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Finally, we prove some boundedness results in Banach function spaces for a generalized
version of the multilinear fractional maximal operator.
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1. Introduction and preliminaries

An important problem in Analysis is to control certain integral type operators by means of adequate maximal operators.
This control is sometimes understood in the norm of the spaces where these operators act. For example, an interesting
result due to Coifman [4] establishes that, if T is a Calderén-Zygmund integral operator, M is the Hardy-Littlewood maximal
function and 0 < p < oo, then the inequality

[irtnelac<c [mroo ax

R? R"
holds for some positive constant C. Thus, the maximal function M controls the singular integral in LP-norm and the
boundedness properties of M in LP-spaces give the boundedness properties of T. The weighted version for Ay, weights
of inequality above is also true (see [5]).

For the fractional integral operator Iy, 0 <o <n, w € Ay and 0 < p < oo, Muckenhoupt and Wheeden [23] proved the
following control-type inequalities involving the fractional maximal operator M

f|1a<f)(x>|”w<x>dx< c/yMaﬂx)!”w(x)dx,
]RH Rﬂ
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and

supAdw ({Ig f > A}) < CsupAIw({Mq f > A}),
1>0 A>0

where C depends on the Ay, -constant of w. Then, by the weighted boundedness results of M, they obtained the corre-
sponding weighted boundedness results for I.

Similar problems for other operators such that commutators of singular and fractional integral operators, nonlinear com-
mutators, potential operators, multilinear Calderén-Zygmund operators and multilinear fractional integrals, were studied by
several authors (see, for example, [28-30,8,2,7,21,22,10]). Particularly, in [7], the authors obtain the boundedness of the frac-
tional integral operator in term of the fractional maximal operator in weighted weak L!-spaces, and then, by the weighted
weak boundedness of M, they obtain weighted weak estimates for I,.

Related to the control of commutators of singular and fractional integral operators appear the iterations of the Hardy-
Littlewood maximal operator M and the composition of the fractional maximal operator with iterations of M. These types
of maximal operators were proved to be equivalent to certain maximal operators associated to a given Young function (see,
for example, [28,29,8,2]). Then, the study of the boundedness properties of these particular maximal operators seem to be
an important tool because they enclose information about the behavior of the commutators that they control.

In the multilinear context, there were an increasing interest in investigate how to control integral operators by maximal
functions. In [17] the authors proved that the multilinear Calderén-Zygmund operators are controlled in LP-norms by the
product of m Hardy-Littlewood maximal operators and they asked themselves if this product is optimal in some sense. This
problem is then solved in [21], where the authors give a strictly smaller maximal operator and develop a corresponding
weighted theory.

Later, in [22], a complete study of the weighted boundedness properties for the multilinear fractional integral operator
is given, and the author proved that this operator is bounded in norm by the corresponding version of the fractional
maximal operator which generalizes the maximal operator given in [21]. Again, the boundedness properties of the “maximal
controller” gives the boundedness properties of the “controlled operator.”

Pointwise estimates between operators are also of interest because they allow us to obtain boundedness properties of
a given operator by means of the properties of others. For example, related to the fractional maximal operator and the
Hardy-Littlewood maximal operator a pointwise estimate is given in [3]. Other known pointwise estimates between the
fractional integral operator and maximal operators are due to Welland and Hedberg (see [32] and [18]).

In this paper we give “control type results” for the multilinear fractional maximal and integral operators. These results
involved pointwise estimates and norm estimates between these operators, of the type described above. In particular, we
extend some results given in [7] to the multilinear context. On the other hand we introduce the multilinear fractional
maximal operator M, p associated to a Young function B and we prove weighted pointwise estimates between these
operators and the multilinear maximal operators My = Mgy, where v is a given Young function that depends on B.
As an application of these estimates we obtain a direct proof of the LP-LY boundedness results of Mgy g for the case
B(t) =t and By(t) = t(1 + log* )k when 1/qg =1/p — a/n. We also give sufficient conditions on the weights involved in
the boundedness results of M, g that generalizes those given in [22] for B(t) =t. The importance of a weighted theory for
this maximal function is due to the fact that this operators are in intimate relation with the commutators of multisublinear
fractional integral operators, as we shall see in a next paper.

On the other hand, we study boundedness results in Banach function spaces for a generalized version of the multilinear
fractional maximal operator involving certain essentially nondecreasing function ¢.

The paper is organized as follows. In Section 2 we state the main results of this article. We also include some corollaries
and different proofs of results proved in [22]. The proof of the main results are in Section 4. In Section 3 we give some
auxiliary lemmas and finally, in Section 5 we define a generalized version of the multilinear fractional maximal operator
and we give some boundedness estimates in the setting of Banach function spaces.

Before stating the main results of this article, we give some standard notation. Throughout this paper Q will denote a
cube in R" with sides parallel to the coordinate axes. With D we will denote the family of dyadic cubes in R".

By a weight we understand a nonnegative measurable function.

We say that a weight w satisfies a Reverse Holder’s inequality with exponent s, RH(s), if there exists a positive constant
C such that

1/s
Q| Q|
Q

By RH,, we mean the class of weights w such that the inequality

C
sup w(x) < —/w,
xeQ |Q| o

holds for every Q C R" and some positive constant C. It is easy to check that RHeo C Aco.
Now we summarize a few facts about Orlicz spaces. For more information see [19] or [31].
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We say that B:[0, c0) — [0, 00) is a Young function if there exists a nontrivial, nonnegative and increasing function b
such that B(t) = féb(s) ds. Then B is continuous, convex, increasing and satisfies B(0) = 0 and lim;_, o, B(t) = cc. Moreover,
it follows that B(t)/t is increasing.

Let B:[0, 00) — [0, 00) be a Young function. The Orlicz space Lg = Lg(R"™) consists of all measurable functions f such
that for some A > 0,

/B(|f|/x) < 00.
]RH
The space Lp is a Banach space endowed with the Luxemburg norm
I flls=1fllLs = inf{k >0: /B(Ifl/)») < 00}-
Rn

The B-average of a function f over a cube Q is defined by

I£15.0 =inf{x>0: |%'Q/B(wx) <1}.

When B(O) =, [| fllz.q = g7 /g If]-
We shall say that B is doubling if there exists a positive constant C such that B(2t) < CB(¢) for every t > 0. Each Young
function B has an associated complementary Young function B satisfying

B ') <2t

for all t > 0. There is a generalization of Holder’s inequality

1
— < 5. 1.1
IQIQ/|fg| 1Flls.ligls (11)

A further generalization of Holder's inequality (see [24]) is the following: If A, B and C are Young functions such that
AToB (0 <o,
then

lfelc.o <2l fllaqligls.q-

Definition 1.2. Let 0 < o <nm and ]‘ = (f1,..., fm). We define the multilinear fractional maximal operator My p associated
to a Young function B by

MaBf<x>—sup|Q|“/"1'[||fl||BQ (13)

i=1

where the supremum is taken over all cubes Q containing x.
Even though My p is sublinear in each entry, we shall refer to it as the multilinear fractional maximal operator.

For =0 we denote Mg g = Mp. When B(t) =t, My = My p is the multilinear fractional maximal operator defined
in [22] by

- o
MaFoo =supl Q" [] = [ 15 (14)
Q3x lQl ]

Moy = M is the multilinear maximal operator defined in [21]. When m =1 we write M and M, to denote the Hardy-
Littlewood and the fractional maximal operators defined, for a locally integrable function f and 0 <« <n, by

Mf(x)—sup@/If(y)ldy (1.5)
and
1\/lozf(><)—sup|Q|1 a/an’f(”|dy (16)

respectively.
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If we take g =1 in inequality (1.1) it follows that for every Young function B, every « such that 0 < o < nm, the
inequality

Mea(HX) < Ma.p(H®)

holds for every x € R".
The following class of weights was introduced in [21] and is a generalization of the Muckenhoupt A, classes, p > 1. We
use the notation P = (p1,..., pm).

Definition1.7. Let 1 < pj <oofori=1,...,m, % :er»"zl %. Foreachi=1,...,m let w; be a weight and w = (w1, ..., wp).
We say that w satisfies the A3 condition if

; m . 1/p m 1 1-p, 1/p; 18
sgp(E(!(gwi )) E<@Q/W' ) < 00. (1.8)
When p; =1, (I(lT\ [Q w:_p§)1/P§ is understood as (infg wi) "L

Condition (1.8) is called the multilinear Aj condition.
2. Statement of the main results

In this section we establish the main results of this article. For a sake of completeness we consider four subsections.
2.1. Pointwise estimates for My, p

For 0 <o <nm let B be a Young function such that tim B‘1(t1_%) < B7I(t). Let ¢ be the function defined by v (t) =
B(t1—o/@mynm/(mm=e) " From Lemma 3.1 below, v is a Young function. The following result gives a pointwise estimate
between the multilinear fractional maximal associated to the Young function B, M, p and the multilinear maximal operator

My associated to the Young function v, and is an useful tool to obtain boundedness results for Mg .

Lemma 2.1. Let 0 < o < nm. Let B be a Young function such that

(B (') <BT() 22)
and v (t) = B(t!~/(m ymm/ (mm-—e),
Foreachi=1,...,m, let p;, q; and s; be the real numbers defined, respectively, by 1 < p; < nm/c, % = % — 2 and s; =
(1 — a/(nm))q; and p, q and s be the real numbers given by % =y %' % _ym % AVER 51_1 i
weights. If fuy = (f1/W1, ... fn/Wm) and g = (fPV/STw 9/51 | pom/smyy, —am/smy hen
mn am
Mapfw(®) < Mwé(x)l‘“””m)(l_[ I ||i’z;,-) . .
i=1

Remark 2.4. When B(t) =t we have that ¥ (t) =t. Then, from inequality (2.3), we get the following pointwise estimate
between the multilinear fractional maximal operator M, and the multilinear maximal operator M

M fu@®) < ME()!—o/m (]‘[ ||f1~||‘{;;i> : (2.5)

i=1

In the case m =1 the result above was obtained in [14].

Remark 2.6. For 0 < o <nm and k € N let B, be the Young function defined by By (t) = t(1+log™ t). Then By satisfies (2.2).
Let Y (t) = By (t1—o/(mynm/(m—a) &= (1 4 Jog™T )knm/(m—0) From the lemma above we get the following pointwise estimate

m nm
Mo 1ogiy fw®) S M - am, g me/om (1‘[ ||f,~||€;;i> : (2.7)
i=1
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2.2. Weighted boundedness results for Mg

As an easy consequence of inequality (2.5) and the weighted boundedness results for the multilinear maximal operator
M proved in [21] we obtain a direct proof of the weighted weak and strong boundedness of the multilinear fractional
maximal operator M, proved in [22], when p and q satisfy 1/q=1/p —«a/n and 1 < p; <nm/«, i =1, ..., m. Actually,
in [22] the author proves that the conditions on the weights are also necessary (see Theorems 2.7 and 3.6 in [22] applied
to this case). These results are given in the following two theorems.

Theorem 2.8. Let 0 < o < nm and let p; and q be defined as in Lemma 2.1. Let f =(f1,..., fm). If (u, w) satisfy

1 1/q m 1 _p 1/p;
(i o) Nlig [#7) == 29

Q i=1 2
then
m
M flliooow < CTTHfiwillp.
i=1
Theorem 2.10. Let 0 < o« <nm and let 1 < p; <nm/«a and q;, Si, p, q, and s be defined as in Lemma 2.1. Let wi = (w‘]h s, wilmy,

Iff=(f1,...,fm),§=(51,...,sm)andv§‘1eAg,then

i)
i=1

m
<Cl_[||fiWi||LPi~

La i=1

Remark 2.11. It is easy to check that wi e Az if and only if w = (W1, ..., wp) belongs to the Alg’q classes introduced in [22].
This equivalence is a generalization to the multilinear case of that proved by Muckenhoupt and Wheeden in the linear case,
which establishes that a weight w € A, 4 if and only if w9 € A; with 1<p <n/a, 1/g=1/p —a/n and s=1+q/p’. For
more details see [23].

The following corollary is a consequence of Theorem 2.8 applied to the weights u = ]_[?7:] u?/q" and w; = M(u;) /%,
where M is the Hardy-Littlewood maximal operator.

q/4i
HaS

Corollary 2.12. Let 0 < o < nm and let pj, qi, Si, p, q, and s be defined as in Lemma 2.1. Let f =(f1,.... fm)and u =T u
Then

m

IMa fllzaoequ < Tl fiman /o] ;.
i=1

From the weak and strong characterizations obtained in [22, Theorems 2.7 and 2.8] applied to the case p = q, we obtain
the following result.

Theorem 2.13. Suppose that 0 < & <nm, 1 < p1,..., pm <mn/a and =371, o Letu =[], uP’P and v =TT, v}/"". Then

m
1M fllrowy < C [ TIFNLP Moy mewin»
i=1

and

m
IMa fvllee < CT || fiMapmi) | -
i=1

where My p;/m denotes the fractional maximal operator defined in (1.6) with o replaced by ap;/m.

The proof of the first inequality above follows from the fact that the weights u and w; = M, /m(u;) satisfy the condition
on the weights in [22, Theorem 2.7]. On the other hand, the weights v and w; = Mp,/m(v;)!/Pi satisfy the hypotheses in
[22, Theorem 2.8] and thus we obtain the second inequality.

Before state the next result, we introduce the following class of Young functions related to the boundedness of the
sublinear maximal Mp between Lebesgue spaces. For more information see [25].
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Definition 2.14. Let 1 < < 0o. A Young function B is said to satisfy the B; condition if for some constant ¢ > 0,

o0

/B(t) dt
— <0
tr ot

o

Theorem 215. et 0 <« <nm, 1 <p;<oo,i=1,...,m, %:Z?’:] %.Letq be a real number such that 1/m < p < q < oo. Let B,

Aj,and Ci,i =1, ..., m, be Young functions such that A,.’] (t)Ci’1 ) < BL(t), t > 0 and C; is doubling and satisfies the B, condition
foreveryi=1,...,m. Let (v, w) be weights that satisfy

1/q m
1 1
Sup|Q|a/n+1/qfl/P<_/U4) wl, , <oo. (2.16)
Q |Q| E” 1 ”A,,Q
2 =
Then

m
IMa.fvlia < CT [ fiwillpos
i=1

holds for every f e LP! (W) x -+ x LPm(whm).

Remark 2.17. The linear case of theorem above was proved in [8], and in [9] for the case « =0 and p =gq. For B(t) =t,
Theorem 2.15 gives two weighted results proved in [22] for the multilinear fractional maximal operator M. The first one
[22, Theorem 2.8] is obtained by considering A; = t'?i and C; =t for some r > 1 and the second [22, Theorem 2.10] is
obtained by taking A; = tPi(1 + log™ £)Pi~1* and C; = W for § > 0.

As a consequence of Theorem 2.15 and the pointwise estimate given in (2.7), we obtain the following result about
the boundedness of M, p, for multilinear weights in the Az class defined above, where S = (s1,...,sm) and B(t) =
t(1+1log™ t)¥. In the proof, we also use the pointwise estimate given in (2.7).

Corollary 2.18. Let 0 < «_< nm and let p;, p, qi, g, i and s be defined as in Lemma 2.1. For each k € N let B (t) = t(1 + log™ t). Let
wi = (w?l, e WY JF = (f1, ..., fm)and S = (s1, ..., Sm) then the inequality

m
H Ma’ka < 1_[ Wl)
i=1

holds for every ]‘ if and only if wa satisfies the Az condition.

m
<C1_[||fiWi||LPi

La i=1

2.3. Weighted weak type inequalities for the multilinear fractional integral operator

In this section we obtain weighted estimates for the multilinear fractional maximal and integral operator.
The following definition of the multilinear fractional integral operator was considered by several authors (see, for exam-
ple, [15,20,16,22]).

Definition 2.19. Let 0 < @ <nm and f: (f1, ..., fm). The multilinear fractional integral is defined by

i) - fm(Ym) dv

To f(x) =
= L Gyl eyl

’

where the integral in convergent if ]‘ eSx---x8.

Particularly, we study weighted weak type inequalities for the multilinear fractional maximal and integral operator. For
the first one we obtain the following result.

Theorem 2.20. Let 0 < o <nm, w = (W1, ..., Wy) and u = ]_[?‘:1 wl.l/m. Then
- 5[l
u(fxeR": Maf<x>>xm})m<C1_lleMa/mW“
i=1pn

where My /m denotes the fractional maximal operator of order o /m defined in (1.6).



646 G. Pradolini / J. Math. Anal. Appl. 367 (2010) 640-656

The case o« = 0 of the theorem above was proved in [21]. For m =1 this is a well known result proved in [11].
In [7] the authors considered the problem of finding weights W such that

C
w({xeR" |Iof(x)|>1}) < X/]f(x)|W(x)dx
Rn

for a given weight w, for every A > 0 and for suitable functions f. Particularly, they obtain that the weight W =
Mg (M gog 1y W), 8 > 0, works. Motivated from the linear case, we study an analogous problem in the multilinear context
and we obtain the following result.

1/m
i

Theorem 2.21. Let 0 < <nm, § > 0 and u = [[iL; w;’™. Then

m
1Ze Fllmeoqy < CT ] f | fil Ma/mMy qog s (Wi) (2.22)
i=1pn
and, in particular
N m
e Fllpymeey < C[ | / | i MaymM2(wp).
i=1 Rn

The result above is an immediate consequence of the next theorem.

Theorem 2.23. Let 0 < o < nm, § > 0 and let u be a weight. Then

||Iozf||L1/m-00(u) < C”M“f”L”m*OO(ML(IOgL)s (u))*

Then, the proof of (2.22) follows by observing that
m m
1 1
M og 1y (W) = M og1)s <1_[ w; /m> < HML(logL)5(Wi) /m

i=1 i=1

which is a consequence of the generalized Holder’s inequality in Orlicz spaces. Then, an application of Theorem 2.20 gives
the desired result.
Recall that a weight v satisfies the RHy, condition if there exists a positive constant C such that the inequality

C
sup v(x) < —/v
xeQ |Q|Q

holds for every Q c R™.

Lemma 2.24. Let 0 < o < nm. Let v be a weight satisfying the RHy, condition. Then, there exists a positive constant C such that, if
m 1/m y
u=[[iL;w;""and f = (f1,..., fm),

/Ia?(X)u(X)V(X)dX< C/Maf(X)Mu(X)V(X)dx,
Rn Rn

where M is the Hardy-Littlewood maximal function defined in (1.5).

The following theorem establish some kind of control of the multilinear fractional integral operator by the multilinear
fractional maximal in LP, 0 < p < 1.

Theorem 2.25. Let 0 < p < 1 and let u be a weight. Then

/IIa?(x)l"u(x)dX< C/|Ma?(x)|"1v1u(x)dx.

R R"

In the linear case, Lemma 2.24 and Theorem 2.25 were proved in [7].
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2.4. Pointwise estimates between Z,, and My

A pointwise estimate relating both, the multilinear fractional and maximal operators is given in the next result.

Theorem 2.26 (Welland’s type inequality). Let 0 < o« < nm and 0 < € < min{c, nm — «}. Then, if} =(f1,..., fm) where fi’s are
bounded functions with compact support, then

|Zo f (0] < C(Maye FOOMa—e f(%0)'72

where C depends only onn, m, « and €.

The inequality in the theorem above was proved in [10] for multilinear fractional integral and maximal operators with
m homogeneous kernels in order to obtain weighted boundedness results for the first operator. For a sake of completeness
we include the proof in Section 4.

In [22], the author proves the following result.

Theorem 2.27. (See [22, Theorem 2.2].) Suppose that 0 <« <nm, 1 < p1, ..., pm < 0o and q is a number that satisfies 1/m < p <
q < oo. Suppose that one of the two following conditions holds.

(i) g > 1 and (v, w) are weights that satisfy

P yan m g e\ /D
sup|Q|«/mH1/a- P(—/v‘”) (—/w f) <00
0 Ql 11 Q)

Q = Q

forsomer > 1.
(ii) ¢ <1 and (v, w) are weights that satisfy

eratm( 1 vam e\
sup|Q [/ P(—/lﬂ) <_/W. ,.> “oo
5 Q] [1 [V

Q i=1
for somer > 1.

Then the inequality

m
1Zo follg < CT T fiwillp,

i=1

holds for every f e LP1 (WA x -+ x LPm(wh™).

A direct proof of theorem above for the case ¢ > 1 can be given combining Theorem 2.26 with Theorem 2.15 applied to
the case A;(t) = t'Pi, and proceeding as in the corresponding result in [12, Theorem 6.5].

3. Auxiliary results
In this section we give some technical lemmas used in the proof of the main results in this paper.

Lemma 3.1. Let B be a Young function and 0 < y < 1. Then v (t) = B(t?)/ is a Young function.

Proof. It is enough to prove that there exists a nontrivial, nonnegative and increasing function g such that ¥ (t) = fot g(s)ds.
This function g is given by g(s) = b(sV)(%yy))(l/V)*l, where b is a nonnegative and increasing function such that B(t) =
fot b(s)ds. The function g has the desired properties. 0O

The next lemma establishes the relation between the dyadic a nondyadic multilinear fractional maximal operators. Let
M’&_B be defined as M, p but over cubes with side length less or equal than 2% Qr = Q(0,2%2), 1,g(x) = g(x — t) and

T ()= fr. ..., wfm).
Lemma 3.2. For each k, f’ and every x € R" and 0 < q < oo, there exists a constant C, depending only onn, m, « and q such that

- c -
M (D" < oo / (tro Ml ;o 2)(Frovidt. (33)
Qk
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For the linear case and o = 0 this result was proved by Fefferman and Stein in [11] and can be also found in [13]. In the
multilinear context and o = 0 the result above is given in [21], and for B(t) =t and « > 0, in [22]. The proof of Lemma 3.2
is an easy modification of any of the mentioned results and we omit it.

In order to prove Theorem 2.23 we need the following results. The first of them was proved in [22] for the multilinear
integral operator. For the linear case, a proof can be found in [26].

Lemma 3.4. (See [22].) Let g and f;, i =1, ..., m, be positive functions with compact support and let u be a weight. Then there exists
a family of dyadic cubes {Qy ;} and a family of pairwise disjoint subsets {Ey j}, Ex j C Qy, j with

|Qk, jI < C|E,jl
for some positive constant C and for every k, j and such that

m

- 1
/Zaf(x)u(x)g(x)dxg CZ|Qk’j|a/n(|Q/ " / ux)g(x) dx) (H 30k, / fz(yl)d}’1>|Ek il- (3.5)
k.j o Qk.j

]RTI

The following lemma was proved in [6] and gives examples of weights in the RH, class.
Lemma 3.6. Let g be any function such that Mg is finite a.e. Then (Mg)™® € RHy, ¢ > 0.
4. Proofs

Proof of Lemma 2.1. The proof is based in some ideas from Lemma 2.8 in [14]. Let g; be a function such that gf" Wiq‘ = fip‘.

Then f;/w; = gs’/p’ qi/pi=1 gs'/p'+a/("m) 1gl o/ (nm) ;q"/p‘_l). Let r=nm/(nm—«) and ' =nm/«. If s and s; are defined

as in the hypotheses of the theorem we get

<ﬁ_1)r/:<ﬂ_1)@:q,. (41)
Di Di o

and

=S;. (42)

Let B and v be the functions in the hypotheses of the theorem. From Lemma 3.1 v is a Young function. Let ¢ (t) =
B(t)™/(mm—a) Then, by the properties of the function B we obtain

¢~ (Ot < CBT(®).
By applying Hoélder’s inequality, and using (4.1) and (4.2) we obtain that

i—1
Ifi/wills.q = | g/Pwi P, o
1—a/nm _s;/pi+o/nm—1 q/p -1
=g g o ”BQ
1—a/nm s/p,+a/nm 1 ql pi—1
“g ||¢ Q “g 1 w; ”nm/a,Q
1 1—
= e 18l e 11 i
where we have used the fact that ||g; ammy o = ||g1\|1 /MM Then

. N m o/ (mm)
@ T Thsirwils.0 < Thaitle ™ [TLAIE™ < ygco! ““”’"’(l—lllf I ) ’

i=1 i=1 i=1 i=1
and inequality (2.3) follows by taking supremum over the cubes Q in R". O
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Proof of Theorem 2.8. We use the same notation as in the proof of Lemma 2.1. Thus, it is enough to prove that
m
IMe fwlliaoew < CT T fillpis
i=1

and then replace f; by fiw;.
From the hypotheses on the weights and raising the quantity in (2.9) to the power 1 — «/(nm) we obtain that

1 s mo g Ly 1/s,
sup[ — [ u — | w, " <00
Qp<|Q|Q/> E(IQIQ/ ' )

or, equivalently

1 1/s m 1 Gi(1—s) 1/s}
— — X ! . 43
Sgp(uu/”) E(w/wl ) - @3

Q Q
By inequality (2.5) and from (4.3) and the weighted weak boundedness result for M proved in [21] we obtain that

m o/nm
. ,- .
IMa fullasow) < c(]"[ ||fi||g,~) Mgl
i=1

m o/nm m 1—a/nm
< c(]‘[ ||f,-||§:1) (1'[ lgi ||Ls,.(wq,-)>
i=1 i=1 :
m a/nm ;o 1—a/nm
=c<]‘[||fi||£:i) (]‘[nfinﬁ:i/sf)
i=1

i=1
m
=C[Tufillp, (4.4)
i=1
where we have used the fact that p;ar/(nm) + (pi/si)(1 — «/(nm)) = 1. Thus the proof is done. O

Proof of Theorem 2.10. Let v =[]i’; w;. As in the proof above, it is enough to show that

m
IMa fwvllg < CT Tl fillp:-
i=1
but this inequality can be obtained in a similar way to that in (4.4) by replacing ||[Mg]|rs.~w) by [|Mg]lrswe) and then using
the weighted strong boundedness result proved in [21]. O

Proof of Theorem 2.15. We first consider the dyadic version /\/lg’B of M p defined by
m
M= sup [Q*"]]Ifills.q-
QeD: xeQ i=1
where D denotes the set of dyadic cubes in R". Let a be a constant satisfying a > 2™ and for each k let
2 ={xeR" Mg’B(f)(x) > a"}.

It is easy to see that an analogue of the Calderén-Zygmund decomposition in Orlicz spaces holds for ./\/lg'B and, therefore
there is a family of maximal nonoverlapping dyadic cubes {Q; x} such that £, ={J i Qjk and

m
k k
d* < 1Qul*" [Tl fill.qp; <2"d".
i=1

Moreover, each 2,41 C £, and the sets Ey j = Qg j\(Qk,j N £2k41) are disjoint and satisfy
|Qk,jl < BlEk,jl (4.5)

for some B > 1. Then, by the generalized Holder’s inequality and condition (2.16) we obtain
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/ ME p(HIvT=3" / M p (v
Rn

K 2\

<dl Za"q V9 (2)
k

<a®) " dI(Qyj)

k,j

m q
<C Z(mk,n“/" [Tus ||B,QM> v9(Qx.j)

k,j i=1

qd/ m
CZ<|QkJ|“/”1"[||f,wz||c, ij> (]‘[||w;1||1,,_Qk,j)v‘J<Qk,j>

i=1 i=1

q
< CZ(H ”fl’wl'”Ci,Qk‘j> |Qk,j|q/p.
i=1

k. j
Now, from the fact that p < g and using (4.5), the multilinear Holder’s inequality and the hypotheses on C; we obtain that

. 1/q m p 1/p
</Mg,3(f)q Vq) <C<Z<n||fiwillci,cz,w-> |QI<,j|>
J <\ -

k,j \i=1
m p 1/p
c(Z(]‘[uf,-wl-nc,-,Qk,j) |Ek,j|)
k,j \i=1

1/pi
CH(Z ||f1W1||cl Quj |Ek J|>

i=1

1/p;
gCH(/MQ(f,-wi)p')
i=1 " gn

m

<[ ufiwillge:.
i=1
To prove the nondyadic case we use Lemma 3.2. Thus, from (3.3) it follows that
[ Mes (v, <supfro MG goT(FHv],. (4.6)

If the weights (v, w) satisfy condition (2.16), then the weights (7;(v), T;w) satisfy the same condition with constant
independent of t. Then, applying the dyadic case, we obtain

[(z-co MG 5 0 ) (Frv]y = | (ME 5 0 ) (Hraev],

\Cl_[”ftfiTtWi”p;

i=1

m
< Tufiwillp,.

i=1
with C independent of t. Then, from (4.6) we obtain that

[ Mas(Fyv], C]_[nf,wnp, O

Proof of Corollary 2.18. We begin by proving the case o = 0. If wP € Ap then we have that w‘g'(l p) l_p" S Amp§

(see [21]). Then, for each i =1, ..., m there exist s; > 1 such that wi satlsﬁes a reverse Holder inequality with exponent s;.
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Let A;(t) = 5P and Cj(t) = (t(1 + log™ ))®iPD’. Then we have that A, (£)C;,
wh e Aj we obtain

<|Q|/<ﬁ )p)l/pﬁerlHA,.,Q < (é—lﬂﬁw,)p)wﬁ(é!Wi_s,.p;>1/<sfp;>

(i) T )

1

(t) =B, (t) and C; € Bp,. Thus, since

i,k

S \

<C.

Then by Theorem 2.15 applied to the case @« =0 and p =q we obtain that

Mgk(b(]'[w,-)

i=1

m

<[] Wfiwils,-
p i=1

The other implication is a consequence of the inequality M(?) < MBk(f) and the boundedness results proved in [21]
for the multilinear maximal operator M. .
Now we prove the case « > 0. Let us first suppose that w? € Az. It is enough to show that the following inequality

HMQ,B,foV)(]_[wf)
i=1

holds for every f: (f1, ooy fm)-
In order to prove (4.7) we use inequality (2.7). Let v (t) = t(1 + log™ t)knm/(m—a) Then, from the case o = 0 we obtain

L

m

<[ Tufils, (47)
q i=1

L

that
HMa,B,XfT«v)(ﬁW,-) <C M¢k(g) (HW ) (1—[ ”fl”pr )
i=1 La . 3
S OIM gy <g><ﬂwq“> ) (anlan,)
s/q
SOM g 1y ms 1 <g><ﬂwq/s> ) (]_[Illele, )

s/q
(1"[ ||f,||Lp, )
i=1 Ls

C(l_[||giw?/5|ii?) (1"[ Vil )
i=1

_ap;
where in the last inequality we have used the fact that wi e As. We observe now that ||g; wq/sl|iélq Il fi ||p’/qI = ||fi||:n m
and inequality (4.7) follows immediately. .
The other implication is a consequence of the inequality /\/la(f) M g(f) and the boundedness result proved
in [22]. O

_ P q/s
=C MB[%]H (g)<1_[ Wi )

Proof of Theorem 2.20. Let 2; = {x ¢ R™: Mo,f‘(x) > A™}. By homogeneity we may assume that A = 1. Let K be a compact
set contained in £2;. Since K is a compact set and using Vitali’s covering lemma we obtain a finite family of disjoint cubes
{Q;} for which

WL |
1< |Qj|“/“1'[?/|fi|, (4.8)
i=1| ]|Q

and K C U;3Q;. Notice that, by Holder's inequality we have that TQ H, 1(W|(Q>)1/m Then by (4.8) and Hoélder’s in-
equality at discrete level we obtain that
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5 U6 _)’“
30, |V

(2
C(Zn (e [ ) o (e A7)
(=1

u(K)" < C

J

3 a/(nm) 1/m 1/m\ ™
<o SB[ w) () )
i= 1 |3Q1
3Q; Qj
1/m\ ™
(ZH(/|fl|Ma/mW) )
Jjoi=1
<c1‘[/|ff|Ma/mwi,
i=1

and the proof concludes. O

Proof of Theorem 2.23. Let p > 1 to be chosen later. Thus, since LP-*° and LP"1 are associate spaces, we have that

- 1 N
”I(Xf”Ll/;rl;To)(u) = || (Zolf)]/(pm) HLPv(’O(u) = /(Z f)l/(pm)gu

||g||L,, w)

By Theorem 2.25 we obtain that
@iy meus [t prommen = [ o from SED_
R R? Rn

M (1og 1ys (1),
Mg 1ys (1) (ogl)

for § > 0.
By applying Holder’s inequality in Lorentz spaces we obtain that
M(gu)

(T )P gu < || (Mo /P T
[ “ |Me lis M (og1ys (1)

M s (U '
(M 10g )5 (W) LP'~1(ML(10gL)5(H))

Now we proceed as in the linear case (see [7]) by taking p =1+ § — 2€ with 0 < 2€ < § which allows us to obtain that

’ M(gu)

_ < Clglppa
M (tog 1y» (W) h L

LP"1(M(log L) (1))

and taking supremum over ||g||qu1(u) <1. O

Proof of Lemma 2.24. From inequality (3.5) with g replaced by v and the RHo, condition on v we obtain that

1 u 1
/Iaﬂx)u(x)v(x)dx CZ|Q,<,|“/"( fuv) H( /ﬁ) |Ex.j|
[Qk,jl i |3Q1<A,j|3Q
k. j

R k.j Qk. j
LIV
CZ|Q1<]|a/“/ (H(— / f,-))supv
% i \I3 Qk,jlmm Q. j
CZ'Q’”'W"(m] |/”)<ﬁ<|3Q] i/ fi)>v(Qk’j)'
J N T g

Since v € Aw, and by the properties of the sets Ej ; we obtain that

2 1 - 1
/Iaf(x)u<x>v<x>dx<CZ|3Qk]|°‘/ (|Q |/u><n(m f ﬁ))v(Ek.j)

Rn ks J Qk,] = 3 Qk.j
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<cy / Ma FOMu(x) v(x) dx
k,j Erj

< C/Ma]f(x)Mu(x)v(x)dx. O
Rn

Proof of Theorem 2.25. We proceed as in the linear case (see [7]). We use the duality for LP spaces for p < 1:if f >0

p,:l}:/fu‘1

for some u > 0 such that |ju~! llpr =1, with p’ = p%] < 0. This follows from the following reverse Holder’s inequality, which
is a consequence of the Holder’s inequality,

Ifllp=inf{ fu~": [Ju"

/ fe = Iflplgly. (4.9)

We choose a nonnegative function g such that ||g—! ||Lpr(Mu) =1, and such that

-, - Mu
IMaFliran = [ MaF 2.
Let § > 0. By Lebesgue differentiation theorem we get
Mu
Ms(g)’

where M;s(g) = M(g®)!/%. Then applying Lemmas 2.24 and 3.6 to the weight Ms(g)~! and the reverse Holder’s inequal-
ity (4.9), we obtain that

1M F llee >fMoJ‘

1M fllemuy > / To f > 1 Za fllran | Ms (@) | 1o -

v

M;s(g)

and everything is reduced to proving
[Ms (@)~ ”Lp’(u) > g7 HLP’(Mu) =1

Now, the proof follows as in the linear case (see [7]). Since p’ < 0, this is equivalent to prove that
/ Ms(2) ™" (0u(x) dx < C / g P () Mu(x) dx.
Rl’l

By choosing § such that 0 <6 < %, we have that —p’/8 > 1 and the above inequality follows from the classical weighted

Fefferman-Stein norm inequality (see [11]). O

Proof of Theorem 2.26. Let s be a positive number. We split Z, as follows

|Zo,f(x)| < / [T, [ fiyd] dy + / [Ti%, 1fityd)] dy
- (i Ix = yihmn=e . iy lx = yihm=e
i—1 1X—Yil<s i=1 IX—Yil=2$
=11+ 1.

Let us first estimate I. Thus, if Qj is a cube centered at x with side length 2¥s, k € N U {0}, we obtain

0 m
i—1 | fi(yi)l -
I] =Z rln_[lil fl -VImn_a dy
k=0 Q_imq Ix—yiD
2K s< YLy Ix—yil<2s
o0 _l m
gCZ (2—ksymn—a / <l_[|fl(YI)|> dy
k=0 Y keyil<2ks VT
<C _ - T7 (v | dy:
Z<2—ks>—“1_!|<2k|/’f’(y')‘ v
Qk

k=0
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o0

1 (27k5)a7€ = 1 ; . .
S CZ (2-ks)—a (2—kgyx—e l_[ @ /|fl(.3/l)| dyi
Qk

k=0 i=1

< Cs Mg f(X).

Now, we proceed to estimate 5. Let P be the cube centered at x with side length 2¥s. Then we obtain

1222 T[Tz, il dy

Qo 1x — yiymn—e

k=0
2ks <> [x—yi|<2kHs

oo

1 u _
<CZW / (l_[‘fl(yl)’)dy

k=0 S xeyil<aets
1 51
SC) o 1]l75— / filyp|dyi
§ (2ks)=e L 3 [Prs] fivoldy;
- - Pri1
o0 koyot+e M
1 2k 1
<Cy I1 / | fiy)| dyi
key— koya+
iy @) @ks)rte ] |Pk+l|Pk+1

1 -
< CS—GMa+ef(X)-
Collecting both estimates we obtain

To f (%) < C(s*Ma—e F) + 5™ Mare f0),

for any s > 0. Then, to complete the proof, we just have to minimize the expression above in the variable s. O

5. Banach function spaces

We introduce now some basic facts about the theory of Banach function spaces. For more information about these spaces
we refer the reader to [1].

Let X be a Banach function space over R" with respect to the Lebesgue measure. X has an associate Banach function
space X’ for which the generalized Holder inequality,

/|f(X)g(X)|dX< IFllxlglx.
RH

holds. Examples of Banach functions spaces are given by the Lebesgue LP spaces, Lorentz spaces and Orlicz spaces. The
Orlicz spaces are one of the most relevant Banach function spaces, and a brief description was given in Section 1.
Given any measurable function f € X and a cube Q C R", we define the X average of f over Q to be

Ifllx.o = |8i0)(Fx) |

where 8, f (x) = f(ax) for a > 0 and xa denotes the characteristic function of the set A. In particular, when X =1L", r > 1,
we have that

1 . 1/r
1flx = (@Qf|f(y>|) ,

and if X = LB, the Orlicz space associated to a Young function B, then

I fllx.o =11flB.q-

For a given Banach function space X, we associate the following maximal operator defined for each locally integrable
function f by

Mx f(x)=sup|flx.q-
Q>x

If Yq,..., Yy are Banach function spaces, the multilinear version of the maximal function above is given by

m
My fx) =sup[]Ifillyi.q-
an._1
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Let 1 < p1,...,pm < oo and suppose that My, :LPi — LPi. From the fact that /\/l;(j‘(x) < TI; My, fi(x) and applying
Holder’s inequality we obtain that
My LPY(R") x -+ x LP"(R") — LP(R").

We define now the multilinear maximal operator associate to certain function ¢ that generalizes the multilinear frac-
tional maximal operator M,. We shall assume that the function ¢: (0, c0) — (0, c0) is essentially nondecreasing, that is,

there exists a positive constant p such that, if t <s then ¢(t) < pp(s). We shall also suppose that lim;_, @ = 0. The
linear case of the operator below was study in [27].

Definition 5.1. Let ]‘: (f1, ..., fm). The multilinear maximal operator M, associated to the function ¢ is defined by
MeFeo =l [Trg; /f,

When m =1 we simply write M, = M.
The following result is a generalized version of Theorem 2.15 when B(t) =t. The case m =1 was proved in [27].

Theorem 5.2. et I/ m<p<q<oo,1<pj<ooi=1,....,m 1/p= Z',“:l 1/pi. Let ¢ be a function as in Definition 5.1. Let Y;,
i=1,...,m, be m Banach function spaces such that My : LPi — LPi_ Suppose that v, w1, ..., wy, are weights such that, for some
positive constant C and for every cube Q

1/q m

el W('é'/vQ) 117" ly.o < (53)

Then

m
1My follg < CTT I fiwillp, (5.4)
i=1
holds for every f € LPY(wP") x --. x LPm(whm).
When ¢(t) =t%/" and Y; = La, i=1,...,m, are the Orlicz spaces associated to the Young functions A;, then we obtain
Theorem 2.15 for the case B(t) =t.
The proof of Theorem 5.2 follows similar arguments to those in the proof of Theorem 2.15. The main tools used are

an analogue of the Calder6n-Zygmund decomposition for M% adapted to the essentially nondecreasing function ¢, the
generalized Holder’s inequality and the boundedness of My in the right places.

Corollary 5.5. et 1/m<p <oo,1<pj<oo,i=1,...,m,1/p= 2?;1 1/pi. Let ¢ be a function as in Definition 5.1. Then

(i) There exists a positive constant C such that, for every f = (f1,..., fm), and every positive functions u;

. m PP m 1/pi
(/wa(yﬂ’(]'[ui(y)”m) dy) <c]‘[(/\fi(y)|""M¢p<u,-)) :
Rn i=1 i=1 Rn

(ii) If si > pj — 1, there exists a positive constant C such that, for every f =(f1,..., fm), and every positive functions u;
1/p m 1/pi
- dy i dy
Mo f ()P . ) <C ( f | :
( f oSO T My iy oy w0y 11 SCZiwey
Rn =1 "gn

The proof of (i) follows by applying Theorem 5.2 to the weights v = ]_[}"=1 ul.l/pi, wi = Myp (up)/Pi and Y; = P 1<
I < oQ.

To prove (i) we apply Theorem 52 to the weights v = [T{L; Myps; (ui)(y)"/ P10, w; = u7 /P and v; = LRI, 1 =
(pi — Ds;.
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