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The fourth-rank hypermagnetizability tensor of the benzene molecule has been evaluated at the
coupled Hartree–Fock level of accuracy within the conventional common-origin approach, adopting
gaugeless basis sets of increasing size and flexibility. The degree of convergence of theoretical
tensor components has been estimated allowing for two different coordinate systems. It is shown
that a strong magnetic field perpendicular to the plane of the molecule causes a distortion of the
electron charge density, which tends to concentrate in the region of the C–C bonds. This charge
contraction has a dynamical origin, and can be interpreted as a feedback effect in terms of the
classical Lorentz force acting on the electron current density. ©2005 American Institute of Physics.
fDOI: 10.1063/1.1850099g

I. INTRODUCTION

The phenomenology of a molecule in a strong, spatially
uniform, time-independent magnetic field should be charac-
terized by very interesting features, e.g., shifts of the reso-
nance frequencies in nuclear magnetic resonance spectra.1–3

Effects depending on the square of the flux densityB of the
applied field should be observable for the nuclear spin-spin
coupling constants,4 and for the molecular magnetizabilities,5

which, for a diamagnetic molecule, are given by6–8

xabsBd = xab + 1
2XabgdBgBd + ¯ . s1d

The fourth-rank hypermagnetizability tensorXabgd describes
the nonlinear response of the electron cloud to fourth order
in B. It is obtained as the fourth derivative of the molecular
energyWa of a system in thea electronic reference state, in
the limit of vanishingly small magnetic field,

Xabgd = − U ]4Wa

]Ba ] Bb ] Bg ] Bd
U

B→0
. s2d

Numerical estimates have been reported for contributions to
nuclear magnetic shielding of closed-shell atoms, depending
on even powers of an intense external magnetic field.9 The-
oretical predictions for the fourth-rank hypermagnetizabili-
ties of small molecules became recently available.10

An intense magnetic field also causes a deformation of
the electronic structure of atoms and molecules. A contrac-
tion of the electronic charge, which distorts to an elongated
shape resembling a prolate ellipsoid with the longer axis par-
allel to B, has been demonstrated for the rare gases He, Ne,
Ar, and Kr.11 In general, a dynamical compression of the
electron cloud can be predicted by simple arguments, dis-
cussed in the following for a planar ring of six hydrogen
atoms, i.e., the aromatic H6 “molecule” examined by London
in his seminal paper12 on the ring-current modelsRCMd, and

benzene, i.e., simple diamagnetic systems with a closed-shell
electronic structure, symmetrical under time reversal.

An analogous contraction of thep-electron distribution,
sustaining ring currents, is expected for any diatropic planar
conjugated molecule in a magnetic field at right angles to the
molecular plane. On the other hand, expansion of thep
cloud should occur in paratropic molecules, e.g., planar cy-
clooctatetraene. A general discussion is presented in Sec. II.
The present paper is also aimed at estimating the fourth-rank
hypermagnetizability of H6 and C6H6, reported in Sec. III,
which gives all data necessary to reproduce our calculations.

II. DYNAMICAL DISTORTION OF ELECTRON DENSITY
IN A STRONG MAGNETIC FIELD

The electron density of molecules symmetrical under
time reversal is described by a Taylor series in the even
powers ofBa,

r = rs0d + 1
2rBaBbBaBb + ¯ . s3d

Terms of odd order inBa vanish identically for diamagnetic
systems, since the first-order Hamiltonian contains the pure
imaginary magnetic dipole operator. The quantities needed to
rationalize the nonlinear response to a magnetic field are in-
stead the odd-order quantum mechanical electron current
densitiesJa

B ,Ja
BBB, etc.

The second-rank tensorrBaBb, with physical dimensions
Cm−3 T−2 in the SI system of units, describes the dynamical
distortion of the electronic distribution caused by the exter-
nal magnetic field. Since the total electron charge is con-
served in the presence of the applied field, the integral of the
rBaBbsr d density over the three-dimensional space vanishes.

In the absence of perturbation, thers0d density has a
shape with the symmetry elements of the point group of the
molecule. The overall qualitative features of the charge dis-
placement caused by an intense static homogeneous mag-
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netic field can be predicted by considering the Lorentz mag-
netic force which acts upon the electron cloud. The total
average force on the electrons is given by the relationship of
classical electrodynamics,

F =E Jsr d 3 B d3r . s4d

Owing to the the force theorem, that is the hypervirial theo-
rem for the mechanical momentum in the presence of mag-
netic field,13,14 this force is fully transmitted to the nuclei, so
that the average force on the electrons vanishes. In other
words, the charge distribution undergoes a distortion, reach-
ing a new equilibrium condition to compensate the nonlinear
perturbation introduced by the strong applied field.

Relationships4d suggests a feed-back effect ofB on the
first-order electron current densityJ;JB. A centripetal
force, which induces charge compression via a “spindle ef-
fect,” is predicted for any diatropic system sustaining a Lar-
mor current about the external magnetic field. Just the oppo-
site phenomenology would characterize paratropic
molecules, causing charge expansion at right angles toB.

The benzene molecule constitutes an ideal system for a
computer experiment testing these simple qualitative hypoth-
eses, since quite accurate descriptions of the first-order cur-
rent density fieldJB are available for C6H6. The ab initio
representation shows that, in the presence of a magnetic field
perpendicular to the skeletal plane of carbon atoms, diamag-
netic flow takes place in thep-electron cloud of benzene,
according to the RCM.15–18 Diamagnetic vortices are ob-
served over the C–C bonds, and a paramagnetic circulation
about the sixfold symmetry axis is found in the vicinity of
the molecular plane.15,19,20Compact information on the topo-
logical structure of theJB vector field is obtained from the
Gomes stagnation graph21,22 recently reported for benzene.23

III. RESULTS AND DISCUSSION

London himself claims that the six hydrogen atoms
placed at the vertices of a regular hexagon in the H6 model
system would in fact form three H2 molecules.12 More re-
cently, H6 has been referred to as the transition state for the
degenerate exchange of three hydrogen molecules.24 The six-
membered hydrogen ring is commonly regarded as
aromatic,25 and a plot of the current density field shows the
ring currents typical of a diatropic system, see Fig. 9a of Ref.
15.

The molecular geometry of H6 has been optimized using
density functional theory with the Becke–Lee–Yang–Parr
sBLYPd exchange correlation functional and the D95** basis
set level of accuracy by theGAUSSIAN 98 code,26 with rH–H

=1.8865 bohr. Theoretical hypermagnetizabilities estimated
via the augmented correlation-consistent polarized core-
valence quintuple Zsaug-cc-pCV5Zd basis set27–29 are re-
ported in Table I. The origin of the coordinate system was
taken in the center of mass.

Different columns, from left to right, display values from
basis sets generated by systematically addingp,d, and f sets
of polarization functions. It can be observed that the “s”
basis set, deprived of all polarization functions, givesXxxxx

andXxxyy with the wrong sign. The values in the last column
from the complete aug-cc-pCV5Z basis set, includingf func-
tions, appear to have converged to the Hartree–Fock limit.
However,p functions are already sufficient for quite accurate
results.

For benzene, the experimental geometry quoted in Ref.
30 has been used. Three basis sets of increasing quality were
employed in the calculation ofXabgd for C6H6, namely, aug-
cc-pCVDZ, aug-cc-pCVTZ, and aug-cc-pCVQZ.27–29 Polar-
ization functions higher than 4f on C and 3d on H were
dropped. The number of primitive and contracted basis func-
tions, and the corresponding self-consistent field energies are
reported in Table II.

A good degree of convergence seems to have been ob-
tained for calculatedXxxxx, Xxxyy, andXxxzzcomponents, since
the results from basis set II and III are very close to one
another,<2%. ForXzzzzthe predictions from these basis sets
differ by <5%. If the origin of the coordinate system
adopted in the calculation is shifted from the center of mass
to a carbon atom, calculated hypermagnetizability compo-
nents vary. For the largest basis set III, assuming a shift
along thex direction,Xxxxx andXxxzzare virtually unaffected,
Xzzzz increases in absolute value, by<1.5%, Xxxyy also in-
creases in absolute value by<3%. The largest change was
observed forXyyyy, passing from −335.43 to −358.07 a.u.
These results indicate that the degree of convergence to the
Hartree–Fock accuracy of theoreticalXabgd of benzene is
satisfactory.

The hypermagnetizability of benzene is only one order
of magnitude bigger than that estimated for some small
molecules.10 It is possibly too small to be observed by ex-
perimental setups presently available. However, there are a
couple of features to observe. First, the out-of-plane compo-
nent Xzzzz is positive for H6 and negative for C6H6. There-
fore, nonlinear response to a strong magnetic field at right
angles to the molecular plane diminishessenhancesd the dia-
magnetism of the formersthe latterd. Moreover,Xzzzzin ben-

TABLE I. HypermagnetizabilityXabgd of the H6 molecule. Nonvanishing
components, in SI a.u.;Xyyyy=Xxxxx, Xyyzz=Xxxzzby symmetry.

Component/functionsa s s+p s+p+d s+p+d+ f

Xxxxx 34.21 −57.15 −58.78 −57.58
Xxxyy 11.40 −19.05 −19.59 −19.19
Xxxzz 10.20 33.67 34.76 34.86
Xzzzz 40.21 57.96 58.48 58.51

aPrimitive Gaussians from the aug-cc-pCV5Z basis set, see text.

TABLE II. HypermagnetizabilityXabgd of the benzene molecule in SI a.u.
Nonvanishing components,Xyyyy=Xxxxx, Xyyzz=Xxxzzby symmetry.I: aug-cc-
pCVDZ; s396 GTOd→ s228 CGTOd; Escf=−230.731 85 hartree.II : aug-cc-
pCVTZ; s768 GTOd→ s564 CGTOd; Escf=−230.782 81 hartree.III : aug-cc-
pCVQZ; s1116 GTOd→ s864 CGTOd; Escf=−230.794 33 hartree.

Component/basis set I II III

xxxx −480.73 −341.85 −335.43
xxyy −160.24 −113.88 −111.81
xxzz 99.20 163.29 166.11
zzzz −200.33 −102.86 −97.95

074318-2 Pagola et al. J. Chem. Phys. 122, 074318 ~2005!

Downloaded 03 May 2006 to 157.92.4.2. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



zene is much smaller, in absolute value, than the in-plane
componentXxxxx. This result is quite interesting, as it could
depend on the high mobility of the delocalizedp electron
distribution, which, according to the discussion in Sec. II,
should be pushed towards the center of the molecule by a
perpendicular magnetic field.

An explanation of the different signs predicted for the
out-of-plane hypermagnetizabilityXzzzzin H6 and C6H6 rings
may be attempted in terms of the classical Ampère theorem,
according to which the magnetic moment generated by a
current flowing in a loop is proportional to the area of the
loop itself. In H6, the first-order current density induced by
an external magnetic fieldBz perpendicular to the molecular
plane is diamagnetic all over the molecular domain,15 and
generates a magnetic dipolexzzBz opposite to the field. Qua-

dratic response causes the spindle effect observed in Fig. 1. It
reduces the loop area and diminishes the total induced dia-
magnetic dipole by a terms1/6dXzzzzBz

3, sinceXzzzz is posi-
tive. In C6H6, the same behavior is expected for the diamag-
netic current density flowing over the carbon ring and in the
tail regions. On the other hand, the Lorentz force determines
an expansion of the paramagnetic circulation inside the
ring,15 displacing charge toward the diatropic region. The net
result would be that of slightly increasing diamagnetism, as
Xzzzzis negative in benzene.

However, further studies are needed to understand this
point.

Plots of the second-rank density introduced in relation-
ship s3d have been obtained by different basis sets to check
convergence. Those from the aug-cc-pCVQZ and the aug-cc-

FIG. 1. From top to bottom, the second-rank
1/2rBxBx,1 /2rBzBz, and the unperturbedrs0d electron
densities, in a.u., from the aug-cc-pCV5Z basis set for
the H6 molecule, in a square region with side 6 bohrs on
thexy molecular plane. In the contour maps on the left,
solid sdashedd lines mean positivesnegatived values.
The values of the dashedssolidd lines forrBxBx increase
sdecreased in steps of 7310−2 a.u. from the innermost
contour for the minimum value at<−0.31 a.u.smaxi-
mum value at<0.75 a.u.. The values of the dashed
ssolidd lines for rBzBz increasesdecreased in steps of 3
310−2 a.u. from the innermost contour for the mini-
mum value at<−9310−2 a.u. smaximum value at
<0.94 a.u.d. The values of the unperturbed density in-
crease in steps of 1310−2 from the outermost contour
at 2310−3 a.u. to the maximum value<0.37 a.u.
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pCV5Z basis sets for H6 are identical. They actually show
that the external fieldB causes a spindle effect. In the H6

model system, linear response tos0,0,Bzd induces a diamag-
netic Larmor regime. The streamlines are represented by a
series of circumferences about the sixfold axis, see Fig. 9a of
Ref. 15. Feedback causes a contraction of the electron flow,
as shown in Fig. 1.

In benzene, the situation is more complicated, since, as

evidenced byab initio RCM, a paramagnetic vortex about
the sixfold axis is found on both sides of the molecular
plane.15,19,20,23Therefore, contractionsexpansiond of diatro-
pic sparatropicd flow determines a concentration of electronic
charge along the carbon skeleton. This phenomenon is
clearly observed in Figs. 2–4, corresponding to parallel
planes at different distances from that of the molecule. It can
be noticed in the figures that charge contraction occurs also
for B parallel to the molecular plane of H6 and C6H6. For the
series of plot planes examined in the present study, the larg-
est effects onrBxBx were found for that lying 0.5 bohr above
that of the molecule.

Eventually, it is worth noticing that the order of magni-
tude of the polarization density induced by the magnetic field

FIG. 2. From top to bottom, the second-rank 1/2rBxBx,1 /2rBzBz, and the
unperturbedrs0d electron densities, in a.u., from the aug-cc-pCVQZ basis set
for the C6H6 molecule, in a square region with side 12 bohrs on thexy
molecular plane. In the contour maps on the left, solidsdashedd lines mean
positive snegatived values. The values of the dashedssolidd lines for rBxBx

increasesdecreased in steps of 0.5 a.u. from the innermost contour for the
minimum value at<−2.53 a.u.smaximum value at<1.87 a.u.d. The val-
ues of the dashedssolidd lines for rBzBz increasesdecreased in steps of 0.1
a.u. from the innermost contour for the minimum value at<−1.1 a.u.strun-
cated maximum value at 2 a.u. in the three-dimensional perspective viewd.
Maximum at<14.1 a.u. The values of the unperturbed density increase in
steps of 0.5 from the outermost contour at<0.0 a.u. to the truncated maxi-
mum 20.0 a.u. Maximum calculated value at<99.0 a.u.

FIG. 3. From top to bottom, the second-rank 1/2rBxBx,1 /2rBzBz, and the
unperturbedrs0d electron densities, in a.u., from the aug-cc-pCVQZ basis set
for the C6H6 molecule, in a square region with side 12 bohrs on thexy plane
at 0.5 bohrs from that of the molecule. In the contour maps on the left, solid
sdashedd lines mean positivesnegatived values. The values of the dashed
ssolidd lines forrBxBx increasesdecreased in steps of 0.5 a.u. from the inner-
most contour for the minimum value at<−1.0 a.u.smaximum value at
<4.18 a.u.d. The values of the dashedssolidd lines for rBzBz increasesde-
creased in steps of 0.075 a.u. from the innermost contour for the minimum
value at<−0.38 a.u.smaximum value at<1.1 a.u.d. The values of the
unperturbed density increase in steps of 0.05 from the outermost contour at
<0.0 a.u. to the maximum value<0.57 a.u.
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is very small. Using the conversion factors reported hereaf-
ter, in a field of 10 T, supposing thatrBaBbsr 0d<1 a.u. for a
certain pointr 0, the local change of electron density due to
the external perturbation is<1310−9 Cm−3. It remains to be
seen if such change is experimentally detectable.

IV. CONCLUDING REMARKS

The fourth-rank hypermagnetizabilities of H6 and C6H6

molecules have been estimated at the Hartree–Fock level of
accuracy. Calculated values are quite small, and their experi-
mental determination would seem quite difficult. The out-of-
plane component of the fourth-rank tensor in benzene is
much smaller, in absolute value, than the in-plane compo-
nent. This may be related to the high mobility of the delo-
calizedp-electron cloud, which, according to a simple model
based on the classical relationship for the magnetic Lorentz
force, should concentrate in the region of the carbon ring due
to nonlinear response to intense magnetic fields. Plots of the
second-rank electron charge density show that a “spindle ef-
fect” takes place in diatropic regions of the molecular do-
main, causing charge compression. The inverted feature is
expected for paratropic flow, which determines a dynamic
expansion of the electron density. Compression is demon-
strated for the diamagnetic H6 model system in the presence
of a magnetic field at right angles to the plane of hydrogen
atoms. On the other hand, the presence of a paramagnetic
vortex about the sixfold axis of benzene, and of diamagnetic
flow in the tail regions of the molecule, explain charge con-
centration along the carbon skeleton in this molecule.

Conversion factors from „SI… atomic units
to SI units

Using the CODATA values from Ref. 31, we get the
following.

• For the second-rank magnetizabilityxab, e2a0
2me

−1

=7.891 036 417310−29 JT−2 per molecule.

• For the fourth-rank hypermagnetizabilityXabgd,
se2a0

2me
−1d2Eh

−1=1.428 259 51310−39 JT−4 per molecule.

• For the unperturbed electron densityrs0d, ea0
−3

=1.081 202 28531012 Cm−3.

• For the second-rank electron densityrBaBb, e3a0"−2

=19.569 513 65 Cm−3 T−2.
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