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Abstract
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0. Introduction

The families of superconformal algebras described in the work of A. Schwimmer and
N. Seiberg [17] bear a striking resemblance to the loop realization of the affine Kac—Moody
algebras [8]. All of these algebras belong to a more general class known as I"-twisted formal
distribution superalgebras, where I is a subgroup of C containing Z [10,11].

In a little more detail, a superconformal algebra® (or more generally, any twisted formal dis-
tribution algebra), is encoded by a conformal superalgebra A and an automorphism o : A — A.
Recall that A has a C[d]-module structure and n-products a,)b, satisfying certain axioms [9].
Let o be a diagonalizable automorphism of .4 with eigenspace decomposition

A= @ A,

mel' |7

where Ay = {a € A| o(a) = e*™a}, I is an additive subgroup of C containing Z, and i €
C/Z is the coset m + Z C C.3 Then the associated I'-twisted formal distribution superalgebra
Alg(A, o) is constructed as follows.

Let L(A,0) =6D,,c; (Am ®ct™), and let

Alg(A,0)=L(A,0)/(0+8)L(A, 0),

where 0 denotes themap d ® 1 and §; is 1 ® %. Foreacha € Az and m € I', let a,, be the image
of the element a ® t™ € L(A, o) in Alg(A, o). These elements span Alg(A, o), and there is a

2 E.g., the Virasoro algebra or its superanalogues.

3 If oM = 1, then this construction can be performed over an arbitrary algebraically closed field k of characteristic
zero in the obvious way, by letting I" be the group ﬁZ and replacing e2TI/M with a primitive Mth root of 1 in k. This
is the situation that will be considered in the present work.
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well-defined product on this space, given by

amby = Z (?)(a(j)b)m—ﬁ—n—ja 0.1)

JELy

foralla € Ay and b € A;.

The name twisted formal distribution algebra comes from the fact that the superalgebra
Alg(A, o) is spanned by the coefficients of the family of twisted pairwise local formal distri-
butions

F= U {a(z)=2akz_k_l‘a€w4ﬁ}.

mel/Z keim

For 0 =1 and I' = 7Z, we recover the maximal non-twisted formal distribution superalgebra
associated with the conformal superalgebra A. See [9,10] for details.

For example, let A be an ordinary superalgebra over C. The current conformal superalgebra
A = C[0] ®c A is defined by letting a(,)b = 6, 0ab for a, b € A and extending these n-products
to A using the conformal superalgebra axioms. The associated loop algebra A ®c C[t,t™'] is
then encoded by the current superconformal algebra A. Taking o to be an automorphism of A
extended from a finite order (or, more generally, semisimple) automorphism of A, we recover the
construction of a o-twisted loop algebra associated to the pair (A, o). When A is a Lie algebra,
this is precisely the construction of o-twisted loop algebras described in [8].

Under the correspondence described above, the superconformal algebras on Schwimmer and
Seiberg’s lists are the I'-twisted formal distribution algebras associated with the N =2 and
N =4 Lie conformal superalgebras [9,11]. Prior to Schwimmer and Seiberg’s work, it was gen-
erally assumed that the N = 2 family of superconformal algebras consisted of infinitely many
distinct isomorphism classes. However, it was later recognized that this family contains (at most)
two distinct isomorphism classes. A similar construction with N = 4 superconformal algebras
was believed to yield an infinite family of distinct isomorphism classes [17].

The connection of the construction of the superalgebra Alg(A, o) to the theory of differen-
tial conformal superalgebras is as follows. The C[d]-module L(A, o) carries the structure of a
differential conformal superalgebra with derivation 6 = §; and n-products given by

k .
(a®i"),,(bet)=>" (,)(a(n+ Hb) @ kT 0.2)

JELy

Then (3 4+ §)L(A, o) is an ideal of L£(A, o) with respect to the 0-product, which induces the
product given by (0.1) on Alg(A, o). Moreover, the differential conformal superalgebra £(A, o)
is a twisted form of the affinization L(A) = L(A, id) of A.

Thus, there are two steps to the classification of twisted superconformal algebras Alg(.A, o) up
to isomorphism. First, we classify the twisted forms of the differential conformal superalgebra
L(A). In light of the above discussion, this gives a complete (but possibly redundant) list of
superconformal algebras, obtained by factoring by the image of d 4+ & and retaining only the
0-product. Second, we should figure out which of these resulting superconformal algebras are
non-isomorphic.
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The second step of the classification is rather straightforward. For example, the twisted N =4
superconformal algebras are distinguished by the eigenvalues of the Virasoro operator L on the
odd part. The remainder of the paper will consider the first step, namely the classification of the
L(A, o) up to isomorphism.

Recently, the classification (up to isomorphism) of affine Kac—-Moody algebras has been given
in terms of torsors and non-abelian étale cohomology [16]. The present paper develops conformal
analogues of these techniques, and lays the foundation for a classification of forms of conformal
superalgebras by cohomological methods. These general results are then applied to classify the
twisted N =2 and N =4 conformal superalgebras up to isomorphism.

To illustrate our methods, let us look at the case of the twisted loop algebras as they appear
in the theory of affine Kac—-Moody Lie algebras. Any such £ is naturally a Lie algebra over
R :=C[t*!] and

LOARS~gRcS~(g®c R)Rr S 0.3)

for some (unique) finite-dimensional simple Lie algebra g, and some (finite, in this case) étale
extension S/R. In particular, £ is an S/R-form of the R-algebra g ®c R, with respect to the
étale topology of Spec(R). Thus L corresponds to a torsor over Spec(R) under Aut(g) whose
isomorphism class is an element of the pointed set Hélt(R, Aut(g)).

Similar considerations apply to forms of the R-algebra A ®; R for any finite-dimensional
algebra A over an algebraically closed field k of characteristic 0. The crucial point in the classi-
fication of forms of A ®; R by cohomological methods is that in the exact sequence of pointed
sets

HL(R, Aut®(A)) > HL(R, Aut(A)) > HL(R, Out(A)), (0.4)

where Out(A) is the (finite constant) group of connected components of A, the map  is injec-
tive [16].

Grothendieck’s theory of the algebraic fundamental group allows us to identify
Hélt(R, Out(A)) with the set of conjugacy classes of the corresponding finite (abstract) group
Out(A). The injectivity of the map

HL(R, Aut(A)) ¥> HL(R, Out(A))

means that to any form £ of A ®; R, we can attach a conjugacy class of the finite group Out(A)
that characterizes £ up to R-isomorphism. In particular, if Aut(A) is connected, then all forms
(and consequently, all twisted loop algebras) of A are trivial — that is, isomorphic to A ®; R as
R-algebras.

With the previous discussion as motivation, we now consider the N = 2,4 Lie conformal
superalgebras A described in [9]. The automorphism groups of these objects are as shown in
Table 1.

Table 1
N Aut(A)
2 C* xZ/2Z

4 (SL2(C) x SLp(C))/ £ 1
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It was originally believed that the standard N = 2 algebra lead to an infinite family of non-
isomorphic superconformal algebras (arising as I"-twisted formal distribution algebras of the
different £(A, o), as we explained above). This is somewhat surprising, for since C* x Z/27Z has
two connected components, one would expect (by analogy with the finite-dimensional case) that
there would be only two non-isomorphic twisted loop algebras attached to A. Indeed, Schwim-
mer and Seiberg later observed that all of the superconformal algebras in one of these supposedly
infinite families are isomorphic [17], and that (at most) two such isomorphism classes existed.

On the other hand, since the automorphism group of the N = 4 conformal superalgebra is
connected, one would expect all twisted loop algebras in this case to be trivial and, a fortiori, that
all resulting superconformal algebras would be isomorphic. Yet Schwimmer and Seiberg aver in
this case the existence of an infinite family of non-isomorphic superconformal algebras!

The explanation of how, in the case of conformal superalgebras, a connected automorphism
group allows for an infinite number of non-isomorphic loop algebras is perhaps the most strik-
ing consequence of our work. Briefly speaking, the crucial point is as follows. A twisted loop
algebra L of a k-algebra A is always split by an extension S, := k[tEV/™] of R := k[tT!], for
some positive integer m. The extension S,,/R is Galois, and its Galois group can be identified
with Z/mZ by fixing a primitive mth root of 1 in k. The cohomology class corresponding to
L can be computed using the usual Galois cohomology H'(Gal(S,,/R), Aut(A)(S,,)), where
Aut(A)(S,,) is the automorphism group of the S,,-algebra A ®; S;,. One can deal with all loop
algebras at once by considering the direct limit S of the S,,, which plays the role of the “sepa-
rable closure” of R. In fact, S is the simply connected cover of R (in the algebraic sense), and
the algebraic fundamental group 7r1(R) of R at its generic point can thus be identified with Z,
namely the inverse limit of the groups Gal(S,,/R) = Z/mZ.

Finding the “correct” definitions of conformal superalgebras over rings and of their automor-
phisms leads to an explanation of how Schwimmer and Seiberg’s infinite series in the N = 4 case
is possible. In our framework, rings are replaced by rings equipped with a k-linear derivation (dif-
ferential k-rings). The resulting concept of differential conformal superalgebra is central to our
work, and one is forced to rewrite all the faithfully flat descent formalism in this setting. Under
some natural finiteness conditions, we recover the situation that one encounters in the classical
theory, namely that the isomorphism classes of twisted loop algebras of A are parametrized by
H! (Z Aut(A)(S)) with Z = gal(S/R) acting contmuously v1a automorphisms of A ®j S.

In the N = 2 case, the automorphism group Aut(A)(S) $% 7Z./27, and the cohomology
set H 1(2, Aut(A)(S)) ~ 7./27., as expected. By contrast, in the N = 4 case, Aut(A) (S) is not
(SL; (§) x SL; (§)) / £ I as we would expect from Table 1 above. In fact,

Aut(A)(S) = (SL2(8) x SLo(C))/ £ 1.

The relevant H' vanishes for SL2(§), but it is the somehow surprising appearance of the “con-
stant” infinite group SL,(C) in which the action of m(R) = 7 is trivial that is ultimately
responsible for an infinite family of non-isomorphic twisted conformal superalgebras that are
parametrized by the conjugacy classes of elements of finite order of PGL;(C).

In this paper, we introduce differential conformal (super)algebras, and show how these can
be used for the study of forms of conformal (super)algebras. However, the theory of differential
conformal (super)algebras reaches far beyond. For example, it is an adequate tool in the study
of differential (super)algebras; see Remark 2.7d in [9]. The ordinary conformal (super)algebras
do not quite serve this purpose since they allow only translationally invariant differential (su-
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per)algebras. Another area of applicability of differential conformal (super)algebras is the theory
of not necessarily translation invariant evolution PDEs.

Notation. Throughout this paper, k will be a field of characteristic zero. Unless mentioned to the
contrary, we denote ®; simply by ®. We will denote by k-alg the category of unital commutative
associative k-algebras. If k is algebraically closed, we also fix a primitive mth root of unity &,, € k
for each m > 0. We assume that these roots of unity are chosen in a compatible fashion, that is,
g =&, for all positive integers £ and m.

The integers, non-negative integers, and rationals will be denoted Z, Z_ , and Q, respectively.
For pairs a, b of elements in a superalgebra, we let p(a, b) = (—=1)?@P®) where p(a) (resp.,
p(b)) is the parity of a (resp., b).

Finally, for any linear transformation 7' of a given k-space V, and for any non-negative inte-
ger n, we follow the usual convention for divided powers and define 7™ := r% T".

1. Conformal superalgebras

This section contains basic definitions and results about conformal superalgebras over differ-
ential rings. We recall that k denotes a field of characteristic 0, and k-alg the category of unital
commutative associative k-algebras.

1.1. Differential rings

For capturing the right concept of conformal superalgebras over rings, each object in the
category of base rings should come equipped with a derivation. This leads us to consider the
category k-8alg whose objects are pairs R = (R, dr) consisting of an object R of k-alg together
with a k-linear derivation 8z of R (a differential k-ring). A morphism from R = (R, 8g) to S =
(S, ds) is a k-algebra homomorphism 7 : R — S that commutes with the respective derivations.
That is, the diagram

=
<X

S
l&s (1.1
S

commutes.

For a fixed R = (R, 6g) as above, the objects in the category R-ext of extensions of R are
the pairs (S, t), where S = (S, 85) € k-Salg and 7 : R — S satisfies (1.1). Each extension (S, dy)
admits an obvious R-algebra structure: s -r =r -s:=t(r)s forall r € R and s € S. The mor-
phisms in R-ext are the R-algebra homomorphisms commuting with derivations. That is, for any
81, 82 € R-ext, Homp . (S1, S2) is the set of R-algebra homomorphisms in Homy-sq (S1, S2).

Let S; = {(S;,8;) | 1 <i < n}be afamily of extensions of R = (R, §g). Then

n
§:=) id® - ®8® - ®id
i=1
is a k-linear derivation of S| Qg S2 g - -- ®r S,. The resulting extension (5] Qr S2 Qr -+ Qr
S,, 8) of (R, 8g) is called the tensor product of the S; and is denoted by S| QR - -+ QR Sy.
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Similarly, we define the direct product S| x --- x S, by considering the k-derivation 8; x
cee X 8pof Sy x -0 xS,

Example 1.2. Consider the Laurent polynomial ring R = k[r, 1 ~']. For each positive integer m,
we set Sy, = k[t1/™, +~1/m] and S= @Sm.4 We can think of S as the ring k[t? | g € Q] spanned
by all rational powers of the variable ¢. The k-linear derivation §; = :117 of R is also a derivation
of Sy, and S. Thus R = (R, 8;), Sy = (S, 8;), and S = (8, §,) are objects in k-8alg. Clearly S,,
is an extension of R, and S is an extension of S (hence also of R). These differential k-rings
will play a crucial role in our work.

1.2. Differential conformal superalgebras
Throughout this section, R = (R, §g) will denote an object of k-dalg.
Definition 1.3. An R-conformal superalgebra is a triple (A, 04, (—u)—)nez, ) consisting of

(i) a Z/2Z-graded R-module A= A5 ® Aj,
(i1) an element d 4 € Endy(A) stabilizing the even and odd parts of A,
(iii) a k-bilinear product (a, b) — a,)b foreachn e Z,

satisfying the following axioms for all» € R, a,b,c € Aand m,n € Z:

(CS0) ayb=0forn > 0.

(CSI) BA(a)(,,)b = —na(,,_l)b and Aa(n) (3A(b)) = 3A(a(n)b) + na(n_l)b.
(CS2) d4(ra)=rdq(a)+Sr(r)a. _

(CS3) a@uy(rb) =r(amb) and (ra) b =Y ez, 85 (") @wr)b).

If n =0, (CS1) should be interpreted as 9 4(a) )b = 0. Note that 9 4 is a derivation of all n-
products, called the derivation of A. The binary operation (a, b) = a(,)b is called the n-product
of A.

If the R-conformal superalgebra A also satisfies the following two axioms, .4 is said to be an
‘R-Lie conformal superalgebra:

(CS4) agb =—p(a.b) Y= 178 (b jya).
(CSS5) aum)(buyc) =1y (7)(a(j)b)(m+nfj)c + p(a, b)buy(agn)c).

Remark 1.4. For a given r € R we will denote the corresponding homothety a +— ra by r 4.
Axiom (CS2) can then be rewritten as follows:

(CS2) dgorg=rpqo004+38r(r)a-

Remark 1.5. If R =k, then §g is necessarily the zero derivation. Axioms (CS2) and (CS3)
are then superfluous, as they simply say that d 4 and the (n)-products are k-linear. The above

4 In [3,4], and [5], where the multivariable case is considered, the rings R, S, and S were denoted by Ry, Ry, and
R1 o respectively.
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definition thus specializes to the usual definition of conformal superalgebra over fields (cf. [9] in
the case of complex numbers). Henceforth when referring to a conformal superalgebra over £, it
will always be understood that k comes equipped with the trivial derivation.

Example 1.6 (Affinization of a conformal superalgebra). Let A be a conformal superalgebra
over k. As in Kac [9],7 we define the affinization L(A) of A as follows. The underlying space of
L(A) is A®y k[t,t~"], with the Z/27Z-grading given by assigning even parity to the indetermi-
nate ¢. The derivation of L(A) is

0L =04R1+1®6

where §; = %, and the n-product is given by

@® b =Y (@u+pb) ®8 (f)g (1.7)
JELy

foralln € Z4, a,b € A, and f, g € k[t, t~1]. It is immediate to verify that A is a k-conformal
superalgebra. In fact, A is in the obvious way a (k[z, # '], §,)-conformal superalgebra.

If R=k[t,t"!]and R = (R, ;) are as in Example 1.2, then the affinization L(A) = A Q R
also admits an R-conformal structure via the natural action of R given by r'(a ® r) :=a ® r'r
for all a € A and r,r’ € R. The only point that needs verification is Axiom (CS2), and this is
straightforward to check.

Thus A ®x R is both a k- and an R-conformal superalgebra. We will need both of these
structures in what follows. From a physics point of view, it is the k-conformal structure that
matters; from a cohomological point of view, the R-conformal structure is crucial.

We will also refer to the affinization L(A) = A ®x R as the (untwisted) loop algebra of A.
It will always be made explicit whether L(A) is being viewed as a k- or as an R-conformal
superalgebra.

Let A and B be R = (R, §g)-conformal superalgebras. A map ¢:.A — B is called a ho-
momorphism of R-conformal superalgebras if it is an R-module homomorphism that is homo-
geneous of degree 0, respects the n-products, and commutes with the action of the respective
derivations. That is, it satisfies the following three properties:

(HO) ¢ is R-linear and ¢ (A;) € B; fori =0, 1.
(H1) ¢(amb) =¢(@)md®) foralla,be Aandn e Z,.
(H2) dgop=¢ o0dy.

By means of these morphisms we define the category of R-conformal superalgebras, which we
denote by R-conf.

An R-conformal superalgebra homomorphism ¢ : A — B is an isomorphism if it is bijective;
it is an automorphism if also A = B. The set of all automorphisms of an R-conformal superal-
gebra A will be denoted AutR-conr(A), or simply Autg (A).

5 The definition given in [9] is an adaptation of affinization of vertex algebras, as defined by Borcherds [2].
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Remark 1.8. To simplify some of the longer computations, it will be convenient to use the A-
product. This is the generating function a; b defined as

ab = Z )L(n)a(n)b

I’LEZ+

for any pair of conformal superalgebra elements @, b and indeterminate A, with A% := %)\”. In
the case of Lie conformal superalgebras, we denote a; b by [a,b].
The condition (H1) that homomorphisms ¢ respect all n-products is equivalent to

(H1') ¢(arb) =¢(a)so (D)
for all a, b.

Axiom (CSO0) is equivalent to the property that a; b is polynomial in A. Axiom (CS1) is equiv-
alent to:

(aA(a))Ab =—Xla;b and a;04b=(04+ X)(a)b). (1.9)
Axiom (CS2) is equivalent to
arb=r(ayb) and (ra)yb= (ay+s,0)-r, (1.10)
where — means that § is moved to the right and applied to r.

Remark 1.11. Note that the homotheties 7 4 : a — ra (for r € R) are typically not R-conformal
superalgebra homomorphisms, and that the map d 4 : a +— 9 4(a) is an R-conformal superalgebra
derivation of the A-product: 0 4(ayb) = (04a)1b + a04b.

1.3. Base change

Let S = (S, §s) be an extension of a base ring R = (R, dg) € k-dalg. Given an R-conformal
superalgebra A, the S-module A ®p S admits an S-conformal structure, which we denote by
A®nr S, that we now describe.

The derivation 0 gg, s is given by

OAers@®s) :=04(a) ®s +a®ds(s) (1.12)
foralla € A, s € S. The Z/2Z-grading is inherited from that of .A by setting
AR S)i=A8rS.

The n-products are defined via
@@l ®s)= Y (@ur)b) @85 (r)s (1.13)
JELy

foralla,be A, r,s € S,and n € Z;. Axioms (CS0)-(CS3) hold, as can be verified directly. (If
A is also a Lie conformal superalgebra, then (CS4)—(CS5) hold, and A ® g S is also Lie.) The
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S-conformal superalgebra on A @ S described above is said to be obtained from A by base
change from R to S.

Example 1.14. The affinization A of a k-conformal superalgebra A (Example 1.6), viewed as
a conformal superalgebra over R := (k[t,#7'],8,), is obtained from A by base change from k
to R.

Remark 1.15. It is straightforward to verify that the tensor products used in defining change of
base are associative. More precisely, assume that S = (S, §s) is an extension of both R = (R, 8g)
and 7 = (T,87), and U = (U, 8y) is also an extension of 7 = (T, 7). Then for any R-
conformal superalgebra A, the map (a ® s) ® u = a ® (s ® u) defines a U-conformal iso-
morphism

ARRS) RTU=ARR (SQRTU).
Here u € U acts on A ®p (S ®7 U) by multiplication, namely
u@@ s @u)):=a® (s Quu’)
forae A, s € S and u’ € U; the derivation dAeSau) actson A®g (S @7 U) as

IAer Sel) =04 Qidsgy +id4 ® Sseu,

where dsgu = 85 ® idy + ids ® 8. The associativity of tensor products will be useful when
working with S/R-forms (Sections 2 and 3 below).

Extension functor: Each extension S = (S, §s) of R = (R, §r) defines an extension functor
€ = €&s/r : R-conf —> S-conf

as follows:
Given an R-conformal superalgebra .4, let (A) be the S-conformal superalgebra A @ S.
For each R-conformal superalgebra homomorphism ¢ : A — B, the unique S-linear map satis-

fying

E(Y): E(A) — €(B), (1.16)
aQ@s—>Ya)®s 1.17)

is clearly a homomorphism of S-conformal superalgebras, and it is straightforward to verify that
€ is a functor.

Restriction functor: Likewise, any S-conformal superalgebra 5 can be viewed as an R-
conformal superalgebra by restriction of scalars from S to R:

If the extension S/R corresponds to a k-8alg morphism ¢: R — S, we view B as an R-
module via ¢. Then B is naturally an R-conformal superalgebra. The only non-trivial axiom to
verify is (CS2). Using the notation of Remark 1.11, we have
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dporg=080¢(r)s
=¢(rBods +38s(¢(M)y
=rgodp+¢(6r(r)g
=rpodn+dr()s.
This leads to the restriction functor
R =NRs/Rr : S-conf —> R-conf,
which attaches to an S-conformal superalgebra B the same B viewed as an R-conformal su-
peralgebra; likewise, to any S-superconformal homomorphism v : B — C, R attaches the R-
conformal superalgebra morphism .

1.4. The automorphism functor of a conformal superalgebra

Let A be an R = (R, §g)-conformal superalgebra. We now define the automorphism group
functor Aut(.4). For each extension S = (S, §s) of R, consider the group

Aut(A)(S) :=Auts(A®R S) (1.18)
of automorphisms of the S-conformal superalgebra A ®r S. For each morphism

¥ S| = S between two extensions S; = (S1,81) and S; = (83, 82) of R, and each auto-
morphism 6 € Aut(A)(S1), let Aut(A)(y)(0) be the unique S,-linear map determined by

Aut(AD) W) (0): A®r S2 > AQr S, (1.19)
a®le> Y ai @Y (si) (1.20)

forae A,where 0(a® 1) =) ;a; ®s;.

Proposition 1.21. Aut(.A) is a functor from the category of extensions of (R, Sg) to the category
of groups.

Proof. Let 61,6, € Auts, (A @ S1), and write f2(a ® 1) =), a; ® s; for some a; € A and
s; € S1. Then for any morphism v : S| — S, we have (in the notation above):

Aut(A) () (61) o Aut(A)(¥)(02)(a @ 1) = Aut(A) (¥) (1) (1 @ ¥)02(a ® 1)
= Aut(A) W) (0) Y a; ® Y (si)

= Y (s)Aut(A) ) (O)(@ @ 1)

=(1®Y) ) sifi(a®1)
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=(1®Y)0 Y ai®si

=1 ®y)0i62(a® 1)
=Aut(A) ) (“162)(@a® 1).

Using the S;-linearity of the S,-conformal automorphisms Aut(A) () (0;1), Aut(A) () (6,), and
Aut(A) () (016,), we have

Aut(A) () (61) o Aut(A)(¥)(62) = Aut(A) (V) (6162).

In particular, note that for any 6 € Aut(A)(S)), we have

Aut(A)(1)(67") o Aut(A)(¥)(6) = Aut(A) (¥)(idags,)- (1.22)

It is clear from the definition of Aut(A)(y) that AutA(y)(id 4gys,) is the identity map on
A® 1, hence also on A Qg Sy by S;-linearity. Thus Aut(A)(y)(0) is invertible, so it is bijective.

That Aut(A) (1) (0) is an Sp-conformal superalgebra homomorphism follows easily from the
assumption that 6 € Autgs, (A ®R S1) and ¥ : S| — S is a morphism of R-extensions. There-
fore, Aut(A)(¥)(0) € Auts, (A ®r S2), and we have now shown that Aut(A)(y) is a group
homomorphism

Aut(A)(¥) : Aut(A)(S1) — Aut(A)(Sy). (1.23)

Clearly Aut(A) sends the identity morphism idg to the identity map on Aut(A)(S) for any
extension S of R. To finish proving that Aut(A) is a functor, it remains only to note that if
Y1:S51 — & and ¥r:S» — S3 are morphisms between extensions S; = (S;, 8;)1<ig3 of R,
then fora € Aand 0(a ® 1) =), a; ® s;, we have

Aut(A) (YY) ©):a® 1> Y ai @ Yy (si),

which defines precisely the same map (via S3-linearity) as Aut(A)(y¥2) o Aut(A)(v1)(0). Hence
Aut(A) (Y1) = Aut(A) (¥,) o Aut(A) (1), which completes the proof of the proposition. O

2. Forms of conformal superalgebras and Cech cohomology

Given R in k-alg and a (not necessarily commutative, associative, or unital) R-algebra A,
recall that a form of A (for the fppf-topology on Spec(R)) is an R-algebra F such that F Qg S =
A ®g S (as S-algebras) for some fppf (faithfully flat and finitely presented) extension S/R in
k-alg. There is a correspondence between R-isomorphism classes of forms of A and the pointed
set of non-abelian cohomology Hprf(R, Aut(A)) defined a la Cech. Here Aut(A) := Aut(A)g
denotes the sheaf of groups over Spec(R) that attaches to an extension R’/R in k-alg the group
Auts(A ®p R’) of automorphisms of the R’-algebra A ® g R’. For any extension S/R in k-alg,
there is a canonical map

Hioi(R. Aut(A)) — H{ (S, Aut(A)s).
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The kernel of this map is denoted by Hfi)pf(s /R, Aut(A)); these are the forms of A that are
trivialized by the base change S/R. One has

Hf;pf(R, Aut(A)) = lim Hf;pf(s /R, Aut(A)),
where the limit is taken over all “isomorphisms classes” of fppf extensions S/R in k-alg.

In trying to recreate this construction for an R-conformal superalgebra A, we encounter a
fundamental obstacle: Unlike in the case of algebras, the n-products (1.13) in A ® S are not
obtained by S-linear extension of the n-products in .4 (unless the derivation of S is trivial). This
prevents the automorphism functor Aut(A4) from being representable in the naive way, and the
classical theory of forms cannot be applied blindly. Nonetheless, we will show in the next section
that the expected correspondence between forms and cohomology continues to hold, even in the
case of conformal superalgebras.

In the case of algebras, when the extension S/R is Galois, isomorphism classes of S/R-
forms have an interpretation in terms of non-abelian Galois cohomology. (See [19] or [20], for
instance.) We will show in Section 2.2 that, just as in the case of algebras, the Galois cohomology
H'(Gal(S/R), Auts(A @ S)) still parametrizes the S/R-forms of A (with the appropriate
definition of Galois extension and Auts(A ®% S)).

Throughout this section, .4 will denote a conformal superalgebra over R = (R, §g).

2.1. Forms split by an extension

Definition 2.1. Let S be an extension of R. An R-conformal superalgebra F is an S /R-form of
A (or form of A split by S) if

FRrRSEAQRS
as S-conformal superalgebras.

For us, the most interesting examples of forms split by a given extension are the conformal
superalgebras that are obtained via the type of twisted loop construction that one encounters in
the theory of affine Kac-Moody Lie algebras.

Example 2.2. Assume k is algebraically closed. Suppose that A is a k-conformal superalgebra,
equipped with an automorphism o of period m. For each i € Z consider the eigenspace

Ai = {x cA | o(x) =§',’;lx},

with respect to our fixed choice (&,,) of compatible primitive roots of unity in k. (The space A4;
depends only on the class of i modulo m, of course.) Let R = k[z, =1, S, = k[tV/™, =Y/ m] and
§ :=lim §,,. We consider the extensions Sy, = (S, d;) and S = (S, §;) of R = (R, §;) where
51‘ = %

Consider the subspace £(A,0) C A S C ARy S given by

LA o)=PA ™ (2.3)
i€Z
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Each eigenspace A; is stable under 9 4 because o is a conformal automorphism. From this, it
easily follows that £L(A, o) is stable under the action of 9 45, = 04 ® 1 +1®4;. Since L(A, o)
is also closed under the n-products of A ®; Sy, it is a k-conformal subalgebra of A Qi S,
called the (twisted) loop algebra of A with respect to o. Note that the definition of £(A, o) as a
subalgebra of A ®y S does not depend on the choice of the period m of the given automorphism o.
Because of this, it will be at times convenient when comparing loop algebras corresponding
to automorphisms of different periods to think of loop algebras as k-conformal subalgebras of
A Qi S. It is clear that £(A, o) is stable under the natural action of R on A ®; S,,. As in
Example 1.6, one checks that 0 4gs,, © ¥ Ag,S,, — FA®S, © 0AcS, = 6:(1) Ag,S,, forall r € R.
This shows that just as in the untwisted case, the twisted loop algebra £(A, o) is both a k- and
an R-conformal superalgebra.

Proposition 2.4. Let o be an automorphism of period m of a k-conformal superalgebra A. Then
the twisted loop algebra L(A, o) is an S, /R-form of A Qx R.

Proof. For ease of notation, we will write S = (S, 8s) for S, = (S, §s,,) in this proof. By the

associativity of the tensor products used in scalar extension (Remark 1.15), the multiplication
map

V:(AKXR) QRS — A% S, (2.5)
@Rr)®st+—>aQrs (2.6)

(fora € A, r € R, and s € §) is an isomorphism of S-conformal superalgebras.
Likewise, it is straightforward to verify that the multiplication map

W ARRS)IRS > AR S, 2.7
(a®s51) Qs> a®s1s2 (2.8)

(for a € A and sy, 55 € S) is a homomorphism of S-conformal superalgebras. Indeed, w is the
composition of the “associativity isomorphism”

AR SRR S—> ARk (SR S)

with the superconformal homomorphism defined by multiplication:

AR (SORS) - A®: S,

a® (s1®s2) > asis.
To complete the proof of Proposition 2.4, it suffices to prove that the restriction
w: LA o0)®rS —> AR S (2.9)
is bijective. For a; € A;, we have

a @tV = p(a; ® /™ @ UM,
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so u is clearly surjective. To see that w is also injective, assume (without loss of generality)
that a k-basis {a,} of A is chosen so that each a; € A,-(;L)' for some unique 0 < i(A) < m. Let
x € L(A, 0)®g S. Since S is a free R-module with basis {r'/" | 0 <i < m — 1}, we can uniquely
write

m—1 .
X = Z x; @ t/m
i=0
where x; =), a; ® fri and fi; € /Mt =11, Then if u(x) = 0, we have

Y a® fut" =0,

Al

and thus

m—1 )
Z frit™m =0
i=0
for all A. Then f3 ; =0 for all A and i. Hence x =0, so p is injective, and
Vo LA ) ®RS > (AR R)®R S (2.10)
is an S-conformal superalgebra isomorphism as desired. 0O
2.2. Cohomology and forms

Throughout this section S = (S, §s) will denote an extension of R = (R, 8g), and A will be
an R-conformal superalgebra.

Lemma 2.11. Let  : A — B be an R-conformal superalgebra homomorphismand y :S — S a
morphism of extensions. The canonical map

VRy: A®rS— B®rS (2.12)

is R-linear, commutes with the action of 0 Agr, s, and preserves n-products. In particular, ¥ @ y
is an R-conformal superalgebra homomorphism via restriction of scalars from S to R.:

YRy imS/R(A R S) — mS/R(B R S).
Proof. Let x € A and s € S. Then
Y @y (04ersx ®9)) =¥ @y (d4(x) @5 +x ®38s(s))

=09g(Y (X)) @ ¥ (s) + ¥ (x) ® 8s(¥ ()
= 0Bers(¥(x) @y (s)).

Also, for x, y € Aand s,t € S, we have
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VRYUX®smy®) =9 ® y( > Xty ®5§”(S)t>
JELy

=Y V@ ap¥ ) 8 (¥ )y @)
JELy
=Y@)QyE)m¥Y(»My@). O

Corollary 2.13. The map ¥ ® 1 : AQR S — B QR S is an S-conformal superalgebra homo-
morphism.

Proof. It is enough to note that the map ¥ ® 1 commutes with the action of S. O
For 1 <i <2and 1 < j <k <3, consider the following R-linear maps:

di:S—> S®rS,
dix:SQrS—> SQr S®r S,

defined by di(s) =s® 1, da=1Q s, dp @) =51 1,d3:®1t) =sQ1®¢, and
di(s®@t)=1Q st for all 5,7 € S. It is straightforward to verify that these induce R-ext
morphisms d; :S > SQr S and dj; :S AR S > S ®R S QR S. (See Section 1.1.) Let A be
an R-conformal superalgebra. By functoriality (Proposition 1.21), we obtain group homomor-
phisms (also denoted by d; and d ;)

d; : Aut(A)(S) - Aut(A)(S ®r S),
dji - Aut(A)(S Qr S) — Aut(A)(SQr SAR S)

forl1<i<2and 1< j<k<3.
Recall that u € Aut(A)(S @5 S) is called a 1-cocycle® if

di3(u) = dyz(u)dia(u). (2.14)

On the set Z'(S/R, Aut(A)) of 1-cocycles, one defines an equivalence relation by declaring
two cocycles u and v to be equivalent (or cohomologous) if there exists an automorphism A €
Aut(A)(S) such that

v=(da())u(dr ()" (2.15)

Formula (2.15) defines an action of the group Aut(A)(S) on the set of cocycles Z!(S/R,
Aut(A)). The corresponding quotient set is denoted by H'(S/R, Aut(A)), and this is the (non-
abelian) Cech cohomology of Aut(.A) relative to the covering Spec(S) — Spec(R). There is no
natural group structure on the set H (s /R, Aut(A)), but it has a distinguished element, namely
the equivalence class of the identity element of the group Aut(A)(S % S). We will denote this
class by 1, and write [u] for the equivalence class of an arbitrary cocycle u € Z'(S/R, Aut(A)).

6 For faithfully flat ring extensions S/R, the 1-cocycle condition is motivated by patching data on open coverings of
Spec(R). See the discussion in [20, §17.4], for instance.
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Theorem 2.16. Assume that the extension S = (S,8s5) of R = (R, 8r) is faithfully flat (i.e.,
S is a faithfully flat R-module). Then for any R-conformal superalgebra A, the pointed set
H'(S/R, Aut(A)) parametrizes the set of R-isomorphism classes of S/R-forms of A. Under
this correspondence, the distinguished element 1 corresponds to the isomorphism class of A
itself.

Proof. It suffices to check that the standard descent formalism for modules is compatible with
the conformal superalgebra structures.

Throughout this proof, fix an S/R-form B of the R-conformal superalgebra A. Let n:S Qg
S — S ®r S be the “switch” map given by n(s ® t) =t @ s forall 5,1 € S. Let

na=ids®n: AQr S®r S —> AQr S®r S,
np:=idg®n:BORSQrS—> BRrSQrS.

We now check that the key points from the classical formalism of faithfully flat descent hold
in the conformal setting:

(1) Let ¥ : BRR S = A®R S be an isomorphism of S-conformal superalgebras. Let
wy5:=0DW @ D) (¥~ ©1). (2.17)
Then uy g € Z' (S/R, Aut(A)).

Proof of (1). Thatuy 5: AQr SQr S — AQr S®r Sis S ®g S-linear and bijective is clear,
and it is straightforward to verify that u,, 5 satisfies the cocycle condition (2.14). Therefore it is
enough to check that uy, 3 commutes with the derivation 0 4g, Soxs, and that it preserves the
n-products.

By Corollary 2.13 and the associativity of the tensor product, ¥ ® 1 and ¥ ! ® 1 are S®g S-
superconformal homomorphisms, so it is only necessary to check that n 4 and ng commute with
0 A0rSoxs and preserve n-products. By Lemma 2.11, applied to n 4 =id 4 ® n, it is enough to
check that n commutes with d5gs, which is clear since

N(8ses(s ® 1) =n(8s(5) @1 +5 ® bs(1)) (2.18)
=1Q®s(s) +0s(t) @ (2.19)
=8ses(1(s ® 1) (2.20)

foralls,reS. O

(2) The class of uy 3 in H 1(S/R, Aut(A)) is independent of the choice of automorphism Y
in Part (1). If we denote this class by [ug), then a:B > [ug] is a map from the set of
R-isomorphism classes of S/ R-forms of A to the pointed set H'(S/R, Aut(A)).

Proof of (2). Suppose that ¢ is another S-superconformal isomorphism

O:BRIrS—> AQRrS.
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Let A = ¢y~ ! € Aut(A)(S). Note that dy(A)n4 = ndi(X). Thus

d(Wuy pdi (W)~ =G @ Dns(v ' @ 1)(vo ™' @ 1)
=nalpv ' @)W @ Dns(e~' ®1)
=Ugp B- O
(3) Let u € Aut(A)(S ®r S). Then:
(a) The subset Ay, :={x e AQr S |u(x ® 1) =n4(x ® 1)} is an R-conformal subalgebra
of A®R S.
(b) The canonical map
Uy Ay @RS — ARR S,

XS s5.X

is an S-conformal superalgebra isomorphism.
(¢) If u and v are cohomologous cocycles in Z'(S/R, Aut(A)), then A, and A, are iso-
morphic as R-conformal superalgebras.

Proof of (3a). Clearly A, is an R-submodule of A ®p S. Next we verify that A, is stable under
the action of 0 4@, s-
Recall (2.18) that 4 commutes with the derivation 9 4g, S¢S Thus for all x € A,,

U(0A2rs(*) ® 1) =Ud Agr Sers(* ® 1)
= JAorSerSi(x ® 1)
= 0AerSerSNAKX ® 1)
=NA0A0rSerSx ® 1)
=1NA0Ars(x) ® .

To complete the proof of (3a), it remains only to show that .4, is closed under n-products. For x
and y in A, we have

u((xmy) ® 1) =u(x @ Ly ® 1)
=u(x @ Dpu(y®1)
=nAx @ Dmynaly®1)
=14 @1y 1)
=na(my) ®1). O
Proof of (3b). The map pu,: A, ®r S - A®pg S is an S-module isomorphism by the classical
descent theory for modules. (See [20, Chapter 17], for instance.) We need only show that it is a

homomorphism of S-conformal superalgebras.
Let p be the multiplication map
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W AQrSQr S — ARk S,
a®R®s Rt aQ st.

It is straightforward to verify that
1o IARrS®S = 040, S © M, and u preserves n-products. (2.21)

Since p,, is the restriction of © to A, Qg S it follows from (2.21) that u, preserves n-products.
It remains only to show that 1, commutes with 94, 5. But since 94,55 acts on A, ®g S
as the restriction of the derivation 0 4g, 595 of A @R S @R S to the subalgebra A, ®r S
and p, = ut, where ¢ is the inclusion map ¢: 4, @g S — A®r S Qg S, we can again appeal to
(2.21). This shows that w,, is an S-conformal superalgebra isomorphism. O

Proof of (3c). Write v = do(M)ud; (L)~ for some A € Aut(A)(S). Then since dy(A\)nyg =
n.adi(A), we see that
vA® D(a, ®1) =vdi(M)(a, ®1)
=dry(Mu(a, ® 1)
=do(M)nalau ® 1)
=nAdi(M)(a, ®1)
=nAA®1)(a, ®1)
for all a, € A,,. Thus,
A(Ay) C A, (2.22)
Likewise, A ~!(A,) € Ay, so applying A~! to both sides of (2.22) gives:
Ay €A (A S Ay,
and A(A,) = A,.
Since A is an S-automorphism of A ®x S, it commutes with the actions of S and 9 4g., 5, and
it preserves n-products. Thus its restriction to .4, commutes with R and preserves n-products.

Furthermore 194, = 94,4 since d4, and 04, are the restrictions of 04g,s to A, and A,
respectively. Thus A is an R-conformal superalgebra isomorphism from A, to A4,. O

By (3c), there is a well-defined map B:[u] — [A,] from the cohomology set H s /R,
Aut(A)) to the set of R-isomorphism classes of S/R-forms of 4. We have also seen that 8 and
the map o defined in (2) are inverses of each other. That the distinguished element 1 € H'(S/R,
Aut(A)) corresponds to the algebra A is clear from the definition of 4, given in (3a). O

Remark 2.23. For any isomorphism  as in Part (1) of the proof of Theorem 2.16, the cocycle
uy 13 can be rewritten in terms of the maps d; : § — S Qg S:

wy5=dW)di ()", (2.24)
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Proof. If y(b® 1) =), a; ® w;, then

AW @ Dnpb@s@) =AY QDB Rt ®s)
=nA(Vv(b®1) ®5)
=n4((tydb® ) ®5)

=17A<Zai®twi ®s>
i

=Zai®s®twi

1

=dbY)(bRsQ1)

forall s,t € S. Thus

uyp=dbW) (Y 'e1)
=)W eD!
=dW)dy)™. O

Remark 2.25. In the notation of Part (1) of the proof of Theorem 2.16, the algebra B is isomor-
phic to the R-conformal superalgebra B ® 1 € B @ S by the faithful flatness of S/R. This
means that there is an isomorphic copy of each S/R-form of A inside A ®% S, and the algebra
B can be recovered (up to R-conformal isomorphism) from the cocycle uy;, 5, since

YBOD={xe A®r S |uypx®1)=n4(x®D}. (2.26)
Remark 2.27. Let S = (S, d5) be an extension of R = (R, Sg). Let I be a finite group of
automorphisms of S (as an extension of R). We say that S is a Galois extension of R with group
I' if S is a Galois extension of R with group I'. (See [12] for definition.) The unique R-module
map
Y:S®rS— Sx--xS (| copies of S)

satisfying

a®br— (y(a)b)yer

is easily seen to be an isomorphism of R-ext (see Section 1.1). This induces a group isomorphism

Aut(A) (S QR S) >~ Aut(A)(S) x --- x Aut(A)(S),

ur> (Uy)yer.
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The cocycle condition u € Z (s /R, Aut(A)) translates, just as in the classical situation, into
the usual cocycle condition u,, = uju, where I' acts on Aut(A)(S) = Auts(A ®r S) by
conjugation, i.e., V6 =(1® y)0(1 ® y‘l). This leads to a natural isomorphism

H'(S/R, Aut(A)) ~ H'(I', Auts (A @R S))
where the right-hand side is the usual Galois cohomology.
2.3. Limits

Throughout this section, R := k[t S, = k[t EV/™, = lim Sy, and 8, := %.

We are interested in classifying all twisted loop algebras of a given conformal superalgebra .4
over k. If o € Aut-conf(A) is of period m, then L(A, o) is trivialized by the extension S, /R,
where R = (R, §;) and S, = (Si, 8;). (See Example 2.2.) To compare L(A, o) with another
L(A, o") where o’ is of period m’, we may consider a common refinement S,,,,y. An elegant
way of taking care of all such refinements at once is by considering the limit S= (§, d;). For
algebras over k, and under some finiteness assumptions, §plays the role of the separable closure
of R (see [3] and [5] for details). We follow this philosophy in the present situation.

Let m € Z4, and let —:7Z — Z/mZ be the canonical map. Each extension S, /R is Galois
with Galois group Z/mZ, where ' (t'/™) = &,,t'/™ . (Our choice of roots of unity ensures that the
action of Z/¢mZ on S,, is compatible with that of Z/mZ under the canonical map Z/tmZ —
7/mZ.) Fix an algebraic closure k(r) of k(¢) containing all of the rings S, and let 771 (R) be
the algebraic fundamental group of Spec(R) at the geometric point a = Spec(k(1)). (See [18]
for details. ) Then § is the algebraic simply-connected cover of R (in the algebraic sense), and
71 (R) =Z:=1mZ/mZ, where 7, acts continuously on S via 1tP/4 = Ept/’/q Let :m(R) —
Autpg (S ) be the corresponding group homomorphism.

Let A be an R = (R, §;)-conformal superalgebra. As in Remark 2.27, 7{(R) acts on
Aut(A)(g) = Autg(A®r §) by means of 7. That is, if ¥ € 71(R) and 0 € Autg(A @R §),
then

ro=(1r()(1erxi)™h).
Let A be an R-conformal superalgebra. Given another R-conformal superalgebra 3, we have
AR Sn =5, BORS: — AQRS®s,S=sBORSH®s,, S
= AQRS=sBRRS
for all extensions S of S;,,. This yields inclusions
H'(S/R, Aut(A)) C Hi (S,/R, Aut(A)) € H'(S/R, Aut(A))
for all m|n, hence a natural injective map
n:lim H' (S /R, Aut(A)) — H'(S/R, Aut(A)). (2.28)

In the classical situation, namely when A is an algebra, the surjectivity of the map 7 is a
delicate problem (see [14] for details and references). The following result addresses this issue
for an important class of conformal superalgebras.
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Proposition 2.29. Assume that A satisfies the following finiteness condition:
(Fin) There exist ay, ..., a, € A such that the set {3ﬁ(ra,~) | r € R, € >0} spans A.
Then:

(1) For all R-superconformal algebra B the natural map limHomg,, (A ®R S, BOR Sp) —
Homg(A®r S.B R S) is bijective.

(2) The natural map n: ﬁ_r)nHl(Sm /R, Aut(A)) — H' (§/R, Aut(A)) is bijective.

(3) The action of the profinite group w1 (R) acts continuously on Autg(.A QR §) = Aut(A) (§)
and

H'(S/R, Aut(A)) =~ HL (71 (R), Aut(A)(S)),

where the right Hcll denotes the continuous non-abelian cohomology of the profinite group

71(R) acting (continuously) on the group Aut(A) (g).

Proof. (1) To establish the surjectivity of our map we must show that every S-conformal super-
algebra homomorphism

v AQR S—B AR S
is obtained by base change from an S,,;,-homomorphism
YUm AQR S —> BOR Sni.

Let m > 0 be sufficiently large so that ¥ (a; ® 1) € B&gr S, for all i. Since IBgrs =B ® 1+
1 ® &, stabilizes B @z S;;, we have

Y(O4tra)®@1) =y (8, s(ra;®1)
=dpe sWCa®D) =0y (V@)

12
€ 88®R§(B ®OR Sm) S BQOR Sn.

Thus Y (A® 1) € B®R Si- Since ¥ is Sy, -linear, we get
V(AQR Sm) S BQr Sm-
By restriction, we then have an S,,-conformal superalgebra homomorphism
VUm : AQR Sm —> BOR Sm,

which by base change induces .

As for the injectivity, let i = 1, 2 and consider two elements y; € Homg,, (AQR Sm;, BOR
Spm;) that map to the same element i of Hom g(A Rr §, B®r S ). Let m = mm, and consider
the images v/ of the ¥; in Homgs, (A ®R Sy, B ®R Sp). Then both /| and v, map to ¥ via
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the base change S, — S. Since the extension TS’\/ Sp in k-alg is faithfully flat we conclude that
¥ = 3. This shows that 1 and v, yield the same element of lim Homs,, (AQR Sin, B&R Spi)-

(2) If we think of the relevant H' as measuring isomorphism classes of forms, then that the
map 7 is bijective is an easy application of (1).

(3) The reasoning of (1) above shows that an automorphism 1 of the S-conformal superal-
gebra A @R S is determined by its values on the a; ® 1. Since S is a free R-module admitting
the set {t7: 0 < g < 1}seg asa baﬁis we can write ¥ (a; ® 1) =Y a, (i) ® 17 for some unique
aq (i) € A. It follows that for y € Z = m1(R) we have ¥y = v if and only if ¥ (¢9) =t when-
ever ag (i) # 0. Since the action of 71(R) on S is continuous the stabilizer in m1(R) of each 14
is open. Thus the stabilizer of v in 771 (R) is a finite intersection of open subgroups, hence open.
This shows that the action of 7r;(R) on Aut(A) (§ ) is continuous. Now (3) follows from (2) and
Remark 2.27. O

Remark 2.30. We shall later see that all of the conformal superalgebras that interest us do satisfy
the above finiteness condition. Computing Hclt(m (R), Aut(A)(S)) is thus central to the classifi-
cation of forms. The following two results are therefore quite useful.

(1) If G is a linear algebraic group over k whose identity connected component is reductive,
then the canonical map

HL(71(R), G(S)) — HA(R, G)

is bijective.
(2) If & is a reductive group scheme over Spec(R) then Hélt(R, &) =1.

The first result follows from Corollary 2.16.3 of [5], while (2) is the main result of [16].
2.4. The centroid trick

Analogous to work done for Lie (super)algebras [1,6], it is possible to study the more deli-
cate question of k-conformal isomorphism, as opposed to the stronger condition of R-conformal
isomorphism, using a technique that we will call the centroid trick.” In this section, we collect
some general facts about centroids and the relationship between these two types of conformal
isomorphism. In the next section, we will apply the results of this section to some interesting
examples.

Except where otherwise explicitly noted, we assume throughout Section 2.4 that R = (R, §g)
is an arbitrary object of k-§alg. Recall that if R =k, then & = 0.

For any R-conformal superalgebra .4, let Ctd (A) be the set

{x € Endg-gmoa(A) | x (@mb) = amyx (b) foralla,be A, n € Z},

Wherf_: Endg-smod(A) is the set of homogeneous R-supermodule endomorphisms A — A of de-
gree 0.

7 This name was suggested by B.N. Allison to emphasize the idea’s widespread applicability.
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Recall that for r € R we use r 4 to denote the homothety a — ra. By Axiom (CS3), we have
rp € Ctdr(A). Let R4 = {ra: r € R}. We have a canonical morphism of associative k- (and
R-) algebras

R — R4 C Ctdg(A). 2.31)

Via restriction of scalars, our R-conformal superalgebra A admits a k-conformal structure
(where, again, k is viewed as an object of k-dalg by attaching the zero derivation). This yields
the inclusion

Ctdr (A) C Ctdi(A). (2.32)

Lemma 2.33. Let A and B be R-conformal superalgebras such that their restrictions are
isomorphic k-conformal superalgebras. That is, suppose there is a k-conformal superalgebra
isomorphism ¢ : A — B (where A and B are viewed as k-conformal superalgebras by restric-
tion). Then the following properties hold.

(i) The map x — ¢ X(]b_l defines an associative k-algebra isomorphism Ctd(¢): Ctdi(A) —
Ctdx (B). Moreover, ¢ is an R-conformal superalgebra isomorphism if and only if
Ctd(¢)(ra) =rg forallr € R.

(ii) The map dcya Ay : X +> [04, X1 =0, x — x93, is a derivation of the associative k-algebra
Ctdy (A). Furthermore, the diagram

Ctd(¢)
Ctdg (A) —= Ctde(B)
SCtdk (A) l \L 8Ctdk(B) (234)
Ctd

()
Ctdy (A) —— Ctdi(B)
commutes.

Proof. (i) This is a straightforward consequence of the various definitions.
(ii) For any x € Ctdg(A),a,be Aandn >0,

(9.4, x1(amb) = (04X — x9.4)(amb)
=9 a(aem x (B)) — x (9@ mb + amdab))
=9 4(a) () X B) + amd.4(x () — 3 4(@) () (xb) — amyx (0.4(b))
=am[da, x1(b).
The commutativity of Diagram (2.34) is easy to verify. O
For some of the algebras which interest us the most (e.g. the conformal superalgebras in

Section 3), the natural ring homomorphisms R — Ctdy(A) are isomorphisms. This makes the
following result relevant.
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Proposition 2.35. Let Ay and Ay be conformal superalgebras over R = (R, 8r). Assume that
Auty(R) =1, i.e., the only k-algebra automorphism of R that commutes with the derivation §g
is the identity. Also assume that the canonical maps R — Ctdy(A;) are k-algebra isomorphisms
fori=1,2. Then Ay and Aj are isomorphic as k-conformal superalgebras if and only if they
are isomorphic as R-conformal superalgebras.

Proof. Clearly, if ¢:.A; — A5 is an isomorphism of /R-conformal superalgebras, then it is also
an isomorphism of k-conformal superalgebras when A; and A, are viewed as k-conformal su-
peralgebras by restriction of scalars.

Now suppose that ¢ : A; — A is a k-conformal isomorphism, and consider the resulting &-
algebra isomorphism Ctd(¢) : Ctdy(A;) — Ctdx(A2) of Lemma 2.33. Under the identification
R4, = R = R 4,, the commutativity of Diagram (2.34), together with [0.4,,74,]1 =8r(r) 4, and
[04,,74,] = 0r(7) 4,, yields that Ctd(¢p), when viewed as an element of Autg-qe(R), com-
mutes with the action of §g. By hypothesis, Ctd(¢) = idg, and therefore ¢ is R-linear by
Lemma 2.33(i). Since ¢ also commutes with d 4, and preserves n-products, it is an R-conformal
isomorphism. O

Corollary 2.36. Let Ay and Ay be conformal superalgebras over R = (R, d;) where R =
k[t,t7'] and 8, = %. Assume that the canonical maps R — Ctdi(A;) are k-algebra isomor-
phisms, fori =1,2. Then

A1 Z Ay ifand only if A Ex As.

Proof. The only associative k-algebra automorphisms of R are given by maps ¢ — at€, where o
is a non-zero element of k and € = 1. Thus the only k-algebra automorphism commuting with
the derivation §; is the identity map, so the conditions of Proposition 2.35 are satisfied. O

Remark 2.37. The previous corollary is in sharp contrast to the situation that arises in the case of
twisted loop algebras of finite-dimensional simple Lie algebras, where k-isomorphic forms need
not be R-isomorphic. (See [1] and [16].) The rigidity encountered in the conformal case is due
to the presence of the derivation §;.

2.5. Central extensions

In this section we assume that our conformal superalgebras are Lie-conformal, i.e. they satisfy
axioms (CS4) and (CSS5). Following standard practice we denote the A-product a;b by [a;b]
(which is then called the A-bracket).

A central extension of a k-conformal superalgebra A is a k-conformal superalgebra A and a
conformal epimorphism 7 : A — A with kernel ker 7 contained in the centre Z (A) {a e A |
[a;b] =0 forall b € .A} of A. Given two central extensions (.A ) and (B w) of A, a morphism
(from (.A ) to (B 1)) in the category of central extensions is a conformal homomorphism
¢: A — B such that uo¢=m. A central extension of A is universal if there is a unique mor-
phism from it to every other central extension of A.

Proposition 2.38. Let (A,,rr,) be central extensions of k-conformal superalgebras A; with
kerm; = Z(A) for i = 1,2. Suppose V- A —> Ay is a k- conformal isomorphism. Then
Al =k-conf -A2-
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Proof. In the category of k-vector spaces, fix sections o; : A; — _:Zf, of m; :Z(l — A;. We verify
that

1//=7[201~ﬂ4001:./41—>./42

is a k-conformal isomorphism.
Note that

m1[o1(0)50 (0] = [m101 () m101(7)]
=[xay]
=m1(o1[x:y]).
so o1[x,y] = [o1(x),01 (y)l+ w(A) for some polynomial w(X) in the formal variable A with
coefficients in kerr; = Z(Ay).

_ Moreover, [IF/;(M))\J(CI)] = 1/7[u,\a]~= 0, forallu € Z(,Z/l) anda € .le, S0 it is easy to see that
Y restricts to a bijection between Z(A;) and Z(Ay). Therefore,

Yoyl =m0 ooilx.y]
=mo 1/7([61 (x)01(1])
=m0y [01(x),01(7)]
=[mo ¥ ooy (x), 20 oo1(y)]
= [ @y »].
To see that i commutes with the derivations, note that (9 ¥y (x)) = 04, (1 (x)) for all
x € Aj. Thus 1 (07, (01(x))) = 0.4, (T101(x)) = 9.4, (x), s0 a7 (01(x)) =01(d4, (x)) + u for
some u € ker 1. Hence
04,0 (1) = gm0 001 (x)
=mo J(lem(x))
=m0y 001(d4, (X)) + 7m0 Y (u)
=¥ (9.4,(0)
since 1; Z (;(1) —Z (,742). Hence v : A} — A is a homomorphism of k-conformal superalge-
bra’i"'he map V¥ is clearly injective: if x € ker, then U o Y1 (x) € kermy = Z(Ap), s0 01(x) €
Z(Ap) and x = Y (x) =0.

To see that ¥ is surjective, let y € Aj. Then let x = | o 1;_1 o0 03(y). For any X € ;(1, we
have o171 (X) =X + v for some v € ker 1. Thus

(o1 07T1(1Z71 0 02(y)))
=m oY (¥ ooa(y) +v)
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for some v € kersr;. Then

V() =mom() +moy() =y,
and ¥ : A] — A3 is surjective. Hence v is an isomorphism of k-conformal superalgebras. 0O

Corollary 2.39. Suppose that (:Zl;, 7;) are universal central extensions of k-conformal superal-
gebras A; with Z(A;) =0 fori =1,2. Then

.,7(1 Zk-conf .:(2 ifand only if A Zk-conf As.
3. Examples and applications

In this section, we compute the automorphism groups of some important conformal superal-
gebras. It is then easy to explicitly classify forms of these algebras by computing the relevant
cohomology sets introduced in Section 2.2.

For all of this section, we fix the notation

R=(R,8) = (k[r, =1, %)

4 o~ d
S=(S,85):= (k[ﬂ |q Q] E)’

where k is an algebraically closed field of characteristic zero.

By definition, every k-conformal superalgebra is a Z/27Z-graded module A over the polyno-
mial ring k[0] where 9 acts on A via d 4. For the applications below, we work with k-conformal
superalgebras .4 which are free k[d]-supermodules. That is, there exists a Z/2Z-graded subspace
V =V;® V;j C Aso that

A =k[0] @ V;

fori= 6, 1.
The following result is extremely useful in computing automorphism groups of conformal
superalgebras.

Lemma 3.1. Let A = k[0] ®x V be a k-conformal superalgebra which is a free k[0]-
supermodule. Let S = (S, 8s) be an arbitrary object of k-8alg. Then:

(1) Every automorphism of the S-conformal superalgebra A ®; S is completely determined by
its restrictionto V= (1QV)®1 C AQ; S.

(i) Assume ¢:V Qr S — V Q@ S is a bijective parity-preserving S-linear map such that
(v Lwel) =[P 1),¢(w )] for all v,s € V. Then there is a unique auto-
morphism a € Aut(A)(S) extending ¢.
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Proof. Let {v; | i € I} be a k-basis of V consisting of homogeneous elements relative to its
7./2Z-grading, and {s; | j € J} a k-basis of S. Since 0 495 = 94 ® 1 + 1 ® 85 and since the v;
form a k[d]-basis of A, the set

{3f4®s(vi ®sj)|iel, jel, £=0}
is a k-basis of A @ S. Because any S-automorphism must commute with 9 455, we have no

choice but to define a to be the unique k-linear map on the vector space A Qi S satisfying
¢>(8f;‘®8(v,' ®s)) = 8ﬁ®8(¢(vi ® s5;)). In particular, we have

$(04g5(0) = Vg5 (®(). (32)
for all x € V ®; S. We claim that 3; € Aut(A)(S). It is immediate from the definition that $ is

invertible, and that it commutes with the action of d 4gs.
Foranyv,weV,r,se R,andn e Z,,

PR rpHw®s)=s¢V @ rpw® 1)

o0
=—sp.w) Y (=D)" Y cpw @ iy ®7)
j=0

= —sp(v, w)Z( DY) srpw @ Lty ® 1)
j=0

=—sp(, w) Y _(~=D)"9Y) rpw @ i@ 1)
j=0

=—sp(v, w)Z(—l)"ﬂa“) P Dny jyro (1)
J=0

=s(rg(v® 1))(n)¢(w ®1)
=p(v®r)md(ws),

by (CS4) and (CS3). Similar arguments using (CS1) and (CS4) show that for any homogeneous
x,yeV®Sand¥l,m,neZy,

B0 s ans () = psd Mmd4ps ()

=6(0%05) 4y #(04ns ),

SO apreserves n-products. Finally, to see that ;5 is S-linear, we first observe that

n
SAS 00'ns = Y (=18 g0 85() o (3.3)



V. Kac et al. / Advances in Mathematics 222 (2009) 809-861 837

This follows from repeated use of Axiom (CS2) applied to the S-conformal superalgebra A ®; S
when taking into account that 45 =04 ® 1 + 1 ® J5s.
Foralls € S and x € V ®; S, we then have

P(s.495 05 )
= 3)\(2(—1)1'3%5 o 6s<s)52’;§(x)) (by 3.3)
i=0

=3 =199 5885 4ga(x)) (b definition of $)
i=0

n
= (D18 s 085() hgep(x)  (S-linearity on V ®; S)
i=0

=5Aps 00 s () (by3.3)

=s4ps 0 d(3%0s(x))  (by definition of §)
SO Zﬁ commutes with the operator s 4g.s, and :ﬁ is thus S-linear. O
3.1. Current conformal superalgebras

Let V = V5 @ Vj be a Lie superalgebra of arbitrary dimension over the field k. Let Curr V be
the current conformal superalgebra

Curr(V) :=k[0] Q1 V

with n-products defined by the A-bracket® [v,w] = [v, w], where [v, w] is the Lie superbracket
for all v, w € V. The derivation dcur(v) is given by the natural action of d on the k-space
Curr(V).

Theorem 3.4. Let V be a semisimple Lie superalgebra over k, and let 0 € Autg-copr(Curr V).
Theno(V)C V.

Proof. Let A= CurrV, and let 7y : A — V =k ®; V be the projection of A onto the first
component of the (vector space) direct sum

A=k V)@ (9k[0] @ V).
Letoy =myo:V — V, and extend oy to A by k[0]-linearity.

To verify that oy is a k-conformal homomorphism, we expand both sides of the following
equation for all x,y € V:

olxyl=[o()o ] 3.5)

8 See Remark 1.8.
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The left-hand side expands as

olxyyl=ov[xiyl + (0 —ov)[xay]. (3.6)

The right-hand side is

[0 ()0 ] =[ov@)rov ]+ [ov ()0 —ov)(V)]
+ [(0 —ov)()s0v(M] + [(0 = av)(X) (0 —av)(V)]- (3.7

By (1.9),
[ov(xX)i(o —ov)(W)] + [(0 —ov)(xX)iov ()] + [(0 —ov)(x)i (0 —ov) ()]
is contained in the space
kA ® 0k[9] @ V + Ak[A] @ k[3] ® V,

as is (o — oy)[x,y]. Therefore, we can apply 7y to the right-hand sides of (3.6) and (3.7) and
then evaluate at A = 0 to obtain

ovlxy] = [ov ()00 (0)]. (3.8)

Thus oy : A — A is a homomorphism of k-conformal superalgebras.

In fact, oy is a k-conformal superalgebra isomorphism. By the k[d]-linearity of oy, it is
sufficient to verify that its restriction oy :V — V is bijective. But this is straightforward: if
oy (x) =0, then o (x) = da for some a € A, and x = do~'(a). But x € V, so x =0, and oy is
injective. Likewise, if y € V, then write o1 (y) =z + b for some z € V and b € A. Then

y=oyo ()
=ovy(z) +oy(db)
=oy(2) + 7y (0o (b))
=ov(2),

so oy is also surjective. Hence oy : A — A is a k-conformal automorphism.
Therefore the map

r:a;la:AaA 3.9

is a k-conformal automorphism. Note that 7y 7(x) = x for all x € V. Since 0 = oyt and
oy (V) C V, Theorem 3.4 will be proven if we show that 7(V) C V.
For non-zero x € V write

M(x)

) =Y Vv, (3.10)

i=0
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for some v, € V, with vy(y),» # 0. Define v;q to be zero for all i and M (0) = —1. Let
W:Spank{vM(x),x |x€V}. (3.11)

We claim that W C V is an ideal of the Lie algebra V. Indeed, for any x, y € V,

Tlx, y]=t[xny]

=[t@)t(»)]
M@ MG
— |: Z 8(1)Uixx Z a(])vjy:|
i=0 j=0
M(x) M(y) ' .
=3 > =@ + 0P, vjy 1. (3.12)
i=0 j=0

The highest power of 3 in (3.12) is 3 (") Since the indeterminate A does not occur in the
expression t[x, y], we see that either

M([x, y]) = M(y) (3.13)

or else

[vox, VM (y),y] =0. (3.14)
If (3.13) holds, then vps([x, y)),[x,y] = [Vox, Var(y),y]s SO

[x,vm@p),y] €W (3.15)
since vy =y T(x) = x. If (3.14) holds, then (3.15) holds trivially since [x, vp(y),y] = 0. There-
fore [V, vpm(y),y] € W forall y € V, so W is an ideal of the Lie superalgebra V.

Suppose that M (x) > O for some x. Comparing the highest powers of A occurring on both
sides of (3.12), we have

0= (_)L)(M(X)))L(M(y)) [UM(x),x, UM(y),y]

for all y € V. That is, [vp(x),x, UM(y),y] =0 for all y € V, s0 vps(x),x is in the centre Z(W)
of the Lie superalgebra W. But Z(W) is an ideal of V. (This follows easily from the Jacobi
identity.) Since Z(W) is solvable and V is semisimple, we see that Z(W) =0 and vp(x)x =0,
a contradiction. Hence M (x) = O for all non-zero x € V. Therefore, 7(x) = vox =ty 7(x) =X
for all x € V, so the k[0]-linear map t is the identity mapon A, ando = oyt =0oy:V > V. O
Corollary 3.16. Let V be a simple Lie superalgebra over k. Then

Auty-conf (CUI‘I‘(V)) = Auty-£;e(V),

where Autg-;. (V) is the group of Lie superalgebra automorphisms of V.
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Proof. Lie automorphisms of V extend uniquely to superconformal automorphisms of Curr(V)
by k[d]-linearity. Conversely, superconformal automorphisms of Curr(V) restrict to automor-
phisms of the Lie superalgebra V by Theorem 3.4. These correspondences are clearly inverse to
one another. O

Corollary 3.17. Let V be a Lie superalgebra over k, and let S be an extension in k-8alg for
which V ® S is semisimple as a Lie superalgebra.® Then

AULS-conr (Curr(V) @1 S) = Autg.rie(V ®; S).

Proof. Every S-conformal automorphism o of Curr(V) ®; S is also a k-conformal automor-
phism via the restriction functor. By Theorem 3.4,

o(VRSHCVRS.
The A-bracket in the S-conformal superalgebra Curr(V) ®; S is
[(v®rnwesl=[v,w]Qrs

forall v, w € V and r,s € S. That is, Curr(V) ®x S = Curr(V ®x S) as S-conformal superalge-
bras. Then the argument of Corollary 3.16 holds in the S-conformal context as well. O

Remark 3.18. Let V be a finite-dimensional simple Lie superalgebra over k. By Theorem 2.16
and Proposition 2.29, the R-isomorphism classes of S/R-forms of the R-conformal superalge-
bra

Curr(V) ® R = (k[0] @« V) ® R
are parametrized by
H'(S/R, Aut(Curr(V))) = HX (1 (R), Aut(Curr(V))(S)).

By Corollary 3.17, Aut(Curr(V))(g) =Autg_;,(V® §), a group that is computed in [7,13,15].
For example, if V = sl (k), then Autg_ ;. (V ® §) = PGL2(§), SO

H'(S/R, Aut(Curr(V))) = HL (71 (R), PGLA(S)) = HL (R, PGLy) = {1}.

In particular, all S /R-forms of Curr(sly(k)) ®¢ R are trivial, that is, isomorphic to
Curr(slp(k)) ® R as an R-conformal superalgebra.

9 For example, any finite-dimensional simple Lie algebra V over k satisfies this condition with any extension S €
k-6alg.
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3.2. The Virasoro conformal algebra
The (centreless) Virasoro conformal algebra Vir is the free k[d]-module
Vir=k[0] @ kL,
with A-bracket given by
[LyL]= (0 +2))L.

Proposition 3.19. Let Vir = Vir ®; . Then Autg. ., Vir = 1.
Proof. Leto € Autg_wnf ]71\)‘ and write o (L ® 1) = 2720/8\(-/) (L®rj) forsomer; € § where

9= 05 and ry # 0. Comparing the coefficients of the highest powers of A occurring in the
relation

olLOLL®=[0(L® D)oL ®1)], (3.20)

we see that o (L ® 1) = L @ r for some r € S. Applying (3.20) again, we obtain r = r2. Since &
is an automorphism, it is non-zero and S-linear, sor =lando =1. O

In particular, all S /R-forms of Vir ®; R are R-isomorphic (and hence k-isomorphic), since
H'(S/R, Aut(Vir)) = H: (71(R), 1) = {1}.

It is straightforward to check that not only is Vir centreless, !0 but Vir has no abelian conformal
subalgebras:

Lemma 3.21. If A C Virisa conformal subalgebra, then [A; A] # 0.

Proof. Let u = 27:0’8\(-" (L®r ;) be an element of a conformal subalgebra A C 171'\1’, with
ry # 0. Then ‘

wul= > NP@+MPVIL@r;Lerl,
0<i, j<N

2(=DN
SO UQN+1)U = ﬁld ®r12\, #0. O

The above lemma is in stark contrast to the fact that every current conformal algebra is linearly
spanned by abelian conformal subalgebras:

Currg = Zk[a] ® kx

xeg

10 Hence it satisfies the hypotheses of Corollary 2.39, classifying g/’R-forms of Vir @ R up to k-isomorphism of
universal central extensions.
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and the subalgebra k[0] ® kx = Curr kx has tEi\Vial A-bracket. Since Vir has no abelian conformal
subalgebras, any homomorphism Curr g — Vir must be trivial.

Corollary 3.22. Let g be a Lie algebra over k, and let o : Curr g — Vir be a homomorphism of
k-conformal algebras. Then o = 0.

3.3. Forms of the N = 2 conformal superalgebra

Recall that the classical N = 2 k-conformal superalgebra A is the free k[d]-module A =
k[0] ® V where V = V; ® V7,

Vs=kL ®kJ,
Vi=kGt ®kG™,
with A-bracket given by!!
[LyL]=(d+2)0L, (3.23)
[LyJ]1=(0@+ )], (3.24)
3

[L,GT]= <a + 5/\> G*, (3.25)
[/, J1=0, (3.26)
[/,G*] = £G*, (3.27)
[GT.Gt]=[G,.G7]=0, (3.28)

o 1
[GT.G ]=L+§(a+2A)J. (3.29)

Proposition 3.30. Let A=A Qk S. Then

(1) Foreach s =at? € S, with a € k* and q € Q, there exists a unique automorphism 6, €
Autg(A) such that

0:L>L+ql®t",

J—J,
Gt Gt®s,
G —>G ®s .

(2) There exists a unique automorphism w € Autg(.;l\) such that

I These conditions say that J (respectively, GH)isa primary eigenvector of conformal weight 1 (respectively, %) with
respect to the Virasoro element L.



V. Kac et al. / Advances in Mathematics 222 (2009) 809-861 843

w:L— L,
J—=—J,
Gt G,
G+~ G*.
(3) The map s +> 65 is a group isomorphism between S* and the subgroup {0s),c5x of
Autg(A Qi S) generated by the 05. This isomorphism is compatible with the action of the

algebraic fundamental group 71 (R).
(4) Let Z./2Z act on S by 1tP/4 = t=P/9_ There exists an isomorphism of 71 (R)-groups

¥ S* % Z/27 — Autg(A® S)
such that
¥(s, &) = O;0°
foralls € S*ande=0,1.
Proof. The proofs of (1) and (2) are based on Lemma 3.1. One must check that 6; and w preserve
the A-product of any two elements of V ® 1. This is done by direct (tedious) calculations.
(3) This is a straightforward consequence of the various definitions.

(4) The delicate point is to show that the (65),.5x and w generate Autg(A ®x S ). To do this
we start with an arbitrary element o € Autg(A ®i S) and reason as follows:

Stepl.c(J ®1)=J Qs for some s € S.
Proof. Let :.Zl\() — Vir be the projection onto the second component of
As = (k1) @k kJ) @k S) @ ((k[9] ®k kL) @4 S) = Curr(kJ @ S) @ Vir.
The map mo :le\(-) — Vir restricts to a map
Curr(kJ) = (k[3] @ kJ) ® 1 — Vir

of k-conformal algebras. By Corollary 3.22, this map is zero, and
N
— (k)
o(J@1)= ;)%g(f ® st).

for some sy € S.
Comparing the coefficients of the highest powers of A occurring in the relation

(@D =0lJOLLR=[0(J®1)0(L1)]

shows that N =0. Hence 0 (J ® 1) = J ® s for some s € S. o
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Step 2. There exist c € k™ and s € S such thato(J®1)=JQcando(LR1)=LQ1+JQs.

Proof. Apply o to the relation [/ ® 1, L ® 1] =AJ ® 1. Comparing the coefficients of the top
powers of A shows that 0 (J ® 1) = J ® ¢ for some ¢ € k* and

N
sl =Lel+)y 3V ®s)),
j=0

for some s; € §, where sy # 0 and =9 A0S We then consider the relation
[0(L®1),0(L®1D]=@+20)0 (L& 1). (3.31)

Expanding and comparing the coefficients of AW (J ® sy) shows that N is O or 1.

If N =1, then (3.31) becomes AJ ® sg = —(5+ 20)J ® 85(s1). Since there are no 9 terms
in the left hand side of this equation, we see that §5(s1) = 0. But then so = 0. Thus O’(L ®1)=
L®l+8(]®c1) for some ¢ ekorelsea(L@l)—L@l—}—J@s for some s € S.

Suppose that o (L@ 1) =L ® 1 + 8(] ® c1). Write

M_
(Gt ®1) Za“‘) (GTen)+) 0 (G™ @),
k=0 £=0
with r7, and sy, both non-zero. Consider the relation
o[L®1L,GE®1]=[0(L®1),0(GE®1)]. (3.32)

Expanding this relation and comparing the coefficients of terms involving A!*M+G¥, we see

1+M .. .
that %rok = %rﬂh(% —c1). If rg # 0, then M = c¢; = 0. Similar arguments show that if we
write

Ny N_
o(Ge1)=) (G ea)+ )Y (G ®b),
k=0 =0

then ¢y =0 if ag # 0. But if rg =a9= 0, then the map o is not surjective, so ¢y =0 and o (L ®
D=L®1+J®sforsomeseS. O

Step 3. There exist s™ and s~ in % such that either

3a) o(J®D)=J®land o (GT® 1) =G*T @ s*, or
3b) c(J®D=—JQRland o (GT®1)=GTF ®s™.

Proof. From the proof of Step 2, we see that M = 0. Likewise, M_ = N, = N_ = 0. Hence

o(Gt®1)=G"®ry +G~ ®s4,
o(G"®1)=G"®r-+G ®s_,
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for some r4, s+ € S. The relation o[J ® 1, GE® 1] =[0(J ® 1);,0(G* ® 1)] shows that

GTR®ri+G ®s:=cGT@ry —cG™ @54, (3.33)

—(G+®r,+G_®s,) =cGTRr_—cG™ Qs_. (3.34)

If r # 0, then by (3.33), we see that s =0 and ¢ = 1. Then by (3.34), r— =0 and s_ # 0.
Hence we are in Case 3(a).

Similarly, if 4 =0, then s # 0, c = —1, and we are in Case 3(b). O

Step 4. If o is as in Case 3(a) above, then s™ and s~ are inverses of each other. Furthermore, if
we write sT = at? for some o € k* and q € Q, then o = O,+.

Proof. Since we are in Case 3(a), the relation
o[GTRLG ®1]=[0(G"®1),0(G”®1)]

says that

L®1+J®s+%(5+2/\)(1®1)
=L®sts™+J ®8§(s+)s_ + %8] RsTs +AI®@sTs™.
Thus s and s~ are inverses of each other, and
s=085(sT)s™ = gort?™! (s+)_l =gt~
Hence o =6,+. O

To finish the proof of Proposition 3.30, we have to consider the case when o is as in 3(b). Re-
placing o by ow yields an automorphism that satisfies 3(a), and we can conclude by Step 4. O

Theorem 3.35. Let A be the classical N = 2 conformal superalgebra. Up to k-conformal iso-
morphism, there are exactly two twisted loop algebras of A. These are L(A,id) and L(A, w).

Furthermore, any S, /R-form of A is isomorphic to one of these two loop algebras.

I/’\roof. By Theorem 2.16, Proposition 2.29, and Proposition 3.30, the R-isomorphism classes of
S/R-forms of the R-conformal superalgebra A are parametrized by

H'(S/R, Aut(A)) ~ HL (71 (R), Aut(A)(S)) = HX (1 (R), S* x Z/2Z).
Consider the split exact sequence of 71 (R) = 2—groups

1> 8% > S* NZ/2Z — 727 — 1. (3.36)
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Passing to (continuous) cohomology yields
HY(Z.5%) - HA(Z, 5 x 2/22) Y5 HL(@Z. 7./27). (3.37)

The map v admits a section (hence is surjective) because the sequence (3.36) is split. Since 7
acts trivially on the (abelian) group Z/27Z, we have

HA\(Z,7/27) ~ Homy(Z, Z./27) ~ 7).

Note that ¥ maps the cohomology classes of Hclt (Z Autg(A ®r S )) corresponding to the loop
algebras L(A,id) and L(A, w) to the two distinct classes of H, L, Z/27). To prove Theo-

ct

rem 3.35, it is thus enough to show that i in (3.37) is bijective, and that S, /R-forms of A are
k-conformal isomorphic if and only if they are /R-conformal isomorphic.

Let G = Spec(k[zil 1) denote the multiplicative group. Recall that Aut(G,,) ~ Z/2Z where
the generator 1 of Z/27 acts on Spec(k[z*']) via z — z~!. We now proceed by exploiting the
considerations of Remark 2.30. Since H, élt(R, 7.]27) ~ Z./2Z, the bijectivity of ¢ translates into
the bijectivity of the analogous map (also denoted by ) at the étale level, namely

HY(R,Gp) — HL(R, G,y x 2/27) Y, HA(R,Z/27).

Since Hélt(R, G,;) = Pic(R) = 1 our map ¢ has trivial kernel. The fibre of i over the
non-trivial class of H'(R,Z/27) is measured by the cohomology Hélt(R , R}% /R (G;)) where
quz / & (Gum) is the twisted form of the multiplicative R-group G, that fits into the exact sequence

1 — R, g (Gm) — Ry r(Gm) > Gy —> 1,

where N comes from the reduced norm N of the quadratic extension S/R, and R is the Weil
restriction. The functor of points of the R-group Rgz / r(Gpy) is thus given by

R,k Gm)(R) = {x € (S2®r R)*: N(x) =1}
for all R’ € R-alg. Passing to cohomology on this last exact sequence yields
R, k(Gm)(R) 5 Gu(R) > H' (R, RY, )2 (Gm)) — H' (R, R, /5(Gm)).
By Shapiro’s Lemma,
H'(R, Rs,/5(Gm)) = Pic(S) =0.
On the other hand, the norm map
[xes$: N =1} Y RX
is surjective. Thus HY (R, R}wR(Gm)) =1 as desired.!2

12 One can also see that H l(R,RlS2 / 1 (Gm)) =1 directly by applying Remark 2.30(2) to the reductive R-group
1
Rsz / r(Gm).



V. Kac et al. / Advances in Mathematics 222 (2009) 809-861 847

The above cohomological reasoning shows that L(A,id) and L(A, w) are non-isomorphic
as R-conformal superalgebras, and they represent the R-isomorphism classes of §/ R-forms of
A. To finish the proof, it suffices to note that the hypotheses of Corollary 2.36 are satisfied, so
(in this case) R-isomorphism is the same as k-isomorphism. This follows easily from the same
argument used in the N = 4 case in the proof of Theorem 3.71 below. O

3.4. Forms of the N = 4 conformal superalgebra

We now consider the classical N = 4 conformal superalgebra A. We compute the automor-
phism group Aut(A)(S), from which the existence of infinitely many non-isomorphic twisted
loop algebras will follow easily from the theory developed in Section 2.2.

We begin by recalling the definition of the N = 4 conformal superalgebra A. Let A =
Aj ® A; be the k-vector space with

Ai =k[0]V; = k[3] @ Vi (3.38)

fori=0, 1, and

3
Vo=kL®PkJ°,

s=1
2 2
Vi =EPrG* & PkG".
a=1 b=1

Let JS = %03 , where o* are the Pauli spin matrices

(01
={1 o)
> (0 —i
”‘(i 0)’
;5 (1 0
0_<0 _1).

The space A is a (k, §)-conformal superalgebra, with multiplication given by

[LrL]= (@@ +2ML, (3.39)
[LaJ*]=@+1)JT°, (3.40)
PASYANE ANV A RS AN AR A (N (3.41)
[L,G] = (a + %A)G“, (3.42)

[L,G] = (a + %/\)6“, (3.43)
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[/°:.G%] = —= Z s G, (3.44)
[/5.G*] = Zaba G?, (3.45)
[G*.G"] =[G“.G"] =0, (3.46)

3
[G*.GP] =26 L —2(0+20) ) 03, J* (3.47)

s=1

forall m,n,s € {1,2,3} and a, b € {1, 2}, where 845 is the Kronecker delta and 0}, is the (a, b)-
entry of the matrix o*. The algebra Ais the N = 4 conformal superalgebra described in [9].

To compute Aut(A) (S) Autg(A ®x S) it is enough (by Lemma 3.1) to compute the ac-
tion of each automorphlsm in Autg(A ®x S) on the subspace V ®; 1 C A ®; S. Fix o €
Autg(A®y S), and choose d > 0 sufficiently large so that o (V ® 1) C Ad = AQk[t/4 14,
(Such a d exists since V is finite-dimensional.) Let z = ¢!/ and 3= d :Sqg — Sy with
Sa = k1", 1714 = k[z, 27",

As in the N =2 case, we consider the projection

7:(A® 8)5 = Currsh(S) & Vir — Vir
and the composite map
no:(AQ §)6 — Vir

restricted to Currsly (k) = (k[0] ® @s 1 k)@ 1.

By Corollary 3.22, the map 7o is zero, and thus o restricts to an S- conformal automorphism
of the conformal subalgebra Curr sl (S) (k[0] ® slz(k)) Rk ScA ® S S, By Corollary 3.17,
o is the k[0]- hnear extension of an S-Lie algebra automorphism of 5[2(S) so by [13], there is
some Y € GLQ(S) such that

o(Jf @)=Yy (3.48)

for s = 1,2,3. The units of S are the monomials, so detY = cr? for some qg € Q and
non- zero ¢ € k. Since k is assumed to be algebraically closed, ¢ has a square root Jc ek Let
Y= Tt ~4/2Y  Then Y has determinant 1, and conjugation by Y has the same effect on J* as

conjugation by Y, so we can assume without loss of generality that ¥ € SLZ(S).
Next we consider the image of L ® 1. Write

cLel)=) POLe)+w
i€Z
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for some polynomials P; (5) in the polynomial ring k[/a\] and w € Currsl; (§). Note that {i €
Z | P; # 0} is non-empty (or else o would not be surjective). Set N = max{i € Z | P; # 0} and
M =min{i € Z | P; #0}. If N > 0, then comparing the coefficients of L ® z*" on both sides of

[c(L®1),0(L®D)]=0[LRLL®I1] (3.49)
gives
Py(=2)Py@ + 1)@ +20) (L e V) =0.

That is, Py = 0, a contradiction. Hence N < 0.
If N < 0, then comparing the coefficients of L ® z*~¢ in (3.49) gives

Pu(=2) Py @+ 1)(=M/d)(L @ M=) =0,

keeping in mind that 9L ® z"M =9(L ® zM) — L ® 8(z™) with § = < and z = r!/¢. Hence
Py = 0, another contradiction. Thus N = M = 0.
Let P(0) := Py(9). Then comparing the coefficients of L ® 1 in (3.49) gives

P(—)P@+M@+20(L @ 1) =P@)@+20)(LQ 1),

so P(d) is a constant (i.e. a member of k) and P?> = P. Since {i € Z | P; # 0} is non-empty,
P #0,s0 P =1. Hence

oL@ =L®1+w

for some w € Currsly (§).
Write w = Z?’:Oé\(f)(wj) for some w; € sl>(S), with wys 7# 0. Suppose N’ > 0. For u €
sh(S) =@ _ k) ®F,

L ® 1= (1 ®8)u + Au,

SO

0((1 ®/8\)u) + Ao (u) = [O'(M)AO'(L ® 1)]
N/
= (1®3)0(u) + Ao (u) + Z(ﬁ—}- )»)(j)[gs(u), wj],
j=0

using the fact that o (1) € 5[2(S) (Corollary 3.17). Comparing powers of F) gives [0 (u), wy] =0.
This holds for all u € s z(S) So wpy 1is in the centre Z(s z(S)) = 0 of the Lie algebra 5[2(5)
Therefore wy = 0, a contradiction. Hence w € 5[2(5)

Hence we have now proven the following lemma:
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Lemma 3.50. Let A be the N = 4 conformal superalgebra defined above. Then for any o €
Autg_amf(A ® S), there is some Y € SLy(S) and some w € s> (S) so that

o(Jf@1)=Ys v ",
o(L®)=L®1l+w

forall s €{1,2,3}.

Our next task is to find the value of w in Lemma 3.50. For all u € sl (§), we have

@+ 200~ ) - %a”(u) =[L® Lo W]

50
@+Mu— o(%o_l(u)> =[o(L®1);u]
=[L®1+wyu]
=@+ Mu— %u+[w,u],
and

where prime (") denotes the derivative taken with respect to the variable 7. But
Yy '+y(r Y =(xr " =o, (3.51)
o)
[w,ul=u' — 1/(Y7114Y)/Y71
=YY Yu-uy'y!
=[r'y " ul.

Thus w — Y'Y ! is in the centralizer of 5[2(§) in gl, (§). But writing

_(e [
Y_(g h)

withe, f,g,he S, a quick computation shows that the trace tr(Y'Y ~!) = (eh — fg)'. But (eh —
fg) =0since Y € SLy(S). Hence, w — Y'Y ~! € Z(s15(S)) = 0, the centre of s[>(S), so we have
the following proposition.
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Proposition 3.52. Let A be the N = 4 conformal superalgebra defined above. Then for any
o€ Autg_wnf(A ® S), there is some Y € SLy(S) so that

o(J 1))=Y Y,
c(L@)=L1+YY"!
forall s €{1,2,3}.
Next we consider the action of o on the odd part of A ® S.Letve Vi. Write
M 4
o)=Y > 99w &ry),
i=0 s=1

where v; = G, vy = G2, v3 = G, v4s = G2, and ryyp # 0 for some s. Then writing w for
Y'Y~!, we have

~ 3
(a + EA)a(v @D =0c[LR11v®1]

=[c(L®1);0(v®1)]

M 4 . 3
=3 > @+n? <<5+ 5x> (v ®75i) — Vs ® 3(rsi) + [wavy ®rs,~1).

i=0 s=1
From the definition of the relevant products, (3.42), (3.43), and (1.13), it is clear that [w, vs ® ry;]
contains no non-zero powers of A. If M’ > 0, then comparing the coefficients of AM 1 gives
0= 24: E(M/ + DAM Dy @ o
s=1 2 e

Ihus rgpm = 0 for all s, a contradiction. Hence M’ <0, and o (v® 1) € V ® S. Therefore, by the
S-linearity of o and Proposition 3.52, we have proven the following lemma.

Lemma 3.53. Let 0 € Autg(A® §). Theno(V®S)CV®S.

For the computations that follow, it will be helpful to use the following notation:

a 1 L 1 2
(4)o(4)=6'oas 7o
a 0 =1 =2

b & 1 =G ®a+G"®b

foralla,b e S. In this notation, the relations (3.44), (3.45), and (3.47) become
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()2 (0)] == (5)= (6) 5o
e (o) e
(2)(o)
=2(a b)(i)L 2(8+2k);(a b)o* ( >J3 (3.56)

foralla,b, g, h ek and s € {1,2, 3}, where (J*)7 is the transpose of the matrix J*.
Using the fact that o preserves the relation (3.54), we see that for any a, b € k,

rra((5)e o)) e ((5)2 ()
(7 (3) e (0) (7 ()= ()

where o; := m;0 and m (resp., ) is the projection of AI X S onto

2 2
W = @ij ®§ (resp., Wy = @k(_}j ®§)

j=1 j=1
in the direct sum
A =W @ Ws.
Then

vy ) o = =0y (1°)" (3.57)

V]

as S-linear maps on the vector space Wj. Let v = (v2

restriction o1 : Wi — Wj. Then by (3.57),

e (1 (7)) (1) cter

for all M e sl (§). Thus kero; = 0 or kero; = W. If keroy = 0, we see by (3.57) that conjuga-
tion by o1 has the same effect on sl (k) as conjugation by (¥ ’1)T. The centralizer of sl (k) in
GL2(§) consists of matrices of the form cz™ I, where ¢ € k>, m € Z, and I is the 2 x 2 identity
matrix. Thus

) ® () be in the kernel kero; of the

o=c"(v ) Wi - w (3.58)

for some ¢ € k* and m € Z. If ker o1 = W, then obviously (3.58) also holds, with ¢ = 0.
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By a similar argument,

0

oy =d7"Y (_1

(l)) W —> W,

for some d € k and n € Z. Thus
a 1
“((3)(o))
. 1 n 0 1 0
=c"(Y 1)T<Z)®<O)+dz Y(_l 0) <Z)®(1>. (3.59)

Repeating this argument on W5 using relation (3.55), we see that for some fixed e, f € k and

k,2eQ,

(()=(2))

e (5 ) ()erer(D)e()) o
forall g, h € k.

From (3.42), we see that

(6D o

for all a, b € k. Apply o1 to both sides of (3.61) and compute using (3.59). Equating the terms
on both sides of the equation which are constant with respect to A and 9 gives

(cz" (Y_I)T)/ = —(Y/Y_I)Tczm(Y_l)T,

where prime (') denotes element-by-element differentiation with respect to r = z¢. Taking the

transpose of both sides and simplifying using (3.51) gives ¢ = 0 or mz” 'Y~ = 0. That is,

c=0o0rm=0.If c =0, then we can obviously assume that m = 0. Similarly, n =k = £ =0.
By (3.56), the following equation holds for all a, b, g, h € k:

()2 (0)),~(()= ()]

3
—2a b)(i)a(L®1)—2(’§+z,\)a<Z(a b)os(i)) JS. (3.62)

s=1

Then comparing the coefficients of L ® 1 on both sides of (3.62) gives

2¢f(a b)(§>—2de(g h)<Z)=2(a b)(i),

so cf —de = 1. Thus we have the following proposition:
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Proposition 3.63. Let 0 € Autg(A® g). Then for some Y € SL; (§) and (z ?) e SL(k), o sat-
isfies the following formulas

c(L®)=L®1+YY!, (3.64)
o(Jf@l)=YJ v !, (3.65)
1 _ 1
((5)e(0) =) (o)
0 1
+dY<_1 :

) , (3.66)
1
0

(3.67)

foralla,bekands=1,2,3.

The converse to Proposition 3.63 is that given any ¥ € SLy(5) and (¢ ?) e SLy(k), (3.64)—

(3.67) defines an automorphism o € Autg(.A ® §)_ This follows (using Lemma 3.1) from the
long and tedious verification that the S-linearmapo : A® S — A ® S defined by (3.64)—(3.67)
preserves the A-bracket on the following relation:

olwi ® Ly ® 1]1=[o(w; ® 1), 0 (w2 ® D] (3.68)
forwy,wr €{L,J*,G',G' |s=1,2,3, i=1,2}. R
To determine the group structure on the set of automorphisms, fix ¥ € SL2(S) and X €

SL, (k). Let n; (resp., n2) denote the automorphism determined by (Y, I) (resp., (I, X)), where
I is the 2 x 2 identity matrix. Then it is straightforward to verify that

mmny ' =n,
so there is a group epimorphism
¢:SLa(8) x SLa(k) — Autg(A® S).

Finally, suppose that the automorphism determined by the pair (¥, X) € SL, (:S:) x SLa (k) is
in the kernel ker ¢p. Writing X = (i d),

T [a Iy (a 1
o (3)e(0)=(3)e (o)
for all a, b € k by (3.66). Thus c¥ DT =1,s0Y =cI and ¢ = +1. By (3.66) and (3.67), we

also see that d =e =0and Y = fI. Since (—1, —I) determines the identity map on A®S by
(3.64)—(3.67), the kernel of ¢ is the subgroup of SL,(S) x SL, (k) generated by (—1, —1):

ker(¢) =((—1,—1)) >~ Z/27.
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We have now proven the following:

Proposition 3.69. Let A be the N = 4 conformal superalgebra defined above, and let S =k[11 |
q € Q). Then

- o SLy(8) x SLa (k)
Autg (A Sk S) = — i) (3.70)

Applying our theory of forms (Section 2) now allows us to classify twisted loop algebras of
the N = 4 conformal superalgebra A.

Theorem 3.71. Let A be the N = 4 conformal superalgebra defined above. Then there are canon-
ical bijections between the following sets:

(1) R-isomorphism classes of twisted loop algebras of A,
(ii) k-isomorphism classes of twisted loop algebras of A,
(iii) R-isomorphism classes of S, /R-forms of A Qi R,
(iv) conjugacy classes of elements of finite order in PGL (k).

Proof. Let A, be the S,,-conformal superalgebra A ®; S, where S, = (S, %), Sy = k[ti%],
andm > 1. Let V = V5 ® Vi, where V; and V7 are defined as in (3.38). We divide our proof that
(1) and (ii) are equivalent into several steps.

Step 1. A,, = Span, (v(1)dL® 1| v eV & S, €= 0}

Proof. We show that 8f4V Q8 C Zf:o Ve Sm(l)BX)L ® 1 using induction on £. For £ = 0, we
seethat V@S (1)L ®1 = (V(1)L)® Sy =V ® Sy, since L, J*, G', G' are primary eigenvectors

of L with conformal weight greater than 1 for s =1,2,3 and i = 1, 2. That is,
a(o)L = (A — l)aAa,
ayL = Aa,
amL =0

forallm>1,a=L,J*,G', G, and some A = Aa) > 1.
It is straightforward to verify that for £ > 1 and s € S,,,,

ds

a®sy Lo 1= (+2a -+ D)y Mags+ a0 a2

Since A > 1, we see that Aafﬁﬂ)a s € Zfl'(l) V Qk Sm(l)ai{)L ®1forall£>0. O

Step 2. Let B = L(A,0) C .foor some finite order automorphism o: A — A. Then B =
Span {a1yd'{L®1]aeB, £>0}
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Proof. Let I' € Autg,, A, be the cyclic subgroup of order m := |o| generated by o ® v, where

¥ is the R-automorphism of S, given by sending tw to Em Itw and &, 1s the primitive mth root
of 1 fixed in Section 0. Let

7 Ay — A,

m—1
1 .
ar> —3 (089 ()

i=0
Then B = .Af,: , the set of I'-fixed points in A,,, and 7 is a surjection from A,, to B.

Since A, = Span; {v)d)L ® 1 | v eV ® Sy, € >0} and 0 ® ¥ € Autg, (An) by
Lemma 2.11, we have

B = (An) = Span, {7 (v1)d L ®1) [v eV ® Sy, £ >0}

= Span, { (W) 1yd o (L) ® 1 ‘ VEV @Sy, > 0}.

i=0

By (3.60), there is a Y € SL»(S),,) such that

o(Gh®1=0eD(G'®1)

_ _I\T [ a 1 0 1 1 0
=0 () e o)+ (5 0)(0)e (1)
s0Y €SLy(k). ThenY' =0,500(L)®1=(c @ 1)(L®1)=L®1by(3.64). Hence o (L) = L.

Therefore,

m—1
B= Spank{ Y rwmdPel L@l ] VEV ® Sy, £ o}
i=0

= Span {7 (1) 13 L ® 1 |v eV ® Sy, €20}

gSpank{a(l)E)%)L@)l |aeB, ¢=0}. |
Step 3. Let x € Ctdg(B), where B is as above. Then x (L ® 1) = L ® r for some r € R.

Proof. By the argument in Step 2, every automorphism ¢ € Autg-¢o,r A fixes L, so L ® 1 € B.
Then

LIInpx(L®DN=x(LLHL®1)=2x(L®1).
Taking an eigenspace decomposition of A with respect to the operator

LR1lp:a®s—LR1lna®s=(Lmna) s,
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we have

)

= (@Zk> ® ( 'Z£+E>’ (3.72)
k=1 1

=
where
Av=span{84 7L ®r, a4 VI @r|J e, % ) andr €5},
Ay, =Span{d "G ®r|Ge{G'.G* GG} andr €5)
are the eigenspaces with eigenvalues k and % + £, respectively.
Thus x(L® 1) € .Zt\g, sox(LRNN=LQr+ Z?:l BAJi ® r; for some r, r; € S. But also

0=x(L®1lpLR1)
=L®lpx(L®l)

3
=L®1(2)<L®V+28A.Ii®ri>

i=1
3
222.]1 Rrj.
i=1

Hencer; =0fori =1,2,3,50 x(L®1) =L ®r. Since x € Ctdg(B) and o (L) = L, we see that
reR. 0O

Step 4. Let x and r be as in Step 3. Then (8&1{)L Q1) = BJ(L,{)L Qr forall k > 0.

Proof. If b € B is a primary eigenvector'3 of itself with conformal weight A, then it is straight-
forward to verify that bg41)dy3'b = (A + k — 1)95 b. By (CS4), we have

(A+k—Dx(95"b) = x (bur1)d3'b)
= (=1 x (35 bar1)b)
= (= D" 35 b x (B).
If x (b) =rb, this gives
(A+k—1x(3g'0) = re(=D* a5 bs1)b

= rgbg+1)d3 b
=(A+k—Drag'p,

13 See definition in proof of Step 1.
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S0 X (Bl(gk)b) =rgo Bg)b if A > 1. Applying this result to b = L ® 1, we see that

x(@PL®1) =x(03 L D)
=rgodg (L®1)

= BZ{)L Qr. O
Step 5. In the notation of Step 3, x = rp. That is, Ctdy(B) C Rp.

Proof. For any a € B, Step 4 shows that

x(amdy'L@ 1) =anx (3L ®1)
= a(1)3f§)L Rr

= }”B(a(l)aff)L ® 1).
Since B is spanned by elements of the form a(l)aff)L ® 1 (Step2), weseethat y =rg. O

Step 6. Two twisted loop algebras of A are R-isomorphic if and only if they are k-isomorphic.
That is, (i) and (ii) are equivalent.

Proof. Clearly Rz C Ctdg(B) C Ctdx(BB). By Step 5, these inclusions are equalities. Thus (i)
and (ii) are equivalent by Corollary 2.36. O

From the eigenspace decomposition of A, we see that the left multiplication operator
L ®1g):A— Aisinjective, and it follows easily that Z () = 0 for any twisted loop algebra B
of A. Thus by Corollary 2.39, (ii) is equivalent to (iv).

It remains to check that (i), (iii), and (iv) are equivalent. By Theorem 2.16, Proposition 2.29,
and Proposition 3.69, the R-isomorphism classes of S, /R-forms of the /R-conformal superalge-
bra A ® R are parametrized by Hclt(’Z\, SL, (§) x SLa(k))/ £ (1, 1).

To simplify the notation, we write G = SL; (§) x SLy(k), G = (SL2(§) x SLa(k))/ £, I),
and consider the exact sequence of (continuous) Z-groups

1—>Z/ZZ—>G—>E—>1,

where Z /27 is identified with the subgroup of G generated by (—1, —I). This yields the exact
sequence of pointed sets

H\Z.7)27) % HEZ,6) & HAZ.G) 2> HA(Z.7.)27) (3.73)
whose individual terms can be understood as follows:
(a) HL(Z,7/2Z) = Homu(Z, Z/27) ~ 7./27.

A representative cocycle of the non-zero element of this H !'is the (unique and continuous)
map Z — Z/27Z such that 1 — (=1, —1).
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(b) Hgt(z 7Z/27) = 0. This could be checked by brute force in terms of cocycles. An at/)\stract
argument is as follows. Since k is of characteristic 0 we have Z /27 >~ . Now cht (Z., u2)
is part (in fact all of) the 2-torsion of the (algebraic) Brauer group Hézt(R, G,,). Because R
is of cohomological dimension 1, this Brauer group vanishes.

(©) Hclt(z, SL2(§)) = 1. Indeed this Hclt is the part of Hélt(R, SL,) corresponding to the iso-
morphism classes of R-torsors under SL, that become trivial over S.14 As observed in
Remark 2.30 Hélt(R, SL,) vanishes.!?

From (c), we immediately obtain
(d) The canonical map Hclt(Z, SL;(k)) — Hclt(z, G) is bijective.
Finally, since 7 acts trivially on SL; (k) we have
(e) Hclt(z, SL,(k)) >~ {conjugacy classes of elements of finite order in SLy(k)}.

By (b) and (e), we have a surjective map

B: {conjugacy classes of elements of finite order in SLz(k)} — Hclt(z, G).

Tracing through the various definitions, we see that the explicit nature of the map S is as follows:
let 6 € SL, (k) be of finite order. Define a cocycle ug € Zl(i, G) by ug(n) = (1,60") where
G~ G is the canonical map. Then B maps the conjugacy class of 6 to the class of ug in
H\(Z,G).

It remains to show that uy and u, are cohomologous if and only if 6 is conjugate to +o. If
[ug] = [uo] there exists (x, ) € G = SLa(S) x SL» (k) such that

o, ) g () (x, T) = g (n)

foralln e Z C 7.1In particular, for n = 1 we get

(x~Mx,z7107) =(1,0)

which forces either

14 In fact all of Héll(R, SL,): Every R-torsor under SLj is isotrivial. This follows from [16] in the case of R. More
general isotriviality results can be found in [5].

15 One can avoid the general considerations of [16] in the present case by the following direct argument. The exact
sequence of R-groups 1 — SL, — GL, det, G, — 1 yields

GLy(R) &% RX — H)(R,SLy) — HL(R, GLy).

Since the map det is surjective, the map Hélt(R,SLz) — Hélt(R,GLz) has trivial kernel. On the other hand

H élt(R, GLy) ~ HZ1 2 (R, GLp) =1 (the first equality by Grothendieck-Hilbert 90, and the last since all rank 2 projective
modules over R are free; because R is a principal ideal domain).
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xMyx=1 and 77 Y91 =0

or x ''x=—1 and 77 '97=-0.

Thus 6 is conjugate to either o or —o. The converse is obvious given that the element (’ 152 t‘%) €
SLy(S*) satisfies x 'y =—1.

We have thus shown that Hclt (Z, G) is in bijective correspondence with the conjugacy classes
of elements of finite order in PGL; (k). This completes the proof of the theorem. O

The grading operator L is stable under all automorphisms of the N =2 and N = 4 conformal
superalgebras, so L ® 1 is an element of every twisted loop algebra of these conformal super-
algebras. By considering the n-products of elements with L ® 1, it is easy to verify that every
twisted loop algebra of the N =2 and N = 4 conformal superalgebras is centreless. They each
admit a (unique) one-dimensional universal central extension, as was previously shown by one
of the authors [11]. Using Corollary 2.39, we see that Theorems 3.35 and 3.71 actually give
a parametrization of the k-isomorphism classes of universal central extensions of twisted loop
algebras of the N =2 and N = 4 conformal superalgebras. Summarizing:

Corollary 3.74. There are exactly two C-isomorphism classes of twisted loop algebras based on
the N =2 conformal superalgebra, and infinitely many C-isomorphism classes of twisted loop
algebras based on the N = 4 conformal superalgebra. The explicit automorphisms giving the
distinct isomorphism classes are the identity map and the automorphism o in the N =2 case;
and representatives of the conjugacy classes of elements of finite order in PGLy(C) in the N =4
case.

Furthermore, two of these twisted loop algebras are isomorphic if and only if their universal
central extensions are isomorphic.

Remark 3.75. As explained in the introduction, the superconformal algebras in Schwimmer and
Seiberg’s original work are obtained as formal distribution algebras of the twisted loop alge-
bras of Lie conformal superalgebras. Since isomorphic twisted loop algebras lead to isomorphic
superconformal algebras, our work shows that in the N = 2, 4 case there can be no more super-
conformal algebras than those listed by Schwimmer and Seiberg.

Remark 3.76. Our methods work equally well for the other N-conformal superalgebras: The
isomorphism classes of loop algebras based on an N-conformal superalgebra .4 are parametrized
by

H'(S/R, Aut(A)) =~ H (71 (R), Aut(A)(S)) =~ HL(Z, Aut(A)(S)).

For N =0, the conformal superalgebra is Vir, and the group Aut(.A) (§) is trivial. Thus the
only twisted loop algebra is the affinization of A. For N = 1, we have Aut(.A4) (§ ) =~ Z/27Z. There
are thus two non-isomorphic twisted loop algebras (Ramond and Neveu—Schwarz). For N =3,
the group Aut(A) (§ ) would appear to be O3 (§ ).16 Under this assumption, the cohomology will
yield two non-isomorphic twisted loop algebras — again Ramond and Neveu—Schwarz.

16 The calculation is delicate, just as in the N =4 case. We have not checked the details thoroughly.
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