REGULARITY OF THE SCHRODINGER EQUATION
FOR THE HARMONIC OSCILLATOR

BRUNO BONGIOANNI AND KEITH M. ROGERS

ABSTRACT. We consider the Schrédinger equation for the harmonic oscillator
i0pu = Hu, where H = —A + |z|?, with initial data in the Hermite-Sobolev
space H™5/2L2(R™). We prove smoothing and maximal estimates and apply
these to almost everywhere convergence and initial value problems.

1. INTRODUCTION

The solution to the free Schrodinger equation i0;u = —Aw, with initial datum
u(-,0) = f, has been studied extensively. In particular, the question of whether

}irr(l) B f = f(x), ae x€R

for all f € H*(R™), has been considered. Here H*(R™) denotes the inhomogeneous
Sobolev space (I — A)~%/2L*(R").

In one spatial dimension, the almost everywhere convergence was first proven by
Carleson [6] for data in H*(R) with s > 1/4, and Dahlberg and Kenig [9] proved
that the convergence is not guaranteed when s < 1/4. In two spatial dimensions,
the best known result is due to Lee [17] who proved the convergence for data in
H*(R?) with s > 3/8.

In higher dimensions, the best known result is independently due to Sjolin [23]
and Vega [28,29] who proved the convergence for H*(R™) with s > 1/2, and this
follows from their local smoothing estimate

12 Fll 2 (Brxp0.1) < CrIf I -1/2(R0),S
where Br denotes a ball of radius R. This was also proven independently by Con-
stantin and Saut [7]. These questions have subsequently received a lot of attention
(see for example [10,22]).
We consider the regularity of the Schrédinger equation i0;u = Hu with initial
data u(-,0) = f, where H is the Hermite operator defined by

(1) H=-A+|z? zeR"

This is an important model in quantum mechanics (see for example [11]).

The trigonometric polynomials are the eigenfunctions of A, and this is what
makes the Fourier transform such an effective tool to attack the free equation. Sim-
ilarly, this enables us to measure the smoothness of the initial data with fractional
power Sobolev spaces defined via the Fourier transform.

The Schrédinger equation for the harmonic oscillator has been considered with
respect to these fractional Sobolev spaces (see for example [33]). However, the
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eigenfunctions of H are the Hermite functions which are also dense in L?(R"), and
so it is more efficient to decompose the initial data with these. Similarly, it seems
in some sense more natural to measure the ‘smoothness’ of the initial data in the
Hermite-Sobolev space H*(R") = H~*/2L%(R").

Although the spectrum of H is discrete, recalling the free equation with periodic
data (see for example [4]), the results will generally bear more resemblance to those
for the nonperiodic free equation. In particular, we will see that there is ‘smoothing’
which is unavailable in the periodic case.

We prove almost everywhere convergence of the solution to the initial data, as
time tends to zero for certain data.

Theorem 1. Let f € H*(R™) with s > 1/2 ifn > 2, or s >1/3 ifn=1. Then

}iII(l) e M f(x) = f(z) ae xR

Cowling [8] proved this convergence for data in H*(R™) with s > 1. In one
spatial dimension, this was improved by Torrea and the first author [2] (see [3] for
a Laguerre version) to include data in H*(R) with s > 1/2.

By a theorem of Thangavelu [26], f € H*(R") with compact support is also
contained in H*(R™), thus we recover the almost everywhere convergence result of
Yajima [33].

We also prove the following theorem, which is sharp with respect to the Sobolev
index s. Note that s is negative when p < %

Theorem 2. Letn > 2 andp € [2(élj13), 201 Then

n/1 1

) 1
—itH . gC < mn :7(,_,)_7_
€™ fllLe@n, L2(0,24)) < Csllflms@ny, s 337 5) 73

Finally, we note an application for the initial value problem for the Schrédinger
equation with potential of the form
P9+ Au = [z)Pu+ V(z)u
u(-,0) = ug.
By combining Theorem 2 with arguments of Ruiz—Vega [21], existence of a solution
is guaranteed when n > 2 and ||V||n/2 is sufficiently small. For n > 3 this can be
also be obtained via the Strichartz estimates and the arguments of Yajima [32].

Throughout, ¢ and C' will denote positive constants that may depend on the
dimension n. Their values may change from line to line.

2. PRELIMINARIES
In one dimension, the Hermite polynomials Hy are defined by
g2 d”
dzk

and the Hermite functions hy are defined by the normalization

Hy(z) = (~1)F e~ (™), z€R,

e*"’”2/2Hk(x)

(w1/22k k172 zeR.

hk(ac) =
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In higher dimensions, for each multi-index k = (k;)7_; € Ny, the Hermite func-
tions hy are defined by

hx(z) = H hi; (), == (21,...,2,) € R"
j=1

These are the eigenvectors of the Hermite operator defined in (1). In fact
Hhy = (2k| + n) hy,
where |k| =Y ;.

j=1
We consider the space of finite linear combinations of Hermite functions F(R"),

f= E axhy,
keNG: [k|<N

where ay are the Fourier—Hermite coeflicients
ax = f(z)hy(x)dx.
R’n

These are dense in L?(R"™), and so, by the orthonormality of the Hermite functions,
1/2
(2) Iflle@n = [ D lawl? ;

keN;
and the Hermite—Sobolev norm is defined accordingly,
1/2

1F ey = | D (2K +n)°lax]?

keN?

For initial data f € F(R™), the solution to the Schrédinger equation for the
harmonic oscillator can be written

(3) e—itHf _ Z e—it(2\k|+n)akhk.
keN(: |[k|<N

Note that the solution is periodic in time. Comparing (2) with (3) we see that

(4) ||€7“Hf||L2(Rn) = [[flle2@ny,
for all time t, and so we can extend the operator e "/ so that it is defined on
L%(R"™).

Finally, for f € F(R"), by the Mehler formula we also have the integral repre-
sentation

) U fe) = [ Kw) f)dy. 1A G

where

Ki(xz,y) = N exp (;x — y|? cot(2t) — ix - ytan(t)) .

1
[27i sin(2t



4 BRUNO BONGIOANNI AND KEITH M. ROGERS

3. SMOOTHING ESTIMATES

For the free equation, Kenig, Ponce and Vega [15] proved the sharp estimate

Sup e f(@) 2@y < CIF -1/

where H*(R") denotes the homogeneous Sobolev space (—A)~%/2L2(R™). The es-
timate is false when the homogeneous space is replaced by the inhomogeneous one.
For the harmonic oscillator, we prove something similar. Note that the spectrum
of H is bounded away from the origin, so there is no distinction between the ho-
mogeneous and inhomogeneous Hermite—Sobolev spaces.

In order to get a global bound in space with no decay, in the following estimate
we loose some regularity with respect to the free equation. The relationship between
the decay and the regularity is sharp however. To see this, consider f = hy, so that
the inequality in the proof can be reversed.

Theorem 3. Let 1/6 < s < 1/2. Then

Slé%(lﬂxl)l/ﬁ’slle’imf( )| 221027) < Csll Fllre— -

Proof. As F(R™) = H*/?F(R") is dense in H~5(R"), it will suffice to consider
f € F(R") and we write f = >, arhi. Observe that by the orthogonality of
the trigonometric polynomials,

2m
||€_itHf(x)H%$[072ﬂ] :/0 Z —lf(2]+1)a h (Z K 2k+1)akhk( )) dt

j€ENy keNg
=21 > |ax[*hi(x)
keNy

We use the following property of the Hermite functions which can be found in
[24, Theorem 8.91.3]:
Let 0 < a < 1/3. Then there exists constants ¢y and kg such that

(6) cg ko2 Cqup(1 + Ja]) T ha(x) < ok 220 k> k.
z€R
Thus, interchanging the sum and the supremum,
, (2kq + 1) t1/6
. —2a| . —itH 0 2
sup(1-+ [el) e (@) 00 < 6§ Y- FERT

keNg

Finally, by writing s = « 4+ 1/6, and taking the square root,

1/2
Sup (L+ &)= lle™™ f(2)| 210,20 < Cs (Z (2k + 1)Slak|2> )

keNy
as desired. g
For the free equation, Vega [28] (see also [13,19,21]) proved that for n > 2 and
2(n+1)
U B

i ; 1
€2 Fllizqen, ziy < Collf iy s =n(5 =) ~1
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Note that s is negative in the range p € [2(::1) , %) In the following theorem,
we again loose some regularity with respect to the free equation, however we will

see that it is sharp.

Theorem 4. Letn > 2 and p > 2. Then

||€7itHf||L§(Rn, r20.2n)) < Cs|lflloe=wn),

where Sns3)
1 1 n+
P2 2<p< ntl
n(l 1 1 2(n+3) 2n
s=473 5—5) 3 Tarl SPSE93
11 2

Proof. By density we can write f = ZkeNg axhy. As before,

27
—itH £)|2 _ —it(2]jl+n) , p. it(2|k|+n)~
le f||L§[0,27r] —/ E e ajh; e axhy | dt
0 \jeng keNp

=27 E aj Ekhj hx
j.k: 2|k|[+n=2|j|+n

=27 Z Z Z aj ﬁkhj hx

AEN j:2[j|l+n=X k:2|k|+n=A
We recall the spectral projection operators Py defined by
Prf(z) = Z axhk ().
2|k|+n=X
We see that

1/2 1/2
e £l 210,20 = (2m)1/? (Z P)\fPAf) = (2m)'/? <Z |P*f|2> ’

AEN AEN

and by Minkowski’s inequality in L%/,

1/2
(7) le™™ fll Lz (n, 200,20 < (27)'2 (Z ||P>\f||%P(]R")> :

AEN

Now combining the results of Karadzhov [12], Thangavelu [25] and Koch—Tataru
[16], we have the sharp projection estimates

(8) IPAf 2oy < CNIPAfIIZ2@n),
where s is as in the statement of the theorem. By orthogonality,

||P>\f||%2(]R") = Z |ak|2,

k:2|k|[+n=X
so that using (8) we see that
(9) S P T o@ny < D N UPAFIZ2ny = £ 130 (iny-
AeN AEN

The argument is completed by substituting (9) into (7). O
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To see that these estimates are sharp we observe that |e =" Py f| = | Py f| so that
e Py f[| £2[0,20) = (27)'/2| Py f|. Thus, an improvement of the previous estimate
would yield improved estimates for the spectral projection operator, which is not
possible (see [16]).

For the free equation, Kenig, Ponce and Vega [15] proved that for all a > 1,

dedt  \'?
itA 2 < '
(/ /n f 1 + ‘ |) > b CD‘”fHH—l/z(Rn).

On the other hand, considering the inhomogeneous Sobolev space with n > 2,
Ben—Artzi-Klainerman [1] and Kato—Yajima [13] proved that for all o > 2,

; dadt  \'/?
o ([ [l g i) <ot

and this is false when o < 2 (see [31]). In an involved argument, Yajima [33] proved
that if one integrates over a compact integral of time, then (10) holds for a@ > 1
with A replaced by a class of operators that includes both A and H. Considering
H~'/2(R") instead of H~/2(R™) enables the following simple proof more in the
spirit of [15].

Theorem 5. For all a > 1,
1/2

2m dxdt
7th 2
f > <0a||f|| —1/2(Rn)-
(/ / (1+|\) PR

Proof. By density we can write f = EkeNg axhy. Observe that by the orthogonal-
ity of the trigonometric polynomials,

2
I o = [ | 30 e gy | | 3 e |

JEND keNy
=27 E aj Ekhjlhklhjhﬂ s
Jik:ji=k1+|k|-[j|

where j = (ja, ..., jn) and k = (ka, ..., k,). By Fubini’s theorem,

2m
/ / le ™" H f(2)|2dadt
0 J[-R,R]xRn-1

R
=27 g ajﬁk/ hjl(m)hkl(xl)dxl/ hs(T)hg(T)dz | |
. . R -R Rn—1
J:-k:ji=ki+k|—[j|

so that, by the orthonormality of the Hermite functions in n — 1 variables,

2r R R
(11) / / / le " f () Pdadt = 27‘(‘2 \ak|2/ h%l (z1)dxq.
0 J-rJrr1 " -R

Of course, we can repeat the argument for each variable, and so for i =1,...,n,

2 R
/ / le ™" H f () |Pdadt < 2772 |ak|2/ hi (2;)da;.
o J[-RR]" - R
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Now another well known property of the Hermite functions (see [25]) is the
following: There exists a constant ¢y such that

(12) hi(z) < cok™Y/*, xz€[-R,R], k>R
This yields
R ) R

R .

Note that the inequality is trivial when k:l/ <R Substituting into (11), we see
that
27
(13) / / e f(a)|*dwdt < CRY (2k; +1)7/2|ay|*.
0 —R,R]" "

Now we can decompose our function f = Z?:l fi, where f; =", af(hk and

g = )% ki > k; forall j#1i, and k; #Fk; forall j <1
kT 0, otherwise.

By (13), we see that for i =1,...,n,

27
/ / e~ () 2dzdt < CRY(2hi +1)7/2|a,?
o Ji-rRpn -
< Cn'PRY (2| +n) "2 |a} [,
k

where we have used the fact that nk; > |k| when af # 0. By Minkowski’s inequality
followed by Cauchy—Schwarz,

27 1/2 1/2
( / / |e-“Hf<x>|2dxdt> < Cn3/RV? <Z<2|k| + n>—1/2|ak|2) ,
0 [-R,R]"

k
and the result follows by summing dyadic pieces. O

It would be interesting to know what the sharp powers of R and n should be in
the final inequality of the previous proof, however we do not know. To see that it
is sharp with respect to the regularity, we require the following lemma.

Lemma 1. Let I, denote intervals of length ﬁ centred at x,, = % Then
there exist positive constants cg, ko and p such that

g kT < g () < ok
for all k > ko when z € I, and m = [Vk/u|, ..., [2VE/u].

Proof. For k an even integer, there is an explicit formula for the Hermite functions

given by
_ 2 k/ z_ —s° k
(14) hi(z) = W(_l) \F ; e s cos(2zs)ds

(see [24]). Note that by the formula for the Gamma function and a change of

variables,
/ e g cos(2zs)ds < / “skds = fI‘ < + >
0 0 2

22k/2 2 b 2

rc
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We will see later that this bound will suffice to provide the upper bound, so we
concentrate on the lower bound.
Consider an interval I,,, of length ﬁ with centre z,, = f?/%m, where

m=Vk/nl,...,|12VE/u),

with 4 to be choosen later. We split the integral

< VEA-g) VE VEQ+s) %
/ e 5% cos(2xs)ds :/ +/ +/ /
0 0 Via-& JVE VEQ+s)

8m
=5+ 1+ I3+ 14

The function 6’323 attains its maximum when s = y/k/2, and so is monotone in
(0,/k/2(1 — g=)). By the second mean value theorem for integrals,

) < ebosr (F)F (1 1)L
Hse 2 8m ) =z

Squaring out and using the fact that m < [2vk/u] and 1/ < p, for sufficiently

large k,
X
k .3
|| < Me_%e% (1 _ %) ok <];> 2 .

On the other hand, cos(2zs) is positive on the interval (1/k/2(1 — &), 1/k/2)

8m

for x € I, and strictly greater than cos(3/2) on (\/k/2(1 — 1), V/k/2), so that

Ib>c / e~ skds.
VEQ-1)

Now, we are integrating over an interval of length > cu, so considering the smallest
value of the integrand,

k k
2 (k\? 1
12 2 Cﬂeig(liﬁ) <2> (1 — 167n) .

Squaring out as before and using the fact that m > |vk/u), we have

o)

Now, e*®(1 — x)* is a decreasing function on [0, 1], so we can also write

o)

Comparing with the upper bound for |I;], and choosing p sufficiently large, this

yields
E\ 5
(3)

and by a completely analogous argument we also have

k
LNE ke (K2
13 + I4 ce 8’" (1 + %> 67% <2> .

[NE

2 1 k
I > cue‘fﬁeﬁ (1 — —) e~
16m

2 . 1 k
Iy > cue™ 512 e% (1 — —) e~
8m

[SE

[NE

1 k
L+ 1 > cess (1 - —) e
8m
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Now as

we see that

k e k
(1~ 64m2 ¢ 2(2

Finally, as m? ~ k and

(15)

)!’

(see [24]), by (14) we have

2k/2 (k> i (2) 2k/2
co—=e 25| Sh(x)<a—F=7m
Vk! 2 VE! 2k (51
for k/2 even, and the proof is completed by Stirling’s formula. O

We consider gy defined by

gN(l‘) = h4N(.231)h0(332) . ho(l‘n).
Note that

) 1 1 5 1 R
le™"* g 720 2m)x 0,17 = 27 </o hZN(fl)dffl/o €_$2d$2--~/0 e_x"dxn)

1
= C/ hZN(.’IJl)d.’IJl.
0

1/4

Now by Lemma 1, hyj, take values ~ k~/* when x belongs to one of ~ k'/2

subintervals of [0,1] of length k~'/2. Thus

/h x)dx > k12,

so that
le ™  gn || L2 (0,1)n x [0,247) = CN 4

Now as ||gn |7 ®n) = (8N +n)*/2, letting N tend to infinity, we see that s > —1/2
is a necessary condition for the local smoothing estimate to hold.

4. POINTWISE CONVERGENCE
By Cauchy—Schwarz, functions F : [0,27] — C that satisfy

H Z |)\|aﬁ()\) e—it)\’

AEZ

<oo, a>1/2
L£2[0,27]

are in fact continuous, where F denotes the Fourier transform of F. Writing

(16) e—itHf(x) _ Z Z akhk —zt>\ Z P)\f —zt)\

AEN \ k:2|k|+n=A AeN
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by Theorem 5, we have

1/2

<Cr | Y @K +n)?|2lk] + n)*a]”
keNg

H I Z ‘)‘|ap>\fe_it/\”L§[o,2w]

L2(B
AeN (Br)

< CR”fHqu—l/z(Rn).

Thus, when f € H*(R") with s > 1/2, we see that e~ f(z) is a continuous
function of ¢ for almost every x € Br. Writing

R" = | J Bos\Bai-1,
JEZ

we see that the set of divergence is null, which proves Theorem 1 for n > 2.
For the one dimensional improvement, we note that the the integral representa-
tion (5) can be combined with the machinery of Keel and Tao [14] so that

(17) le™™ £l £a 0,277, 22®")) < Coll fllL2@my

when ¢ > 2 and J + % = 4, excluding the case (p,q,n) # (00,2,2). Koch and
Tataru [16] proved (17) for a more general class of operators that includes H, and
also noted that there can be no such estimates for p outside of [2, %] Applying
Hélder in the temporal integral yields (17) in the range p € [2, 2] when %—&—% > 3,

excluding the case (p, ¢, n) # (00, 2,2). We will see later that for n > 3 the estimate
is completely sharp in the sense that (17) cannot hold when 4+ % < 3.

Theorem 2 and (17) are the key ingredients in the proof of the following theorem.
For the best known results in this direction for the free equation see [13,15,19-21].

Theorem 6. Let p € [w,oo], q € [2,00) and 7 + % < 5. Then

1 1) 2
q

le ™ Fllz @, Lopo,2n)) < Csll fllrgsny, 5= n(§ ~
Proof. For 1 < r < q < oo, we recall the following fractional Sobolev inequality
(see [30]):

—a —1 1 1
H STNTCE(R) et <CIFlprpan, a=-—-.
L4[0,27] roq
XEZ
AZ0
In particular, by (16) we see that
le™™ " f (@)l Lspo,2m < C Z [A* Py f(z) e
AEN L7[0,27)
(18)
=C || 37 (2| + n)axdue(a) K :
keN? L7[0,27]

where f = ZkeNg axhy is initially a member of F(R").
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2n
n—2’

Taking r = 2, in the range p € | oc], by Theorem 2, we see that

1/2

||€7itHf||L§(]R”, L9[0,27]) <C Z (2|k| + n)5(2|k| + n)1*5|ak|2
kEN?

<C ”fHHSH_%(R")’

where s = n(% — %) — 1. This yields the desired inequality.

In the range p € [w -2n) by combining (17) and (18), we see that

' n—2
1/2
. 2 _2
le™ ™  fll 12 e, 120,201 < C [ D (2lK| +n) 70 "7 |ay|?
kEND
<Oz gy
where 2 = n(% — l), and so we are done. O
q0 P

To complete the proof of Corollary 1 we again appeal to [30]. There it was proven
that functions

F(t)y=> F(\)e ™
AeN
which satisfy

H Z |)\|aﬁ()\) efit)\

AeN

< oo, a>1/q,
L4[0,27] /q

are also continuous. By Theorem 6 we see that for certain ¢ < oo,

' 1 1 1 2
E Aep —m‘ <C SRS __7( I 7).
H /\eNl | Af(x) e LQ(R", L?[OQ?T]) HfHH (R™) o 2 S n(2 _ p) + .
In particular, taking p = 2(77:2) and s > -5, we see that o > 1/g so that t —

e~ "H f(z) is continuous for almost every x € R”".
Almost everywhere convergence results can also be obtained from maximal in-
equalities. By an appropriate dyadic decomposition, Theorem 6 implies that

i 1 1 2(n+2)
itH < o (Tom - — = > —
[sup le 11 | yqury < Cs I lpeganys 5> (5 =2), p> =5
Curiously, this is not trivial even when p = oco. Indeed, for a dyadic piece fy =
ZN<|1<\<2N axhy, we can write
1/2 1/2
sup e fy(2)| < sup > (@) Yoo dal|
z€R™, t€[0,27] z€ER™ N<|K|<2N N<|K|<2N
however, the property (6) only provides the estimate
1/2
sup S b)) <CNz'%,
zER™
N<[k|<2N
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On the other hand, using the local property (12),
1/2

sup Z \hk(aj)|2 < C’N%%,

*€Br \ N<lkl<aN

and so we recover a local version of our estimate. Thangavelu [27] noted a similar
phenomenon for the Bochner—Reisz problem for hermite expansions and concluded
that the local Bochner-Reisz conjecture was the appropriate version. Here we
see that global estimates are indeed possible even though this is not immediately
apparent.

As we saw in the previous section, necessary conditions for the harmonic oscil-
lator are harder to see than for the free equation. That Theorem 6 is sharp with
respect to the regularity is a consequence of the following lemma.

Lemma 2. There exist positive constants cog and ¢y such that
har(z) > cok™ '/
for all k € N when |z| < c;k~ /2.

Proof. For k an even integer, |x| < ﬁ and 0 < s < VE, we have cos(2xs) > 1/2,
so that
(19)

\/E 2 o0 2
> / e 5" cos(2zs)ds — '/ e~ s cos(2xs)ds
0 vk

vk oo
1
> f/ efSQSkds—/ e s ds
2 Jo VE

:1/ efSQSkds—é/ 6752Skd5.
2 0 2 \/E

Now, by the formula for the Gamma function and a change of variables,

1 [ _» 1 (k+1
2 - ~"ghgs = -7 (22
(20) 2/06 s"ds 1 <2>

On the other hand, making the change of variables r = %,
> 2 k *° 2k k e 2 L
/ e_ssds<6_2/ 6_28d5<6_2/ e 2 s%ds
vk vk 0

) [ B0

forall k > ky = 2%@ (since hy(0) > 0 when k/2 is even, it is sufficient to prove
2

/ e sk cos(2zs)ds
0

the assertion for k > ko).
Substituting (20) and (21) into (19), we obtain

>1F<k+1),
8 2

/ e s cos(2xs)ds
0
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so that from (14), we see that

1 262 (k41
hk(x)>8ﬂ3/4mf( 5 )

for all k > ko when |z] < ﬁ and k/2 is even.

Now, from (15), we have

1 VE!

h > —,
k() 4 /A 2872 ()1

and the result follows by Stirling’s formula as before. O

Consider gy defined by

gN = Z hax.

k: N<k;<2N
When [t| € oy and |k| < 2nN, we have
’?R(e_”@‘k‘“” - 1)‘ = |cost(8[k| +n) — 1| < 1/2,
so that
le" gy | > > hae| - > [cos(t(8[k| + n)) — 1] hu
k: N<k;<2N k: N<k;<2N
> hax ! | hax |-
2
k: N<k;<2N k: N<k;<2N
Thus, by Lemma 2, if [x;| < 5377z for all j = 1,...,n, then
. 1 n
le”" gy ()] > B > hax(z) > eN"TE,

k: N<k;<2N

Calculating, we see that

n 1

. 3n _
le™ " gnll 2 (@n, Loj0,27)) = cNF 7% 7.

On the other hand, [lgn|[#:®n) < CN2T2, so that letting N tend to infinity,
for (6) to hold, it is necessary that

Finally we note that by the same calculation,

1

. 3n _
lle Z“LI!JN||L3([0,2W],Lg(mn)) ZcN 7w

so that, taking s = 0, we see that the Strichartz estimates (17) are also sharp.
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5. THE FORCED HARMONIC OSCILLATOR

We consider the Cauchy problem for the Schrédinger equation of the form
- du _
(FHO) P9 4+ Au = [z]Pu+ V(z, ) u
u(+,0) = ug,
where V' is periodic in time (a Floquet potential). In the following theorem,
when n > 3 the hypothesis ||V||L3(Rn7 L5[0,2x]) sufficiently small can be changed to
V[l Le< ([0,2], L9 (rmy) sufficiently small, by using Theorem 6 instead of Theorem 4.

Theorem 7. Let n > 2 and % + % = 1, and suppose that ||V La®n, Lo[0,247) 8
sufficiently small, where ¢ > n/2. Then there exists a unique global solution of
(FHO) belonging to C([0,00), L2(R™)) N LP(R™, L? [0,00)).

loc

Proof. We use the standard contraction mapping argument. A solution must satisfy
Duhamel’s formula

t
u(z,t) = e "Hoyy + z/ e COHY (-, 7 (x) dr.
0
For 2 < p < %, by Theorem 4, there exists a constant Cy > 1 such that

(22) le™™  Fll Lz @, £210,22)) < CollfllL2®n),

and, by duality, this yields

t
iTH . A ,
(23) H/O IV < VP ppany £ 027
Thus, by writing
¢ ¢
/ e HG ) () dT:e_itH/ ™G 1) (x) dr,
0 0
we can apply first (22), then (23) to obtain
¢
24 —i(t—7)H . . ’ 2 ,
(24) H/O e V(,7)F(-,7)(z)dr . SGIVENLy @n 20,20

We define the Banach space X = C([0,2n], LZ(R™)) N L2(R™, L2[0, 27]) via the
norm

lullx = sup |lu(-,t)]l2@n) + l[ullLp@e, L2(0,27))
te[0,27]

and the nonlinear map £ : X — X by
t
LF = ey, + z/ e EDHY (L E( 1) (z) dr
0

By (22) and the conservation of the L? norm for the fundamental solution (4) we
see that 4
Mgl x < Clluoll 2@y,

and combining (23) and (24), we also have

le

t
i [ e v npene) dr] < GEIVIiagme mpoaep Il
0
here we have used the fact that

2 1
IWVEN w2 < IVILaze 1F g 2, , + i 1.
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Thus we see that £ maps {F : [|[F||x < 2(Co + 1)[lugl|z2(rn)} into itself when
IV[ILa (®n, Loo0,27) 18 sufficiently small. We can also guarantee that

1
(25) I£(F - G)llx < 5lIF - Gllx,

so that by the contraction mapping principle, there exists a solution. Iterating the
process, replacing ug with (-, 2k7), k € N, we obtain a global solution.

To see that the solution is unique in LE(R™ L2 [0,00)), suppose that u; and us
are solutions. Then by (24) as before, we see that

1
lur = w2l oz @n, p2i2km 20 )m)) < Gllur = w2l 2 @n, L2i26m, 20004 1)m)

for all k£ > 0, so they are in fact the same. O

6. FINAL REMARKS

We combine the Strichartz estimates with the orthogonality of the trigonomet-
ric polynomials to obtain some mysterious inequalities for the Hermite functions.
Observe that for f = >, . p axhk, where £ C N,

2

27
”eﬂtHf”iﬂwﬂ] :/O Zeﬂt@mm)ajhj (Z ezt(2|k|+n)akhk> &t

JjeEE keE

=27 Z aiﬁjakalhihjhkhl
ij,k,leE
i+ Ik|=13]+1]
By (17), we have
—itH
HHe ’ f||L§[0,27r]

so that setting ax = 1, we have

) S Cll 112,

L% (R?

> / hihjhiehy < CN?,  #E = N.
ijklep F
[i]+ k=131 +1]
In one spatial dimension, by the same procedure we obtain
/ hihjhihihmhivksm—j—1 < CN®,  #E = N.
ik l,meE R

We see that there is cancelation. A better understanding of this cancelation
would presumably yield improved results.

The second author is grateful for the warm hospitality of the Instituto de Mate-
maética Aplicada del Litoral where this work was initiated. The authors also thank
José Luis Torrea for suggesting the pointwise convergence problem, and Thomas
Duyckaerts for helpful conversations.
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