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1. Introduction

We consider the problem of finding a point x* € R" such that satisfies the conditions
Fx)=0, xeQ (1)

where Q= {xeR":I<x<u}, [<uifori=1,...,nand F: R" — R™ is a continuously differentiable function. We are inter-
ested in bound constrained systems where m < n with special emphasis when m < n. Moreover, we are interested in systems
of equations for which the Jacobian matrix is not available or requires a prohibitive amount of storage. This situation is
common when functional values come from some physical, chemical or econometrical experiments or measurements.

Box-constrained systems of nonlinear equations appear in mathematical programming as the feasible set of general opti-
mization problems. There exist in the literature many traditional [1,21,24-26] and modern [2,9,10,19,20] methods that need
to solve constrained optimization problems by attempting to improve feasibility at every iteration. If all the constraints are
linear, maintaining feasibility is straightforward but, when nonlinear constraints are present, then more elaborate proce-
dures are required for restoring feasibility at every iteration. Therefore it is important to develop procedures that solve
bound-constrained underdetermined set of equations in a more efficient way that ordinary bound-constraint minimization
algorithms do.

The main motivation of this work is to develop a global convergent method for (1) which may be applied for solving the
restoration phase of a derivative-free method for nonlinear optimization problems. We are particularly interested in the
filter Inexact Restoration framework introduced in [10].

It is well known that problem (1) is equivalent, when a solution exists, to the nonlinear least squares problem of finding a
global minimizer of f(x) =1 IF(x)||* subject to x € Q. However, this formulation does not take into account the specific non-
linear system structure of the original problem.

A large number of derivative-free methods have been developed to solve the general feasibility problem or related vari-
ants, such as nonlinear systems of equations and nonlinear least-squares problems. These algorithms are based on various
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techniques, including multivariate interpolation models in combination with trust-region strategies, quasi-Newton methods,
derivative-free line searches and pattern search methods, see e.g., [3,11,15-17,22,23,28] among others. Recently, a deriva-
tive-free algorithm for the unconstrained least squares minimization problem was developed in [31]. The goal of such algo-
rithm is to take advantage of the problem structure by building individual polynomial interpolation models for each function
with the least possible number of function evaluations.

We have presented in [7] two derivative-free methods for solving specially underdetermined nonlinear systems without
bounds. The first method can be seen as an extension of the DF-SANE algorithm proposed for solving unconstrained square
systems in [15], while the second one, called DF-QNB, is a quasi-Newton method that uses the rank-one update formula due
to Broyden [5]. Global convergence for both algorithms was proved by using a derivative-free line search that combines the
nonmonotone strategy of Grippo et al. [13] with the Li and Fukushima scheme [16].

In the present work we introduce a new algorithm for solving (1) based on the idea developed in the DF-QNB algorithm
|7]. Given a current point Xy, in step 2 of DF-QNB, the search direction is computed considering two possibilities: in a first
attempt, as the solution of the constrained linear system

Byd +F(x) =0 and ||d|| <A, (2)
if this is possible; otherwise, the direction is computed as an approximate solution to the problem
deug;l\lﬂg;j”Bkd +Fx)], (3)

where By is an approximation of the Jacobian matrix at x.
Once the current direction d, has been computed, the line search algorithm in DF-QNB looks for a steplength o such that

[t o) < max foxe) 4 — 7o e (4)

where M is a nonnegative integer, 0 <y < 1 and .2, = < o, 1, > 0.

In this paper, when bound constraints are present, we will try to find a search direction in the same way but inside the
box. More precisely, in each step we will look for d verifying (2) or (3) and x; + d € Q. By considering this extra condition, in
order to guarantee that x, + od remains inside the box, the line search algorithm will look for a steplength o such that
0<oy < 1.

The new iterative algorithm generates a sequence {x,}, for k =0,1,2,..., starting from a given initial point x, € Q. In a
similar manner to the general approach in [7], we will prove the global convergence results of our method under suitable
conditions. The present method can be viewed as an extension of the DF-QNB method [7] for the box-constrained case.

This paper is organized as follows. In Section 2 we present the algorithm that performs the derivative-free line search and
we establish there some of its properties. In Section 3 we define the quasi-Newton method using the Broyden update for-
mula, and analyze the conditions under which it is possible to obtain global convergence. The proposed algorithm is tested
and the numerical results are presented in Section 4. Finally, some conclusions are drawn in Section 5.

Notation

e ||.|| denotes the Euclidean norm.
e J(x) denotes the Jacobian matrix of F at x.

e 80 =JX)"F(x) = V (LIF)I).-

» A subsequence of {xi},y will be indicated by {xx},.x where K is some infinite index set, KC N, N ={0,1,2,...}.
2. The nonmonotone line search without derivatives

In this section we shall be concerned with the nonmonotone derivative-free line search that will be used in the method
defined in the following section. As we mentioned before, the strategy is based on the line search proposed in [15] for a
derivative-free method for solving square systems and also used in [7] for the underdetermined case. Given the current iter-
ate x; and a search direction dy, the algorithm looks for a steplength oy such that

J e+ o) < MAX f (X ) + 1, ~ per [Pl (5)

where M is a nonnegative integer, 0 < y < 1 and > 5, =1 < oo, 1, > 0.
This procedure is a combination of the well known nonmonotone line search strategy for unconstrained optimization
introduced by Grippo et al. [13]:

fxi + opdy) < U&ﬁﬁ]f(xk—j) + Y0 Vf(x) dy, (6)

with the Li-Fukushima derivative-free line search scheme [16]:

IF (e + o) | < (1 + 1) [ F (x| = vl el (7)
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The combined strategy produces a robust nonmonotone derivative-free line search that takes into account the advantages
of both schemes. For completeness, we state here the implemented process.

Algorithm 1. Nonmonotone line search

Given xy, di € R", 0 < Ty < Tinax < 1, 0 < 7 < 1,M € N, {#,.} such that #,, > 0 and > 7 o1, = 1 < oo
Step 1: Compute f, = max{f(xy), ... [ (Xmaxjox mi1})}
o=1
Step 2:
If f(xe + ody) < fie + 17, — yor ||,
define o = o, X1 = X + oy
else
choose Olnew € [‘Cmina, Tmaxm]a
o = Olnew and go to step 2.

The main difference between the previous algorithm and Algorithm 1 in [7] is that we search here for a point in the direc-
tion d, avoiding the opposite direction —d, as is allowed in [7,15].

Proposition 1. Algorithm 1 is well defined.

Proof. See Proposition 1 of [15].
The new algorithm for solving (1)

Algorithm 2. General Algorithm

Given xpcQ, F(xo), MeN, 0<Tpin <Tmax<1,0<€e<1, 0<y<1, {n} such that n,>0 and > 7, =
n<oo, A>0.

Set k — 0.

Step 1: If ||[F(x)| < €, stop.
Step 2: Compute a search direction d, such that x; + d, € Q and ||dy| < A.
Step 3: Find oy and X, = X, + o4 dy using Algorithm 1.

Update k — k + 1 and go to Step 1.

Observe that, since x; + d, € Q and the steplength o, from Algorithm 1 is reduced then x;,; € Q. By considering the pro-
cedure above it is possible to get results that will be used in the next section for obtaining the convergence theorems.

The proofs of Propositions 2-5 below are quite similar to the ones of Proposition 2.2, 2.3, 2.4 and 2.5 in [7], updated for
Algorithm 1.

Proposition 2. Consider U, = max{f(Xx 1m1),--..f(%km)} for all k=1,2,... and define v(k) ¢ {(k—1)M + 1,...,kM} the
index for which f(x,y,) = Uy. Then for all k =1,2,...

f(xv(kﬂ)) < f(xv(k)) + }1

where 1 = 3" %1
Proposition 3.

. 2
;llrnnoai‘k)‘l [ dyo-11I” = 0.

Proposition 4. The sequence {x;} generated by the General Algorithm is contained in

I = {xe Q:f(x) < f(x) + 1}

Proposition 5. If we take M = 1 in Algorithm 1 then

o the sequence {x,} generated by the General Algorithm is contained in I = {x € Q : f(x) < f(xo) + 1}
o the series Y37, o2 ||d, || is convergent.
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The results obtained up to here strongly depend on the line search technique without taking into account the way in
which the direction di in the step 2 of Algorithm 2 was computed.
From now on we will consider the set of indices

K={v(1)-1,v(2)-1,v(3)-1,...}. (8)
Then, from Proposition 3, we have that

PR 2
lima?] dy|* = 0. (9)

3. A box-constrained derivative-free quasi Newton method

In this section we will define a quasi-Newton method based on the Broyden update formula and the derivative-free line
search described in Algorithm 1 and prove the convergence results.

As we have mentioned before, this algorithm is strongly based on the DF-QNB algorithm [7]. Given a current point x;, we
compute a search direction dy, such that x; + dy € Q, satisfying the condition (2) in a first attempt. Otherwise, d is computed
as an approximate solution of (3), subject to x; + di € Q. The new iterate x,, is computed using Algorithm 1. The formula
used for updating the matrix By, when s, = x,.,; — x; # 0, is

(Vi — Besi)s,

Biy1 =By + 3
(]

(10)
where y, = F(xx,1) — F(xx), as it was considered in [7,18].

Algorithm 3. BCDF-QNB
Givenxg € Q, F(x0), 0<y<1,0<0p<0<1, 0<Tpin < Tmax <1, 0L €< 1, A>0, ind=0, imax ¢ N, imax > 0.
Set k — 0.

Step 1: If |[F(xy)| < €, stop.

Step 2: Computing the matrix B,.
If k = 0 or ind = imax compute B, by finite differences as an approximation to the Jacobian matrix at x;. Otherwise,
update B using (10).

Step 3: Computing the direction dy.

Step 3.1: Find d such that

Bed+F(x) =0, x,+deQ and |d|<A. (11)

If such direction d is found, define d, = d, 0y, = 0,ind = 0 and go to Step 4.
Step 3.2: Find an approximate solution of miny,, 4co|[Bxd + F(xi)]-
If d satisfies

[Bed + F(xi)|| < Oc[[F(xi) | and [ld]| < A (12)

define d;y = d, 0y, = 0. ind = 0 and go to Step 4.

Step 3.3: Set dk :ngk\l = Xk, Oi1 :w.
If ind = imax, define 0 = 41. Set ind = 0 and go to Step 5.
If ind < imax, set ind = ind + 1 and go to Step 5.

Step 4: Find oy and x| = X, + o dy using Algorithm 1.

Step 5: Update k — k + 1 and go to Step 1.

Observe that, when an approximate solution of the constrained problem min,, , 4cq|Bid + F(x,)| verifies (12) we accept
this solution as a search direction. Otherwise, we assume that it is still possible to find a solution verifying (12) by increasing
0. This is the main reason for which we include Step 3.3. When we increase ¢, imax times without finding a solution that
satisfies (12) the parameter 0 is increased. In this case we consider that the matrix By is not a good approximation of the true
Jacobian and we compute a new matrix using finite differences.

The following theorems state the necessary hypotheses for obtaining the convergence results.

Theorem 1. Assume that Algorithm 3 generates an infinite sequence {x,}. Suppose that
lim ((Bi — J(xe))di, F(e)) = O (13)

and that 0 is increased a finite number of times. Then, every limit point of {x;},_ is a solution of F(x) = 0 with x € Q, where K is
given by (8).
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Proof. Let x* be a limit point of {x;}, ., then there exists K; C K such that limy.g, x; = x".

Since 0 is increased a finite number of times then there exists ko € N such that, for all k = kg, 0 = 0<1.

We will consider two cases:

(a) We assume that in the process of the Algorithm 3, the direction d, was obtained a finite number of times by solving
the linear system finitely times solving the linear system B,d + F(x;) = 0, with x, + d € Q and ||d|| < A.

Then, there exists k; € Ky such that for all k > ki, k € Ky, dy verifies the formula ||Byd + F(x;)|| < Ok||[F(xi)|, % +d € Q
and ||d|| < A. Thus, for all k € Ky, k = max{kg, k;} we have that

-1
2

(Bidy, F(xy)) < IIF Gl

This implies that
0 -1
2

We know, from Proposition 3, that limy. ,o2||dy||*> = 0, so limy,, o2 ||di]|* = 0.
If limy, o # O then

limi|d| = 0. (15)

((Bie = J(xe)) i, F(x)) + (J (i), F(xi)) < IIF ()] (14)

Taking limits for k € K;, k > max{ky,k,} in (14), and using (13), (15) and the continuity of F and J, we obtain that

[
2

Since 0 < 1, we have that ||F(x')|| = 0 as we wanted to prove.
If limy ko4 = O, since the sequence {dy},.y, is bounded, there exists K» ¢ Ky and d € R" such that lim,d; = d.
In the line search, to compute the step oy, Algorithm 3 tests the following inequality

fl+ody) < Fietmy — v | di|*. (16)

The initial value of o is 1. Since limy k, 0 = 0, there exists k € K5 such that oy < 1 for all k € K2, k > k. Thus, for those
iterations k there exist steps @ that do not satisfy (16) and limg.x, o = 0. So we have that

Fxe+ad) > fio + 1 — (@)% ldel* > Fre — 7(%)” | de*.
Since ||di|| < A we obtain that

S0+ onedy) — f (%)

Oy

0< IF(x")|%.

> —'}‘&kAz.
By the Mean Value Theorem there exists &, € [0, 1] such that
(g + &y, di) > — A%, (17)
Taking limits in (17) when k — oc, k € K2, we obtain that
(gx),d) = (J(x)d,Fx')) = 0.
And taking limits in (14) when k — oo, k € K3, we obtain that
[
2

Thus, by (18), |[F(x*)|| = 0 as we wanted to prove.

(b) We assume that in the process of the Algorithm 3, the direction d, was obtained infinitely many times by solving the
linear system B,d + F(x;) = 0, with %, + d ¢ Q and ||d|| < A.

Then, there exists K»  K; such that for all k € K, we have that Bid; + F(x;) = 0. Thus, for all k € K3,

(B = J (%)), F(x1)) + ((xi)di, F(xe)) = =[|F(xi)| (19)

We know that limy o2 ||d[|* = 0, so limy, ., o2|di]|> = 0.
If limy, o # O then

lirn|di| = 0. (20)

0 < (Jx)d,F(x')) < IF(x)[I* < 0. (18)

Taking limits in (19) when k — oo, k € K5, and using (13), (20) and the continuity of F and J, we obtain that ||F(x*)|| = 0 as we
wanted to prove. 3
If limy g, 04 = 0, since the sequence {dy }; .y, is bounded, there exists K3 C Ky and d € R" such that limy, d;, = d.
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As we did in case (a) we obtain that {J(x)d,F(x*)) = 0, and taking limits in (19) and using (13) we obtain that
(Jeyd, F(x*)) = —||F(x*)||* < 0. So ||F(x*)|| = 0 and the proof is complete. [

Observe that, according to Proposition 4, we have that ||[F(x;)| is bounded. Thus, if

lim [l (Bx = J (%x) )| -0
koo l|dll
we obtain the hypothesis (13). The last condition is known as a necessary and sufficient condition for obtaining g-superlinear
convergence of classical quasi-Newton methods [5].
If we cannot guarantee that 0 is increased a finite number of times then we can prove the following result which is similar
to one obtained in [7,18].

Theorem 2. Suppose that, in Algorithm 3, 0 is increased infinitely many times and define K. the set of indices for which that
happens.

Assume that

lim|By —J(x¢)[| = 0. (21)

Then, every limit point x* of the sequence {x;}, , is a solution of (1) or it is a global minimizer of ||[F(x*) + J(x")(x — x*)|| subject to
xecQ

Proof. See Theorem 3.2 of [18].

Remark 1. If B;, k € K., is computed by finite differences using a step h that satisfies h < min{e, 1 — 0} then the hypothesis
(21) can be omitted.

A point x* € Q that is a global minimizer of the function ||F(x*) + J(x*)(x — x*)|| with x € Q can be viewed as the solution of
the linear least squares problem

min|/A(x — x*) — b|| (22)
xeQ)

where A =]J(x*) and b = —F(x*). The linear function is the affine model of the function F around x*. We cannot expect, in
general, to find x* € Q such that F(x*) = 0 since the problem could not have a solution. Likewise, we cannot expect to
find x* € Q such that F(x*) + J(x*)(x — x*) = 0 since this is an underdetermined linear system of equations and J(x*) could
not have full rank. Because of that, it seems reasonable to find a global minimizer of (22) when the problem has no
solutions.

The case when M = 1 in the derivative-free line search used in Algorithm 3 deserves a separate comment. As it was no-
ticed in [7] for the DF-QNB algorithm, the presence of 1, imposes an almost monotone behavior of the merit function when
Xy is close to a solution.

As it was done in [7], under this condition it is possible to demonstrate that our algorithm verifies the assumption (13).
Thus this particular line search improves the results of Theorem 1. For the sake of completeness we enunciate here those
results.

Lemma 1 (Lemma 2.6, [16]). Let us suppose that the set I = {x € R" : f(x) < f(X0) + 1} is bounded and that J(x) is Lipschitz
continuous in I'.

If

ol 1k
2
Y “of|di||* < oo, then ‘{EEE?:DI);:O

k=1
where

_ (A — Be)di|

1
Pe and A = / J(xx + tody)dt.
(|| Jo

In particular, there is a subsequence of {p,} tending to zero.

Theorem 3. Assume that Algorithm 3 generates an infinite sequence {x,}, that M = 1 in the line search and that the hypotheses of
Lemma 1 hold. If 0 is increased a finite number of times, there is a limit point x* of {x},.,, that is a solution of (1).
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4. Numerical experiments

In this section we present some computational results obtained with a Fortran 77 implementation of the BCDF-QNB
algorithm. All experiments were run on a personal computer with INTEL (R) Core (TM) 2 Duo CPU E8400 at 3.00 GHz and
3.23 GB of RAM.

We compare the practical performance of our algorithm with the following two codes: BOBYQA [23] and Algorithm 1
in [8], called FKM from now on. BOBYQA is a derivative-free iterative algorithm for finding a minimum of a function sub-
ject to bounds on the variables. In these experiments BOBYQA solves the least squares problem: min ||F(x)||%, subject to
x € Q. FKM is an interior point method for solving box-constrained underdetermined nonlinear systems that uses the nat-
ural merit function associated f(x) :%HF(X)Hz. The implemented version in [8] allows the use of finite differences to
approximate the Jacobian in all the iterations and this particular version, that was kindly supplied by the authors, is used
here.

We realize that both approaches belong to different classes of derivative-free algorithms. BOBYQA uses a general function
without taking into account the advantage of the structure of the function appearing in a least squares problem and uses
polynomial interpolations to build approximate models of the objective function. The comparison with BOBYQA is not quite
fair since it does not make use of the structure of the least squares function. Because of that we have considered FKM, which
takes into account the least squares function but it approximates the derivatives by finite differences in all iterations. We
strongly take into account that the same idea was previously considered in [31] in order to compare the performance of a
derivative-free algorithm for least squares minimization without constraints.

As it is usual in derivative-free optimization articles we are interested in the number of function evaluations needed for
satisfying the stopping criteria.

4.1. Test problems

We have used a set of problems defined by feasible sets of nonlinear programming problems given in Hock and Schitt-
kowski [14] and others in Ryoo and Sahinidis [27]. We have also used test problems described in [4].

Some of the test problems analyzed here have been previously examined in [8] for solving the same problem but using
derivatives.

In Table 1 we show the data of the problems. In column 1 we show the number of the problem, in column 2 the source of
the problem and in the last columns the number of variables (n) and equations (m).

In the Problems 2, 5, 6,9 and 10 we used the original initial points and bounds. Problems 1, 4, 7 and 8 do not have bound
constraints. In those problems we have used the artificial bounds introduced in [8] keeping the original initial points.

In Problem 3 we have changed the initial point because FKM requires an interior point. In this case we took
Xo = (0.5,2,0.5,0.5,0.5,2)". In Problems 11-16 we have used the original bounds and the initial points: x, = (1.5,
1.5,1,1.5,1,90,90,3.5,3,150)", x, =1u+1), x = (10,40, -10,200)", x, = (1000,1000, 1000, 120, 120)", x, =1+ and
Xp = (5,5, ZOO)T. respectively.

We have considered two choices (case (a) and case (b)) of the initial points and bounds in Problems 17 and 18. The case
(a) corresponds to the use of the initial point xy(1 : n) = 2 with u; = 100,/; = —100, i =1,...,n. Case (b) corresponds to the
use of xp(1 : n) = 150 as initial point with u; =300, [; = -300, i=1,...,n.

Table 1
Data of the problems.

Problem Source n m
1 Problem 46 of [14] 5 2
2 Problem 53 of [14] 5 3
3 Problem 55 of [14] 6 6
4 Problem 56 of [14] 7 4
5 Problem 60 of [14] 3 1
6 Problem 63 of [14] 3 2
7 Problem 77 of [14] 5 2
8 Problem 79 of [14] 5 3
9 Problem 81 of [14] 5 3

10 Problem 111 of [14] 10 3

11 Problem 1 of [27] 10 7

12 Problem 3 of [27] 12 9

13 Problem 4 of [27] 4 2

14 Problem 5 of [27] 5 3

15 Problem 10 of [27] 2 1

16 Problem 11 of [27] 3 2

17 Problem 2 of [4] 300 150

18 Problem 4 of [4] 300 150
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4.2. Implementation details
Details on the implementation of BCDF-QNB:

1. The parameters for Algorithm 1 were:

M=2, Tmn=01 Tpw=05 7=10",

o VkeN, k=1, nk:%,whenn:BOG‘.
o VkeN, k=1n,= ”F(ZL,?‘" otherwise.
2. The initial parameters were:

€=10° 0,=05 0=0999, A=10",

3. The first matrix By was computed by finite differences as an approximation to the Jacobian matrix at x,.

imax = 10.

3205

4. We have used the DACCIM algorithm described in [6] to find a solution of the linear system Byd = —F(x,), such that
X +d € Q. For solving the least squares problem miny, ,gcql/Bed + F(x,)||* we have used the BVLS algorithm described

in [29].

w

. The stopping condition for our algorithm was ||F(x;)| < €.

6. The maximum number of function evaluations allowed was 10000 (considering the evaluations used to calculate the ini-
tial matrix By and the matrices B, computed by finite differences when the procedure of BCDF-QNB requires it).

The implementation of BOBYQA, in Fortran 77, is the original version of M.J.D. Powell [23] with its stopping criterion, that
is, the algorithm stops when the trust-region radius is lower than a tolerance p,,, = 10 6. Also BOBYQA stops when it
reaches the allowed number of function evaluations or when the value ||F(x,)|| is less than the one achieved by BCDF-QNB.

The implementation of FKM in Matlab is the original version of Francisco, Kreji¢ and Martinez [8]. As in BCDF-QNB the
maximum number of function evaluations was 10000 and the algorithm stops when ||F(x,)|| < 10 . In this implementation
we considered the evaluations used to approximate the Jacobian matrix in all iterations.

4.3. Numerical results

In Table 2 we show the results obtained taking into account the number of function evaluations and the final value
||F(xena)|| for the codes: BCDF-QNB (BCDF), BOBYQA (BQA) and FKM. The results correspond to the stopping criterion satis-
faction or to internal conditions that do not allow further improvement. It also shows the number of the problem (column 1),
the number of function evaluations (Feval, column 2), and the final functional values obtained for each code (||F(Xend)||,

column 3).

Table 2

Results of test problems.
Prob. F eval. [1E(Xena) |l

BCDF BQA FKM BCDF BQA FKM

1 28 111 49 1.841433D-07 3.418782D-08 1.297465D-07
2 7 59 13 1.026235D-09 1.250089D-10 8.441465D-09
3 8 94 15 2.101248D-09 1.399019D-09 1.989612D-08
4 13 76 25 3.366884D-07 5.284583D-09 5.070781D-07
5 12 66 61 3.043343D-10 2.722729D-15 9.073879D-07
6 14 55 21 6.312838D-09 2.607497D-10 1.140705D-10
7 16 119 37 2.765712D-07 1.147991D-08 1.254718D-11
8 14 89 25 6.017154D-08 4.784848D-08 4.388764D-09
9 13 63 25 9.827276D-07 2.075567D-07 5.815963D-13
10 26 250 57 4.219129D-09 3.109068D-09 1.724752D-10
11 20 57 282 2.468423D-07 1.515770D-07 3.638097D-12
12 30 115 274 4.372665D-08 1.434150D-09 2.239968D-08
13 1 141 21 5.922943D-07 2.128820D-07 1.931713D-07
14 30 360 55 2.363432D-08 1.157911D-03 6.177695D-09
15 9 30 13 1.610945D-08 2.088413D-09 7.235173D-07
16 7 48 13 6.664413D-08 1.918797D-08 5.982311D-07
17(a) 303 696 2409 4.544648D-11 6.324139D-11 3.140185D-16
18(a) 337 10000 2108 4.107578D-07 5.715843D-03 1.707833D-08
17(b) 303 794 2409 2.166159D-14 9.206523D-11 3.080427D-13
18(b) 853 10000 5118 9.871958D-07 * 5.625058D-12

* It does not reach an approximate solution of the problem.
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These results illustrate BCDF-QNB effectiveness. We have to mention that, for this test problems, BCDF-QNB has used
finite differences only for computing the initial matrix Bp. That is the main reason for which BCDF-QNB always has required
less function evaluations than FKM. We can notice that our algorithm always has done less function evaluations than
BOBYQA in all the problems meanwhile FKM has done it in 16 problems. We believe that this behavior is due to the fact that
BOBYQA does not take advantage of the structure of the problem.

On the other hand, when we consider ||F(xenq)|| as @ measure of the performance of the algorithms we can see that FKM
outperforms BCDF-QNB in 13 of the 20 problems. We believe that these results are associated to an accurate approximation
of the Jacobian matrix.

4.4. lllustrative example of a restoration phase of a filter inexact restoration method

The objective of this subsection is to illustrate the main motivation of the present work. We will show how BCDF-QNB can
be used as a subalgorithm for the restoration phase of a derivative-free method based on filters.
We consider a general optimization problem with equality and inequality constraints:

Minimizef,(x) subject to c(x) =0, c¢(X) <0, x€Q, (23)

where f, : R" — R, c: R" — R™, ¢: R" — RP are continuously differentiable functions on R".

Each iteration of an inexact restoration method as those defined in [10,19,20] is composed of two phases: the first one is
the restoration phase, which reduces a measure of infeasibility; and the second one, the optimality phase, which reduces the
objective function in a tangential approximation of the feasible set. These two phases are totally independent, and they can
be combined using merit functions or filters to measure the progress of the algorithm. As we are interested on the method
defined in [10] we will describe it briefly in the following lines.

We define the auxiliary function

e JGX) i=1,....m
fi(x)_{max{o,f:,-(x)} i=m+1,....m+p

and we consider the following measure of the infeasibility in a point x : h(x) = ||f' (x)||. Filter algorithms define a forbidden
region by memorizing the pairs (fy(xx). h(xy)) from former iterations, and then avoiding points dominated by those by the
usual Pareto domination rule: x dominates y if and only if f,(x) < fo(y) and h(x) < h(y).

The general scheme of the filter algorithm in [10] is the following.

Filter Algorithm.
Data: xo € R", Fo =0, Fo =10, ot € (0,1).
k =0.
Repeat
(Forh) = (falx) — oth(x,). (1 0)h(xy)-
Construct the set F, = F, U {(f,,h)}
Define the set 7, = F, U {x € B": fy(x) > fo.h(x) = h}
Restoration phase
If h(x,) = 0 then z, = Xy,
else, compute z; ¢ F such that h(z,) < (1 — a)h(xy),
if impossible then stop with unsuccess.
Optimization phase
If z, is a stationary point then stop with success.
Else, compute x;,; ¢ F such that x;,; is in a linearization of the feasible set in z; and f,(xy,1) < fo(2x)-
Filter update
If fo(X11) < fo(xk) then
Fi,1 = Fy, Fr1 = Fi (f,- iteration)
else
Fi,1 = Fy, Fi,1 = Fi (h- iteration)

Let us focus now on the Restoration phase. Since the merit function used in BCDF-QNB is the function h of the filter meth-
od described previously, we can use it iteratively to solve this phase. Thus, given an iterate x; we can apply BCDF-QNB until a
new point z; ¢ F satisfying the descent condition h(z,) < (1 — «)h(x,), for a fixed «, is found.

It is important to notice that, once z, was computed in the restoration phase, we could consider a new Broyden ma-
trix B by updating the last one computed in the process and use it as an approximation of the Jacobian matrix at z. It is
known this new matrix behaves as the true Jacobian on the step just taken, but its behavior on other directions is uncer-
tain [5].

We realize that the inexactness of the approximate Jacobian affects the computation of the linearized tangent to the con-
straints. Nevertheless, in this first attempt we will use it in order to compute a point in the optimization phase. A similar idea
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Fig. 1. Iterates xi.

Table 3

(folxe), h(xe))-
k-iter Jo(%) h(x)
0 0 2.1900
1 -2.0350 0.4100
2 —1.8000 0.2000
3 —2.0400 0.1000
4 —2.1700 0.0300
5 —2.1900 0.0200
6 —2.2000 0.0003

was used in [30] by considering the TR1 update [12] to generate an approximation of the Jacobian in the context of a trust
region algorithm.

The algorithm is applied to the resolution of a small problem appearing in [10] with the intention to use BCDF-QNB in the
restoration phase, defining the linearization of the feasible set by using the Broyden update formula as mentioned before.
The example has only one nonlinear equality constraint and the objective function is affine which does not require the cal-
culation of the derivative. We emphasize that some points still open will be studied in the future: the optimization phase of a
derivative-free restoration method, the optimality criteria and the efficient use of the filter. In the present example, in the
implementation of the optimization phase we use the projected gradient of the objective function over the approximate tan-
gent defined by B(x — z,) = 0.

The bidimensional problem considered is:

Minimize x(2) subject to x(2) + (2 +x(1)) cos(x(1)) = 0.

Table 3 shows the values (f,(xx), h(Xx)), starting from x, = (0.5,0.0), obtained doing 6 iterations and Fig. 1 shows the ob-
tained points x;. (See Table 3)

Although the problem is small we can observe a satisfactory performance since the sequence tends to the optimum
x* = (0.39,-2.21).

5. Conclusions

Many practical optimization methods require specific algorithms for improving feasibility during the procedure. Thus, our
aim in this paper was to define an algorithm capable of dealing with the feasible set defined by underdetermined nonlinear
system of equations with bound constraints. We present a derivative-free algorithm that exploits this structure based on the
Broyden method. This algorithm can be viewed as generalization of the one defined in [7].

From a theoretical point of view we were able to obtain some convergence results. Under usual assumptions on the Jaco-
bian matrix and a Dennis Moré type condition we established global convergence. We have shown that this condition can be
dropped out for a particular line search.
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Numerical experiments suggest that our algorithm behaves as expected, it outperforms others from the point of view of
the required number of function evaluations. These results are reasonable, and they show the importance to develop
algorithms that take full advantage of the problem structure. However, it will be desirable to test the performance of our
algorithm with a more challenging set of problems.

We also illustrate how our algorithm can be used as a subalgorithm for the restoration phase of a derivative-free method
based on filters. In this context in a future work we will study the open problem presented in Section 4.4.
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