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The existence of non-substitutional b-Sn defects in Ge1�xSnx alloys was confirmed by emission

channeling experiments [Decoster et al., Phys. Rev. B 81, 155204 (2010)], which established that,

although most Sn enters substitutionally (a-Sn) in the Ge lattice, a second significant fraction corre-

sponds to the Sn-vacancy defect complex in the split-vacancy configuration (b-Sn), in agreement

with our previous theoretical study [Ventura et al., Phys. Rev. B 79, 155202 (2009)]. Here, we pre-

sent the electronic structure calculations for Ge1�xSnx, including the substitutional a-Sn as well as

the non-substitutional b-Sn defects. To include the presence of the non-substitutional complex

defects in the electronic structure calculation for this multi-orbital alloy problem, we extended the

approach for the purely substitutional alloy by Jenkins and Dow [Phys. Rev. B 36, 7994 (1987)].

We employed an effective substitutional two-site cluster equivalent to the real non-substitutional

b-Sn defect, which was determined by a Green’s functions calculation. We then calculated the elec-

tronic structure of the effective alloy purely in terms of substitutional defects, embedding the effec-

tive substitutional clusters in the lattice. Our results describe the two transitions of the fundamental

gap of Ge1�xSnx as a function of the total Sn-concentration: namely, from an indirect to a direct

gap, first, and the metallization transition at a higher x. They also highlight the role of b-Sn in the

reduction of the concentration range, which corresponds to the direct-gap phase of this alloy of

interest for the optoelectronics applications. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4962381]

I. INTRODUCTION

The semiconductor technology based on Si has limitations

for the optoelectronic and photovoltaic device applications,

because of the indirect nature of the fundamental bandgap,

which results in an inefficient absorption and emission of light.

To overcome these limitations, the direct energy-gap materials

based on group IV semiconductors have been searched.1–4

Among group-IV elements, Ge is considered an important

candidate to replace the Si in the semiconducting applica-

tions,1 because it has a larger free-carrier mobility and a lower

dopant activation temperature,2 which makes it an attractive

material in the future metal-oxide semiconductor field-effect

transistors.5,6 The Ge1�xSnx alloys have attracted a consider-

able attention because they become direct bandgap semicon-

ductors above �6%–10% Sn without an external mechanical

strain. Moreover, the theoretical calculations indicated that

strained Ge1�xSnx (x< 0.17) would exhibit an enhanced elec-

tron and hole mobility, which could make the alloy also inter-

esting for the high-speed integrated circuits.8,9 The integration

of Ge in the Si-based photonics is important for advances in

the performance of detectors, modulators, and emitters.

Experimental studies in the group-IV alloys were hin-

dered for a long time by the sample preparation problems.

When the Ge1�xSnx samples are experimentally prepared,

the distribution of the Sn atoms in the Ge matrix depends on

the growth conditions: The Sn-atoms can enter randomly,10

form a regular superstructure,11 or coalesce into a larger

cluster.1,10,12 At a temperature below 13 �C, pure Sn exists in

the a-Sn (gray tin) phase with a diamond structure, but it

undergoes a phase transition to b-Sn (white-tin) above this

temperature.13 Experiments have shown that a problem with

the incorporation of the Sn into the Ge lattice is the large

�17% lattice mismatch between these elements and the insta-

bility of the diamond-cubic structure of the a-Sn above

13 �C.4,14 Although the Ge1�xSnx alloys have been success-

fully grown by molecular beam epitaxy,15 chemical vapor

deposition,4 and enhanced direct bandgap luminescence that

has been demonstrated for up to 8% Sn,16,17 at higher Sn-

concentrations, several limitations arise due to the low ther-

modynamic solid solubility of Sn in the Ge crystal, which is

less than 1%, and, in many cases, the material quality is ques-

tionable due to the propensity of Sn to segregate toward the

film surface.4,14,18 Recently, the fabrication of a high quality

Ge1�xSnx on InGaAs buffer layers using a low-temperature

growth by the molecular beam epitaxy was reported.15 X-ray

diffraction, secondary ion mass spectroscopy, and transmis-

sion electron microscopy studies demonstrated that up to

10.5% Sn had been incorporated into the Ge1�xSnx thin films

without Sn precipitation.15 More recently, the Ge1�xSnx

homogeneous epitaxial layers were grown on the InP sub-

strates for the range 0:15 < x < 0:27.12 The direct bandgap

for the Sn-concentration range 0:15 < x < 0:27 was obtained

through the photon absorption spectra measured with the

Fourier transform infrared spectroscopy.
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The incorporation of Sn in the Ge matrix has been inves-

tigated theoretically by Ventura et al.19,20 Through local

defect electronic calculations, the formation of several com-

plex Sn-defects in the Ge1�xSnx alloy was analyzed, confirm-

ing that, at low Sn concentrations, substitutional a-Sn, in

which a Sn atom occupies the position of a Ge atom in the

diamond lattice, is favoured. Above a certain critical Sn con-

centration19,20 dependent on temperature, Sn could also

appear as the non-substitutional b-Sn complex defect, in

which an interstitial Sn-atom occupies the center of a diva-

cancy in the Ge lattice. The metallic Sn clusters resulting in

inhomogeneous defect structures could appear at still higher

Sn concentrations.20 In 2010, emission channeling experi-

ments by Decoster et al.21 confirmed the existence of the b-

Sn defects in the homogeneous Ge1�xSnx alloy, establishing

that they represented the second significant fraction of Sn

incorporated in the Ge lattice, most Sn atoms entering substi-

tutionally (a-Sn) in Ge. The existence of such a defect in the

amorphous Ge-Sn alloys had already been confirmed by

detailed M€ossbauer experiments,22 which in fact showed a

signal corresponding to a Sn atom in an octahedral environ-

ment, besides the expected signal of the tetrahedral environ-

ment corresponding to the substitutional a-Sn. The local

environment and the interactions of a-Sn, the Ge vacancy

and b-Sn, confirming that b-Sn could be formed by the natu-

ral diffusion of a vacancy around a-Sn because of the small

energy barrier for the process, have been also studied.23

The tunability of its gap with the composition makes

Ge1�xSnx a highly interesting material for the infrared appli-

cations, especially at low Sn concentrations (x< 0.20).7 The

Ge1�xSnx alloys with high Sn concentrations could also be

important as an alternative to the HgCdTe system for the far-

infrared applications, as the II-VI compounds are expensive

and incompatible with the Si technologies.24 Recently, there

have been reports of a room temperature direct bandgap

emission for the Si-substrate-based Ge p-i-n heterojunction

photodiode structures, operated under forward bias.25 A

temperature-dependent photoluminescence (PL) study has

been conducted26 in the Ge1�xSnx films with Sn composi-

tions of 0.9%, 3.2%, and 6.0% grown on Si. The competition

between the direct and indirect bandgap transitions was

clearly observed. The relative peak intensity of the direct tran-

sition with respect to the indirect transition increases with an

increase in temperature, indicating that the direct transition

dominates the PL at high temperatures. Furthermore, as the

Sn composition increases, a progressive enhancement of the

PL intensity corresponding to the direct transition was

observed,26 due to the reduction of the direct-indirect valley

separation, which experimentally confirms that the Ge1�xSnx

grown on Si becomes a group IV-based direct bandgap mate-

rial by increasing the Sn content. More recently, the fabrica-

tion and properties of the Ge1�xSnx (x< 0.123) pn diodes

were reported.27 Electroluminescence results indicated that

the emission properties depend very sensitively on the Sn-

concentrations on both sides of the junctions, making this sys-

tem not only a serious candidate for laser devices but also an

ideal model system to study the properties of the quasi-direct

light emitting devices.

Experimentally, a series of values have been reported

for the critical Sn concentration for the indirect to direct gap

transition, hereafter denoted xI
c: starting from Ref. 7 whose

optical absorption experiments predicted 0:11 < xI
c < 0:15,

followed by Ladr�on de Guevara et al.28 who reported 0:10 <
xI

c < 0:13 from transmittance measurements, D’Costa et al.4

who reported xI
c � 0:11 with ellipsometry experiments, and,

more recently, Chen et al.16 reported xI
c � 0:07 using photo-

luminescence. Then, xI
c � 0:06� 0:08 was suggested, based

on the photoluminescence studies of the strain free-GeSn

layers.16,17 Ryu et al.,29 by means of temperature-dependent

photoluminescence experiments of Ge/Si and Ge1�ySny/Si,

indicated a possible indirect-to-direct bandgap transition at

the Sn content �0:06, consistent with the density functional

theory (DFT) calculations in Ref. 30. More recently, by a fit

to experimental data in Ge1�xSnx using a theoretical model

of the bandgap bowing, Gallagher et al.31 estimated a cross-

over concentration of xI
c ¼ 0:09, significantly increased from

earlier estimations based on a strictly quadratic composi-

tional dependence of the bandgaps in Ref. 32, who obtained

xI
c ¼ 0:073.

In this work, we concentrated on the electronic struc-

ture calculations for Ge1�xSnx, including the substitutional

a-Sn as well as the non-substitutional b-Sn defects. At pre-

sent, the ab-initio electronic structure calculations include

individual non-substitutional defects, such as interstitials,

but no standard approaches are available to calculate the

band structure of alloys involving the non-substitutional

complex defects formed by many components. An example

of such complex defects would be an interstitial impurity

atom attached to a divacancy, as is the case for the “b-Sn”

defects in Ge. In order to take into account the non-

substitutional complex defects in the electronic structure

calculation for this multi-orbital alloy problem, we trans-

formed the real alloy problem into an equivalent purely sub-

stitutional effective alloy problem. For this, we employed

an effective substitutional two-site cluster equivalent to the

real non-substitutional b-Sn defect and extended the

approach originally proposed by Jenkins and Dow33 for the

purely substitutional alloy, who used 20 tight-binding (TB)

sp3s� orbitals for the group IV elements combined with the

virtual crystal approximation (VCA) for the substitutional

disorder.

This paper is organized as follows. We present in Sec.

II a brief description of our proposal for the inclusion of the

b-Sn non-substitutional defects in the electronic structure

calculation. In Sec. II B 1, we discuss the indirect-to-direct

gap transition in Ge1�xSnx, as described by our present

extension of the TBþVCA approach, adjusted to experi-

mental data. In the Appendix, we show how the present

TBþVCA approach allows to improve the theoretical

description of experimental direct gap results for the substi-

tutional Ge1�x�ySixSny ternary alloys. The results of our

present electronic structure calculation for binary Ge1�xSnx

with the present approach, including the non-substitutional

b-Sn as well as the substitutional a-Sn, are presented in

Sec. III. In Sec. IV, we summarize the conclusions of our

work.
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II. INCLUSION OF THE b-Sn NON-SUBSTITUTIONAL
COMPLEX DEFECTS IN THE ELECTRONIC
STRUCTURE CALCULATION

Above a critical Sn concentration, the non-substitutional

b-Sn defects become important,20,21 but there are currently no

electronic structure approaches that include their effect. To fill

this important gap, we devised an analytical method that

makes it possible to incorporate the b-Sn defects within the

framework of the virtual crystal approximation. A first imple-

mentation was presented in Ref. 38, although the present pro-

posed method includes improvements allowing us to refine our

description of Ge1�xSnx. VCA assumes a random alloy to be

composed of “virtual” atoms, forming a periodic crystal poten-

tial modelled as a composition-weighted average of the constit-

uent element potentials. To include b-Sn in the electronic

structure calculation, we extend the TBþVCA approach by

Jenkins and Dow33 for the substitutional Ge1�xSnx alloy. In

the latter, only a substitutional a-Sn was assumed to be present,

and a 20-orbital TB basis (s,p,s* states) was introduced for

group IV elements. The 20� 20 Jenkins-Dow tight-binding

Hamiltonian includes: the second-neighbor33,34 and spin-orbit

interactions.33,35–37

For our present electronic structure calculation, we

started by considering the Ge1�xSnx alloy formed by three

components: Ge, a-Sn, and b-Sn atoms, as an effective binary

alloy composed by two components: one, represented by the

(Geþ a-Sn) substitutional alloy as considered by Jenkins and

Dow,33 and the other component represented the b-Sn non-

substitutional defects. For the latter, we proposed an effective

substitutional 2-site cluster equivalent to the real non-

substitutional b-Sn,38 as illustrated in Fig. 1 and detailed in

Subsection II A. In Subsection II B, we present our extension

of the Jenkins-Dow TBþVCA calculation to treat the effec-

tive substitutional binary alloy representing the real alloy with

Ge, a-Sn and b-Sn.

A. Effective substitutional two-site cluster equivalent
to the non-substitutional b-Sn defect

As mentioned earlier, in a previous work,38 we deter-

mined and compared two effective substitutional two-site

clusters equivalent to the real non-substitutional b-Sn defects,

which is schematically represented in Fig. 1. In Fig. 1(a), we

depict the real non-substitutional b-Sn defect (with energy

Ec
b�Sn, where c represents each basis orbital (c ¼ s; p; s�) in its

six fold coordinated configuration). Meanwhile, Fig. 1(b) rep-

resents an equivalent cluster composed by two substitutional

sites, where the effective atoms occupying each site in the

cluster have an energy denoted by Ec
1 (considered to be equal

in both sites of the cluster, by symmetry).38

The equivalence was established under the following

conditions: (1) for simplicity, we proposed that the equiva-

lence was valid for each separate orbital; (2) we assumed

that only interactions between orbitals of the same type

between the nearest-neighbour (NN) atoms are relevant; and

(3) we demanded that the local Green’s functions in the orig-

inal and equivalent problem be equal and will thus have the

same analytical properties.

Due to our investigation in Ref. 38, no qualitative differ-

ences are expected for the electronic structure obtained using

equivalent clusters with a null intra-cluster hopping t¼ 0 or

with an intra-cluster hopping equal to that between the clus-

ter and the rest of the lattice: t ¼ t0.
Thus, in our present work, we adopted the effective

equivalent substitutional cluster with t¼ 0, to represent the

b-Sn non-substitutional defects. In this case, from Ref. 38

we have

Ec
1 ’ ðE

c
b�Sn þ t0Þ: (1)

The energy of the effective pseudo-atoms with the cor-

rect symmetry has been expressed in terms of energy param-

eters corresponding to the original b-Sn defect, allowing the

incorporation of these non-substitutional defects in the elec-

tronic structure calculation of the alloy under study in terms

of the substitutional defects.

B. TB 1 VCA extension to include a-Sn
and non-substitutional b-Sn in the Ge1-xSnx

electronic structure calculation

To obtain the virtual-crystal band structure of Ge1�xSnx,

including the substitutional a-Sn and non-substitutional b-Sn,

we proposed the following extension for the TBþVCA

approximation of the substitutional alloy originally proposed

by Jenkins and Dow.33 We used the same basis of 20 tight-

binding orbitals (with s, p, s� character) introduced by Jenkins

and Dow for group IV elements, but in the diagonal part of

FIG. 1. (a) Non-substitutional b-Sn, (b) substitutional 2-site cluster equiva-

lent for b-Sn. Blue balls: Ge atoms (lattice with diamond symmetry); gray

balls: Sn atoms, (a): The Sn-atom located at the center of a Ge-divacancy

and (b): The Sn-atoms in substitutional positions. t0 represents a hopping

between a Sn-atom and the nearest neighbors Ge-atoms. t denoted an intra-

cluster hopping between Sn atoms on substitutional representation.
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the Hamiltonian, we added a set of three orbital weight fac-

tors, depending on the orbital character of the basis state, and

took into account the presence of b-Sn. Concretely, we con-

sidered the following matrix elements for the TBþVCA

Hamiltonian of the binary alloy:

Hc
ii ¼ 1� xð Þ Ge½ �ciiþWc xa a� Sn½ �c

iiþxb
~b � Sn
� �c

ii

� �
;

Hc
ij ¼

1� xð Þ Ge½ �cijfaGeg2 þ x a� Sn½ �c
ijfaSng2

h i

fa xð Þg2
; (2)

where Hc
ii and Hc

ij denote the diagonal and non-diagonal

matrix elements of the Hamiltonian, respectively, the subindi-

ces i and j refer to the TB-orbital states, and c denotes each

Hamiltonian block with s, p, or s� orbital character. Further

details of the structure of this TB Hamiltonian can be found in

Ref. 33. By [Ge] and [a-Sn] we refer to the tight-binding

parameters for pure Ge or for a-Sn, respectively, as given in

Ref. 33. Meanwhile, [~b-Sn] denotes the TB Hamiltonian

matrix elements corresponding to the substitutional equivalent

used for the real non-substitutional defect, in our case:

[~b-Sn]¼Ec
1 ¼ [b-Sn] þ t0. In our present calculations, for sim-

plicity, we have assumed that a Sn-atom has the same tight-

binding parameters in both the configurations: a-Sn and b-Sn.

By xa and xb, we denote the relative concentration of a-Sn and

b-Sn, respectively, in Ge1�xSnx; therefore, x ¼ xa þ xb.

In the diagonal matrix elements of the Hamiltonian

above, we introduced three orbital weight factors: Wc (c¼ s,
s� or p), in order to reproduce as closely as possible the band

structure of Ge1�xSnx alloys, according to recent experi-

ments,4,7,31 and, in particular, to improve the description of

the indirect to direct gap transition of the substitutional alloy

with respect to the original approach by Jenkins and Dow.33

Wc were included as factors of the Sn-atoms contribution to

the diagonal matrix elements, as the pure Ge indirect (and

direct) gaps49 are correctly described by the Jenkins and Dow

TB elements.33 In Sec. II B 1, we will discuss in detail the

parametrization adopted for these Wc parameters.

It has to be noted that we had adopted the non-diagonal

Hamiltonian matrix elements of Jenkins and Dow,33 which

include the lattice parameters for Ge and a-Sn, namely:

aGe¼ 5.65 Å, and aSn¼ 6.46 Å, and we assumed that

Vegard’s law39 is valid for the binary alloy lattice parameter,

thus: aðxÞ ¼ ð1� xÞaGe þ xaSn.

The present extension of TBþVCA enables us to tackle

two important issues in Ge1�xSnx: (1) as already mentioned,

a more realistic description of the crossover from an indirect

to a direct fundamental bandgap, according to recent experi-

ments, and (2) the inclusion of the non-substitutional com-

plex b-Sn defects in the electronic structure calculation,

which has been confirmed to exist by experiments, and as we

will show would play an important role in the electronic

properties of the Ge1�xSnx, basically limiting the direct gap

phase of interest for the optoelectronics applications.

1. The parametrization of W c: Indirect to direct gap
transition in substitutional Ge12x Snx

Next, we have explained how we optimized the values

of the weight parameters: Wc (c¼ s, s� or p), introduced in

Eq. (2), in order to properly reproduce the available experi-

mental data of Ge1�xSnx alloys, and in particular, the critical

Sn-concentration xI
c for the indirect to direct gap transition in

the substitutional Ge1�xSnx.

Using the original TBþVCA approach for substitutional

Ge1�xSnx by Jenkins and Dow,33 one obtains xI
c�JD
¼ 0.15.20

Recently, other theoretical predictions were reported:

xI
c¼ 0.17 was obtained with a charge self-consistent pseudo-

potential plane wave method,40 xI
c¼ 0.11 with the empirical

pseudopotential method with adjustable form factors fitted to

experimental data,41 while the full potential augmented plane

wave plus local orbital method within the density functional

theory (DFT) yielded: xI
c¼ 0.105.42 Gupta et al.43 predicted

xI
c¼ 0.065, using a theoretical model based on the nonlocal

empirical pseudopotential method. Eckhardt et al.,44 predicted

xI
c � 0.1 for the Ge1�xSnx grown commensurately on Ge(100)

substrates, using a supercell approach and VCA, with DFT in

the local density approximation.

Our extension of the TBþVCA described in Subsection

II B includes three orbital weight parameters Wc (c¼ s, s� or

p), which we introduced to improve the fit of the TB model

to experimental electronic structure results. They enable us

to construct a TB model to correctly reproduce the experi-

mental data reported for the indirect and direct bandgaps of

Ge and Ge1�xSnx at particular alloy concentrations.4,7,16,31 In

our present work, we adjusted Wc (c¼ s, s� or p), using

experimental data for the indirect and direct bandgaps of

pure Ge (x¼ 0) and Ge0:85Sn0:15: obtained by He and

Atwater7 through optical absorption experiments, later con-

firmed by transmittance measurements by D’Costa et al.4

and by the recent room-temperature photoluminescence

spectroscopy data by Gallagher et al.31 The set of optimal

weight factors obtained by fitting these data are

Ws ¼ 1:256; Ws� ¼ 1:020; Wp ¼ 1:00: (3)

Regarding the choice of the weight factors specified in

Equation (4), it was done taking into account our study of the

orbital character of the eigenvectors along the Brillouin zone

(BZ),38 and, in particular, at the symmetry points, which define

the fundamental bandgap, depending on the alloy composition:

namely, the BZ center, C, with the relevant valence band max-

imum, the conduction band minimum determining the direct

gap, and the BZ point L ¼ ð2p=aðxÞÞð1=2; 1=2; 1=2Þ, which

corresponds to the location of the conduction band minimum

that determines the indirect gap in Ge. At C, we find that the

eigenvectors correspond mainly to s-states at the conduction

band minimum and mainly p-states at the valence band maxi-

mum, while at L, the eigenvectors correspond mostly to

ðsþ s�Þ-states, although a minor proportion of p-character is

retained, and these results do not exhibit significant changes

increasing the Sn-concentration. Meanwhile, increasing x the

energy of the valence band maximum at C remains almost

fixed, while it is the energies of the conduction band minima at

L– and C, which are changed.38 On the basis of these facts, we

set Wp¼ 1.00 and proceeded to adjust Ws and Ws� to fit the

experimental direct and indirect bandgaps4,7,16 at x ¼ 0:15.

Henceforward, the set of values for Wc specified in

Eq. (3) will be kept constant for all the electronic structure

105705-4 Querales-Flores et al. J. Appl. Phys. 120, 105705 (2016)



calculations in this work. It can be noted that the only change

to the matrix elements of the tight-binding Hamiltonian of

Jenkins and Dow,33 due to the introduction of these opti-

mized weight factors Wc in Eq. (2), appears in the diagonal

TB parameters for a-Sn (and b-Sn in our approximation),

here given by: Es ¼ �7:3853 eV and Es� ¼ 6:0180 eV.

In Table I, we show a comparison between the direct and

indirect bandgaps obtained with the TBþVCA approach

described earlier and the experimental results reported in Ref.

7 for them. As expected, there is an agreement for x¼ 0 and

x¼ 0.15, used for our fits, but at intermediate Sn concentra-

tions, the calculated values show some deviations from the

experimental ones, as discussed in Sec. III A.

A considerable improvement is obtained for the pre-

dicted critical Sn-concentration for the transition from an

indirect to a direct fundamental gap in Ge1�xSnx, which the

present approach places in the vicinity of xI
c ¼ 0:088 (with

the optimized Wc values, specified in Eq. (3)). This is much

closer to the recently reported experimental values detailed

in the Introduction than the prediction of xI
c�JD
� 0:15,

obtained20 using the original TBþVCA by Jenkins and

Dow.33 It can be noted that the simple parametrization

scheme here proposed to improve the description of the

experimental data of the substitutional alloy has the advan-

tage that it can be easily adjusted to fit data placing the indi-

rect to direct transition of the substitutional alloy at other

values. The flexibility provided by this parametrization in

terms of three adjustable weight parameters is especially

convenient if one considers the spread of the experimental

values reported for xI
c (as mentioned in our Introduction),

possibly due to the sample preparation differences.

Finally, before discussing in detail the results obtained

with our approach in Sec. III, we would like to comment on

two recent parametrizations of the tight binding parame-

ters46,47 and compare them with those including the spin

orbit interaction and up to the second-nearest neighbour

effects proposed by Jenkins and Dow.33

K€ufner et al.,46 studied the structural and electronic prop-

erties of pure a-Sn nanocrystals from the first principles, using

DFT within approximations based on the hybrid exchange-

correlation functional and including spin-orbit interaction

effects. They reported a list of the first-NN tight-binding

parameters for a-Sn with some differences with respect to those

of Refs. 33 and 48. Replacing in the TBþVCA approach by

Jenkins and Dow,33 the first-NN tight-binding parameters of

pure a-Sn by those of K€ufner et al.,46 we find that the predic-

tion for the indirect to direct gap transition in Ge1�xSnx would

be shifted from xI
c�JD
� 0:1520,33 to xI

c � 0:10.

In 2014, based on the first-NN tight-binding parameters

for pure Ge of Vogl et al.48 and those by K€ufner et al. for

a-Sn,46 Attiaoui and Moutanabbir47 presented a semi-empirical

second-NN tight-binding calculation of the electronic structure

of Ge1�x�ySixSny ternary alloys as well as Ge1�xSnx. Using

the same 20 basis states as in Refs. 33, 46, and 48, they evalu-

ated new TB parameters for the alloy components, with some

changes to the previous ones also including the second-

neighbours and spin orbit corrections.33 For the indirect to

direct gap transition in the substitutional unstrained Ge1�xSnx,

they obtain xI
c � 0:11, which is smaller than xI

c�JD
� 0:15 and

agrees with the experimental data of Ref. 4, although it overes-

timates more recent experimental values mentioned in the

Introduction.16,17,31 Concerning the electronic structure study of

the substitutional unstrained Ge1�x�ySixSny ternary alloys, the

prediction of Ref. 47 is consistent with the previous results58

obtained using an extension of the TBþVCA by Jenkins and

Dow.33 In particular, almost equal critical concentration values

(with minor differences possibly related to the use of different

pure Sn-lattice parameter values47,58) are predicted for the tran-

sition of the indirect gap: between two different relevant con-

duction band minima defining the gap (one Ge-like at Brillouin

zone point L, and the other Si-like). The supplementary mate-

rial can also be viewed for a comparison of the bandstructure of

a pure a-Sn and the ideal substitutional alloy at x ¼ 0:15; 0:30,

employing different parametrizations.

III. RESULTS AND DISCUSSION

Here, we will present electronic structure results

obtained using our approach described in Sec. II, divided in

two Secs. III A and III B, respectively. In Sec. III A, we will

discuss and compare in detail with recent experiments our

results for the low Sn-concentration regime: where only sub-

stitutional a-Sn is expected to be present. In Sec. III B, we

show our predictions for Ge1�xSnx alloys at higher Sn-

concentrations where, above a temperature-dependent criti-

cal Sn-concentration, the non-substitutional b-Sn defects are

also expected to be present.19,20 In particular, for each of

these two regimes, we discuss the fundamental gap transition

of Ge1�xSnx that is expected to take place.

A. Substitutional alloy: Results of the present
approach for Ge 1 a-Sn

Using the TBþVCA approach described in Sec. II for

the Ge1�xSnx alloys in the low x regime, where all Sn atoms

occupy the substitutional positions in the Ge lattice, we

obtained the results exhibited in Fig. 2. There, we show the

compositional dependence of the direct (E0) and indirect (EI)

bandgaps of Ge1�xSnx obtained with the present approach,

intersecting at xI
c ¼ 0:088 where the indirect to direct transi-

tion of the fundamental gap is thus predicted. For compari-

son, we included a series of recently available experimental

data4,7,15,16,28,31,53,54 and showed the indirect to direct gap

transition prediction of xI
c�JD
¼ 0:15, obtained using the orig-

inal TBþVCA approach,20,33 which yielded a gap value of

0.568 eV at that Sn-concentration, much higher than the

observed fundamental direct gap of 0.346 eV (Ref. 7)

detailed in Table I.

TABLE I. A comparison between the theoretical bandgap energies in the

present work and the reported experimental data of Atwater et al.7 for

Ge1�xSnx. E0: Direct gap and EI: indirect gap.

x E0 : Exp. E0 : Theory EI : Exp. EI : Theory

0.00 0.800 6 0.004 0.803 0.670 6 0.019 0.670

0.06 0.614 6 0.004 0.613 0.599 6 0.019 0.578

0.11 0.445 6 0.003 0.468 0.428 6 0.019 0.502

0.15 0.346 6 0.003 0.346 0.441 6 0.004 0.441
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The direct and indirect bandgaps obtained with our

approach (in eV) can be, correspondingly, fitted as follows:

E0ðxÞ ¼ 0:803� 3:047 x;

EIðxÞ ¼ 0:670� 1:527 x:
(4)

By comparing our results with the experimental data in

Fig. 2, one can notice that a relatively good description of the

compositional dependence of the direct and indirect gaps was

obtained, indeed much better than if a linear interpolation

between the respective gap values for pure Ge and a-Sn was

used.4,7,16 Nevertheless, small deviations from linearity in the

data were evident,4,7,45 as experimentally reported for the lat-

tice constant of Ge1�xSnx as well.45 Many other binary semi-

conducting alloys AxB1�x also exhibited similar non-linear

dependences of their physical properties as a function of alloy

composition, behaviour known as bowing effects. Although

VCA cannot describe the non-linear bowing effects, it, never-

theless, often yields good qualitative results.4

Fig. 3(a) shows the total density of states (TDOS)

obtained for Ge1�xSnx as a function of energy, at the

substitutional-Sn concentrations: x ¼ 0:0; 0:15; 0:25; 0:30. In

agreement with the results obtained using the ab-initio
FPLO5þCPA code50 in Ref. 20, it can be noticed that a

smooth behaviour as function of Sn concentration is obtained,

with changes in the bandwidth and a progressive reduction of

the gap around the x¼ 0 with Sn concentration. Experiments

in Ge1�xSnx
4,7,16,28,53 confirmed that the direct gap decreases

primarily through a Sn-content increase in the alloy.1,4,7

In Fig. 3(b), we show the total and the three partial den-

sities of states as a function of energy for Ge0:78Sn0:22 sub-

stitutional alloy. Around the bandgap, two peaks are visible

in the density of states: the peak located just below the gap

is clearly dominated by p orbital contributions, while p, s,

and s� orbitals contribute to the peak located just above the

gap. Moreover, we can see that the lowest band (��12 eV)

corresponds essentially to s orbitals, while the highest band

(�10 eV) is originated essentially by s� and p orbitals, as in

pure Ge. These features also agree with the FPLO5þCPA

results.20,50

In Fig. 4, we show that the band structure obtained for

the substitutional Ge0:78Sn0:22 alloy. In order to analyze the

fundamental bandgap in Ge1�xSnx, we focus on three spe-

cific BZ points that define it: the maximum of the valence

band at C, the minima of the conduction band at C and at L,

with energies denoted C0; C1, and L1, respectively. It can be

noticeed that Ge0:78Sn0:22 possesses a fundamental direct

gap: 0.132 eV ¼ C1 � C0 and as indirect gap: 0.334 eV

¼ L1 � C0. Moreover, analyzing the orbital-character of the

band structure: we found that the eigenvectors corresponding

to C0 and C1, were mainly due to p and s states, respectively.

Meanwhile, the eigenvectors at L1 were due to s and s�

states. These results were analogous to those obtained for

pure Ge, which indicated that the relative weights of the

orbital contributions to the electronic properties of Ge1�xSnx

were weakly dependent of the Sn-content in the substitu-

tional alloy.

FIG. 2. A comparison between our theoretical bandgap energies (direct gap:

full line, indirect gap: dashed line) yielding: xI
c ¼ 0:088, and available

experimental data (symbols: see references in the plot), for the various Sn

compositions. The theoretical gap prediction at critical xI
c�JD
¼ 0:15

obtained20 with the original TBþVCA approach33 is also shown (large

diamond).

FIG. 3. Substitutional Ge1�xSnx - results of the present TBþVCA: (a) The

total density of states for the a-Sn concentrations indicated in the plot; (b)

the total DOS (TDOS) and partial DOS (PDOS) “p,”“s and s�” densities of

states at x¼ 0.22 (>xI
c ¼ 0:088), a direct gap alloy. t0 ¼ �3 eV as in Refs.

51 and 52.
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B. Ge12x Snx : The TB 1 VCA results including a-Sn and
b-Sn, metallization transition

In Sec. III A, we showed that Ge1�xSnx possesses an

indirect fundamental gap at low Sn-concentrations and that,

by increasing the Sn-concentration, the substitutional binary

alloy undergoes a crossover from an indirect to a direct

bandgap at xI
c � 0:088. At higher Sn-concentrations, the

non-substitutional b-Sn defects appear in the binary alloy, as

predicted theoretically19,20 and confirmed by experiments.21

We will now show that the presence of b-Sn reduces the con-

centration range where Ge1�xSnx possesses a direct gap, i.e.,

it reduces the critical concentration xII
c at which the direct

gap closes, corresponding to the metallization transition.

We analyzed the effect of both the substitutional and

non-substitutional Sn defects on the electronic structure of

Ge1�xSnx employing the TBþVCA extension proposed in

the present work, detailed in Section II.

To assess the effect of the b-Sn defects on the electronic

structure, in particular, on the bandgaps, in Fig. 5(a), we

plotted the TBþVCA band structure of Ge0:78Sn0:22 along

the L� C� X Brillouin zone path, for a fixed total Sn-

concentration x ¼ xa þ xb ¼ 0:22, but different relative con-

tents of the a-Sn and non-substitutional b-Sn. It can be found

that, when xb increases, for example, from 0 to 0.035, the

bandgap decreases: a progressive reduction of the direct gap

at C upon increase of the b-Sn concentration was observed.

In Fig. 5(b), we show the effect of b-Sn upon the DOS, for

fixed total Sn-concentration x¼ 0.22 and varying the relative

b-Sn content in the alloy. The changes induced by increasing

the b-Sn concentration on the density of states were less

noticeable than those obtained in the band structure (see Fig.

5(a)). The progressive reduction of the gap confirmed that

the presence of the non-substitutional b-Sn favours the met-

allization in Ge1�xSnx.

In Fig. 6, we plotted the direct gap energy E0, for the

binary alloy with a fixed total Sn-concentration x ¼ 0:22 as a

function of xb (i.e., xa ¼ 0:22� xb), for four different values

of hopping t0 between b-Sn and its Ge nearest-neighbours. A

linear dependence of E0 as a function of xb was obtained.

The critical concentration xII
c at which the direct gap closes,

and the alloy becomes metallic, is strongly dependent on t0 in

our approach.

Analyzing the effect of the non-substitutional b-Sn on

the total and partial densities of states, using our TBþVCA

approach, we found that the relative weights of the orbital

contributions to the electronic properties of Ge1�xSnx were

weakly dependent on the Sn-content.

Experimentally, the critical Sn-concentration xII
c for the

metallization transition in Ge1�xSnx is yet unknown. As

shown in Fig. 2, the gap measurements were reported at rela-

tively low Sn-concentrations: x < 0:15.4,7,16,28,41,55 More

recently, the direct gap was determined in the homogeneous

epitaxial layers of Ge1�xSnx grown on the InP substrates12

for 0:15 < x < 0:27, from the photon absorption spectra

measured with the Fourier transform infrared spectroscopy.

In particular, for Ge0:73Sn0:27, Nakatsuka et al.12 obtained a

direct gap of �0.25 eV, so that the metallization of these epi-

taxial layers would occur at x > 0:27.

FIG. 4. The Ge0:78Sn0:22 substitutional alloy: band structure Eð~kÞ obtained

along the BZ paths of the face-centered cubic diamond lattice, between

symmetry points: C ¼ ð0; 0; 0Þ; L ¼ ð2p=aÞð1=2; 1=2; 1=2Þ, X ¼ ð2p=aÞ
ð1; 0; 0Þ; U ¼ ð2p=aÞð1; 1=4; 1=4Þ, and K ¼ ð2=aÞð3=4; 3=4; 0Þ, being a
the lattice parameter. The parameters used for the present TBþVCA, as

in Fig. 3.

FIG. 5. (a) The b-Sn effect on the band structure of Ge0:78Sn0:22: the lowest

conduction band along L� C� X path for different values xb of b-Sn con-

tent, as indicated in the plot. (b) Effect of b-Sn on the DOS of Ge0:78Sn0:22:

relative b-Sn similar to Fig. 6(a). The parameters used for the present

TBþVCA extension, as in Fig. 3.
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Additional measurements for higher Sn-concentrations

would be required to locate the metallization transition in

bulk Ge1�xSnx. Extrapolating the experimental data fits, two

predictions for xII
c were obtained: xII

c � 0:30 by Atwater

et al.,7 and xII
c � 0:37 by D’Costa et al.4

On the other hand, Jenkins and Dow predicted

xII
c � 0:6233 with their original TBþVCA approach for the

substitutional Ge1�xSnx. If we would consider only the sub-

stitutional a-Sn to be present and use our present TBþVCA

extension, we would predict for the transition from a direct

gap to a metallic regime: xII
c � 0:26, the same value which

can be obtained if using the TB parameters for a-Sn reported

in Ref. 46.

In 2009, we proposed a statistical model for the forma-

tion of the b-Sn defects in Ge1�xSnx,19,20 from which the rel-

ative concentrations of b-Sn (and a-Sn) in the alloy can be

obtained as a function of temperature and the total Sn-

concentration x.

Using the statistical model19,20 to determine xb in

Ge1�xSnx (and from it: xa ¼ x� xb), we can explore the

dependence of the critical concentration for metallization xII
c

on the only free parameter (t0) in our present approach.

Furthermore, if xII
c values were experimentally known, they

might be used to tune the free parameter t0. In Figure 7, we

addressed this issue, by plotting t0 corresponding to the xII
c

values in the range from 0.22 to 0.5 for different tempera-

tures T. Specifically, for T¼ 16 �C, 32 �C, 62 �C, 85 �C, and

131 �C, while the relative contents xb and xa are obtained

from the statistical model.19,20

Figure 7 shows that, for 0:22 � xII
c < 0:26; t0 is negative

and increases monotonically with an increasing xII
c . On the

other hand, for xII
c 	 0:26; t0 is positive. It can be noted that,

all of these graphs in Fig. 7 intersect at xII
c ¼ 0:26, which

corresponds to t0 ¼ 0, which in our model is equivalent to

considering only the substitutional Sn to be present.

For instance, if we consider the temperature T ¼ 16 �C,

by adjusting t0 � 1:0037 eV, we would obtain a value

xII
c ¼ 0:30, as suggested extrapolating the experiments of

Ref. 7, while, if we consider the same temperature but adjust

t0 � 1:4920 eV, we would obtain a value xII
c ¼ 0:37, as sug-

gested by extrapolating the experiments of Ref. 4.

The inset of Figure 7 depicts, for t0 ¼ �3 eV, the tem-

perature dependence obtained in our approach for the critical

concentration for metallization, xII
c (full line), and for the

ratio between the non-substitutional b-Sn and the substitu-

tional a-Sn (dashed line) concentrations at x ¼ xII
c from Refs.

19 and 20. The inset reveals an increase in xb=xa as a func-

tion of temperature, while a decrease in xII
c as a function of

temperature is observed. These results indicate that increas-

ing the non-substitutional Sn content leads to a lower xII
c , i.e.,

confirming that the presence of b-Sn favours metallization. It

would be interesting to have this prediction confirmed by

other theoretical approaches.

As we mentioned in the Introduction, the main interest

for technological applications of Ge1�xSnx is linked to its

direct gap phase.1,4 However, our results show that the con-

centration range (Dx ¼ xII
c � xI

c), in which Ge1�xSnx pos-

sesses a direct fundamental gap would be reduced if the

temperature of formation of the alloy is increased, since

b-Sn might appear at lower Sn-concentrations. An important

aspect in the fabrication of high-quality thin films using the

molecular beam epitaxy is the growth-temperature.1,4,56,57

Therefore, a detailed experimental study of the electronic

properties of these alloys, including the second gap transition

(metallization), could allow to determine the optimal growth

conditions to control the proportion of b-Sn in Ge1�xSnx.

IV. CONCLUSIONS

We have studied the effect of the b-Sn non-substitutional

complex defects on the electronic structure of the Ge1�xSnx

binary alloy.

In order to include the non-substitutional complex

defects in an electronic structure calculation, we presented

FIG. 7. t0 hopping values as a function of the critical Sn concentration for

metallization: xII
c , at different temperatures. Inset: temperature dependence

of the relative proportion of non-substitutional to substitutional Sn, xb=xa, at

x ¼ xII
c as obtained from the statistical model of Refs. 19 and 20; and, as a

result, our prediction for the temperature dependence of the metallization

transition: xII
c ðTÞ, for t0 ¼ �3 eV.

FIG. 6. t0 dependence of the metallization transition for Ge0:78Sn0:22: energy

value at C0(E0) as a function of xb, for different values of t0. Other parame-

ters used for the present TBþVCA extension, as in Fig. 3.
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our extension of the method originally proposed by Jenkins

and Dow for substitutional Ge1�xSnx, using 20 tight-binding

sp3s� orbitals for the group IV elements combined with the

virtual crystal approximation. We included the complex non-

substitutional b-Sn defects through the introduction of an

effective substitutional two-site equivalent cluster for them,

which we appropriately embedded in the lattice to calculate

the electronic structure of the effective alloy purely in terms

of the substitutional defects.

Our method allows to describe the two transitions of the

fundamental gap of Ge1�xSnx as a function of the total Sn con-

centration. In particular: (i) with our proposed extension for

the tight-binding matrix, we could tune the critical Sn concen-

tration xI
c for the transition from an indirect to a direct gap, in

agreement with the most recent experimental data. Our exten-

sion also improved the theoretical description of the direct gap

experimental values for ternary Ge1�x�ySixSny alloys, as

shown in the Appendix. (ii) The metallization transition (clo-

sure of the direct gap) of Ge1�xSnx at higher x ¼ xII
c can also

be described, and we demonstrated the relevance of the non-

substitutional b-Sn for the determination of xII
c . In fact, if xII

c

would be measured, it could be used to determine the hopping

parameter (t0) between the b-Sn defects and the Ge matrix, the

only free parameter of our model. (iii) We predict the effect of

temperature on the metallization transition xII
c ðTÞ (not yet

experimentally measured), resulting from the increase with

temperature of the ratio xb=xa between the concentrations of

the non-substitutional to the substitutional Sn in Ge (which we

obtain from our statistical model for Ge1�xSnx).

We believe that the physical properties of Ge1�xSnx are

strongly affected by the Sn complex defects in the Ge matrix,

such as b-Sn among others,20 and future experimental work

would provide further support and increase the usefulness of

the present approach. Furthermore, the general idea we pro-

posed to include the non-substitutional complex defects in

the electronic structure calculations, by determining effective

substitutional equivalent clusters to replace them and solve

the problem in terms of purely substitutional effective alloys,

has a wide potential for applications in other systems.

SUPPLEMENTARY MATERIAL

The supplementary material can be viewed for a com-

parison of the bandstructure of pure a-Sn and the ideal sub-

stitutional alloy at x ¼ 0:15; 0:30, employing different

parametrizations.
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APPENDIX: APPLICATION TO Ge12x2y Six Sny

TERNARY ALLOYS

In 2013, we reported a first calculation of the electronic

structure of Ge1�x�ySixSny ternary alloys,58 employing a

combined TBþVCA approximation method, which we

developed as a direct extension to ternary substitutional

alloys of the Jenkins and Dow approach33 for binary substi-

tutional Ge1�xSnx. The same problem was later studied in

Ref. 47 as well.

Our electronic structure results for ternary Ge1�x�ySixSny

confirmed predictions and experimental indications that a

1 eV bandgap was attainable with these alloys, as required for

the fourth layer planned to be added to present-day record-

efficiency triple-junction solar cells, in order to further

increase their efficiency for satellite applications.

It is interesting to apply the present TBþVCA parame-

trization for the substitutional alloy discussed in Section II B 1

FIG. 8. The compositional dependence of the bandgap of Ge1�ZðSi0:79Sn0:21ÞZ
ternary alloys lattice-matched to Ge, obtained using the modified

TBþVCA approach in the present work: direct gap (solid line) and indirect

gap (dashed line). For comparison, we included our results from Ref. 58:

direct gap (dotted line) and indirect gap (dashed-dotted line). Other data

included for comparison correspond to experimental results for the direct

gap from Refs. 60–62.

FIG. 9. A comparison of our theoretical results for the direct gap and lattice

parameter with experimental data reported in Ref. 59, for the following ternary

alloys: I: Ge0:864Sn0:10Si0:036, II: Ge0:86Sn0:082Si0:058, III: Ge0:94Sn0:042Si0:018,

IV: Ge0:916Sn0:047Si0:037, and V: Ge0:947Sn0:032Si0:021. Inset: lattice parameter

for each of the ternary alloys I-V.
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of the present work, in particular, the renormalized a-Sn tight-

binding parameters, as a starting point to recalculate the elec-

tronic structure of the ternary alloys and compare it with the

results of our previous calculation.58 We exhibit the compari-

son of the direct gap results as a function of composition in

Figs. 8 and 9. In Fig. 8, one can see how the parametrized

TBþVCA approach of the present work improves the

description of the experimental compositional dependence of

the direct gap with respect to our previous approach of Ref.

58 for a series of samples lattice-matched to Ge, while we

also showed how the predicted indirect gap was slightly modi-

fied. In Fig. 9, we compared our present parametrized

TBþVCA results for the direct gap with recent experimental

results59 for five ternary alloys with different lattice parame-

ters (shown as inset): within the experimental error bars, the

agreement was indeed very good for all samples, greatly

improved with respect to the direct gap values predicted by

the previous TBþVCA approach.58
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