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Abstract

We introduce an extension of the convex potentials for finite frames (e.g. the frame
potential defined by Benedetto and Fickus) in the framework of Bessel sequences of
integer translates of finite sequences in L?(R¥). We show that under a natural nor-
malization hypothesis, these convex potentials detect tight frames as their minimizers.
We obtain a detailed spectral analysis of the frame operators of shift generated oblique
duals of a fixed frame of translates. We use this result to obtain the spectral and geo-
metrical structure of optimal shift generated oblique duals with norm restrictions, that
simultaneously minimize every convex potential; we approach this problem by show-
ing that the water-filling construction in probability spaces is optimal with respect to
submajorization (within an appropriate set of functions) and by considering a non-
commutative version of this construction for measurable fields of positive operators.
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1 Introduction

Let W be a closed subspace of a separable complex Hilbert space H and let I be a finite
or countable infinite set. A (possibly finite) sequence F = {f;}icr in W is a frame for W if
there exist positive constants 0 < a < b such that

allfIF <Y K P <bIfI? forevery feWw.

i€l
If a = b then we say that F is a tight frame for W.

A frame F for W allows for linear (typically redundant) and stable encoding-decoding
schemes of vectors (signals) in W. Indeed, if V is a closed subspace of H such that
V@ Wt =H (eg. ¥V = W) then it is possible to find frames G = {g;}icr for V such
that
F=>Y (fg) fi, forfew.
il

The representation above lies within the theory of oblique duality (see [17, 18, 22, 23]). In
applied situations, it is usually desired to develop encoding-decoding schemes as above, with
some additional features. In some cases, we search for schemes with prescribed properties
(e.g., for which the sequence of norms {|| f;||*}scr as well as the spectral properties of the family
F are given in advance) leading to what is known in the literature as frame design problem
(see [3, 6, 12, 14, 34, 41]). In other cases, we search for numerically robust oblique dual pairs
(F,G) as above, leading to what is known as optimal frame designs ([5, 18, 24, 35, 39, 46]).

In their seminal work [6], Benedetto and Fickus introduced a functional defined on finite
sequences of (unit norm) vectors F = {fi}ier, (where I, = {1,...,n}), the so-called frame
potential, given by

FP(F)= Y i, f)I* (1)

i,j €ln
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In case dim’H = d € N then one of their major results shows that tight unit norm frames
can be characterized as (local) minimizers of this functional, among unit norm frames. Since
then, there has been interest in (local) minimizers of the frame potential within certain classes
of frames, since such minimizers can be considered as natural substitutes of tight frames (see
for example [13, 35]). Recently, there has been interest in the structure of minimizers of
other potentials such as the so-called mean squared error (MSE) (see [24, 36, 41] and the
references therein). Both the frame potential and the MSE are examples of the so-called
convex potentials introduced in [35]. It turns out that minimizers of these convex potentials
share the spectral and geometrical structure of minimizers of the frame potential. Now, it
is a well known fact that in case V = W then tight frames F for W - i.e. minimizers of
convex potentials - give rise to optimal (numerically robust) dual pairs (F,G). Therefore,
it seems apparent that in the general case V @ W the construction of robust oblique dual
pairs (F,G) is related with the construction of frames F which are minimizers of convex
potentials (e.g. the frame potential).

It turns out that there is a single notion that ties all the previous problems together namely,
the majorization preorder. Indeed, majorization is the key notion behind the frame design
problems (see [3, 12, 14]) through natural extensions of the Schur-Horn theorem from matrix
analysis (see [3, 9, 10, 30]). Moreover, the relation between majorization and tracial inequal-
ities with respect to convex functions allows to apply this notion in the study of convex
potentials ([5, 35, 36, 37, 39]). Unfortunately, the convex potentials considered in [35] (in
particular, the frame potential) can only be defined for finite frames. Hence, in the infinite
dimensional context we loose a tool which have proved useful as a measure of stability for
frames in finite dimensional Hilbert spaces.

In this paper we show that there are natural analogues of the convex potentials (and in
particular, of the frame potential) in the context of Bessel sequences of integer translates
E(F) of a finite family of vectors F = {f;}ier, that lie in a finitely generated shift invariant
(FSI) subspace V of L*(R¥). We take advantage of the detailed structure of E(F) as a fibered
family over the torus T* (see [7, 8, 42]) and the theory of range functions for shift invariant
(SI) subspaces and introduce the potential PY(E(F)) associated to a convex function ¢ and
V as an integral over T* of the corresponding potentials on the fibers (for related approaches
to different problems in SI subspaces see [1, 27, 28|). In order to verify that our definition
is a natural extension of the convex potentials for finite frames we show that under natural
normalization conditions, a family of integer translates F(F) that is a tight frame for a FSI
subspace V is a minimizer of the convex potential associated to ¢ and V; this is an example
of the fact that the problems considered in here as well as our approach to deal with them
are global in nature i.e., are not obtained fiber-wise.

The convex potentials in FSI subspaces raise several questions related with optimal design
problems. In particular, given FSI subspaces W, V such that ¥V & W+ = L*(R*) and a
finite family F = {fi}ier, such that E(F) is a frame for W, we consider the problem of
designing optimal oblique duals E(G) which are translates of a family G = {g;}ie, in V
and such that G satisfies the norm restrictions .., |lg:l|* > w, for w > 0. In order to
deal with this problem we develop two new tools in the context of frames of translates.
On the one hand, we obtain what we call the fine spectral structure of shift generated
(SG) oblique dual frames of the fixed frame E(F), which is a detailed description of the
eigenvalues of the measurable field of positive operators defined on T* corresponding to the
frame operators of SG oblique duals of F(F). As a consequence, we derive necessary and
sufficient conditions for the existence of a tight SG oblique dual E(G) of E(F). On the other
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hand, we consider the water-filling construction (both for functions in probability spaces as
well as for measurable field of positive finite-rank operators) and show that this construction
leads to optimal solutions of the oblique dual design problem; this is achieved by showing
that the water-filling constructions are optimal with respect to majorization (considered in
the general context of probability spaces) which is a result of independent interest. With
these tools we completely solve the problem of designing optimal oblique dual frames with
norm restriction mentioned before; it turns out that these optimal SG oblique duals are
more stable than the so-called canonical oblique dual. We point out that the structure of
the optimal solution is obtained in terms of a global analysis. As a byproduct we extend
the so-called Fan-Pall interlacing theorem from matrix analysis to the context of measurable
fields of positive matrices.

The paper is organized as follows. In section 2 we describe several preliminary notions
and facts from frame theory, SI subspaces, frames of translates and majorization theory in
probability spaces. In section 3 we introduce the convex potentials for frames of translates
and show that are natural extensions of the convex potentials for finite frames. In section
4 we recall several facts from the theory of oblique duality in FSI subspaces and obtain the
precise value of the aliasing norm corresponding to the consistent sampling in this setting.
Then, we describe the fine spectral structure of oblique duals of a fixed SG frame. Since this
result depends on an extension of the Fan-Pall interlacing theory, its proof is presented in an
appendix (see section 6). In section 5 we study the problem of optimal design of oblique dual
frames F(G) - of a fixed finitely SG frame E(F) - which satisfy certain norm restrictions. We
first show that the water-filling construction for positive functions in probability spaces is
optimal with respect to sub-majorization within a natural set of functions. We then construct
optimal SG oblique dual with norm restrictions and explain the relation of our construction
with a natural (non-commutative) water-filling construction for measurable field of positive
finite-rank operators. The paper ends with an appendix section in which we develop the
Fan-Pall inequalities for measurable fields of positive matrices as well as some consequences
of this result.

2 Preliminaries

In this section we recall some basic facts related with frame theory, oblique duality and
shift invariant (SI) subspaces of L*(R¥). At the end of this section we describe majorization
between functions in arbitrary probability spaces.

General Notation

Througout this work we shall use the following notation: the space of complex d x d matrices
is denoted by My(C) and M4(C)T the set of positive semidefinite matrices. GI(d) is the
group of invertible elements of My(C) and GI(d)" = My(C)" NGI(d). If T € My(C), we
denote by ||T']| its spectral norm, by rk7 = dim R(T) the rank of 7', and by tr7" the trace
of T

Given d € N we denote by I; = {1,...,d} C N. For a vector z € R™ we denote by z' (resp.
x') the rearrangement of x in decreasing (resp. increasing) order. We denote by (RY)! =
{r € R?: x = x!'} the set of downwards ordered vectors, and (R%)" = {z € R?: z = z'}.

Given S € My(C)*t, we write A\(S) = M (S) = (\i(S), ..., \(9)) € (R the vector of
eigenvalues of S - counting multiplicities - arranged in decreasing order. Similarly we denote



by A1(S) € (RY)T the reverse ordered vector of eigenvalues of S.

If W C C?is a subspace we denote by Py € My4(C)*t the orthogonal projection onto W.
Given x, y € C? we denote by 7 ® y € My(C) the rank one matrix given by

r®y(z)=(z,y)x forevery ze€C?. (2)

def

Note that, if z # 0, then the projection P, = Pipana} = [|2]| 22 Q@ 2.

2.1 Frames for subspaces and oblique duality

In what follows H denotes a separable complex Hilbert space and I denotes a finite or
countable infinite set. Let W be a closed subspace of H: recall that a sequence F = {f;}ic1
in W is a frame for W if there exist positive constants 0 < a < b such that

allfI* < YA L) <blfI* forevey  few. (3)
i€l
In general, if F satisfies the inequality to the right in Eq. (3) we say that F is a b-Bessel
sequence.

Given a Bessel sequence F = { f; }ie1 we consider its synthesis operator Tx € L(¢*(I), H) given
by Tr((a;)ict) = > _;er @i fi which, by hypothesis on F, is a bounded linear transformation.
We also consider T3 € L(H,(*()) called the analysis operator of F, given by Tx(f) =
((f, fi))ier and the frame operator of F defined by Sr = TxTx. It is straightforward to
check that
(Sef, 1) =Y _Wf f:)P forevery feH.
i€l

Hence, Sr is a positive semidefinite bounded operator; moreover, a Bessel sequence F in
W is a frame for W if and only if Sr is an invertible operator when restricted to W or
equivalently, if the range of T'x coincides with W.

In order to describe oblique duality, we fix two closed subspaces V, W C H such that
WL @V =H, that is such that W+ +V = H and Wt NV = {0}. Hence, W+ is a common
(algebraic) complement of W and V. It is well known that in this case Pyly : V — W is a
linear bounded isomorphism so, in particular, we see that dim }V = dim W as Hilbert spaces.
Moreover, the conditions W+ @V = H and W @ V* = H are actually equivalent.

Fix a frame F = {f;}icx for W. Following [22, 23] (see also [18]), given a Bessel sequence
G = {gi}ier in V we say that G is a (oblique) V-dual of F if

f= Z(f,g» fi forevery feWw.
i€l
It turns out (see [22, 23]) that if G is a V-dual of F then T T¢ = Py, where Py 0

denotes the oblique projection with range W and null space V. In this case, by taking

adjoints in the previous identity we also get that Tg T = P}, oL = Py . Hence, Tg is

onto V and then G is a frame for V; moreover, we obtain the reconstruction formula

9=> (g9.fi) gi forevery geV.
i€l

We consider the set of oblique V-duals of F given by
Dy(F) =1{G = {¢:}ier is a V-dual of F} . (4)



Remark 2.1. Let F = {f; }ic1 be a frame for W. If we set ¥V = W then a Bessel sequence
G in W is a W-dual of F if it is a dual frame for F in W in the classical sense (see [16]) i.e.
15T = Py. Hence

Dy (F) =D(F) = {G = {gi}ic1 is a dual frame for F in W} .

Recall that there is a distinguished (classical) dual, called the canonical dual of F, denoted
F# =1 fi#}ie]l, given by fl-# = S} fi for i € I, where STf denotes the Moore-Penrose pseudo-
inverse of the (closed range positive semidefinite operator ) Sg.

In the general context of oblique duality there also exists a distinguished V-dual for F, the
so-called canonical V-dual, which we denote by

,7:# = {ffl}leﬂ given by ffl = Pv//wj_fz# for every €1,

where F# = {f#},c1 is the canonical dual of F. It turns out that the encoding-decoding

scheme based on the oblique dual pair (F, .7-"# ) has several optimality properties (see [22, 23]).
A

2.2 Shift-invariant subspaces and frames of translates

In what follows we consider L?(R*) (with respect to Lebesgue measure) as a separable and
complex Hilbert space. Recall that a closed subspace V C L*(RF) is shift-invariant (SI) if
f €V implies Ty f € V for any ¢ € Z*, where T, f(x) = f(x —y) is the translation by y € R¥.
For example, if we take a subset A C L?(R¥) then,

S(A) =span {I,f : f € A, ( € ZF} (5)

is a shift-invariant subspace called the SI subspace generated by A. Indeed, S(A) is the
smallest ST subspace that contains A. We say that a SI subspace V is finitely generated (FSI)
if there exists a finite set A C L?(R*) such that ¥V = S(A). In this case, the length of V is
the smallest cardinal #(.A) such that S(A) = V.

In order to describe the fine structure of a SI subspace we consider the following represen-
tation of L?(R¥) (see [7, 8, 42] and [11] for extensions of these notions to the more general
context of actions of locally compact abelian groups). Let T = [—1/2,1/2) endowed with the
Lebesgue measure and let L2(T*, ¢2(Z*)) be the Hilbert space of square integrable ¢%(ZF)-
valued functions that consists of all vector valued measurable functions ¢ : T* — (?(ZF) with
the norm

ol = [ 166 on do < c.
Then, I': LQ(Rk) N LQ(T"?,£2(Z’“)) defined for f € Ll(Rk) N LQ(Rk) by

A

Lf:T" — 3(Z") . Tf(z) = (f(z +0))eezr, (6)

extends uniquely to an isometric isomorphism between L2(R¥) and L2(T*, ¢2(Z*)); here f
denotes the Fourier transform of f € L?(RF).

Let V C L*(R*) be a SI subspace; for = € T* let Jy,(z) be the closed subspace of £2(Z*) given
by
Io(@) ={Tf(x): fevyl (7)
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Then, the function Jy, : T* — { closed subspaces of ¢?(Z¥)} is the measurable range function
associated with V. That is, if Pj,(,) denotes the orthogonal projection onto Jy(z) for x € T*
then for every &, n € (2(ZF) the function z — (Pj, ) &, 1) is measurable and

V={feL*R":Tf(z) € Jy(z) for a.e. z € T"}. (8)

Indeed, by [8, Prop.1.5] Eq. (8) establishes a bijection between SI subspaces of L*(R*) and
measurable range functions.

Given SI subspaces V and W, recall that a bounded linear transformation S € L(V, W)
is shift preserving (SP) if T, S = ST, for every £ € Z*. In this case, for x € T, let
Sy € L(Jy(z), Jw(x)) be the linear transformation determined by

Se(Cf(x)) =T(Sf)(x) for feV. (9)

Then, (see [8, Prop.4.5]) the function S : TF — [yere L(Jv(x), Jw(x)) is weakly measurable,
i.e. for every &, n € (2(ZF) the function = — (S, Pj, )€, ) is measurable, and essentially
bounded; indeed ess sup, o || Sz|| = ||S||. Conversely, if s : TF — e L(Jv(x), Jw(x))
is weakly measurable and essentially bounded then there exists a unique bounded linear
transformation S € L(V, W) that is SP and such that S = s. For example, consider P, €
L(L*(R*)) the orthogonal projection onto V; then, Py is SP so that (P): T% — L((*(Z¥))
is given by (Py), = Py, () 1., the orthogonal projection onto Jy(z), for a.e. x € T

The previous notions associated with SI subspaces and SP operators allow to develop a
detailed study of frames of translates. Indeed, let F = { f;}ie1 be a (possibly finite) sequence
in L?(R¥). We denote by E(F) the family of translates of F, namely E(F) = {T0f;} 0.0z x1-
For x € T*, let TF(z) = {T'f;(x)}ier which is a (possibly finite) sequence in ¢?(Z*). Then
(8, 42] E(F) is a b-Bessel sequence if and only if T F(x) is a b-Bessel sequence for a.e. z € T*.
In this case, we consider Trr( : (2(I) — (*(Z*) and Srg(,) : (*(ZF) — (*(Z*) the synthesis
and frame operators of I'F(x), respectively, for x € T*; it is straightforward to check that
Sg(F) is a SP operator.

If F={fi}icr and G = {g; }icr are such that E(F) and E(G) are Bessel sequences then (see
27, 42]) the following fundamental relation holds:

(Te) Tiry e = Tro@) Tip@) »  for ae x € TV, (10)
Eq. (10) has several consequences; indeed, if W is a SI subspace of L*(R*) and we assume
further that F, G € W™ then:
1. For every f, g € L*(RF),
(Sew [, 9) = /k<SFf(x) I'f(z), Pg(2)e @ do .
T

This last fact implies that (Sg(r))s = Srz) for ae. z € T*; moreover, it also holds
that E(F) is a frame for VW with frame bounds 0 < a < b if and only if ['F(z) is a
frame for Jyy(x) with frame bounds 0 < a < b for a.e. € T* (see [8]).

2. Since (Py)y = Py () for ae. z € T* then E(G) is a (classical) dual for E(F) in
W if and only if I'G(z) is a (classical) dual for ['F(z) in Jyy(x) for a.e. € TF (see
8, 27, 28]).



2.3 Majorization in probability spaces

Majorization between vectors (see [4, 33]) has played a key role in frame theory. On the one
hand, majorization allows to characterize the existence of frames with prescribed properties
(see [3, 12, 14]). On the other hand, majorization is a preorder relation that implies a family
of tracial inequalities; this last fact can be used to explain the structure of minimizers of the
so-called Benedetto-Fickus frame potential ([6, 13]) as well as more general convex potentials
for finite frames (see [34, 35, 36, 37, 39]). In the next section we extend the notion of convex
potentials to the context of Bessel families of translates of finite sequences; therefore, we will
need the following general notion of majorization between functions in probability spaces.

Throughout this section the triple (X, X, i) denotes a probability space i.e. X is a o-
algebra of sets in X and p is a probability measure defined on X. We shall denote by
Lo(X,p)t ={f e L®(X,u): f>0}. For f e L>®(X,p)", the decreasing rearrangement of
[ (see [33]), denoted f*:[0,1) — R, is given by

fi(s) = sup{teRY: p{r e X: flx) >t} >s} forevery s€0,1). (11

Remark 2.2. We mention some elementary facts related with the decreasing rearrangement
of functions that we shall need in the sequel. Let f € L>®°(X, u)", then:

1. f* is a right-continuous and non-increasing function.

2. f and f* are equimeasurable i.e. for every Borel set A C R then u(f 1(A)) =
|(f*)"*(A)|, where |B| denotes the Lebesgue measure of the Borel set B C R. In
turn, this implies that for every continuous ¢ : R™ — R* then: po f € L>®(X, p) iff
po f*e L*(]0,1]) and in this case

1
/cpofdu:/ po f*dx.
b's 0

3. If g € L*°(X, u) is such that f < g then 0 < f* < g*; moreover, in case f* = ¢g* then
f=9

4. If we consider the probability space ([0, 1], B, dt) - Borel sets in [0,1] with Lebesgue
measure - then f* € L*([0, 1], dt) is such that (f*)* = f*.

5. If c € Ris such that f+¢ >0 then (f +¢)* = f*+c. A

Definition 2.3. Let f,g € L*°(X, )" and let f*, g* denote their decreasing rearrangements.
We say that f submagorizes g (in (X, X, u)), denoted g <,, f, if

/g*(t) dt < /f*(t) dt  forevery 0<s<1.
0 0

If we further have that fol g*(t) dt = fol f*(t) dt we say that f majorizes g and write g < f.
A

In order to check that majorization holds between functions in probability spaces, we can
consider the so-called doubly stochastic maps. Recall that a linear operator D acting on
L*>(X, p) is a doubly-stochastic map if D is unital, positive and trace preserving i.e.

D(1x)=1x, D(L*(X,p)") C L™(X,p)* and /XD(f)(x) du(fv)z/xf(fv) dp(x)
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for every f € L*°(X, p). It is worth pointing out that D is necessarily a contractive map.

Our interest in majorization relies in its relation with integral inequalities in terms of convex
functions. The following result summarizes this relation as well as the role of the doubly
stochastic maps (see for example [15, 43]).

Theorem 2.4. Let f, g € L®(X, pu)*. Then the following conditions are equivalent:
Lg=f
2. There is a doubly stochastic map D acting on L*(X, u1) such that D(f) = g;

3. For every convex function ¢ : R™ — R* we have that

/X o(9(2)) du(z) < / o(f () du(z) (12)

X

In case we only have g <,, f then Eq. (12) holds if we assume further that ¢ is an increasing
convex function. ]

Example 2.5. The operator D given by D(f) = ([, f du) - 1x is a doubly stochastic map.
Hence, we get the majorization relation ([, f du)-1x < f. Therefore, if ¢ : Rt — R is
any convex function and f € L*°(X, u)* then, by Theorem 2.4, we have that

o /X fdu) = /X o /X £ du) - 1x(2)) dp(z) < /X o(f(2)) du(z) | (13)

which is an instance of the classical Jensen’s inequality. Using the previous facts, notice that
if c € R is such that 0 < ¢ < fo dp then it is easy to see that ¢- 1x <, f. A

The following result will play a key role in the study of the structure of minimizers of <.,
within (appropriate) sets of functions.

Proposition 2.6 ([15]). Let f, g € L>(X,u)" such that g <, f. If there exists a non-
decreasing and strictly convex function ¢ : R* — R* such that

[ o) au) = [ o) duw) men g =5 ]

X

With the notations of Example 2.5 notice that Proposition 2.6 implies (the known fact) that
if ¢ is strictly convex and such that equality holds in Jensen’s inequality Eq. (13) then

f*= [y [ dpandhence f = [, f dpu.

3 Convex potentials for sequences of translates in FSI
spaces

We begin by describing the convex potentials for finite sequences of vectors with respect to
a finite dimensional subspace. We consider the sets

Conv(RT) = {¢p :RT — R | ¢ is a convex function }



and Convg(RT) = {p € Conv(R™) , ¢ is strictly convex }.

Now, given ¢ € Conv(R") and a finite dimensional subspace YW C 'H, then the convez
potential associated to (¢, W), denoted by P;,/V , is defined as follows: for a finite sequence
F ={fi}ier, € W" with frame operator Sr € L(H)™,

PY(F) = tr[o(SF) Pw] (14)

where ¢(Sx) € L(H)" is obtained by functional calculus and tr(-) denotes the usual (semi-
finite) trace in L(H). Notice that by construction, Py Sr = Sz Py = Sz: then, it is clear

that
=Y w(Ni(S#)), (15)
i€l
where d = dim W and (\;(Sz))ier, € (RT)? denotes the vector of eigenvalues of the positive
operator Sz|y € L(W)*', counting multiplicities and arranged in non-increasing order (we
use the convention Iy = @)). In particular, if ¢ € Conv(R™) is such that ¢(0) = 0 we get that

PY(F) = tr (¢(SF)) = tr (p(Gx)),

where the n x n matrix Gz = ((fi, f;))ijen, is the Gramian matrix of the finite sequence F.
That is, if ¢(0) = 0, then P)” = P, does not depend on W. For example, in case @(z) = 22,
then P)Y(F) = P,(F) coincides with the frame potential: indeed, by Eq. (1) we have that

PY(F) = Po(F) = e(S7) = r(T3 T)*) = Y [fis f)I? = FP(F) . (16)

i,5 €Ly

For ¢ € Conv(R") and a finite dimensional subspace W C ‘H, P}Y(F) is a measure of the
spread of the eigenvalues of the frame operator of F = { fi}ic1, € W". That is, (under suit-
able normalization hypothesis on F) the smaller the value P)Y(F) is, the more concentrated
the eigenvalues of Szl € L(W)T are. This is the main motivation for considering these
convex potentials (see [35, 36, 39, 41]).

Next we extend the notion of convex potential to the context of finitely generated shift
invariant systems in FSI subspaces.

Definition 3.1. Let W be a FSI subspace in L?(R*¥), let F = {fi}ic1, € W" be such that
E(F) is a Bessel sequence and consider ¢ € Conv(R™). Then the convex potential associated

to (¢, W) on E(F), denoted P)Y(E(F)), is given by
PYEF) = [ PROCFE) da (17)

where PJW(@(FF(I')) = t1(¢(Srrw)) (Pw):) is the convex potential associated with (¢, Jy(x))
of the sequence I'F(x) = {T f;(z) }ic1, in (2(ZF), for every x € T A

Next we develop some notions and tools in order to show that the right hand side in Eq.
(17) is well defined, namely that the function T 5 z — P (I F(x)) is integrable.

Let F = {fi}ic1, be a finite sequence in L*(R¥) such that F(F) is a Bessel sequence. Recall
that in this case Sg(r) is a SP operator and that for z € T* then (Se@F))s = Srr@) €
L(¢*(ZF))* is a positive and finite rank operator.

The next lemma is a reformulation of a result in [42] concerning the existence of measurable
functions of eigenvalues and eigenvectors of measurable fields of positive semidefinite n x n
matrices.
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Lemma 3.2. Let W be a FSI subspace in L*(R¥) and let F = {f;}icr, € W™ be such that
E(F) is a Bessel sequence. Then, there exist:

1. a measurable function r : TF — Nsq and measurable vector fields v; : TF — (*(ZF) for
j €L, such that r(xz) < n and {U](l‘)};(jl) is an orthonormal system in Jy(z) for a.e.
x € T*;

2. bounded measurable functions \; : TF — RT for j € L, such that \y > ... > \,,
Ai(x)=074fj>r(z) and

r(z)

(Ser))s = Z \j(2) vi(@) ®vi(z) ,  for a.e. x € T, (18)
j=1
If we assume further that E(F) is a frame for W then r(x) = dim Jy(x) and {v; (x)};fl) is

an orthonormal basis (ONB) for Jw(x) for a.e. x € T*.

Proof. Consider the measurable field of positive semidefinite matrices G : T — M,,(C)*

given by the Gramian G(x) = ((I'f;(z),Tf;(z)))ijer., for € T*. Notice that G(z) is the
matrix representation of Tyz .\ Trr() € L(C™)*" with respect to the canonical basis of C" for
x € T, In particular, if b denotes a Bessel (upper) bound of E(F) then

ess sup, e |G| = 55 SUDepe | Trro Tl = 1Sell < b

by the remarks at the end of Section 2.2. We set r(z) = k(G (z)) = rk(Srz() for z € T
therefore r(+) : T — Nsq is a measurable function such that r(z) < n for € T*. Hence, by
considering a convenient finite partition of T* into measurable sets we can assume, without
loss of generality, that 7(z) = r € N for a.e. z € T".

Using results from [42], we see that there exist measurable functions A; : T — R and
measurable vector fields u; : TF — C", for j € I,,, such that: \;(z) > \j1(x) for j € 1,4,
{u;(z)}jer, is an ONB of C" and G(z)u;(z) = \j(x)uj(x) for j € I, and a.e. x € T*. In
particular, the functions \; : T — RT satisfy 0 < )\;(z) < [|G(x)| < b for ae. z € TF,
J € L,; these remarks prove item 2 above.

Take the polar decomposition Trr) = U(z) |Tr ()|, where U(z) : C* — Jy(z) C (2(Z*) is
(the unique) partial isometry with ker U(z) = ker Tty for a.e. € T*. Hence, in this case
U(z) = Trre) (GV*(z))" and therefore U(-) : TF — L(C™, 3(Z*)) is a well defined measur-
able field of partial isometries. Then, v; : T* — (*(Z*) given by v;(z) = U(x) uj(x) € Jw(x)
for j € I, and € T* are measurable vector fields such that {v;(x)};er, is an orthonormal
system in Jyy (), for a.e. x € T% moreover, (Spr) ) v;(®) = Aj(z)v;(x) for j € I, and a.e.
x € T*. Since rk(SgF) ), = r for a.e. € TF, then we see that Eq. (18) holds in this case.

Finally, notice that if E(F) is a frame for W then we should have that r = rk(Sgr)), =
dim Jyy(z) for a.e. x € T* which shows the last part of the statement. O

Remark 3.3. Let F = {fi}ic1, be a finite sequence in L?*(R¥) such that E(F) is a Bessel
sequence. In what follows we consider the function

TF 52— MSrrw) = (A(Srrw) )jen € (£(ZF) )l (decreasing sequences) , (19)
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where A(Srz()) is the sequence of eigenvalues of the positive semidefinite finite rank operator
(SeF))e = Srr@) € L(C3(ZF)), counting multiplicities and arranged in non-increasing order.
Notice that the maps A;(z) of Lemma 3.2 are uniquely determined (a.e.) by the equation
Ai(x) = Nj(Srz@)), for 7 € I,. The last entries are A\;j(Srz)) = 0 for j > n + 1 and
x € T*. Therefore, another way to state item 2 of Lemma 3.2 is to say that the map
T* 3 & — A(Srz@)) of Eq. (19) is measurable. We refer to this function as the fine spectral
structure of E(F). A

Remark 3.4. Consider the notations from Definition 3.1. We now show that the right hand
side in Eq. (17) is well defined. Indeed, by Lemma 3.2 we get a spectral representation of
(SeF))() as in Eq. (18) in terms of the bounded and measurable functions \;(-) : TF — R,
for j € I,,. If we consider the bounded and measurable function d(z) = dim Jy(z) > r(x)
for z € T* then, using Eq. (15) we see that

PSZW(I)(FF(x)) = Z ©(\;j(7)) + (d(z) —r(z)) ¢(0) for a.e. x € T" .
J€L(2)
Therefore, the non-negative function
TF >z +— P;W(’”)(Ff(a:))

is bounded and measurable and therefore integrable on T*. This shows that the convex
potential P)Y(E(F)) is a well defined non-negative real number. A

Incidentally, Remark 3.4 above shows that if ©(0) = 0 then the convex potential P)¥ = P,
does not depend on the FSI subspace W.

Example 3.5. Let W be a FSI subspace of L?(R¥) and let F = {fi}ic1, € W". If we set
o(z) = x? for x € RT then, the corresponding potential on E(F), that we shall denote
FP (E(F)), is given by

FP(EF) = [ (St do= [ 30 UTA@.TH@)E do

1, j€In

Hence, FP (E(F)) is a natural extension of the Benedetto-Fickus frame potential of Eq. (16).
A

Remark 3.6. Let W be a SI subspace of L?(R¥) and let A € L(¢*(Z*))™ be a positive
operator: in [21], E. Dutkay introduces the local trace function of A relative to W, denoted
w4 TF — [0, 00] as follows: for z € T*,

w.a(z) =tr(A(Pw):) ,

where tr(-) denotes the usual (semi-finite) trace in L(¢?(Z*)). We can extend the notion of
local trace function as described above to the following setting: given T € L(L?(R*))* a
positive and SP operator, we let the local trace function of 7" with respect to the SI subspace
W be given by

~

mw.r(z) = tr(Ty (Pw),) , x€T". (20)

Notice that if A € L(¢*(Z*))* and T' € L(L*(R*))* is the unique positive and SP operator
such that 7, = A for z € T* then

woa(®) =), €Tk,

12



If we assume further that W is a FSI subspace, we consider ¢ € Conv(R") and take F =
{fi}ier, € W" then

PYEEF) = [ mwptsuin(a) da.

where ¢(Sg(r)) € L(L*(R¥))™ is obtained by the functional calculus. Indeed, notice that in
this case ¢(Sg(r)) is a SP operator such that

[p(Se)]e = e((SeF))) = ¢(Srrw) ,  forae x€ T . A

Let W be a FSI subspace. In what follows we show that, under some natural restrictions,
the convex potentials P}Y(E(F)) for finite sequences F € W" detect tight frames for W
as their minimizers (see Theorem 3.9 below). In turn, this last fact motivates the study of
the structure of minimizers of convex potentials for finitely generated sequences in L?(RF)
(under some restrictions) since these minimizers can be considered as natural substitutes of
tight frames. In order to state the results on this matter, we introduce the following notions
and notations.

Remark 3.7. Let (X, X, ux), (Y,V, uy) be two measure spaces; we consider their direct
sum, denoted X @Y, given by the three-tuple (X @ Y, X @ YV, ux @ uy ), where

1. XY =X Lcﬁ Y (the disjoint union of the sets); we further consider the canonical
inclusions ny : X - X @Y andny : Y - X @Y of X and Y into their disjoint
union; hence nx and 7y are injective functions such that 7x(X) N ny(Y) = 0 and
nx(X)Uny(Y)=XaY.

2. XPY={A®B=nx(A)Uny(B): Ac X, Be Y},

3. px @ py is the measure given by uy @ puy (A @ B) = ux(A) + py (B);

Notice that using the maps nx and 7y we can consider (as we sometimes do) X, Y C X @Y

A
Notations 3.8. In what follows we consider:

1. A FSI subspace of L?(R¥) of length ¢, denoted W;
F = {fi}ier, € W" such that E(F) is a Bessel sequence;
d(z) = dim Jyy(x) < ¢, for x € TF;

The Lebesgue measure on R¥; denoted |- | ; X; =d (i) C T* and p; = | X;|, i € I,.

ATl R <

We denote by Cyy = Zieh i pi.

6. The spectrum of W is the measurable set Spec(W) = U, Xi = {z € T* : d(x) # 0}.
A

Theorem 3.9 (Structure of P)” minimizers with norm restrictions). Consider the Notations
3.8 and assume that 3., || fill* = 1. If ¢ € Conv(R"), then

PY(E(F)) > Cw ¢(Cy)). (21)
Moreover, if ¢ € Convg(RT) then equality holds in (21) iff E(F) is a tight frame for WV i.e.
Spr) = Cyy Py . (22)
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Proof. Let (Xi;, Xij, | - ij) where X;; = X;, &;; = &; the o-algebra of Borel sets in X; and

|-]i; = | - |: the Lebesgue measure in X, for Jj€ ]I and ¢ € I,. With the notations in Remark
3.7, we consider the measure space

X X ,u @@ R 2]7 ' 'Lj

i€l, jel;

For i € I, and j € I; we further consider the canonical inclusions 7;; : X;; — X. Hence,
for every x € X there exists unique i € I, j € I; and Z € X;; = X, such that n; ;(Z) = =.
Notice that by construction, u(X) = Zieh i-pi=Cy.

Let Ag(r) : X — R* be the measurable function of eigenvalues of E(F) defined as follows:
for x € X, let (¢,7) € I, xI; and # € X;; = X; be (uniquely determined) such that
1n;.;(Z) = x; in this case we set

e () = N((Se@))z) = \i(Sree)

where M(Srr) € ((4(Z") )i is the fine spectral structure of E(F) defined in Eq. (19). We
claim that if ¢ € Conv(R™), then

PW(E(F)) = / o(pr () du(z) (23)

X

Indeed, for Eq. (17)

PYEF) = [ PPOCF@) de= [ PROCE) de

Spec(W)

where P;JW(x) (C'F(x)) is the convex potential associated with (¢, Jyy(x)) of the finite sequence
F(z) = {T fi(z) }er, in (2(Z*) as defined in Eq. (15) (notice that P, (I F(z)) = 0 for
x € T*\ Spec(W)). Therefore, if z € X; for some i € I, then

PR (2 Zso (Sr)

For ¢ € I, we have that

| PreE@) = | S 0 (St ) d — [ eOum@)duta)

Xi j=1 =1
Therefore, since Spec(W) = |J X; and X = @jer, Bjer, Xij
i€ly
Z / PJw (TF(x))dr = Z / o(Apr () du(x) :/ oA (@) du(z),
i€ly i€ly X

which proves Eq. (23). In particular, if we take ¢p(x) = z in Eq. (23) we get that

_ _ 2 5 2 _
[ Awe@duta) = [ xtSeryde= [ S I de = 1A =1

i€l i€lp
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Consider the probability measure ji = C;\,l . Then, as in Example 2.5, we have that
/X Noom (@) dii(e) = Gt —> Oyt 1x < Amem (in (X, &, j1)). (24)
If we let ¢ € Conv(R™) then, using the previous facts and Theorem 2.4, we get that
2 (C) = fw (Gt 1x) dia) < [ 9Onn (@) diita)

= O [y ¢ (@) du(e) @ Cpt PY(E(F)) |

which proves Eq. (21). If ¢ € Convy(R") and also P)Y(E(F)) = ©(Cy)) Ow , using Eq. (23)
and the majorization relation in Eq. (24), we get that

/X o (@) dfi(z) = /X o(C) difz).

Hence, by Proposition 2.6,
(/\E(]-‘))* = C;\,l 1[0,1} — )\,‘( (SE(]:));;) = C;VI for i € Hd(a:) and a.e. x € T .

Therefore, Spr) = Cy, Py i.e. E(F) is a tight frame for W. Conversely, notice that if
Spr) = Cyy) Py then lower bound in Eq. (21) is attained. O

Remark 3.10. Notice that Theorem 3.9 above indicates that minimizers of the convex
potentials have a nice global structure. That is, the structure of the minimizers of the convex

potentials is not obtained by glueing minimizers of the corresponding (local) convex potential
in each fiber. A

4 Fine spectral structure of shift generated oblique du-
als in F'SI subspaces

Throughout this section V, W C L*(R*) denote FSI subspaces such that V & W+ = L?(R¥)
and F = {fi}ier, € W" denotes a finite sequence such that F(F) is a frame for W.

Next we recall some characterizations of the condition S&7+ = L?(IR*) for SI subspaces and
a characterization of shift generated (SG) oblique duals of E(F); these results together with
[5] allow us to obtain the exact value of the aliasing norm corresponding to the consistent
sampling induced by the FSI subspaces V and W. In Section 4.2 we obtain a detailed
description of the fine spectral structure (i.e. eigenvalues) of the frame operators of SG
oblique V-duals of the (fixed) frame E(F) for W. We will apply these results in Section
5, where we compute SG oblique dual frames with norm restrictions that simultaneously
minimize the convex potentials P} for all ¢ € Conv(R™).

4.1 SG oblique duals and aliasing in FSI subspaces
Following [27] (see also [17, 26, 28]) we consider the set of SG V-duals of E(F):
Dy (F) = Dy°(E(F)) = {E(G) € Dy(E(F)) : G = {gi}ier, € V"}. (25)
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In case ¥V = W then we write D°¢(F) = D¢ (E(F)) (which is the class of SG duals of type
I, in the terminology of [27]). Given E(G) € Dy¢(F) we obtain the following (structured)
reconstruction formulas: for every f € W and g € V,

f= > (fTg)Tufi and g= > (g Tif) Tig.

(0,7)€Z* X1, (0,3)E€ZF X1,

Next we describe some results related with the general assumption for studying oblique
duality, namely V @ W+ = L%(R¥), for the FSI subspaces V and W, as well as SG oblique
duality. The next two results can be derived using combinations of results and techniques in
2, 31, 32].

Lemma 4.1. With the previous notations and assumptions, let Jy, and Jy, denote the range
functions of the SI subspaces V and W, respectively. Then,

1. Wt is a SI subspace with range function Jyy. (x) = [Jw(x)]* for a.e. x € TF;

2. If @ = Py w1 then Q is a shift preserving operator;

3. Ju(x) ® Jw(x)t = C(ZF) and Qu = Pjyiay) /sty for a.e. x € TF.

4. BE(G) € DYY(F) < I'G(z) is Jy(x) — dual of TF(x), for a.e x € T*. O

Remark 4.2. Let S and 7 be closed subspaces of L2(IR¥). In order to characterize when the
(algebraic) sum of these subspaces is a closed subspace we recall the Dixmier angle between
S and 7, denoted by [S, T+]p € [0, 7], given by

cos[S, T|p = sup{|{(v, w)|,v € S;,w € T1 }, (26)

where S = {f € S : ||f|| = 1} (and similar for 7;). It is well known (see [20]) that
[S,T]|p > 0if and only if SN7T = {0} and S + 7T is a closed subspace of L?(IR¥).

Assume further that S ® 7 = L*(R*) and let Q = Ps;/r be the corresponding oblique

projection. Then (see [20])
1

1@l = S, 71y A

Proposition 4.3. Let §,7 C L*(R*) be SI subspaces of L*(R¥). The following statements
are equivalent:

1. S& T+ = L*(R*);

2. Js(x) @ Jr(x)* = C(Z%) for a.e. x € T" and esssup,err||Prgiay/ /iy o)t | < 00;

3. Js(x)t N Jr(x) = {0} and essinf crx[Js(z), Jr(z)t]p > 0.
In this case we have that [S, T+]p = essinf epe[Js(2), Jr(z)]p . O
As an application of the previous results we compute the exact value of the aliasing norm

(see [22, 29]) in terms of the relative geometry of the FSI subspaces V and W. Indeed, recall
that the aliasing norm corresponding to the consistent sampling

frf=Pypef, forfel*(RY
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denoted A(V, W), is given by

P, L
AWV, W) — sup H W/ /v €H

= [Py ppr Pyl (27)
cewt el

The aliasing norm is a measure of the incidence of W+ in the consistent sampling induced
by Py, v and it plays a role in applications of oblique duality.

Definition 4.4. Let S, 7 C L?(R*) be closed subspaces. We define the aperture between
S and 7, denoted [S,7]* € [0,7/2), as the angle given by

S, 7T]")= inf Psf]. A
cos((S.T1") = _int _ |Psf

Remark 4.5. With the notations of Definition 4.4, we point out that the aperture [S, 7]
coincides with the notion of angle between the subspaces S and 7 as defined in [47] (and

cos([S,7]%) is also known as the infimum cosine angle from [31]). It is known that the
following relation holds (see [31, 32]):

cos([S,T]p)* =1 —cos([S,T]*)? = [S,T]"=7/2—[S,T*]p.

Hence, using the relations above and Proposition 4.3 (see also [31]) we get that if S, 7 C
L?(R¥) are SI subspaces such that S* @ 7 = L*(RF) then

(S, T]* = esssup,em|[Js(2), Jr(z)]* < 7/2. A

Consider again the notations of Definition 4.4 and assume further that L?(R*) = S @ 7.
Then, using Remarks 4.2 and 4.5 we see that

I1Pojrill = e = =
sin[S,7+]p  cos[S,T]®
From this we obtain the following upper bound for the aliasing norm (see [48])
1
cos[S, 7)o
Notice that this known bound is not sharp; indeed, if we take S = 7 then A(S, 7+) =0
but cos[S,T]* = 1.

Next we compute the exact value of the aliasing norm.

A8, TH) < ||Psyyre| =

Proposition 4.6. With the previous notations and assumptions, the aliasing norm A(V, W)
corresponding to the FSI oblique pair (V, W) is given by
AV, W) = tan([V, W]?).
Proof. Notice that by assumption Jy(x) and Jyy(z) are finite dimensional subspaces of ¢*(ZF)
and, by Proposition 4.3, we see that Jy(z)* @& Jy(x) = (2(ZF), for a.e. x € T*. Hence, we
can apply the results from [5], and conclude that
A(Jv(@), Iw(@)) = [Pry@)/ /i@ Proe |l = tan((Ju(2), Jw(@)]?) ,  for a.e. x € T*.

Therefore, using Remark 4.5, we get that

AV, W) = ||Pw;ppr Pye|| = esssup,cpx tan([Jy(z), Sy(2)]*) = tan([V, WI]?). O

Conjecture 4.7. We conjecture that Proposition 4.6 holds for the consistent sampling cor-
responding to an oblique decomposition S @ 7+ = H in an arbitrary Hilbert space H. By
the results from [5] the conjecture holds for finite dimensional S and 7. By Proposition 4.6
this conjecture holds for some infinite dimensional subspaces S and 7 as well. JAN
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4.2 Fine spectral structure of SG oblique duals

Let E(G) € D%(F) and let Sp() denote the frame operator of E(G). Recall that in this
case Sp(g) is a shift preserving (SP) operator such that (Spg))s = Srg) for a.e. z € TF
and the fine spectral structure of F(G), as defined in Eq (19), is the function T* > z
A(Stg)) = (Aj(Srg(z)))jen , the sequence of eigenvalues of the positive finite rank operator
Srg(x), counting multiplicities and arranged in non-increasing order for a.e. @ € T*.

In the next result we consider the measurable function d : T — {0,...,n} given by d(z) =
dim Jyy(z) = dim Jy(z) for a.e. x € T

Lemma 4.8. Let G = {gi}ic1, € V™ be such that E(G) is a frame for V. Let B € L(L*(R¥))*
be a shift preserving operator such that R(B) C V. Then, there exists Z = {z;}ie1, € V"
such that B = Sg(zy and Tgg) TE(Z) =0 if and only if tk(B,) <n —d(z) for a.e. x € T*.

Proof. First notice that by considering a convenient finite partition of T* into measurable
sets we can assume, without loss of generality, that d(z) = d € N for a.e. z € TF. By
Lemma 3.2 there exist measurable vector fields v; : TF — (2(ZF) for j € I, such that if
A(Stgry) = (Aj(+))jen denotes the fine spectral structure of E(G) then

Z)\ ) ®uvi(r), forae xeT". (28)

J€ly

Moreover, in this case {v;(z)};e1, is an ONB of Jy(z) for a.e. @ € T*. Assume that B €
L(Lz(R"“))Jr is a shift preserving operator such that R(B) C V and such that rk(B,) <n—d
for a.e. x € T*. Since B, € L({2(Z*))* is such that R(B,) C Jy(z) for a.e. z € T* then,
using the measurable vector fields {v,};e1, as above (indeed, the measurable field of matrix
representations [B,] € My(C)* of B, with respect to {v;(z)};c1,) We get measurable fields
w; : TF — (2(ZF) for j € Ty, such that {w;(z)};c1, is an ONB of Jy(z) and B, w,(z) =
A;(B,)w;(z) for j € I; and a.e. z € T*. In particular, we see that
min{d,n—d}
BY? = Z A(B)Y2wj(x) @ wi(x) , for ae. xeTF.

j=1
Let V : TF — L(C", (?(Z*)) be the measurable field of partial isometries given by

oy Jwig if d+1 <5< d+min{d,n—d},
Viw)u;(z) = { 0 otherwise.

Hence V(x) V*(x) is the orthogonal projection onto span{w;(z) : j € Inin{dd-n}} and
R(V*(z)) Cker V(z)* Cspan{u;j(z) : d+1<j <n} = Trgu)V*(z) =0 for a.e. x € T

For i € I,, we set z; € V determined uniquely by I'z;(x) = B2 V(x)e; for a.e. z € T*, where

{€i}icr, denotes the canonical ONB of C". If we set Z = {z;}icr, then Trzp) = B;/2 V(x)
for a.e. & € T*; hence, using Eq. (10), we see that

(T TE(Z)) = Trg) Itz Z(z) = Trg(g;)V*(:v)B;/Q =0, forae xzeT".
On the other hand, notice that

(SE(Z))A:C = Srg(z) = B}:/Z V(ZL’) V*(ZE) B;/Z = B$ s for a.e. x € Tk .
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Conversely, assume that there exists Z = {z;}ic1, € V" such that B = Sg(z) and Tgg) Tz =
0. Then, by Eq. (10), we get that 0 = Trg) 15, and hence rk(17 ;) < n —rk(Trg()) =
n — d(x) for a.e. x € T*. Therefore,

rk (Sp(z))e = tk(Srz@w) = 1k(Trz@)) = 1k(TFz(,) <n—d(z) forae z€ ™. O

Definition 4.9. Let G = {g;}ic1, be such that E(G) is a frame for V with frame operator
A = Sp(g). Recall that d(z) = dim Jy(z) for « € T*. Then, we consider

U (E(G)) = {A+B . B € L(L*(R¥))* is SP, R(B) C V, tk(B,) < n—d(z), for a.e. z € T" }
A
Proposition 4.10. Let E(J’:)i ={T, f#’i}(m)ezkxﬂn denote the canonical V-dual of F. Then,

{Sp): B(G) € DYF(F)} = Un(B(F)T) - (29)

Proof. Let G = {g;}ic1, € V" be such that E(G) € DJY(F). Let Z = {z}ic1, € V" be

given by z; = ¢; — fffti for i € I,. Then E(Z) = {T} 2}« ezt x1, is a Bessel sequence in V

such that Tgg) = TE(I)# + Tg(z). In this case we have that Tg(z) Tg(f) = 0 and therefore
%

Tpi) T}, = 0, since R(Tyz) = R(T7 . 4). Thus,

() EFF

Su@) = Tgrp + Tuz) Tprp + Toz)” = Sprg + See) -

We conclude that B = Sp(z) € L(L*(R¥))* is SP, R(Sp(z)) C V and, by Lemma 4.8, that
rk (Spz))x < n—d(z) for a.e. z € T

Conversely, if S € Uy(E(F)%) then S = Spirye+ B, where B € L(L*(R*))* is SP, R(B) C V

and rk(B,) < n — d(z) for a.e. x € X. By Lemma 4.8 we see that there exists Z = {z;}cr,
such that Tg(z) Tir =0 and B = Sg(z). If we let G = {g;}ic1, be given by ¢; = f#l + z
for i € I,, then E(G) is a Bessel sequence in V such that Tgg) = TE(I)ﬁ + Tg(z). Using that

Tz T

BAE 0 we conclude, as before, that

SE@©) :SE(]_-)\#}&—FSE(Z) ZSE(J_-)‘;%-{-B:S 0

Proposition 4.10 shows that the set of frame operators of SG V-duals of a fixed frame F
can be described in terms of the additive model Uy (E(F)}) introduced in Definition 4.9. It
turns out that the fine spectral structure of the elements of Uy (E(F )?f) can be described
using a natural extension of the Fan-Pall interlacing theorem for measurable fields of positive
matrices. We develop both results in the Appendix section (see Theorems 6.3 and 6.4). As
a consequence we obtain the following

Theorem 4.11 (Fine spectral structure of V-duals). Let E(F)3 be the canonical V-dual
frame of E(F). Denote by A = SE(f);‘f and by )\il(az) = N(A,), i e N, z € T*. Let m
be the measurable function given by m(x) = 2d(z) — n, for v € TF. Given a measurable
function p = TF — ((*(N)T) (decreasing sequences) described as = (j1;)ien , the following
are equivalent:

1. There exists E(G) € DYY(F) such that u(xz) = AN (Sp@))z) = MSrgw)) for every
x € T*.
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2. u(z) =0 for every x ¢ Spec(V). If x € Spec(V) then pi(x) =0 for j > d(z) +1 and
(a) in case that m(x) <0, then p;(x) > )\ﬁz(x) fori € Lyg);

(b) in case that m(x) > 1, then p;(x) > )\ﬁl(x) fori € lyg) and

fn—a(e)+i(T) = Ha@)—m(@)+i(x) <N () for i € Ly -

Proof. Tt follows from Proposition 4.10 and Theorem 6.4. OJ

As a consequence of the description of the fine spectral structure of V-duals of E(F) we
characterize the existence of tight V-duals of E(F) that are shift generated (compare with
25]).

Corollary 4.12. With the notations of Theorem 4.11 then there exists a c-tight V-dual
E(G) € DJ¢(F) if and only if

1. A= SE(JT)\% S C- Py,‘

2. tk((c- Py — SE(]—‘)?,&)A&?) < min{d(z), n — d(z)} for a.e. x € Spec(V).

Proof. Theorem 4.11 imply that there exists a V-dual E(G) € Dy¢(F) such that Spg) = ¢- Py
if and only if ¢ > \(A,) for i € Iyu and N(A,) = ¢ for i € L, whenever m(z) =
2d(z) —n > 1, for a.e. x € Spec(V). These last two conditions are equivalent to the fact

that ¢- Py > SE(f)f’j and

rk((c- Py — A),) <d(x) —m(x) =n —d(x) whenever m(z)>1.

Also notice that in case m(z) < 0 then n —d(z) > d(x) = dim Jy,(x). The proof follows from
these remarks. H

Remark 4.13. Consider the notations of Theorem 4.11. As a consequence of Corollary 4.12,
we get the following dichotomy related with the existence of tight oblique V-duals of E(F):

1. If n > 2d(z) for a.e. x € T* then for every ¢ > S|l there exists E(G) € Dy (F)
4
that is a c-tight frame for V.

2. If there exists N C T* with positive Lebesgue measure such that n < 2d(x) for a.e.
x € N and there exists a c-tight frame E(G) € Dy (F) then ¢ = HSE(f)?f I A

5 Applications: optimal SG-duals with norm restric-
tions

As before, we consider two FSI subspaces V and W such that W+ & V = L*(RF) and

F ={fi}icr, € W" such that E(F) is a frame for W.

As a consequence of the description of the fine spectral structure of elements in Dy (F),
we see that the canonical V-dual is optimal with respect to several criteria. Nevertheless,
in applied situations, the canonical dual might not be the best choice: for example, we
can be interested in duals of E(F) such that the spectrum of their frame operators are as
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concentrated as possible. Ideally, we would search for tight dual frames for F(F), although
Corollary 4.12 shows that there are restrictions for the existence of such duals.

In order to search for alternate V-duals that are spectrally more stable, we proceed as follows:
forw=> 3"y ||f#z||2’ where E(}—)fzé =A{T f)ﬁi}(&i)ezkx]lna we consider

DY (F) = DY (B(F) £ {E(G) e DYY(F): G ={g:}ier, and > il > w} .

i€l

Notice that if w > >, ||f1?;‘7£1||2 then E(F)} ¢ D%, (F) and therefore, it is natural to ask
whether there is an optimal dual fulfilling the previous requirements. Using the identity

Slal = [ S Ira@lF o= [ n(Spgh) de= [ Fute) e (30)

1€l 1€llp €N

where A\((Sg@g))z) = (i(2))ien for a.e. x € T*, we see that Theorem 4.11 gives a complete
solution to a frame design problem in the sense that it allows to get a complete description
of the eigenvalue lists of the frame operators of elements in Dg?w(}" ). It is then natural to
seek for those oblique SG-duals E(G) € Dy, (F) that minimize the convex potentials P,
for ¢ € Conv(R™); in order to deal with this problem we first examine a construction known
as water-filling in terms of submajorization, in the general context of measure spaces (see
Theorem 5.5). We then apply these results together with the properties of submajorization
and results from matrix analysis to conclude that there are structural optimal duals with
norm restrictions. These optimal solutions are obtained in terms of a non-commutative
water-filling construction.

5.1 Water-filling in measure spaces

The water-filling construction goes back to the work of Shanon [45], as the solution of an
optimal spectral allocation problem (see [19]). The water-filling strategy has also been the
main tool in the design of channels with optimal capacity (see [46] and the more recent works
on iterative water-filling techniques [40, 44]).

As a first step towards an extension of this construction, we examine its scalar counter-part
in the general context of measure spaces. In the next section we show that the water-filling
technique produces optimal solutions in the general (non-commutative) context of measurable
fields of positive semidefinite matrix valued functions.

Throughout this section the triple (X, X, 1) denotes a probability space. Recall that we
denote by L>®(X,u)" = {f € L>(X,pn) : f > 0}.

Definition 5.1 (Water-filling at level ¢). Let f € L>®(X,u)*. Given ¢ > essinff > 0 we
consider f. € L*(X,u)" given by f. = max{f, ¢} = f+ (¢ — f)7, where g* denotes the
positive part of a real function g. A

In order to study the submajorization properties of the function f. obtained by the water-
filling construction as above, we consider the following result in which we obtain a simple
relation between the decreasing rearrangements of f and f..

Lemma 5.2. Let f € L>®(X, )" and let ¢ > essinff > 0. Consider the number

f(s) if 0<s<sp;

=u{r e X: f(x)>c}. Then fc*(s):{ ¢ it So_§8§1. (31)
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Proof. Notice that by Eq. (11), for 0 < s < sy we have that

[ (s) = sup{teR": p{x e X: f(x)>t}> s}
= sup{teR": p{reX: f(zr)>t} >s and t>c}
= sup{teR": p{r e X: f(z)>t}>s and t>c}
= sup{teR": p{r e X: fx) >t} >s}=f(s).

It is straightforward to see that if sp < s < 1 then fi(s) = c. O

In order to prove Theorem 5.5 below, we shall need an explicit statement of some re-
parametrized versions of the basics results of section 2.3:

Lemma 5.3. Leta, b € R be such that a < b and let k € L>([a, b], v)T be a non-increasing

right continuous function, where v = (b—a)~' dt is the normalized Lebesque measure on [a, b].
Then

1. The decreasing rearrangement k*(t) = k((b—a)t +a) for every t € [0, 1).

2. Fix a constant ¢ € R. Then
b s
(b—a)cg/ k(t)dt = (S—a)cg/ k(t)dt  for every sé€la,?].

Proof. Straightforward. O

With the notations of Lemma 5.3 above, notice that item 2. is a restatement (using the
re-parametrization from item 1) of the submajorization inequalities corresponding to ¢ <, k
in ([a,b], v) whenever ¢ < f[a ok dv (see Example 2.5).

Remark 5.4. Let f € L>®(X, )" and consider ¢ : [essinf f,00) — R™ given by

o) = [ foau= [ Fa)+ (= 1) duo).
X X
Then, it is easy to see that ¢ has the following properties:

L. (;5(688 1nff) = fX f d/,l/ and limc_,+oo ¢(C) = +OO,
2. ¢ is continuous and strictly increasing.

Hence, for every w > [ « / dp there exists a unique c¢(w) = ¢ > essinf f such that

dlc(w)) =w ie. /Xfc(w) dp =w . (32)

A

Theorem 5.5 (<,-optimality of water-filling). Let f € L>(X, pu)*, take w > [, f du and
consider the constant c(w) = ¢ as in Remark 5.4. Then, for every h € L>®(X, u)™,

f<h and /hd,uZw:>fc—<wh.
X
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Proof. Assume that f < h and [, h dp > w. If we let so = p{ox € X : f(x) > c} then, by
Lemma 5.2, we have that Eq. (31) holds. Thus, using Remark 2.2, we see that if 0 < s < s

e [rwa-[ roas [ o )

Fix now sqg < s < 1 and consider

S0 S50
a:/ h*(t) dt—/ Fr() dt>0 and k=h"+ a e L®([0,1], dt)*
0 0

Notice that k is a non-increasing right continuous map. In this case we get that

/Slk(t) it = /Slh*(t) dt + o

_ /S:h*(t)dtJr(/O Bt dt—/ £ dt)

w—(w—(1—=359)c)=(1—-s5g)c

v

Then, Lemma 5.3 (applied to the map k|5, 1)) implies that

(s—so)cﬁ/k:(t)dt:/h*(t)dt—l—i_soa for every s € [so, 1] .

S0 S0 — S0

Hence, using the inequality above and Lemma 5.2, we conclude that for so < s < 1

/Osfc*(t) _ /Osoh*(t) dt — a+ (s — s9) ¢
< /Osh*(t) dt+(i:§z—1> ozg/osh*(t) dt .

This last fact together with Eq. (33) show that f. <., h. ]

Theorem 5.5 above implies a family of integral inequalities in terms of convex functions
involving the water-filling of a function f at level c. We will need these facts in order to
show the optimality properties of the non-commutative version of waterfilling.

Corollary 5.6. With the notations of Theorem 5.5, if ¢ € Conv(R™) is non-decreasing then

/wohduz/wfcdu- (34)
X X

If there is a non-decreasing ¢ € Convg(R™") such that equality holds in Eq. (34) then h = f,.

Proof. The first claim is a consequence of the submajorization relation in Theorem 5.5 and
Theorem 2.4. If we further assume that ¢ € Convg(R™) is such that equality holds in Eq.
(34) then, by Proposition 2.6, we see that f = h*. Let B ={x € X : f(x) > ¢} so that
so = p(B). Then, it is straightforward to show that

. f(s) if s€]0,s0);
(f-15) (5):{ 0 if s€[so,1).
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Notice that, in particular, (f - 1p)* = 1o, - fi- On the other hand we have (h - 1p)* =
Ljo,s0) - (R - 1p)*. Hence, since h > h-1g > f - 1p, by Remark 2.2 we have that

h* > (h-1)" =1 - (h-15)" 2 (f - 18)" =1 - fo = (h-1p)"=(f -1B)".

Therefore, again by Remark 2.2, we get that h-1p = f-15 = f.- 15 > c- 15, where the last
facts follow from Definition 5.1. Finally, notice that

p(h= ({eh) = [(R) " {e) = (f) T {eHl =1 — u(B)

which shows that h-1x\p = c¢- 1x\p and hence h = f.. O

5.2 Optimal SG-duals with norm restrictions: NC water-filling

In what follows we show the existence of structural optimal SG oblique duals of a fixed
frame F(F) with norm restrictions, as described at the beginning of Section 5. That is, we
explicitly construct a dual frame E(G?) € Dy% (F) such that for every E(G) € Dy, (F)
then

P;(E(G™)) < P/(E(9)),

for every convex potential Pg associated to a non-decreasing ¢ € Conv(R"). Moreover,
the arguments involved in this construction show that (structural) optimal SG oblique du-
als with norm restrictions share several spectral properties. We end the section with a
non-commutative counter-part of the water-filling construction for functions, that allows to
describe the spectral structure of optimal SG oblique duals in Dg?w (F) in some detail.

Theorem 5.7 (Optimal duals in D¢ (F)). Let V and W be FSI subspaces of L*(R*) such
that Wt @V = L*(R¥). Let F = {f;}ic1, be such that E(F) is a frame for W and w >
D iel, ||f#z||2, where E(F)% = {T, f#i}(m)ezkﬂn. Then, there exists GP = {g;* }ic1, € V"
such that:

E(GP) € DYS,(F) and 3y, [l95° 1> = w.

2. For every G = {gitier, such that E(G) € DJC, (F) and every non-decreasing ¢ €
Conv(R™) we have that

PY(E(G™)) < PY(E(G)) .

Proof. Let d(x) = dim Jy(x) = dim Jyy(z) for z € T*. For each i € I, , let X; = d~'(i) C T*,
pi = |X;| (the Lebesgue measure of X;) and r; = min{n — ¢, i}. Since FE(F) is a frame for
W then Spec(V) = Spec(W) = Ujer, X;. Also, for i € I, and j € I, we consider the measure
space (X;j, Xij, | - ij), where X;; = X, Xj; = X, denotes the o-algebra of Borel sets in X;

and | -|;; = |- |; denotes the Lebesgue measure in X;. Then, using Remark 3.7, we construct
the measure space
Yy V @@ X’Lj7yl]7 : z]
S ]eﬂrl

In particular, v(Y) = >, ;- p;. We further consider the canonical inclusion maps 7;; :
Xi;—Y foriel, and j €L,.

Let G = {gi}ic1, be such that F(G) € DJE(F). We shall denote by A = SE(f)?f and
S = Spe) € L(L*(R¥))*. By Proposition 4.10, S = Sperg + B = A+ B, for some
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B e L(L*(RF))* which is SP, R(B) C V and rk(B,) < n — d(z) for a.e. z € T*. Let i € I,,
and x € X;; using Lidskii’s additive inequality (see [4]) we get that

(i () 4 X,(B0)) o, = (M(80) (35)

while \;(S,) = 0 for j > i+ 1. Notice that R(B,) C Jy(z) and rk(B,) < n — i. Therefore
rk(B,) < min{n — i, i} = r;. Then, for z € X; we have that

Mg (Ap) + 0 (By) if  1<j <y

- 36

AkﬁmAa+Ax3»:{

Now, Eq. (35) together with Eq. (36) imply that, for any ¢ € Conv(R™): if 2 € X; then

i

Zs@ i (A) F A () + D i (A)) <D w(A(Sa)) - (37)

j=ri+1 jel;

With the previous notations, we now consider the measurable function i : Y — R™ defined
as follows: for z € Y, let (¢, j) € I,, x I, and 7 € X;; = X; be (uniquely determined) such
that 7; () = x; in this case we set h(z) = X\i_j11( Az)+ X (Bz). If we let wy = > el Hf#lﬂz
and we assume that £(G) € Dy%, (F) then, using Eq. (30) we see that

/tr(Bz)dx:/tr(gﬁ—flw)d:cZw—woz().
Tk Tk

Consider now the measurable function f : ¥ — R* given as before by f(z) = Ai_j1( Az)
for 7 € X;; = X;, with (¢, j) € I,, x I, such that 7, ;(Z) = . Arguing as in the proof of
Theorem 3.9 we get that

/de_Z/ Z)‘1]+1121 (38)
iell, ¥ Xi jel,,
Moreover, the previous facts show that if E£(G) € Di?w(}" ) we have that h > f and
/ ZZ/ i1 +)‘(éx))dx2(w_w0)+/f(x)du(:c)d:efw’.
' Y

i€l, jely,

Let ¢ = ¢(w’) be as in Remark 5.4 and consider f. as in Definition 5.1, both with respect
to the probability space (Y,),7), where o = v(Y)~'v. By Corollary 5.6 and the previous
remarks we see that if ¢ € Conv(R™) is non-decreasing then

/gpofcdyg/gpohdy. (39)
Y Y

For j € I,, we consider the measurable functions ¢; : Spec(V) — R* defined as follows: for
1€l, and z € X;,

fe(nij(x)) = max{c, Micjr(Ap)} it l<j<m
§i(z) = Ni—jr1(Ag) if rm+1<5<q 5 (40)
0 if itl1<j<n
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Notice that by construction, if ¢ € Conv(R™) then
[eotar=% [ 3w ds. (1)
Y icl, ¥ Xi jer,,

Using the definition of f and the properties of f. from Remark 5.4, we see that if x € X,
then there exist A\{"(x) > ... > A% (z) > 0 such that

~

(@) = Nija(A) + AP (z)  for every  j <. (42)

Let = (pj)jen : TF — ¢1(N)T such that: p;(x) = 0 for j € N whenever 2 € T* \ Spec(V),
while for ¢ € I, and = € X; then p;(xz) =0 for j > i+ 1 and

(i (2))jer, = 1((2))jen] - (43)

Putting the previous remarks together we see that p = (;);en satisfies the conditions of
item 2 in Theorem 4.11. Thus, there exists G°P = {g;* };c1, such that E(G°P) € DC(F) and
M (Seer))s) = (1(x))jen for ae. z € T*. In this case, if we consider Eq. (30), use Egs.
(42), (43) and we take p(z) = z in Eq. (41) we have that

ZHQ;I)HQ = /Tk Zﬂj(w) d:}c:Z/X‘ Zgj($)+ Z /\i—j-l-l(Aw) dx

i€ly i€ly J€l, J=ri+l

= / fc dl/+ Z/ Z )\i—j—i-l(A:v) dx
Y i€l Y Xi j=r;+1

~

— (w—w0)+/Tktr(Aw) dr =w ,

where we have also used the relation in Eq. (38) above. In particular, G°P satisfies item 1.
in the statement. Now, if E(G) € Dy% (F), using Egs. (37), (39), (40) and (43) then,

PUB@) = [onar+ Y [ Y porsalds) do

i€l v j=r;+1

o v i oN_ir1(A,) do = PY op
> /Yso . d +Z/X‘ S por () de = PY(E(G™))

i€l ? j:’l”i—‘rl
where we have also used Eq. (41) and the fact that A((Sp(ger))s) = p(x) for a.e. z € T*. O

Corollary 5.8 (Essential uniqueness of optimal V-duals with norm restrictions). With the
notations of Theorem 5.7 ant its proof, assume that G = {g;}ic1, s such that E(G) €
DJC,(F) and that there exists a non-decreasing ¢ € Convy(R") such that

P (E(G™)) = P} (E(G)). (44)

Let B € L(L*(R*))™ be SP, with R(B) C V and such that Sgg) = SE(f)?f +B=A+B.
Then,

13 e, gill* = w;
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2. There exist ¢ > 0 and measurable vector fields v; : TF — (*(Z¥) for i € I, such that
{vi(®) Yiery,, is an ONB of Jy(x) for a.e. x € Spec(V),

(SE(}-)#)} = A, = Z Xi(Ay) vi(z) @ vi(x) ,  for a.e. x € Spec(V)

and such that for a.e. x € Spec(V) we have that

d(z)
MDY @) @ )
i=r(z)+1

where r(x) = max{2d(z) — n, 0}, for v € Tk,
The constant ¢ (= c(w')) > 0 does not depend on G. Moreover, in this case P)(E(G)) =
PY(E(G®)) for every non-decreasing ) € Conv(R").

Proof. We use the notions and notations from the proof of Theorem 5.7. Arguing as in the
last part of the proof of Theorem 5.7 we see that Eq. (44) implies that

/apoth:/goofcdﬂ,
Y Y

where 7 = v(Y')~! v is the probability measure obtained by normalization of v. By Corollary
5.6 we get that h = f., where ¢ = ¢(w’) is as in the proof of Theorem 5.7. Therefore, for
1 €1, and x € X;, then

max{\;_ ]+1( 2), C} i 1<y <

45
)\1]+1(A) lf 7”1+1§j§7, ( )

Ay (A) + Ay (Ba) = {

Moreover, by Eq. (37) and the properties of h we have that

PY(E(G) = Z/ S o ( (Sre)))

i€l v g€l

> /gpohdl/—i—Z/ ZWA”H ) dz = PY(E(G)) .

i€l 'Lj ri+1

Therefore, we should have equality Eq. (37) for a.e. x € X; and i € I,,. Since ¢ is strictly
convex, then the majorization relation in Eq. (35) together with the case of equality in
Lidskii’s inequality (see the Appendix section in [38]) imply that for ¢ € [,, and a.e. z € X;
there exists an ONB {z;(2)};er, of Jy(z) (but not necessarily of measurable vector fields as
functions of x) such that

Z A )® z;(z) and B, = Z Nioi1(Be) 2(z) @ 2(x) . (46)

]GH ‘]GL

Let P € L(L*(R*))* denote the orthogonal projection onto R = R(B), so that P is SP
and P, = P, R(B. for every € TF. Let p : T¥ — N be the measurable function given
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by p(z) = tr(P,) for x € T*. Then, by inspection of Eqs. (45) and (46) we see that
PSprg = Seeg P

A ~ ~ ~

P$AIP$+B$:C~P$, for a.e. x € TF
and, for 1 € I, and = € X,

i—p(z)

(I =Py, As (I = P, = Z Aj(As) 2i(2) ® 2(x) .

Since a+ (c—a)™ = max{a, c} for a, ¢ > 0, these last facts imply the existence of measurable
vector fields v; : TF — (2(ZF) for i € I, with the desired properties; indeed, the previous
identities show that we just have to consider measurable fields of eigenvectors of the operators
PSE(F)?? P and (I — P) SE(f)# (I — P), whose existence follow from Lemma 3.2.

Finally, if G°P is as in Theorem 5.7, a careful inspection of the proof of that theorem shows
that
A (SE@))z) = M (SE@er))z) , forae. x € Spec(V),

which implies the optimality properties of E(G) for a non-decreasing 1) € Conv(R™). O

Notice that with the notations of Corollary 5.8 above, we see that for a.e. z € T* then

r(z) d(x)
(Spgen)e = > Ni(Aa) vi() @ vi(z) + Y max{Ni(A,), ¢} vi(z) @ vi(x),
=1 i=r(z)+1

where we have used that a + (¢ — a)™ = max{a, ¢} for a, ¢ > 0. In particular, notice that
Aie) (Se(gor) o = max{e, Aaw)(As)}

which implies that the condition number of (Sg(ger)), is smaller than or equal to the condition

number of A, = (SE(I)#)} - both acting on Jy(x) - for a.e. € T*. That is, the optimal
4

oblique dual E(G) improves the (spectral) stability of the canonical oblique dual E(F)# =

B(F).

The representation of (Sggor) ), above motivates the following construction, which also char-
acterizes all elements of DJ%, (F) which are minimal in the sense of Theorem 5.7.

Definition 5.9 (Non-commutative water-filling at level ¢ in Uy(E(G)) ). Let G = {gi }ier,
be such that E(G) is a frame for V with frame operator A = Sg(g). By Lemma 3.2 we can
consider measurable vector fields v; : T* — ¢*(Z*) for j € I,, such that

A=Y M(A) (@) @ vy(@) (47)

J€lg(z)

is a spectral representation of A,, where {vj(®)}jer,,, is an ONB of Jy(x) (here d(z) =
dim Jy(x) < n), for a.e. z € T*.
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Given ¢ > 0 then we define the (non-commutative) water-filling of A at level ¢ with respect to
the representation in Eq. (47), denoted A, € Uy,(E(G)), as the unique positive SP operator
such that operator R(A.) C V and

d(z)
Ac(z) = (Ao = D N(Ao) vi(r) @ vi(w) + Y max{N(Ay), c} vi(z) @ vi(x) (48)
Z'EHT(Z) i:r(x)+1
where r(z) = max{2d(x) — n,0} (recall Iy = @) for a.e. x € T A

Remark 5.10. With the notations of Definition 5.9:

1. We point out that A, as described in Eq. (48) is a well defined measurable field of
positive semidefinite operators that is essentially bounded.

2. Notice that in the spectral representation of A,(z) given in Eq. (48), the eigenvalues
are not necessarily arranged in non-increasing order.

3. Finally notice that A, € Uy(E(G)), since A (x) — A, is a positive operator with rank
at most d(x) — r(x) <n —d(z), for a.e. z € T A

We end this section with the following comments: with the notions and notations of Theorem
5.7, let A = SE(f)# and consider measurable vector fields v; : T* — (2(Z*), for i € I,,, such
v

that

A= M(Ay) vi(z) @ vi(x) (49)

i€ld(a)

is a spectral representation of A, with respect to an eigen-basis {vi(®) biery,,, Where d(z) =
dim(Jy(z)), for a.e. z € T*. Let ¢ > 0 be such that, if A, is the water-filling of A at level ¢
with respect to the representation in Eq. (49) then,

/w tr(A.(z)) de = w .

By construction A, € Up(E(F)}) and therefore, by Proposition 4.10, there exists Gy €
DY, (F) such that Sg, = A.. As we have already noticed, G° from Theorem 5.7 is con-
structed in this way; hence, in this case we have that for every non-decreasing ¢ € Conv(R™),

PY(E(Gy)) < PY(E(G)), forevery G e DYY,(F).

Moreover, by Corollary 5.8, any structural optimal frame G € D{?Gw(}" ) (i.e. such that G
is a PY-minimizer in Dy%, (F) for every ¢ € Conv(R")) is obtained in this way. That is,
the structural optimal SG V-dual frames for F(F) with norm restrictions are exactly those
G € Dy°,(F) for which their frame operators are obtained in terms of the non-commutative
water-filling construction from Definition 5.9.

6 Appendix: spectral structure of Uy(E(G))

In what follows we consider a measure space (X, X, p), such that X C T* is a Borel set, X
denotes the o-algebra of Borel sets in X and p is the Lebesgue measure restricted to X.
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Proposition 6.1. Let G : X — M, (C)* be a bounded measurable field of positive semidef-
inite matrices with associated measurable eigenvalues \; : X — R for j € 1,, such that
A > ... > N\, Assume that the measurable functions §; : X — RY for j € 1,1 satisfy the
interlacing conditions

() > Bi(x) > N (x) z-a.e. for jel,_;. (50)
Then there exists a measurable map W : X — M, n,_1(C) such that W*(z) W(x) = I,_1 and
AW (z) G(z) W(z)) = (Br(x),...,Pna(x)), forae x€X. (51)

Proof. We argue by induction on n (the size of G). Notice that 5; > ... > (,_1 by Eq. (50).
Using the results of [42], we can consider measurable vector fields u; : X — C" for j € I,
such that {u;(z)};er1, is an ONB of eigenvectors of G(x) for a.e. z € X.

Assume first that 5,1 = A\,. Set G'(x) = V(x)* G(x) V(z) where V(z) is the n x (n — 1)
matrix whose columns are the vectors ui(x), ..., u,_1(x), for x € X. Then, G’ is a bounded
measurable field of (diagonal) positive semidefinite matrices of size n — 1 with measurable
eigenvalues \; : X — RT for j € I,;. If we assume that we can find a measurable
function Z : X — M,_1 ,—2(C) such that Z*(z)Z(z) = I,,—2» and \(Z*(2)G'(x) Z(z)) =
(Bi(x), ..., Bnz(x)) for a.e. x € X, we let

W(z) = (gt(i) 0"11) , forzeX.

Then, it is easy to see that W : X — M, ,,_1(C) has the desired properties. By iterating
the previous argument and considering a convenient partition of X into measurable sets, we
can assume without loss of generality that

Ni(z) > Bi(x) > Njya(z), forae ze X, jel,;.

In this case we set

1 ((a) - fi(a)
) = @ @)

ki

foree X, j€l,.

The previous assumptions (strict interlacing inequalities) imply that ~;(z) > 0 is defined for
a.e. * € X; moreover, the functions ; : X — R are measurable for j € L.

Set & = 7;/2 X =Rt forjel,, letv=>3 {u;: X —Candlet P: X — M,(C)F
given by P(z) = I — P, (the orthogonal projection onto {v(z)}*, notice that v(x) # 0
a.e.). Let p,(t) € R[t] denote the characteristic polynomial of P(x)G(z) P(z). Then, a well
known argument in terms of alternate tensor products (see [4]) shows that

pe(t) =ty () [10=M@) = pa(N(2)) = M) ] M) = Bila)

jel, kg i€l,_1

for a.e. z € X, j €1, and p,(0) = 0. Therefore,

p(t) =1 H (t—p0;) and Zf?(a:) =1, forae ze€X,

jEHn—l jEHn
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by comparing the leading coefficients of the two representations of the polynomial. This last
normalization condition shows, in particular, that P(x) = [ —v(z) @ v(x) for z € X a.e. and
hence P is a measurable function.

Finally, let {w; : X — C"};¢5, be a measurable ONB of eigenvectors functions for P such
that P(x)w,(x) = 0 for a.e. x € X. Set W : X — M, ,_1(C) such that W(z) is the

n x n— 1 matrix whose columns are the vectors wy (), ..., w,_1(z); then W is a measurable
function with the desired properties. O
Lemma 6.2. Let A\;j : X — R for j € I, be measurable functions such that \y > ... > \,.
Let d € T,y and let B; : X — RT for j € I; be measurable functions such that 51 > ... > B4
and such that they satisfy the interlacing inequalities

Ni(z) > Bi(x) > Ap—arj(x) ,  for.ae ze X, jel. (52)

Then, there exist measurable functions y; j : X — RT for 0 <i<n—d and j € I,_; such
that:

1. 70,5 =X for j € L, and yua,; = B for j € la;
2. For 0 <i<n—d then; j(x) > j+1(x) for j €Ly, for a.e. x € X;

3. For 0 <i<n—d—1 then v j(x) > viy1,;(®) > v ju1(x) for j € L,_i_1, for a.e.
reX.

Proof. We argue by (decreasing) induction in terms of d. Notice that the statement is
trivially true if d = n — 1. Assume that the result is true for d + 1 interlacing measurable
functions for some d € I,,_, . Given the measurable functions ; for j € I; as above, we shall
construct measurable functions «; : X — RT for j € I;41 such that

)\j 2 Q5 2 >\n7(d+1)+j for ] < ]Id+1 and (6%} 2 ﬁj 2 (6 7ES] for j € Hd, (53)

and hence ay; > ... > agy1. Notice that the lemma would be a consequence of this con-
struction and the inductive hypothesis (where the maps «; play the role of 7,_441,; for

J € lapq).
First notice that by the interlacing inequalities in Eq. (52) we have that

min{\11, G-} > max{G11, \p_aqsr}, forrely; and for ae z€ X. (54)

We define a; : X — R*, for j € [444, as follows:

I max{f;, \p_@+1)4; if 1<j<d; (55)
7 min{ﬁd, /\d+1} if ] :d—|—1

By construction the functions «; are measurable, and it is easy to check (by using Eq. (54))
that they satisfy Eq. (53). O

The following result is the Fan-Pall interlacing inequalities theorem for measurable fields of
positive operators.
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Theorem 6.3. Let G : X — M, (C)* be a bounded measurable field of positive semidefinite
matrices with associated measurable eigenvalues \; : X — R* for j € I, such that A\ >

oo > M. Letd €1,y and let 5; : X — RT for j € 1 be measurable functions such that
By > ... > Bq. Then the following conditionas are equivalent:

1. Nj(z) > Bi(x) > A—arj(x) , forae ze X, jel,.
2. There exists a projection valued measurable function P : X — M,(C)* such that

tk P(x) =d and MNP(z)G(z)P(x)) = (fi(x),...,04(x),0n,—q), forae zeX.

Proof. Assume first that the functions {f;},e1, satisfy the interlacing inequalities in item 1.
Let v;,;: X — R* for 0 <7 <n—dand j € I,,_; be measurable functions as in By Lemma
6.2. By Proposition 6.1 there exists a measurable function Wy : X — M,, ,,_1(C) such that

Wi(z) Wi(z) = 1,1 and AXWi(x)*"GWi(x)) = (y1,1(x), ..., 71, n1(2)), forae xzeX.

Arguing as before, using Proposition 6.1 we can construct for 2 < ¢ < n — d measurable
functions W; : X — M,,_i11 ,—i(C) such that W;(z)*W;(x) = I,,_; for a.e. z € X and

AWi(x)* - Wi (2)*"G(x) Wi(z) - - - Wi(z)) = (v 1(x), ..., % nei(x)) , forae zeX.
Let W=W,---W,_4: X — M, 4(C) which is measurable by construction and notice that
W*(x)W(z)=1; and AW (z)*G(z)W(z)) = (Bi(z),...,Ba(x)), forae zeX.
Hence, if we set P = WW* : X — M,,(C) then P is a measurable field of projections with

the desired properties.

Conversely, assume that there exists a projection valued measurable function P : X —
M, (C)* satisfying item 2. Then item 1 is a straightforward consequence of the so-called
Cauchy interlacing inequalities from matrix analysis (see for example [4]). O

Let G = {¢;}ic1, be such that F(G) is a frame for the SI subspace V, with frame operator
A = Sg(g). Recall that (see Definition 4.9)

Uy(E(G)) = {A+B: B e L(L*(R*))" is SP, R(B) C V, tk(B,) < n—d(z), for a.e. z € TF}.
Using the Fan-Pall inequalities for measurable fields of matrices we can now describe the fine

spectral structure of the elements in Uy(E(G) )

Theorem 6.4. Let V be a SI subspace in L*(R¥) with Spec(V) C X and let G = {g;}icr,
be such that E(G) is a frame for V with frame operator A = Sgg). Let d : X — N be the
measurable function given by d(x) = dim Jy(x), for x € Spec(V), and let m(-) = 2d(-) — n.
Given a measurable function p : X — (CL(N)T)b (decreasing sequences) the following are
equivalent:

1. There exists C € Up(E(G)) such that p(x) = MN(Ay) for a.e. z € X;
2. u(z) =0 for every x ¢ Spec(V). If x € Spec(V) then p;(x) =0 for j > d(z) +1 and

~

(a) in case that m(x) <0, then p;(x) = N\;(Ay) fori € Ly,
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(b) in case that m(x) > 1, then pi(x) = N(A,) for i € lywy and

fn—d(x)+i(T) = Pa)y-m)ri(®) < N(Ag)  for i € Ly -

Proof. First notice that by considering a convenient finite partition of X into measurable
sets we can assume, without loss of generality, that d(z) = d € N for a.e. x € Spec(V).

Let C € Uy(E(G) ), and assume that p = A(C). By hypothesis, there exists B € L(L*(RF))*
SP, with R(B) C V, rk(B,) < n — d(z) for a.e. x € T*, such that C = A+ B. By Lemma
4.8 there exists Z = {2}ic1, € V" such that Ty Thz) = 0 and B = Sp(z). 1f we let
G+ Z ={9g; + zi}ier, then Trgiz) = Trg) + Trz) and

Seg+2) = Teg+2) Thgyz) = Se@) T SB(2) = A+ Sp(2) = C
with R(C,) = Jy(x) and dim Jy(z) = d < n. Then,
N ((Tigrz) Teg+z))e) = ni(x)  for j €Iy and ae. z € Spec(V) .

Moreover, if we let P : Spec(V) — M, (C)* be the projection valued measurable function
such that P(z) is the orthogonal projection onto span {I'G(z)} = R(1yg,,) then, using again
that Tig) T z) = 0 we see that

P(z) [(Trgyz) Tegrz))e] Px) = (The) Tewg)): , forae x€ Spec(V).
Since rk(P(x)) = d < n and
N (Tha) Te@)x) = XN(Teg) Thg)e) = Ai(As) . for j €1y and ae. © € Spec(V)
then, using Theorem 6.3 we conclude that that the Fan-Pall inequalities hold between
(1 (2), . pa(®), 0pg)  and (A (AL), ..., Aa(Ay), On_a) -

A careful inspection of these inequalities for the previous vectors shows that the inequalities
in items 2.a and 2.b. above hold (according to the relation between n and d).

Conversely, let u : Spec(V) — (*(N)* satisfy the conditions in item 2 and let D,(-) :
Spec(V) — M, (C)" be the measurable field of positive semidefinite matrices such that
D, (x) is the diagonal matrix with main diagonal (p1(x), ..., (), 0,_q) for € X. Then,
by Theorem 6.3 there exists a projection valued measurable function P : Spec(V) — M,,(C)*
such that

tr(P(z)) =d and A(P(z) Du(z) P(z)) = (M(AL), ..., Ma(A), 0ng) € (RT)™.

In this case we see that

A(DY? P(z) DY?) = (M(Ay), ..., Ma(Ay), 0nmg) € (RT)™.
Let Dy(z) be the diagonal matrix with main diagonal (A;( AI), el )\d(flx , Op—q). By
taking an appropriate measurable field of unitary matrices U(z) : Spec(V) — M,,(C) we
conclude that
Dx(z) = U(x)*[D}/* P(z) D}/*]U(x) , for a.e. x € Spec(V). (56)
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Arguing as in the proof of Lemma 4.8 we see that there exist measurable fields of vectors
v; : Spec(V) — (2(ZF), for j € Iy, such that A, v;(z) = \;(A,) v;(z) and B(z) = {v;(z) }icr,
is an ONB of Jy(z) for a.e. x € Spec(V). We finally consider B € L(L*(R*))™ S.P. with
R(B) C V, uniquely determined by the condition:

[Bz]g(x) = U(:v)*[Dll/2 (I — P(x)) D}/Q] U(z), forae. x€ Spec(V) (57)

where [f?x] B(z) Stands for the matrix representation of B, with respect to the ONB B(z) of

A

Jy(z); in particular, using that rk(I/ — P(z)) = n—d, we conclude that rk(B,) < n—d for a.e.

~

x € Spec(V). On the other hand, by construction of B(x), we have that [A;]g) = Da():
thus, using Eqgs (56) and (57) we have that

[A; + Bals@) = [AelB@) + [Bals@ = U(x)* D, U(z), for a.e. z € Spec(V).

~

This last fact implies C' = A+ B € Uy(E(G)) satisfies that \;(C,) = p;(x) for j € N and
a.e. x € Spec(V). O
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