).g) = (T T (f), T (g))
= Z mg <f7 £Z_iT> <gv £g+iT>
k

= Y m @R £9) (090G, £9).
k

Since, by Lemma 3.4, the series converges uniformly when z belongs to a compact set of S,

it suffices to show the holomorphy of the map
zel — (@PGEF, ﬁz(g)> = / 2P P (1) L'z(z) () dx,
0

for all F' € C2°(0,00). But this is simple a consequence of the holomorphy and uniform
boundedness of the integrand in the (compact) support of F'.

Combining this with (3.22) we see that ® is holomorphic in the strip {0 < fez < 1},
continuous in the closure and has admissible growth for complex interpolation. To verify
the conditions of Stein’s interpolation theorem we only need to show the boundedness of

the operator S, at the limiting bands
Sig: LP°(R,) — LP°(R,) and Sii4: LP2(R,) — LP(R,).

When $ez = 0 we use the assumption that Theorem 1.8 (and hence Assumption (A) in
§3.1) hold for the point Fy. Then, both 7,9° and TaO‘OO"HT are bounded in ng (and in s 050,
by Remark 3.9), which implies

||Si9F||po — H (ngéﬂri(al*ao)@)* Trgo Tg(?fi(a1*ao)9 (l,fts(i@)F)Hng

IN

M(9) [lz=20 = =0 F (@) po = M(6) | Flpo.
0

One proves similarly the boundedness for fie z = 1. Thus, by Stein’s theorem S must be
bounded in LPs(R,) for = = =% 4 5 and all s € (0,1). Letting s = ¢ and using (3.21) we

Ps Ppo p1
see that p; = p, a(t) = a and §(t) = 6. Moreover such boundedness translates into
1Tt = 19O TROEOf @) 2O |, = [[Sua®Of @),

< MO f(@)]|,, = MI|fll-

Thus Theorem 1.8 holds for the point P = (%, «,0), which establishes the lemma.
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Figure 3.2: Interpolation diagram for points P € A, when o > 0 or o < 0.

End of the proof of Theorem 1.8:

We need to show that 7, is bounded in LY for every fixed P = (%,aﬁ) e A. We may
assume that o > 0 (otherwise see [18]), and o # o, := “52 (by Corollary 2.13). Let n be the
integer so that o1 < a < ay,. Then it is an elementary exercise to find two points in A of
the form Py = (%, an-1,00), P = (%, ap,01) and some ¢t € (0,1) so that P = (1—t)Py+tP;
(see left hand side of Figure 3.2). Now, Theorem 1.8 holds for Py and P; by Corollary 2.13,

and therefore it must also hold for P by Lemma 3.20.
O

REMARK 3.23 It should be noted that, when —1 < « < 0, one can choose aq close enough

to —1 and interpolate between the points Py = (%, ap,0) and P, = (p%’ 0, 91) without making

use of the results in [10] or [18] (see Remark 3.9). In the unweighted case § = §; = 0 this
|ox] |or]

fills the admissible range of indices 5 < % < 1— 15, and therefore can be used to simplify

Kanjin’s original proof of the transplantation theorem (see Remark 4.2 below). In the
weighted case, however, this only fills a star-shaped region with vertex at (%, —1,0) (see

right hand side of Figure 3.2).

REMARK 3.24 Observe also that the above proof works as well requiring less smoothness
on m(§). Indeed, when ”T_‘q’ <a< "7_2 we have only used Corollary 2.13, which in view of
Remark 2.17 holds provided that m € C?*143[0, 00) and D*m(¢) satisfies the hypothesis

(1.9) for ¢ < [2ar] + 3, where [2a] = min{k € N : k > 2a}.
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End of the proof of Theorem 3.5:

By Lemma 3.8 all multipliers A = A\, ¢ in (3.7) satisfy the conditions of Theorem 1.8.
Hence, Assumption (A) is satisfied for all ( a,0) € A, and Theorem 3.5 follows from

Remark 3.13.
Od

4 Proof of the transplantation theorem

As announced in the introduction, the proof will be directly obtained from the boundedness
of To‘f‘”@, without appeal to the operators T9+2 used by Kanjin in [10]. The procedure is
based on complex interpolation, as we did in section 3.2 to establish the multiplier theorem.

We shall also use the following elementary result, which is an easy consequence of the
boundedness of T2+,

LEMMA 4.1 Let o > —1 and z = o + i7 with 0 > —1. Then the operator T is bounded
in L?(R,).

PROOF:
Let f € Cg°(0,00), so that TZ f = > . (f, L;) L} is well defined by Lemma 3.4. Then,

using orthogonality we have

Izzsll; = Z\ el HZ (L7 £7,

HT"*”fHQ < M( )Hsz,

where in the last step we have used Theorem 3.5.
O

Now we fix 8 > ag > —1 so that —< — % <0 <1-— % + %2. By condition (1.5) we
need to show that T/, and T ;5" are bounded in LY(R,). We let P := (%, B3,0), which clearly
belongs to A. It is not difficult to see that there exists two other points in A of the form
Py = (pio,ao,ég) and P = (3,01,0) and some ¢t € (0,1) such that P = (1 — t)Py + tP,
(see Figure 1.1). This can be done explicitly if «; is chosen sufficiently large, by taking
do=0/(1—1t)and t = aﬂl —». As in §3.2 we use the notation a(z) = (1 — z)ag + za; and
d(z) = (1 —2)dp for z € C.

By Lemma 4.1 we can define the analytic family of operators

S.(y) = YO T (F(z)2 @) (y), 0<Rez <1,
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at least for I € L?(0,00). Then, exactly the same reasoning as in §3.2 shows that S,

satisfies the conditions of Stein’s theorem, where the boundedness of
Sig: LP(R,) — LP(R,) and Sy L*(R,) — L*(R,),

follows this time from, respectively, Theorem 3.5 and Lemma 4.1. Thus, .S; must be bounded

in LP* = LP, which translates into
TSy = IS0 @), < M [0 f @) = M Sz

This proves the required Lp boundedness for the operators Tgo, and any 8 > «ap > —1.
The boundedness of TO‘O follows by duality. Indeed, if ( ,a0,0) € A, then an elementary
algebraic manlpulatlon shows that also ( =, a0, —0) € A, where ]% =1- %. Then, for all
f € C(0,00) we have
oo
HTE‘OfHLg = sup ’/0 T5° f () 2° g(x) dx‘

gl =1

T gl ‘/ ") TS g(@) do |

< v’ f@ll sup T2, 9)
gl = -
(previous case) < HfHLf; S‘up Hm gHLP —MHfHLp.
gll,y=1

The proof of Theorem 1.4 is now complete. -

REMARK 4.2 We point out that this approach to obtain the L‘g—boundedness of Tﬂo‘ only
depends on the corresponding result for the operators 79T when (%,a, 9) € A. In par-
ticular, as was observed in Remark 3.23, it does not make use of the results in [10] or [18]
when « > 0, or when o < 0 and ( a,0) belongs to the region on the right of Figure 3.2.
Therefore, in the unweighted situation studied by Kanjin, our approach gives a slightly

simpler and self-contained proof which avoids dealing with the operators T2,

5 Some applications

5.1 Riesz transforms for the Laguerre semigroup

Consider the Laguerre differential operator L = L(®) = —y d‘f dy +4 o’ , which is non
negative and symmetric in L?(0,00). For every o > —1, the Laguerre functlons {LL} k>0

form a complete system of eigenvectors for L(®, with eigenvalues given by

L) = (k+ Ly, k=0,1,2,... (5.1)
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The Laguerre operator can be factored as L(® = d*d + QTHI , where

— — d 1
d=d® =y @+ 3 (V- %)
Following [8], this leads to a definition of Riesz transform as:

R=R%Y =doL Y2, when a>-1.

In [8, Th. 4.2] it was shown that these operators are bounded in L whenever —3 —% <6<

1— % + 3, where v = min{e, 0}. The proof was based on transplantation from the special
cases a = ”772 In those cases the result was obtained from the boundedness of the Riesz
transforms associated with the Hermite semigroup in R™ (due to Stempak and Torrea; see
[17]). However, as was pointed out in [8, Cor. 2.29|, the Hermite setting implies a larger
range of indices in these special Laguerre cases, namely —”T_Q — % <dI<1l— % + "T_Q, which
suggests that in the general case one could replace v by a. We show here that this is indeed

the case.

COROLLARY 5.2 Let o > —1 and 1 < p < oo. Then, the Riesz transform R\®) is bounded
in LE(0,00) if and only if—%—%<5< 1—%—1—%.

PROOF: The proof is exactly the same as Theorem 4.2 in [8], and follows by writing
R@® = Tf:ll oMo RWP o Tg‘, where (§ = ”772 > « and M is a certain multiplier operator
satisfying the hypothesis of Theorem 1.8. The boundedness of R(®) then follows from the

above remarks and Theorems 1.4 and 1.8.
Od

5.2 Littlewood-Paley g-functions for the Laguerre semigroup

tL

Consider the heat diffusion semigroup e~ associated with the Laguerre operator L = L(®).

Following the classical approach in [16], g-functions of order £ = 1,2,... can be defined by

o < ot i dt \1/2
a0 = { [ g g (53)

tL(«

When o > 0, the semigroup e~ " is known to be contractive in LP(0,00) forall 1 <p < o0

(see e.g. [6]), and therefore the LP boundedness of g-functions can be obtained from the
classical theory in [16, 4]. However, this is not the case when —1 < o < 0, where e—tL®)
is not even bounded in L” unless Z%WI <p< \%I (see [12]). Different methods must be
used in such cases to study the corresponding g-functions, and moreover, no results seem

to appear in the literature concerning weighted inequalities, even when v > 0 (see however,
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[18, Prop. 2.1]). The main result of this section covers this gap, and will be obtained as an
application of our transplantation Theorem 1.4 and the corresponding result of Thangavelu

for Hermite functions (see Proposition 2.3 above).

THEOREM 5.4 Leta > —1,1 < p < o0, and d such that —1/p—a/2 <6 <1—-1/p+a/2.

Then for every £ =1,2,..., there is a constant ¢ > 0 so that

YAl < 16 Dle < cllfln, e C2(0,00).

PROOF: We shall only prove the right hand inequality, since the left hand case follows
from the usual polarization argument. We first consider the case £ = 1. For simplicity we
write g(f) = gga)( f), and drop the superscripts («) when reference to such index is clear.

Also, recall that the kernel hy(x, %) of e7* is explicitly given by the formula

hi(y2) = D e TRNL(Y)LA ()
k=0
- : ri/? 1147 2(ryz)!/?
(letting r = e~ t) = 1= exp{—5 1= (y + 2)} I (32 —), (5.5)

where I,(s) =i~ *Ja(is) and J, is the usual Bessel function of order « (see e.g. [12]).
First we claim that the theorem is true when o = 252. Indeed, denoting ®(z) = |z|?,

from (2.10) one easily sees that e *L(f)(|z|?) = 67%(7A+|‘”‘2)(ﬁ—f)(1:), r € R" (see [12]).

Hence g(f)(|z|?*) = 491({("5)(1:)]33\“, where g1 was defined at the beginning of section 2.

From here the claim can be obtained from Proposition 2.3, following exactly the same lines
as in the proof of Corollary 2.13.

At this point we would like to use transplantation to reach all indices o > —1 from
the known cases 0 = "772 This, however, will not be so simple since, as we shall see, an
undesired factor e'®~®) appears in the process. To deal with this, we split the operator

into two parts:
< 0 dt y1/2 to 9 dt Y 1/2
) = { [ et pE YT ma an = {[Cigetor ) 60

where tg is a sufficiently large number to be chosen later. We begin with the first part, for

which we need the following lemma.

LEMMA 5.7 There exists a small number ro € (0,1) and C = C(a,19) > 0 such that

0 a1l 2
sup |l (1.2)]| < Crg” yi23e” 5, Wyz>0. (5.8)
0<r<ro or

o
2
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PROOF: Taking derivatives in the explicit expression for Ay, 1/,(y,2) in (5.5), and using
the relation I, (s) = 1,(s) + Iat1(s) (see [2]), we see that

0
g[hlm/r(y,z)] = %f%TTTQ exp{—3 1T

'8 T Zl/2
L7 (y 4 2)} I, (2l

-r

{-3
r r a(l—r ryz)l/2 ryz)1/2
i ()2 exp{—3EE(y + )} (i LB + Lo (B

ryz)i/2
"y + 2)} T (220

_r (ryz)1/2 T 1—r

From the size estimates of Bessel functions (see e.g. [2]) we know that I,(s) ~ s for s <1

and I,(s) ~ Si’% for s > 1, which gives the crude estimate
Io(s5) < Cus®e® Vs> 0. (5.9)

Therefore, for all r € (0, rg] we have

)1/2 a/2 a/2 a/2

exp{—$ 1L (y + 2)} L(BHELS) < CESES exp{— 31 (y +2) + DLyt

< Cra/2ya/2za/26 4(y+z),

provided we choose 7y small enough so that \F < 1/8. Thus, Ki(r,y,z) and K3(r,vy, z)
are readily estimated by the right hand side of (5.8). Similarly,

Kg(r,y,z) < C’(y—l—z) ra/an/Qza/Qe—i(y—I—z) < Cra/an/Qza/Ze—é(y—i-z)

and
atl otl atl atl

Ky(r,y,z) < C\yzr 2y 2 z 2 e~ 1+2) < Cy+2)2%re Y222 e_%(y”),

from which a similar bound follows.

Going back to g?(f), and choosing ty large so that e~* = ry, we have

1 g oiiseya:) vad .10

0

/]R {/too‘gf[ht(y,z)”?tdt}lﬁ’f(z)|dz :/R Q(y, 2) |f(2)] dz,

where, using (5.8) we have for all y,z > 0

g ()

IN

IN

A\
<
[N]1)
N
[N}
9]
|
0
—
(@)
—
[S—
N—

ro 1/2
Q) = { [ 1) rmbar )" <



26

Thus, taking L§ norms in (5.10) and using Holder’s inequality

_py o 1/p _i o ’ 1/27/
Il < C[/R+e By y(2+5)pdy} [/Rf B (§-0)p dz] 11

and both integrals are finite since —% —5<o0<1~ % + 5. Thus, we have established the

following proposition.

PROPOSITION 5.12 Let o > —1, —% -5 <i<1- % + ¢ and ¢* defined as in (5.6).
Then, |60, < €117l

We now turn to the operator gy in (5.6), which we need to write as a linear vector-valued
operator in order to use transplantation. We let H denote the Hilbert space L2((0,00), %)
and set G : L?(R;) — L?(R,; H) defined by

a(N=a0(={io@™n} | rerm,) (5.13)

Since g(f) = ‘G( f)‘ y» the LY boundedeness of g is equivalent to boundedness of G from
LY into LE(Ry; H). We shall denote analogously

Gal) = G() = {1 (™ 1) xau (1))

>0

Finally, we denote by Tiﬁa the obvious vector-valued extension of the transplantation operator

to L2(Ry; H) as

Tg({ft}t>0) = {Tg(ft)} . {fihso0 € LQ(R+;H).

t>0

By Krivine’s theorem (see e.g. [11]), the vector-valued operator TT? is bounded in L{(Ry; H)
if and only if 7§ is bounded in LY(Ry). Similarly, we denote by M the vector-valued

extension of the multiplier operator Mf = > ;- m(k)(f, £f>££, where m(s) = gzigﬂ

Observe that this multiplier trivially satisfies the conditions in (1.9).
Now, given a > —1 we choose 8 = § — 1, for some positive integer n such that g > a.
We claim that

Géa) :Fgoﬁﬁ,aomoG(ﬁ)ng, (5.14)

where N _, stands for the pointwise multiplication operator defined by

Na_o({fi}t>0) = {e%tX(o,to} (t) ft} {fi}i>0 € L*(Ry; H).

>0’
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Indeed, by density and linearity it suffices to check (5.14) for f = £¢, k= 0,1,2,.... But
this is an elementary exercise:
Tga [el) 1N B+1 M
o — g S e et

Nﬂ,a a+1

«a - B+1 a - —
{—t(k + oLy (k+5 >tc§}t>0 {—t(k + 2F)eFF5 y 011 (1) z,f}bo

77 (el
e { =t e B o (0 L7 g = GE(LR).
Finally the boundedness of each of such operators in L§ or LY(Ry; H) when —% -5 <0<
1-— % + 5 follows from Theorems 1.4 and 1.8, and the above mentioned remarks. Combining
this result with Proposition 5.12 completes the proof of Theorem 5.4 for £ = 1.

To conclude the proof of the theorem we turn to the Lg—boundedness of g¢ when ¢ > 2.
This will follow from a repeated use of Krivine’s theorem. Indeed, from the previous result
we know the boundedness of G : L{ — L{(R; H), which by Krivine’s theorem implies the
boundedness of the vector-valued extension G : LY(H) — LE(H x H) given by

{fs}s>0 S {Gfs}s>0 = {t%[e_ths] }(t,s)

Thus, we obtain boundedness for the composition operator G o G : LY — LE(H x H).

Now, the semigroup property of e * gives
tﬁ [e_“: s 2 (e_SLf) } = is 8—2 [e_“Lf}
ol s B2 P

Also, by changing of variables o = s + t in the integrals below we see that
o 9 e o0 32 ol
‘GOGf‘HxH = /0 /0 Stlw[e f:||u:s+t

— OO > 8% [ _—ulL 2
- /0 /t (0 1)t L [ebs],_[doat

> 9?2 —oL 2 7 1 2
= ; W[e f” ; (o —t)tdtdo = ggg(f) .

Combining all these facts we obtain the wished estimate ||92(f)||L§ < C ||fHL§ Similar

2
dsdt

arguments and induction will give the same result for g, and all £ > 1, completing the proof

of Theorem 5.4.
Od

6 Multipliers and transplantation for related systems

Throughout this section, given a measure ;1 we use the notation L§(1) = LP((0, 00), y*Pdu(y)).

For fixed a > —1 we consider the following orthonormal systems
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(1) {#h(y) == V2Y L7(Y?) } 5 0 L*(0, 00);
(i) {6 (y) =y~ 2 L)} 5 i L (a), where dpa(y) = y*dy;
(ii1) {vply) == v2y~° ﬁg(gﬁ)}kzzo in L?(vy), where dv,(y) = y**tdy.

These are complete eigenvector systems of certain modifications of the Laguerre operator,
for which multiplier and transplantation estimates have been studied by various authors
(see [6, 21, 18] and references therein). In this section we show how to obtain such results
from the power weighted estimates of the standard Laguerre system {£{'} (see also [1]). To

this end, we define the following operators:
Vi) =2y f?), W) =y *?fy) and Z°f(y) = V2y * f(°).
The proof of the next lemma is completely elementary and left to the reader.

LEMMA 6.15 Let o > —1, and ~v,0,( € R.

N[

. _1

(i) [f5=%+i—ia then ”VfHLz(dy) =2 prHLg ;
(i) If 6 = o+ a(3 = §), then W fll 12y = |1 fll 12 -

a 11

(iii) If 6 = § +a(} — 3) then [|Z°f|l 2,y = 22 % IIf |1z

The following is an immediate corollary of the previous lemma and Theorem 1.8.

COROLLARY 6.16 Let o > —1, 1 < p < oo and consider a multiplier m € C*°[0,00) as
in Theorem 1.8. Then, there exists C > 0 so that, for every finite sequence {cy}

0 | EZem®adi]y < ClEZoereilly . #F —ez—p<y<ptats;
(i) HZZO:O m(k)CkK?HLg(ua) = CHZEO:O ckg?HLg(ua) ) if _HTa <0< 1;7’&;
(i) Hz,‘;‘;om(/c)cwguq(y&) < C’HZZ"ZOCkngLg(Va), if A oo A

REMARK 6.17 For the system {{{}, this result improves an earlier sufficient condition

- min{o‘Tfl, atly <o < min{aljl, otl} obtained by Stempak and Trebels for o > 0 under

weaker smoothness assumptions on the multiplier (see [18, Thl.1]). The condition on the

indices is also necessary, as is easily seen testing with m(0) =1 and m(k) =0, k > 1.

We state below the corresponding optimal transplantation estimates, which follow com-

bining Lemma 6.15 with Theorem 1.4. We use (.,.),, to denote the scalar product in L?(p).
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DEFINITION 6.18 Given «, 3 > —1, we define the following transplantation operators:
oo (0.9} o0
8F = (Lo TR =D (L ty and TRf = (fuf)uvy.
k=0 k=0 k=0

COROLLARY 6.19 Let 1 <p < oo and —1 < a < (. Then:

(i) The operators T and rg? admit a bounded extension to LY, — LY if and only if

L 1< <1+ +1
—— = — — —+a+ -
2 p v 4 2

(ii) Let o9 € R and o1 = o9 + (o — ﬂ)(% — 3). Then, T3: L5 (pua) — LB (ug) and

TS LY (pug) — L5, (pa) are bounded operators if and only if

1+« 1+«
- < o9 < v .

(iii) Let (o € R and {1 = (o + 2(a — ﬁ)(}% — 3). Then, T3: Lgo(ua) — Lgl(yg) and

TS ch)l(’/ﬁ) — LIC’O(I/Q) are bounded operators if and only if

2(1+a) <6< 2(1—1—04).
p P’

PROOF: This is a straightforward consequence of Lemma 6.15, Theorem 1.4, and the
identities 7§ = V- T§ - V*, TG = W"-Tg - (W*)* and T§ = 27 - T - (Z)*. We leave details

to the reader.
Od

REMARK 6.20 The relation between oy and o in (ii) of the previous corollary is also
a necessary condition. Indeed, in other case it would imply the boundedness of T’ g from
L5 into Lf , for some numbers 81 # da. Such boundedness, however, can never hold when
(%, p,0;) € A, since composition with T2 . L§2 — ng (which is bounded by Theorem 1.4),

would lead to a continuous inclusion L§1 — Lf;z, and hence a contradiction.
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