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In this work we estimate the state of charge (SOC) of NiMH rechargeable batteries using
a robust optimal filter based on a simplified electrochemical model. The robust filter
guarantees that the supremum of the error variance - difference between real and esti-
mated SOC - with respect to all admissible uncertainties be minimum. The results are
compared with those obtained using the linear Kalman filter. We conclude that both
estimations have similar performance, although the robust filter is easier to tune. Exper-
imental results with commercial batteries are provided to illustrate the estimation
procedure and it performance.
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1. Introduction

For good quality of service and to sustain a longer life of
NiMH rechargeable battery it is needed to develop a battery
management system (BMS). For an efficient BMS it is
extremely important to have an accurate estimation of SOC in
real-time and this topic is the main purpose of this paper.

By assuming the charge current is equal to the current
through the battery terminals Iy,, the SOC can be obtained by
performing the integral of such current, known as coulomb-
counting technique. However, due to the presence of
secondary reactions in the battery, the charge current could
be different to the battery current and, even being slightly
different, due to the integration process the differences
between real and estimated SOC can be unacceptably large
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over time. By considering the case where the battery currentis
zero, Ipet = 0 — open circuit- and after reaching the steady-
state, the measured potential at the battery terminals, Epat,
is related with SOC through the electro-motive force (EMF)
curve Epae(®) = fg(SOC). Then, a simple and effective strategy
to correct the errors of coulomb-counting consists in opening
the battery circuit and waiting until the system relaxes to
Epat() known as open circuit voltage (OCV). The procedure is
well described in [1] and the references therein. The main
disadvantage of this method is, in addition to the accumula-
tive error of integration, the long time needed for the rest
period which hinders their use in real-time.

In order to overcome this difficulties model based
observers methods become an interesting strategy to estimate
SOC. The idea consists in using the measured current Ly, as
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input of the battery model to obtain, by simulation, the
potential Ey,. The error between both the real and the esti-
mated potential Epg — Epa is used to correct the internal
model variables (states). Thus, if the model is exact and the
correction is optimal, in the sense that the states of both
coincide, the SOC can be optimally estimated.

The battery can be modeled as a cascade of a linear system
with a static nonlinearity. This kind of structure is called
Wiener model [5]. A convenient approach is to linearize the
static nonlinearity at every sample time around the estimated
state variables and using a linear Kalman filter. In this way the
nonlinear model is transformed into a linear one with time-
varying parameters. When the Kalman filter is used with
this kind of model, the type of observer is called Extended
Kalman Filter (EKF). In [2] (Part 1, 2, and 3) this approach was
used in lithium-ion polymer battery packs for hybrid vehicles.
In [3] an observer for linear time-variant systems was used to
estimate the open circuit voltage (OCV) from an empirical
battery model. Assuming observability of an extended model
formulation, both parameters and state of charge are esti-
mated at once. One drawback of theses approaches is that
they require an explicit formulation of the static nonlinear
structure, equations and parameters.

Instead of using the electrochemical model, which is very
complex and difficult to obtain, in this paper we assume the
battery as a simple integrator affected by dynamic uncer-
tainties in series with a static nonlinearity. Since the inverse
function exists it can be used as a software sensor. With this
approach, instead of linearizing the system equations and
dealing with nonlinear observers, it is possible to use linear
estimators. However, the precision of the measurement
depends on the misidentification of the static nonlinearity,
which increases the uncertainties. In this paper, we propose
a simple integrator with additive dynamical uncertainty as
a battery model. Thus, we will derive a robust liner filter that,
using the signal obtained from the software sensor, allows to
obtain the SOC of the battery with very acceptable accuracy.

2. Theory
2.1.  Model formulation and robust filter design

The SOC in the battery is determined by integrating the
current as follows:

SOC(t) = Qi (Qo + j Ibat(r)dr>, )
0

where Qp, and Qnax are the initial and maximum electrode
charge. The quantity Quax is called capacity of the battery and
it is defined as the product of the constant current and the
time required to reach the maximum charge, starting with
battery completely discharged, Qo = 0. Thus, SOC is the unity
for battery completely charged and zero for completely dis-
charged. In order to be able to estimate the SOC, we need first
to model the battery behavior.

A battery is basically a system conformed by two elec-
trodes immersed in an electrolytic media with an adequate
porous separator. During discharge, the negative electrode is

oxidized, while the positive electrode is reduced, being this
global process responsible for delivering energy. The process
is reversed during charge. The goal in the present section is to
derive a simple, yet general model to describe the charge/
discharge processes of different batteries in order to be used in
the derivation of a robust SOC estimator algorithm. For this
purpose we assume that secondary reactions, which usually
take place at extreme values of SOC, shall be disregarded in
the model, these, shall be considered as disturbances as
explained below.

In the energy accumulation process, two important stages
can be distinguished, one corresponding to the charge trans-
fer processes at the electrochemical interface of the elec-
trodes, including electrochemical reactions and double layer
charging, and another one corresponding to mass transfer,
either in the electrolyte or in the electrode active material.
Thus, the NiMH battery can be modeled as a cascade of
a linear dynamic system followed by a static nonlinearity
which it is know as Wiener model [4,5]. The linear dynamic
system is related to the transport of the reacting substances in
the active material, theses processes are governed by Fick’s
law. The static nonlinearity is due to the electrochemical
reactions at the electrode interfaces and it is governed by
a Buttler—Volmer type equation. In [5] is demonstrate that the
model equations can be written as follows:

X(t) = AX(t> + Blpat (t) (2)
Xo(t) = CX(t) (3)
Ebat(t) = ge(Xo, Ibat) @)
—dy do 0 0 0 0

1 —(1+di) ds 0 0 0
i 5 5 : : e

0 0 0 - 1 —(1+dy1) dnva

0 0 0o - 0 1 1
B =1[g,0,,0]";C = [10---0],

X(t) = [x(2o, 1), X(21, 1), -+, X(z, )],

where « a constant, g is the inverse of the battery capacity,
x(z;,t) means concentration of hydrogen at distance z; from the
electrode surface, xo(t) is a short notation of x(zot), and
di = z;,1/2;, for 1 <i < N. Nin the number of slides of the spatial
discretization of the electrode. gg(Xo,lvat) is the static nonline-
arity which is a nonlinear function of the battery current I 5+
and concentration at the surface xoq(t).

An important property is that the static nonlinearity has
inverse, ie it is possible to obtain the concentration from
a nonlinear function Xo = gx(Ebat,Ibat), Where Epa, is the poten-
tial of the battery. For the static nonlinearity we need an
explicit expression that relates the concentration x, with the
current and potential of the battery. Instead of that, we
propose to represent the static nonlinearity as an interpo-
lating function based on experimental data. The static
nonlinearity is a soft function that can be well approximated
by using different approaches. Basically, any 2-D interpolation
method could be suitable. In [5] it is detailed a procedure to
identify this nonlinear function using a Taylor series repre-
sentation. However, any 2-D interpolation procedure of the
experimental data can be used to estimate the concentration
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Xo, that we call x!, given pairs (Epat, Ivat). It is interpreted as the
true value, Xxq, corrupted by measurement, errors due to the
imperfect interpolation, and possible unmodeled dynamics.

Using the measured concentration xf', and the linear set of
equations (2) and (3), linear observers can be used to estimate
the SOC. However, the linear model has two main drawbacks,
first the dimension N which can be extremely high, and
second the parameters d; are difficult to know. Then, instead
of considering all the equations, we assume the battery can be
reduced to an imperfect accumulator, ie a system integrator
plus a relaxation system [2]. Then, we can consider a simple
linear equation to use in estimating the SOC. The model
consists of an integrator but with additive uncertainty con-
taining secondary reactions and relaxing dynamics not
considered. The system equation, in discrete-time, is deter-
mined as follows:

s(k + 1) = s(k) + Blpat(k) (5)
x5 (k) = 3, (Evar (k). Foae (k) ©)
Xg'(k) = S(k) + Ar(R) + e(Evat(k), Ioar (k) @)

where s stand for SOC, A, is the relaxing dynamics, g, (Ebat, Ibat)
is the measured quantity by the software sensor,e = gx — g, is
the error in the interpolation. In Fig. 1 the problem is sche-
matically depicted where the system S represent the inte-
grator given by equation (5).

2.2.  Identification of the nonlinearity

The objective now is to estimate the nonlinear function
Xo = gx(E,I ) of equation (6) where, for easy notation, I, E stand
by Ivar and Epar. Taking into account that when the current is
constant and after the transient relaxation satisfies xy = s, we
propose to identify the function using N -triplets of experi-
mental data (E,I,s) which is equal to (E,I,xo) in such conditions.
The variable s is obtained by coulomb-counting of constant
current I starting from a known initial charge and knowing the
capacity of the battery. The objective is to estimate xo = gx(E,I )
at arbitrary pair of values (ILE) by interpolation of the N
experimental data set. The procedure employed is known as
Kriging interpolation. For description and properties of the
method see [6]. There are several software package that
perform efficiently theses estimations, see for example [7].

In the next section we present a robust design to solve the
estimation problem with the reduced and uncertain model
equations (5-7).

Tu(t) SOC(1)
» S >
A 4 1
S Uncertainty
e(t) Xo"(t)
NS g

Fig. 1 — Uncertain battery model.
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Fig. 2 — Robust filter problem.

2.3. Robust estimation

In this section we propose a polynomial approach to designing
a H, — optimal robust SOC estimator based on measurements
of the software sensor x§J' (k) = g, (Epat(R), Ibat(kR)). In the present
context, optimality refers to the filter ability to achieve an
estimation error variance below a certain upper bound, which
is the minimum over all admissible system uncertainties.
The SOC estimation problem, using the reduced and
uncertain model equations (5—7), can be possed in a general
structure shown in Fig. 2. In the setup of Fig. 2 we consider the
signal n; a zero mean Gaussian stochastic white input with unit
power spectral density. The system S;; represents the
dynamics of current Iy, Which is assumed to be stable and
causal uncertain system. The system S,, represents the inte-
grator and the uncertainties. Consider the error signal

e(k) = z(k) — 2(k) and its variance £[e(k)’}, where £ denotes
expectation. The robust design can be formally written as
mKin}(K), 8)
where

sup{Elek)’ ! <J(K 9
up{efe(’H} I ©)

The supremum is taken with respect to all admissible
uncertain systems S; for i = 1,2. In the appendix the stable and
causal filter K(¢) that minimizes the equation (9) is derived.
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Fig. 3 — Static nonlinearity by interpolation using Kriging.
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Fig. 4 — a) SOC estimations for experiment 1. b) SOC
estimation for experiment 2.

3. Results and discussion

First, a set of constant current register were used to obtain the
static nonlinearity by Kriging interpolation shown in Fig. 3. In
the Fig. 4 the performance obtained from two experiments,
based on measurements made in rechargeable batteries
Duracell AAA/HR03/DX2400, NiMH/1,2/800 mAh, respectively,
are shown. In both cases the Kalman filter [11] and the robust
design are compared. The three parameters of the Kalman
filter (variance of disturbances, covariance between current
and measurement noise, and variance of the measurement
error) and the only one parameter of the robust design (gain of
the uncertainty) were adjust in the first experiment. It can be
noticed that both estimators behave with similar perfor-
mances. However, the Kalman filter requires the setting of
three parameters. In contrast, the robust filter requires only
the adjustment of the uncertainty gain w.

4, Conclusions

Based on a simple battery model and a software sensor, we
analyzed a robust SOC estimator. The strategy of using the
software sensor allows to fix the problem of estimating SOC in

a framework of linear estimation which is important for it
simplicity. The robust estimation method only requires
knowing the value of gain uncertainty. The upper bound of
errors was minimized and a bound of the error was derived.
The robust filter was used to estimate the SOC of commercial
NiMH battery showing a very acceptable performance.
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Appendix

In the polynomial notation used, the complex variable § = z~*
for dt Iti systems, where z denotes the variable of the z-
transform, see [8]. For simplicity, the argument of polynomial
matrices is sometimes omitted. The conjugate transpose of
the polynomial G(6) is denoted by G*(8) = G(57 ).

Let A and B polynomials and consider the following spec-
tral factorization problem CC* = AA* + BB*, then the poly-
nomial solution C with stable inverse is called the spectral
factor C and can be obtained with algorithms as those shown
in [9]. The H, norm of a dt Iti and causal matrix operator y/(6)
with impulse response ¢(k) is
W12 o f 95 = Y ot067e) (10)
where § means integration around the unit circle |5 = 1.

The SOC estimation problem, using the reduced and
uncertain model equations (5—7), can be possed in a general
structure shown in Fig. 2. In the setup of Fig. 2 we consider the
signal 7, a zero mean Gaussian stochastic white input with
unit power spectral density. The system S;, represents the
dynamics of current Iy, which is assumed to be stable and
causal uncertain system that can be bounded by

where S, is a causal, stable, and known transfer function. The
uncertain system Sy, is modeled by

SQ; = Sz + WA, (12)

where S, and W are known stable transfer functions repre-
senting the nominal system and the weight of the uncertainty
A respectively. The stable transfer function A is unknown and
satisfies |A(jw)] <1, Vw. Notice that S, is the integrator with
transfer function S, = 86/(1-4), that means it has a pole on the
unit circle.

Consider the following polynomial representation of
systems:
51(5) = Cl(é)/Dl(é) (13)
W(6)S1(8) = C2(6)/D2(5)
where C;, C,, D4, and D, are given polynomials. Let the poly-
nomial IT be the stable, spectral factor obtained as solution of
the following spectral factorization problem:
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T = 8°D,C1C;D;(1+ a)D1CoCyD;5 (1 — 6)(1 = 8*) (1 + ) (14)

where « is, for the moment, a scalar positive constant. The
solution to this problem is given in the following theorem:

Theorem: The stable, causal and minimal degree discrete-
time filter K(6) that minimizes the cost J(K ) is given by

(1-6)D;N—m

K(5) = =

(15)

where N,M are the minimum degree solution with respect to N
of the polynomial equation

§'M'D; + C,C3D;(1 — 6") (1 + o) = NIT* (16)
The minimum cost is given by

2 2

(1+a) (17)

CiN

DlTC

Cz(Dl(l — 6)N — ’TC)

@ = | -

(1+a)+‘

2

The optimal robust filter K(¢) is the one that minimize of J(«)
with respect to the parameter «. We only need a search
procedure with respect to « based on some 1D optimization
method.

Proof: follows from the procedure shown in [10]

Let us now apply the robust design of SOC estimation to the
case of Fig. 1. Let’s make the following assumptions: i). The
dynamic of S, is given by a constant for all frequencies equal
to the unity, which corresponds to C; = D; = 1. ii) The uncer-
tainty weight W is a scalar w, which corresponds to C, = w and
D, = 1. The first step is to obtain the spectral factor of equation
(14) which gives

Fl+a)+w(1+a)(—61+2-0)

The spectral factor is first order with structure © = 7 + 746.
The second step is to compute the diophantine equation (16)
as follows:

mo* 4+ w?(1 — o) (1+ a’l) =n(my + 116%)

where m and n are scalars. The solution for n is obtained
by equating coefficients of same order which gives
nmo = w(1 + o %). The filter finally can be written as

n—mo) — (n+m1)o

K=
TC()—‘rTClé

(18)
The final step is, from the equation (17), to minimize
numerically the following cost with respect to a:

2
(1 + a’l)
2

Jw - |2 i<1+a) "

H«l—a)n—m
TT
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