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ABSTRACT. We discuss mixed weak type inequalities in weighted spaces
for one-sided operators. In particular, we prove that if T.f(x) = (x —

-1 f: f(y)dy, > ¢, is the Hardy averaging operator, u € A] (one-sided
Muckenhoupt A; class) and v € A (the another one-sided Muckenhoupt A;
class) then there exists a constant C' such that sup.cp f{l uv <

C [z 1f|u.

ATef(@)|>v(x)}

1. INTRODUCTION

Let T be a sublinear operator defined on measurable functions on R", that
is,
T(f+9)| <ITfI1+|Tgl, |TAHI=IATS],

for all scalars A and all measurable functions f. A mixed weak type (p,p)
inequality for 7" is an inequality of the form

1.1 w(x)v(x)de < C ) |Pw(z) dx
(L1) /{I;Tﬂ@.w} (2)o(x) dz < / (@) Pula)

where v, u and w are nonnegative measurable functions and C' is independent
of f. On one hand, this inequality contains the weighted weak type (p,p)
inequality, since if v = 1 and we take the functions f/A, A > 0, the above
inequality becomes

(12) / ) ds < —/|f P (a
{901|Tf(96)|>)\}

that is, the weighted weak type (p, p) inequality for the operator T with respect
to the weights © and w. On the other hand, mixed weak type inequalities are
related to the two weighted norm inequalities [2] and, probably, that is the
reason why they are more difficult to handle than the corresponding weak type
inequalities.
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2 MIXED WEAK TYPE INEQUALITIES FOR ONE-SIDED OPERATORS

Let M be the Hardy-Littlewood maximal operator defined by

M) = swp / £l

Q:zeQ

where the supremum is taken over all cubes with sides parallel to the axis such
that z € Q. It is known that the weighted weak type (1,1) inequality

C
u(z)de < — z)u(x) dx
/{x:Mf(m)>A} (@) do < A /|f|( Ju(z)

holds if and only if the weight u satisfies the A; condition (u € A;), that is,
there exists C' > 0 such that

Mu(z) < Cu(x) ae.
Andersen and Muckenhoupt [2] proved the mixed weak type (1,1) inequality

(13) L @ <€ [t de

under the assumptions n = 1, d # 1 and u € A;. The same inequality was
established for the Hilbert transform [2] and it was extended to singular integral
operators in R" [5]. Sawyer [7] proved that the mixed inequality holds for some
general non-power weights v. More precisely, he established that if n = 1,
uw € Ay and v € A; then

14 ulzv(z)de < C z)ul(z) dx
(1.4) /{x:Mﬂxw)} (2)o(x) dir < /|f|<><>

The problem for the Hilbert transform was left open in that paper. Recently,
the last inequality was proved [3] in R™ not only for M but also and for singular
integrals including the Hilbert transform.

This paper is devoted to the study of mixed weak type (1, 1) inequalities for
one-sided operators. In the real line, the one-sided Hardy-Littlewood maximal
operators M~ and M™ are defined by

T x+h
M f(x) = sup 7 /_h\f(x)|dfv and  M* f(z) = sup - / (@) da.

n>o h

Weighted inequalities for M~ and M™ were studied first in [8] (see also [6]). It
was established [6] that the weighted weak type (1,1) inequality

C
/{x:Mf(x)»}u(:c) dr < X/|f|(a:)u(:c) dx

holds if and only if the weight u satisfies the A] condition, that is, there exists
C > 0 such that

M*tu(z) < Cu(x) ae.
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The analogous result hold for M+ and u € A which means M~ u(z) < Cu(z)
almost everywhere. Arguing as in [7] we conjecture that the mixed weak type
(1,1) inequality

(1.5) /{ e W@ A <O / £](2)u(z) de

holds, under the assumptions u € A} and v € Af. In other words, the con-
jecture says that the mixed weak type (1, 1) inequality for M~ holds if M~ is
of weak type (1, 1) with respect to u(z) dx and M* (the “adjoint”of M ™) is of
weak type (1, 1) with respect to v(x) dz. So far, we have not been able to prove
it. However we have found a proof of that inequality with M~ replaced by the
Hardy averaging operators

ch<x) — { zic fcxf (y) dy7 if v > C;

0, if x <e.,

where c is any fixed real number. Clearly, the operators 7, are smaller than
M~ and they are closely related to M~ since
M~ f =supT.|f]
ceR
For these operators we prove (see Corollary 2.8) that if u € A] and v € Af
then there exists a constant C' such that

Sup/ quC/|f\U
ceR J{x:|T. f(z)|>v(z)} R

for all measurable functions f. We obtain this result as a consequence of The-
orem 2.6, where we state that the mixed weak type inequality holds for T, if
T. is of weak type (1, 1) with respect to u(z)dz and the formal adjoint T is of
weak type (1, 1) with respect to v(z) dz. In the next section we state and prove
our results.

We shall use standard notations. In particular, if F is a measurable set
E C R then |E| is the lebesgue measure of E.

2. MIXED WEAK TYPE INEQUALITIES FOR HARDY OPERATORS

We shall establish our results for the operators 7, for any number ¢ but the
proofs will be given in the case ¢ = 0, since the general case is proved in a
completely similar way. In what follows, the Hardy operator T; will be denoted
by T.

We start with a characterization of the mixed weak type inequality for T..
The next theorem is essentially contained in [5] although in that paper a more
general setting is considered and the Hardy operator is the one in R™ given by

1
Hf(x) —/B(W')f(y) dy,

~ Ja
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where B(0, |z|) stands for the euclidian ball of center 0 and radius |z|. Observe
that for n = 1 the operator H is the two-sided operator

||
WMZ%Kf@@

||

We include the proof for completeness.

Theorem 2.1. Let u and v be nonnegative measurable functions defined on R.
Let ¢ € R. The following statements are equivalent.

(a) There exists a constant C' such that

/ uv < C/ |fu
{@:|Te f (@) [>v(2)} R

for all measurable functions.
(b) There exists a constant C such that for all a > ¢

sup)\/ w < Cu(z)  for a.e. x € (¢, a).
A>0 {ac>a:961 >Av(z)}

—cC

Further, if C and C are the best constants in (a) and (b), respectively, then
C<C<4c.

Proof. As we said above we work with ¢ = 0.

(a)=(b). Let us fix a > 0. Let F be any measurable subset of (0,a) and
consider f = \_J{JIXE' If x > a then

Tf(z) =

X

C
/ uv < / uy < — U,
{x>a:%>v(m)} {z:Tf(z)>v(x)} |E‘ E

where the last inequality follows from statement (a). Since F is any measurable
subset of (0,a), we obtain

/ uwv < Cessinf{u(x) : z € (0,a)},
{J:>a:i>v(x)}

Therefore

which is (b) for A = 1. The inequality for all A follows in the same way since
(a) holds for the pairs of functions (u, Av) for all A > 0 with the same constant.

(b)=(a). We may assume without loss of generality that f is integrable,
f>0and [ f>0foralla>0. Let {z,}, be the decreasing sequence defined
0

by zy = 400 and
Tn+1 Tn
[ i)
0 Tn+1
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It is clear that lim, . x, = 0. If © € [x,41, ;) then
Tn+1
S RE
Tn+2

{z:Tf(x) >v(x)} C U {x € [Tni1,Tn) i > 4;90(%}

Tn4+2

Therefore

n=1

If B, = essinf{u(x) : © € (0,2,41)} we have by (b)

~ Tnt1
\/{x:Tf(x)>v(m)} Z Tn42
Tn+1
<4CZ/ fu<4C/ fu.

Tn+42

g

Observe that taking v = 1 in the theorem we obtain a characterization of the
weights u such that T applies L'(u) into weak-L'(u). We state it as a corollary.

Corollary 2.2. Let u be a nonnegative measurable functions defined on R. Let
c € R. The following statements are equivalent.

(a) There exists a constant C' such that
C
/ wz 5 [ il
@its@=n A Jr
for all measurable functions.
(b) u satisfies A1(T.), that is, there exists C > 0 such that for all a > ¢

(2.3) sup ! /yu < Cu(z) for a.e. x € (c,a).,

y>a Y —CJg

Further, if C' and C are the best constants in (a) and (b), respectively, then
C<C<4c.

The proof is direct from the theorem and the equality {z > a: -1 > A} =
(a,c+ 3).

Remark 2.4. Notice that Andersen and Muckenhoupt [2] proved that statement
(a) holds if and only if there exist « > 0 and C(«) such that for all a > ¢

[ (%) M9 < ctomts) for e xe e

It is easy to see directly that this condition and Ai(T.) are equivalent.
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It can be proved also that the formal adjoint operator 7' defined by
foo@dt, if x> ¢

) = {

0, ifx <eg,
is of weak type (1,1) with respect to the measure v(z)dz if and only if v €
Ay (TY), that is, there exists C' > 0 such that
1

r —cC

(2.5) / v < Cu(z) for almost every x > c.

The proof is similar to the one for 7. and we omit it (alternatively, the result
can be obtained from the theorems in [2]). With the help of these conditions we
can establish the mixed weak type inequality for T, for a wide class of weights.

Theorem 2.6. Let u and v be nonnegative measurable functions defined on
R. Let ¢ € R. Assume that there exists € > 0 such that u**® € A;(T,) and
vite e Ay(TY), i.e., there is a constant C > 0 such that for all a > ¢

1 y
sup / u'te < Cu'te(x) for a.e. x € (c,a),
y>a Y — CJq

and

1 x

(2.7) / v'te < Cv'te(x)  for almost every x > c.

x—c/.

Then there exists a constant C' such that

/ uv < C/ |fu
{@:|Te f (@) [>v(2)} R

for all measurable functions.

As a corollary we obtain our result for weights in the one-sided Muckenhoupt
classes.

Corollary 2.8. Let u and v nonnegative measurable functions defined on R.
Assume that u € A7 and v € AT. Then there exists a constant C' such that

sup/ uv§0/|f|u
c€R J {z:| T f(x)|>v(z)} R

for all measurable functions.

The corollary follows from the theorem, the easy implications u € A] = u €
A(T.), v € A = v € A|(T?), and the well-known implications u € A] =
u't® € AT and v € A = v € AT for some £ > 0 (see [8, 6]).

Proof of Theorem 2.6. We work with ¢ = 0. By Theorem 2.1, we only have to
prove that

/\/ wv < Cessinf{u(z) : x € (0,a)}
{J:>a:%>)\v( )}
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forall a >0 and all A > 0. Fix A > 0 and a > 0 and set
1
E:{x>a:5>)\v($)}.

We may assume that |E| > 0. Let us take any z € E such that

(2.9) 1/ vt < Covtte(z).
0

z

We shall prove that
)\/ uv < Cessinf(gq)u.
EN(a,z)

Then letting z tend to the essential supremum of E we obtain the required
inequality. Fix any number # > 1 and choose b € (0,a) such that b is a
Lebesgue point of u'*¢ and u(b) < B(essinf(qyu). Now choose o such that
l—e<ac 1%5 Applying the definition of E and Holder’s inequality we
obtain

1
/ w < — le_o‘(as) dx
En(a,z) A En(a,z) xe

1 £
1 z . 14e T+e z . T+e
S (/ - (14(3 dx) (/ ol () dx)

@ a :Ea a

1 Zulte(x) e e = clta

< o o) dx v () de (z —a) T+
Using (2.9), 2z — a < z and z € F we obtain
_e 2 c %
w < 020 u(z) dx N v T(2)

ENn(a,z) N A% a gol+e)

1 1
Z()l—l—+E zul—i-a(x) Tte
=0 ( / de)

To estimate the last integral we take ¢ € (b,a) and f = x@,¢). It is clear that
for x > a

(2.10)

Tha) = <=0

X

Applying this equality

z u1+5 T 1 z . 8
(2.11) /a xa(lie)) dr = (c =)ot /a (T f(2))* )04 (2) do
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Since u!** satisfies (2.3) we have that T applies L'(u'*¢) into weak-L!(u'*®).
Therefore, by Kolmogorov’s inequality (for instance, see [4])

z, 1+€
v 4
" ro(l+e)

C - mat49) e o(1+2)
< g (i) (o)

Applying again the assumption on u we have

z , 1+4e W 1 c a(l+e)
/ ut () oo O (essinf o gyu) 0720 L1-ase (_ / um) '
a b

(2.12)

po(lte) c—b

Since ¢ is any point in (b,a) and b is a Lebesgue point of u'™ we get

1
1+£ T+e
(/ uH o) dx> < C (essinf(gq)u )1 R w1 (b).

xa(l—i—

Now the property of b gives

1
’ UlJrE([L‘) e : L —a pa(l
(L xa(1+g) dl’) S O (eSS 1Ilf(07a)u) 21te 5 ( +6).

Letting 3 tend to 1 we obtain

1
2 ulte(z) THe ‘ o,
(/a —alite) dx) <C (ess 1nf(0,a)u) 2 T+e

This inequality together with (2.10) gives

C
/ wy < — (ess inf(o,a)u) ,
ENn(a,z) A

as we wished to prove.
O

Remark 2.13. We point out that v € A;(T}) does not imply v'*™¢ € A(T¥)
for some ¢ > 0. We shall give an ezample because we have not found it in the
literature.

Example 2.1. Let [; = (2" +
U2, I;. Now, we define

w(x) = xee ( +Z x—21

We shall see that w € A;(Ty) and w'™ ¢ Ay (T) for any € > 0. Observe that
w > 1. A simple computation gives

dx 1 . 4
2.14 I+e / : _ 9i(1+2¢) _ 1) ~, 9i(1+2¢)
( ) /I w . (z — 21)2(1—&—5) 1+ 2 ( )

i

21,,2’ + 1), for all natural number ¢, and €2 =
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We now show that w satisfies A; (7). Let x > 2 (since w (y) = 1 for y < 2,
for x < 2 it is easy), we choose a natural number N such that 2V < z < 2N+1,
It is enough to see that [ w is uniformly bounded, because w (x) > 1 for
every x. We have that

1 /w 1 1
— w< — W+ — w.
T Jo 2N Qen(0,2N+1) 2N QN (0,2N+1)

Since w (z) = 1 for z € Q°, the first summand is bounded by 2 and the second
one is bounded by

1« 1«
O KEL DI EL!
i=1 /i i=1
Now, we will see that for any ¢ > 0, w!'*® does not satisfy A;(Ty). Fix e > 0.
If v =2V + s (with 1 < s < 2) we have that w (z) = 1, and by (2.14) we have

N

1 [ C & C
- 1+e 1+€ i(1+2¢) 2Ne
x/o w >—2N ZEl/hw Z—QN E 2 > (277,

i=1
which shows that w!'*® does not satisfy A;(T}).

The same example shows that u € A;(T.) does not imply u'*¢ € A;(T.) for
some ¢ > 0. Keeping in mind this example, it is clear that the assumptions
in Theorem 2.6 are stronger than u € A;(7.) and v € A;(T7). It is an open
problem to know whether the conclusions of the theorem hold under these
weaker assumptions. However, the answer is affirmative in the particular case
of decreasing weights.

Theorem 2.15. Let ¢ € R. Assume that u is a decreasing weight in (¢, 00) and
the weight v € Ay(TYF). Then there exists a constant C' such that

/ wv < C/ | f|u
{z:|Te f(x)|>v ()]} R

for all measurable functions.

Proof. Assume ¢ = 0. As in the proof of Theorem 2.6, we only have to prove
that

(2.16) )\/ uv < Cessinf(gq)u
{x>a:%>)\v( )}
for all @ > 0 and all A > 0. Since v € A;(T) we obtain that

1 x
{x>a:—>)\v(x)}c{x>a:€>/v}:E)\.
x A 0
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Let sy = sup{z : © € E\}. We have that Ey C (a,s0) and [;°v < §. Using
that u is decreasing and we obtain

)\/ uv < A(ess inf(oﬂ)u)/ v
{x>a:%>)\v(:c)} E\

(2.17) »
< A(ess inf(o,a)u)/ v < Cessinf (g qyu.
0

4

To finish the paper we show that for decreasing weights u, the natural condi-
tion A on the weight v is sufficient to obtain the mixed weak type inequality
for M~.

Theorem 2.18. Let u be decreasing in R. Letv € Af. Then there exists C > 0

such that -
/ uv < C'/ | flu
{z: M~ f(z)>v(z)} 0

Proof. In fact, if v € Af then

fos0(e) < s} < {os Mo (0@ > 5 .
where

My g(e) = sup 211

h>0 fx—hv

(M} is defined reversing the orientation in the real line). Now we recall [1, 6]
that M, applies L'(uv) into weak-L'(uv) if and only if M, u < Cu almost
everywhere. It is clear that u satisfies that condition because u decreases.
Therefore,

/ ws [ w<C [\t =C [ |flu
{a:M~ f(z)>v(z)} {o:My (fo=1)(z)> L} R R
O

as we wanted to prove.
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