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Let Y = {f(i), Af(i),..., AL f(i) : i € Q}, where A is a bounded operator on ¢2(I).
The problem under consideration is to find necessary and sufficient conditions on
A, Q,{l; : i € Q} in order to recover any f € £2(I) from the measurements Y. This is
the so-called dynamical sampling problem in which we seek to recover a function f
by combining coarse samples of f and its futures states A’ f. We completely solve this
problem in finite dimensional spaces, and for a large class of self adjoint operators in
infinite dimensional spaces. In the latter case, although Y can be complete, using the
Miintz—Szasz Theorem we show it can never be a basis. We can also show that, when
Q is finite, Y is not a frame except for some very special cases. The existence of these
special cases is derived from Carleson’s Theorem for interpolating sequences in the
Hardy space H?(D). Finally, using the recently proved Kadison—Singer/Feichtinger
theorem we show that the set obtained by normalizing the vectors of Y can never
be a frame when €2 is finite.

© 2015 Published by Elsevier Inc.

1. Introduction

Dynamical sampling refers to the process that results from sampling an evolving signal f at various times

and asks the question: when do coarse samplings taken at varying times contain the same information as

a finer sampling taken at the earliest time? In other words, under what conditions on an evolving system,

can time samples be traded for spatial samples? Because dynamical sampling uses samples from varying

* The research of A. Aldroubi and S. Tang is supported in part by NSF Grant DMS-1322099. C. Cabrelli and U. Molter are
partially supported by Grants PICT 2011-0436 (ANPCyT), PIP 2008-398 (CONICET) and UBACyT 20020100100502 and UBACyT

20020100100638 (UBA).
* Corresponding author.

E-mail addresses: aldroubi@math.vanderbilt.edu (A. Aldroubi), cabrelli@dm.uba.ar (C. Cabrelli), umolter@dm.uba.ar
(U. Molter), stang@math.vanderbilt.edu (S. Tang).

http://dx.doi.org/10.1016/j.acha.2015.08.014
1063-5203/© 2015 Published by Elsevier Inc.

Please cite this article in press as: A. Aldroubi et al., Dynamical sampling, Appl. Comput. Harmon. Anal. (2015),
http://dx.doi.org/10.1016/j.acha.2015.08.014



http://dx.doi.org/10.1016/j.acha.2015.08.014
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/acha
mailto:aldroubi@math.vanderbilt.edu
mailto:cabrelli@dm.uba.ar
mailto:umolter@dm.uba.ar
mailto:stang@math.vanderbilt.edu
http://dx.doi.org/10.1016/j.acha.2015.08.014

YACHA:1077

2 A. Aldroubi et al. / Appl. Comput. Harmon. Anal. e e e (e e e o) e o e—0 oo

time levels for a single reconstruction, it departs from classical sampling theory in which a signal f does
not evolve in time and is to be reconstructed from its samples at a single time ¢t = 0, see [1,2,5,7,8,11,19,20,
28,23,30,33,37,43,44], and references therein.

The general dynamical sampling problem can be stated as follows: Let f be a function in a separable
Hilbert space H, e.g., C% or £?(N), and assume that f evolves through an evolution operator A : H — H so
that the function at time n has evolved to become f(") = A™f. We identify H with £2(I) where I = {1,...,d}
in the finite dimensional case, I = N in the infinite dimensional case. We denote by {e;};cs the standard
basis of £2(I).

The time-space sample at time ¢t € N and location p € I, is the value A’ f(p). In this way we associate
with each pair (p,t) € I x N a sample value.

The general dynamical sampling problem can then be described as: Under what conditions on the op-
erator A, and a set S C I X N, can every f in the Hilbert space H be recovered in a stable way from the
samples in S.

At time t = n, we sample f at the locations §,, C I resulting in the measurements {f(™ (i) : i € Q,}.
Here f(") (i) =< A™f,e; >.

The measurements {f() (i) : i € Qy} that we have from our original signal f = f(© will contain in
general insufficient information to recover f. In other words, f is undersampled. So we will need some extra
information from the iterations of f by the operator A: {f(™) (i) = A"f(i) : i € Q,}. Again, for each n,
the measurements {f(™ (i) : i € Q,} that we have by sampling our signals A" f at Q,, are insufficient to
recover A" f in general.

Several questions arise. Will the combined measurements {f(™ (i) : i € ©,} contain in general all the
information needed to recover f (and hence A™f)? How many iterations L will we need (i.e., n=1,...,L)
to recover the original signal? What are the right “spatial” sampling sets §2,, we need to choose in order to
recover f? In what way all these questions depend on the operator A7

The goal of this paper is to answer these questions and understand completely this problem that we can
formulate as:

Let A be the evolution operator acting in ¢2(I), Q C I be a fixed set of locations, and {l; : i € Q} where
l; is a positive integer or +o0.

Problem 1.1. Find conditions on A4, and {/; : i € Q} such that any vector f € ¢?(I) can be recovered from
the samples Y = {f(i), Af(i),..., Al f(i) : i € Q} in a stable way.

Note that, in Problem 1.1, we allow [; to be finite or infinite. Note also that, Problem 1.1 is not the
most general problem since the way it is stated implies that Q = Qg and Q,, = {i € Q¢ : I; > n}. Thus, an
underlying assumption is that Q,, 11 C Q, for alln > 0. For each i € €, let S; be the operator from H = ¢(I)
to H; = £2({0,...,1;}), defined by S; f = (A7 f(i));=0....1; and define S to be the operator S = Sy & S1 & ...

Then f can be recovered from Y = {f(i), Af(i),..., AL f(i) : i € Q} in a stable way if and only if there
exist constants ¢, co > 0 such that

alflI3 < ISFI5 =Y 1Sifl5 < eall f13. (1)

i€Q
Using the standard basis {e;} for £2(I), we obtain from (1) that
alfl3 < Y03 K A7e)? < e f13.
i€Q j=0

Thus we get
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Lemma 1.2. Every f € (2(I) can be recovered from the measurements set Y = {f(i), Af(i),..., AL f(i) :
i € Q} in a stable way if and only if the set of vectors {A*e; : i € Q, 5 =0,...,1;} is a frame for (>(I).

1.1. Connections to other fields

The dynamical sampling problem has similarities to other areas of mathematics. For example, in wavelet
theory [9,16,17,25,34,38,42], a high-pass convolution operator H and a low-pass convolution operator L are
applied to the function f. The goal is to design operators H and L so that reconstruction of f from samples
of Hf and Lf is feasible. In dynamical sampling there is only one operator A, and it is applied iteratively
to the function f. Furthermore, the operator A may be high-pass, low-pass, or neither and is given in the
problem formulation, not designed.

In inverse problems (see [36] and the references therein), a single operator B, that often represents a
physical process, is to be inverted. The goal is to recover a function f from the observation Bf. If B is not
bounded below, the problem is considered an ill-posed inverse problem. Dynamical sampling is different
because A™ f is not necessarily known for any n; instead f is to be recovered from partial knowledge of A™ f
for many values of n. In fact, the dynamical sampling problem can be phrased as an inverse problem when
the operator B is the operation of applying the operators A, A2, ..., A and then subsampling each of these
signals accordingly on some sets €, for times t = n.

The methods that we develop for studying the dynamical sampling problem are related to methods in
spectral theory, operator algebras, and frame theory [2,10,13,15,18,20-22,45]. For example, the proof of
Theorem 3.15, below, use the newly proved [35] Kadison—Singer/Feichtinger conjecture [14,12]. Another
example is the existence of cyclic vectors that form frames, which is related to Carleson’s Theorem for
interpolating sequences in the Hardy space H%(D) (c.f., Theorem 3.16).

Application to Wireless Sensor Networks (WSN) is a natural setting for dynamical sampling. In WSN;,
large amounts of physical sensors are distributed to gather information about a field to be monitored, such
as temperature, pressure, or pollution. WSN are used in many industries, including the health, military,
and environmental industries (c.f., [29,31,39,32,41,40] and the reference therein). The goal is to exploit the
evolutionary structure and the placement of sensors to reconstruct an unknown field. The idea is simple.
If it is not possible to place sampling devices at the desired locations, then we may be able to recover the
desired information by placing the sensors elsewhere and use the evolution process to recover the signals at
the relevant locations. In addition, if the cost of a sensor is expensive relative to the cost of activating the
sensor, then, we may be able to recover the same information with fewer sensors, each being activated more
frequently. In this way, reconstruction of a signal becomes cheaper. In other words we perform a time-space
trade-off.

1.2. Contribution and organization

In Section 2 we present the results for the finite dimensional case. Specifically, Subsection 2.1 concerns
the special case of diagonalizable operators acting on vectors in C?. This case is treated first in order to give
some intuition about the general theory. For example, Theorem 2.2 explains the reconstruction properties
for the examples below: Consider the following two matrices acting on C°.

9/2 1/2 -7 5 -3 3/2 -1/2 2 0 1
15/2 3/2 —11 5 -7 /2 5/2 0 0 —1
p=| 5 0 -7 5 5| Q= o0 0 3 0 0
4 0 -4 3 —4 1 0 -1 3 -1
12 1/2 -1 0 1 ~-1/2 -1/2 1 0 3
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For the matrix P, Theorem 2.2 shows that any f € C° can be recovered from the data sampled at the
single “spacial” point 7 = 2, i.e., from

Y = {f(2)7 Pf(2)7p2f(2),P3f(2),P4f(2)}.

However, if i = 3, i.e.,, Y = {f(3), Pf(3), P?£(3), P3f(3), P*f(3)} the information is not sufficient to deter-
mine f. In fact if we do not sample at i = 1, or i = 2, the only way to recover any f € C° is to sample at
all the remaining “spacial” points ¢ = 3,4, 5. For example, Y = {f(i), Pf(i) : i« = 3,4,5} is enough data to
recover f, but Y = {f(i), Pf(i), ..., P (i) : i = 3,4}, is not enough information no matter how large L is.

For the matrix @, Theorem 2.2 implies that it is not possible to reconstruct f € C® if the number of
sampling points is less than 3. However, we can reconstruct any f € C® from the data

Y = {f(1), Qf(1),Q*f(1), Q°f(1),Q* f (1),
F2),Qf(2),Q°f(2),Q°f(2), Q" f(2),
f(4), Qf(4)}
Yet, it is not possible to recover f from theset Y = {Q'f(i) :i =1,2,3,1 =0,..., L} for any L. Theorem 2.2
gives all the sets Q such that any f € C° can be recovered from Y = {Alf(i) :i € Q,1=0,...,[;}.

In Subsection 2.2 Problem 1.1 is solved for the general case in C?, and Corollary 2.7 elucidates the
example below: Consider

0 -1 4 -1 2
2 1 -2 1 -2
R=|-1/2 -1/2 3 0 1
12 -1/2 0 2 0
~1/2 -1/2 2 -1 2

Then, Corollary 2.7 shows that € must contain at least two “spacial” sampling points for the recovery of
functions from their time-space samples to be feasible. For example, if Q = {1,3}, then Y = {R!f(i) : i €
2,1 =0,...,L} is enough recover f € C°. However, if Q is changed to Q = {1,2}, then Y = {R'f(3) : i €
Q,1=0,...,L} does not provide enough information.

The dynamical sampling problem in infinite dimensional separable Hilbert spaces is studied in Section 3.
For this case, we restrict ourselves to certain classes of self adjoint operators in £2(N). In light of Lemma 1.2,
in Subsection 3.1, we characterize the sets Q C N such that Fq = {A%¢; : i € Q,5 =0,...,1;} is complete
in /2(N) (Theorem 3.3). However, we also show that if  is a finite set, then {A7¢; : i € Q,j =0,...,1;} is
never a basis (see Theorem 3.8). It turns out that the obstruction to being a basis is redundancy. This fact
is proved using the beautiful Miintz—Szasz Theorem 3.5 below.

Although Fq = {AJe; :i € Q,5 =0,...,1;} cannot be a basis, it should be possible that Fq, is a frame
for sets 2 C N with finite cardinality. It turns out however, that except for special cases, if €2 is a finite set,
then Fgq is not a frame for £2(N).

If Q consists of a single vector, we are able to characterize completely when Fgq is a frame for ¢?(N)
(Theorem 3.16), by relating our problem to a theorem by Carleson on interpolating sequences in the Hardy
spaces H?(D).

2. Finite dimensional case

In this section we will address the finite dimensional case. That is, our evolution operator is a matrix A
acting on the space C¢ and I = {1,...,d}. Thus, given A, our goal is to find necessary and sufficient
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conditions on the set of indices Q C I and the numbers {/;};cq such that every vector f € C? can be
recovered from the samples {A7f(i) : i € Q, j = 0,...,1;} or equivalently (using Lemma 1.2), the set of
vectors

{A%e;:i€Q, j=0,...,1;} is a frame of C%. (2)

(Note that this implies that we need at least d space-time samples to be able to recover the vector f.)
The problem can be further reduced as follows: Let B be any invertible matrix with complex coefficients,
and let Q be the matrix Q = BA*B™!, so that A* = B~ QB. Let b; denote the ith column of B. Since
a frame is transformed to a frame by invertible linear operators, condition (2) is equivalent to {Q7b; : i €
Q, j=0,...,1;} being a frame of C%.
This allows us to replace the general matrix A* by a possibly simpler matrix and we have:

Lemma 2.1. Every f € C? can be recovered from the measurement set Y = {A7f(i): i € Q,5=0,...,1;} if
and only if the set of vectors {Q7b; :i € Q, j=0,...,1;} is a frame for C.

We begin with the simpler case when A* is a diagonalizable matrix.
2.1. Diagonalizable transformations

Let A € C?™? be a matrix that can be written as A* = B~ DB where D is a diagonal matrix of the form

M 0 -0
0 Xl -+ 0

D=| . S : 3)
0 0 - N

In (3), I is an hy, x hy identity matrix, and B € C%*? is an invertible matrix. Thus A* is a diagonalizable
matrix with distinct eigenvalues {A1,..., A, }.

Using Lemma 2.1 and Q = D, Problem 1.1 becomes the problem of finding necessary and sufficient
conditions on vectors b; and numbers /;, and the set Q C {1,...,m} such that the set of vectors {D7b; :
i€Q, j=0,...,1;} is a frame for C%. Recall that the Q-annihilator q? of a vector b is the monic polynomial
of smallest degree, such that q,? (Q)b = 0. Let P; denote the orthogonal projection in C? onto the eigenspace
of D associated to the eigenvalue A;. Then we have:

Theorem 2.2. Let Q C {1,...,d} and {b; : i € Q} vectors in C:. Let D be a diagonal matriz and r; the
degree of the D-annihilator of b;. Set l; = r; — 1. Then {D7b;: i € Q, 7 =0,...,1;} is a frame of C* if and
only if {Pj(b;) : i € Q} form a frame of P;(C?), j=1,...,n.

As a corollary, using Lemma 2.1 we get

Theorem 2.3. Let A* = B~1DB, and let {b; : i € Q} be the column vectors of B whose indices belong to €.
Let r; be the degree of the D-annihilator of b; and let I; = r; — 1. Then {A*e; : i € Q,j=0,...,1;} is a
frame of C¢ if and only if {P;(b;) : i € Q} form a frame of P;(C%), j =1,...,n.

Equivalently, any vector f € C? can be recovered from the samples

Y = {f(i), Af(i),..., A f(i) :i € Q}

if and only if {P;(b;) : i € Q} form a frame of P;(C%), j=1,...,n.
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Fig. 1. Illustration of a time-space sampling pattern. Crosses correspond to time-space sampling points. Left panel: Q@ = Q¢ =
{1,4,5}. Iy = 1,14 = 4,15 = 3. Right panel: Q = Qo = {1,4}. L = 4.

Example 2.2 in [3] can be derived from Theorem 2.3 when all the eigenvalues have multiplicity 1, and when
there is a single sampling point at location .

Note that, in the previous Theorem, the number of time-samples I; depends on the sampling point 7. If
instead the number of time-samples L is the same for all i € 2, (note that L > maz{l; : i € Q} is an obvious
choice, but depending on the vectors b; it may be possible to choose L < min{l; : i € Q}), then we have the
following Theorems (see Fig. 1).

Theorem 2.4. Let D be a diagonal matriz, Q@ C {1,...,d} and {b; : i € Q} be a set of vectors in C¢
such that {Pj(b;) : i € Q} form a frame of P;(C%), j = 1,...,n. Let L be any fized integer, then E =

U {bi, Dbs,...,DEb;} is a frame of C if and only if {D**1b;,: i € Q} C span(FE).
{i€Qub; 0}

Proof. Note that if {DL*1b; : i € Q} C span(FE) then D(span(E)) C span(E). Therefore by Theorem 2.3,
E is a frame of C?. O

As a corollary, for our original Problem 1.1 we obtain

Theorem 2.5. Let A* = B™1DB, L be any fived integer, and let {b; : i € Q} be a set of vectors in C? such
that {P;(b;) : i € Q} form a frame of P;(C), j =1,...,n. Then {A%e;: i € Q,j=0,...,L} is a frame
of C* if and only if {D*1b; : i € Q} C span ({DIb; :i€Q,j=0,...,L}).

Equivalently any f € C? can be recovered from the samples

Y = {f(i), Af (i), A f(0),..., AV f(i) i € Q},
if and only if {DX1b; : i € Q} C span ({D7b; : i€ Q,j=0,...,L}).
Proof. For the proof we just apply Lemma 2.1 and Theorem 2.4. O

A special case of Theorem 2.5 is [3, Theorem 3.2]. There, since the operator A is a convolution operator in
(?(Zg) =~ C?, the matrix B is the Fourier matrix whose columns consist of the discrete, complex exponentials.
The set 2 consists of the union of a uniform grid mZg; and an extra sampling set . In [3, Theorem 3.2]
L can be chosen to be any number larger than m.

Theorems 2.3 and 2.5 will be consequences of our general results but we state them here to help the
comprehension of the general results below.
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2.2. General linear transformations

For a general matrix we will need to use the reduction to its Jordan form. To state our results in this
case, we need to introduce some notations and describe the general Jordan form of a matrix with complex
entries. (For these and other results about matrix or linear transformation decompositions see for example
[27].)

A matrix J is in Jordan form if

Ji 0 0
0 Jy - 0

J=. 7 . | (4)
0 0 T

In (4), for s =1,...,n, Js = AsIs + Ns where I, is an h X hs identity matrix, and N is a hs X hg nilpotent
block-matrix of the form:

Ng 0 - 0
0 Ny - 0

N; = . . . . (5)
o0 N

where each N,; is a 7 x tJ cyclic nilpotent matrix,

0 0 O 0 0
1 0 O 0 0

Nsi € ththy Nsi = 0 1 0 . O 0 ’ (6)
00 0 -+ 10

with t§ > 5 > ..., and t§ +¢5+- - +15 = hs. Also hq +- -+ hy, = d. The matrix J has d rows and distinct
eigenvalues A\;,j =1,...,n.

Let kjs denote the index corresponding to the first row of the block N; from the matrix J, and let €ks be
the corresponding element of the standard basis of C?. (That is a cyclic vector associated to that block.)
We also define Wy := span{ek;; cj=1,...,7s}, for s =1,...,n, and P; will again denote the orthogonal
projection onto Wy. Finally, recall that the J annihilator q,;] of a vector b is the monic polynomial of smallest
degree, such that g/ (J)b = 0. Using the notations and definitions above we can state the following theorem:

Theorem 2.6. Let J be a matriz in Jordan form, as in (4). Let @ C {1,...,d} and {b; : i € Q} be a subset
of vectors of C2, r; be the degree of the J-annihilator of the vector b; and let I; = 1; — 1.
Then the following propositions are equivalent.

i) The set of vectors {Jib;: i € Q,j=0,...,1;} is a frame for CZ.
ii) For every s=1,...,n, {Ps(b;),i € Q} form a frame of Wj.

Now, for a general matrix A, using Lemma 2.1 we can state:

Corollary 2.7. Let A be a matriz, such that A* = B~1JB, where J € C¥? is the Jordan matriz for A*. Let
{b; : i € Q} be a subset of the column vectors of B, r; be the degree of the J-annihilator of the vector b;,
and let l; = r; — 1.

Then, every f € C¢ can be recovered from the measurement set Y = {(AIf)(i) : i € Q,5 =0,...,1;}
of C if and only if {Ps(b;),i € Q} form a frame of W.

Please cite this article in press as: A. Aldroubi et al., Dynamical sampling, Appl. Comput. Harmon. Anal. (2015),
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In other words, we will be able to recover f from the measurements Y, if and only if the Jordan-vectors
of A* (i.e. the columns of the matrix B that reduces A* to its Jordan form) corresponding to 2 satisfy that
their projections on the spaces W form a frame.

Remark 2.8. We want to emphasize at this point, that given a matrix in Jordan form there is an obvious
choice of vectors in order that their iterations give a frame of the space (namely, the cyclic vectors €ps Cor-
responding to each block). However, we are dealing here with a much more difficult problem. The vectors b;
are given beforehand, and we need to find conditions in order to decide if their iterations form a frame.

The following theorem is just a statement about replacing the optimal iteration of each vector b; by any
fixed number of iterations. The idea is, that we iterate a fixed number of times L but we do not need to
know the degree r; of the J-annihilator for each b;. Clearly, if L > max{r; — 1 :i € Q} then we can always
recover any f from Y. But the number of time iterations L may be smaller than any r; — 1, ¢ € Q. In fact,
for practical purposes it might be better to iterate, than to try to figure out which is the degree of the
annihilator for b;.

Theorem 2.9. Let J € C*? be a matriz in Jordan form (see (4)). Let Q C {1,...,d}, and let {b; : i € Q}
be a set of vectors in C?, such that for each s = 1,...,n the projections {P,(b;) : i € Q} onto Wy form a

frame of Wy. Let L be any fized integer, then E = U {bi, Jbs, ..., JEb} is a frame of C? if and only
{i€ub; #0}
if {JET1h; 1 i € Q) C span(E).

As a corollary we immediately get the solution to Problem 1.1 in finite dimensions.

Corollary 2.10. Let Q C I, A* = B~'JB, and L be any fived integer. Assume that {Ps(b;) : i € Q} form a
frame of W, and set E = {J%b; :i € Q,5s=0,...,L,}. Then any f € C? can be recovered from the samples
Y = {f(i), Af(i), A%f(i), ..., AL f(i) : i € Q}, if and only if {JEH1b; 1 i € Q} C span(E}).

2.3. Proofs

In order to introduce some needed notations, we first recall the standard decomposition of a linear
transformation acting on a finite dimensional vector space that produces a basis for the Jordan form.

Let V be a finite dimensional vector space of dimension d over C and let T : V. — V be a linear
transformation. The characteristic polynomial of T' factorizes as xr(x) = (z — A1)" ... (z — A,)"» where
h; > 1 and Ay,...,\, are distinct elements of C. The minimal polynomial of T will be then my(x) =
(x —A) ... (x—Ap)™ with 1 < r; < h; for i = 1,...,n. By the primary decomposition theorem, the
subspaces Vi = Ker(T — A\gI)™, s =1,...,n are invariant under T (i.e. T (V) C V;) and we have also that
V=WV& &V,

Let T be the restriction of T' to V;. Then, the minimal polynomial of Ty is (x — Ag)"™, and Ts = Ny + s,
where N is nilpotent of order ry and I is the identity operator on V. Now for each s we apply the cyclic
decomposition to N, and the space V, to obtain:

Vi=Va @ @V,

where each Vy; is invariant under N,, and the restriction operator Ny of N, to V; is a cyclic nilpotent
operator on Vj;.

Finally, let us fix for each j a cyclic vector wy; € Vy; and define the subspace W, = span{ws ... ws, },
W=W;&-.--@&W, and let Py, be the projection onto W, with Iyw = Pw, + -+ Pw,,.

With this notation we can state the main theorem of this section:
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Theorem 2.11. Let {b; : i € Q} be a set of vectors in V. If the set {Pw.b; : i € Q} is complete in W for
each s = 1,...,n, then the set {b;, Tb;,...,Tlb; : i € Q} is a frame of V, where r; is the degree of the
T-annihilator of b; and l; = r; — 1.

To prove Theorem 2.11, we will first concentrate on the case where the transformation 7" has minimal
polynomial consisting of a unique factor, i.e. mp(z) = (x — A\)", so that T = A; + N, and N" = 0 but
Nr=1£0.

2.4. Case T =X+ N

Remark 2.12. It is not difficult to see that, in this case, given some L € N, {T9b; : i € Q,j =0,...,L} is
a frame for V if and only if {N7b; : i € Q,7 =0,...,L} is a frame for V. In addition, since N"b; = 0 we
need only to iterate to r — 1. In fact, we only need to iterate each b; to [; = r; — 1 where r; is the degree of
the IV annihilator of b;.

Definition 2.13. A matrix A € C¥*? is perfect if az; # 0,5 = 1,...,d and det(4;) # 0,i = 1,...,d where
As € Cs*% is the submatrix of A, AS = {ai,j}i7j:17.__7s.

We need the following lemma that is straightforward to prove.

Lemma 2.14. Let A € C™? be an invertible matriz. Then there exists a perfect matriz B € C¥*? that
consists of row (or column) permutations of A.

Proof. The proof is by induction on d, which is the number of rows (or columns) of the matrix. The case
of d = 1 is obvious, so let A be an invertible d x d matrix with entries a; ; and assume that the lemma is
true for dimension d — 1. Let us expand the determinant of A using the last column, i.e.:

d
det(A) = > (1) a;q det(AD),

=1

where A(%7) denotes the (d — 1) x (d — 1) submatrix of A that is obtained by removing the row i and the
column j from A.

Since det(A) is different from zero, there exists i € {1,...,d} such that a;4 and det(A®%) are both
different from zero. Let B be the matrix obtained from A by interchanging row ¢ with row d. So the
(d—1) x (d — 1) submatrix By_1 of B obtained by removing row d and column d from B, is invertible and
the element of B, bg 4 = a;,4 is not zero.

We now apply the inductive hypothesis to the matrix By_1. So there exits some permutation of the rows
of By_1 such that the matrix is perfect. If we apply the same permutation to the firs d — 1 rows of B, we
obtain a matrix B such that Bg_; is perfect and its (d, d)th entry is non zero. Therefore B is perfect and
has been obtained from A by permutation of the rows. O

If N is nilpotent of order r, then there exist v € N and invariant subspaces V; C V, i = 1,...,~ such
that

V:%@@VW, dlm(V]):t], tht]+1,j:1,,’)/—1,

and N = Ny +---+ N,, where N; = P;NP; is a cyclic nilpotent operator in Vj, j = 1,...,v. Here P; is
the projection onto V;. Note that ¢; 4 --- +t, = d.
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For each j =1,...,7, let w; € V; be a cyclic vector for N;. Note that the set {wi,...,w,} is a linearly
independent set.

Let W = span{ws,...,w,}. Then, we can write V.= W & NW @ --- & N"~'W. Furthermore, the
projections Py satisfy Py, = Pyiw, and I = Z;;é Pyiw.

Finally, note that

N*Py = PnswN°®. (7)
With the notation above, we have the following theorem:

Theorem 2.15. Let N be a nilpotent operator on V. Let B C V be a finite set of vectors such that { Py (D) :
b € B} is complete in W. Then

U {b, Nb,...,N“’b} is a frame for V,
beB

where Iy = ry, — 1 and ry is the degree of the N-annihilator of b.

Proof. In order to prove Theorem 2.15, we will show that there exist vectors {b1,...,b,} in B, where
~ = dim(W), such that

¥
U {bi, Nb;, .. .,Nti_lbi} is a basis of V.
i=1

Recall that ¢; are the dimensions of V; defined above. Since {Pw (b) : b € B} is complete in W and
dim(W) = « it is clear that we can choose {b1,...,b,} C B such that {Pw(b;) : i = 1,...,v} is a basis
of W. Since {wn,...,w,} is also a basis of W, there exist unique scalars {6; ; : ¢,7 = 1,...,~v} such that,

PW(bi) = Zaijwj, (8)
j=1

with the matrix © = {6; ;}; j=1,... 4 invertible. Thus, using Lemma 2.14 we can relabel the indices of {b;}
in such a way that © is perfect. Therefore, without loss of generality, we can assume that {b1,...,b,} are
already in the right order, so that © is perfect.

We will now prove that the d vectors {bi, Nb;, .. .,Nti*lbi}izl,__w are linearly independent. For this,

assume that there exist scalars a;? such that

i p1 Pr—1
0=> a%;+> ajNbj+---+ Y o 'N"b,, (9)
j=1 j=1 j=1

where p; = max{j : t; > s} = dimN*W,s =1,...,r — 1 (note that p; > 1, since N"~1b; # 0).

Note that since V.= W & NW @ --- @ N"" W, for any vector = € V, Py (Nz) = 0. Therefore, if we
apply Py on both sides of (9), we obtain

~
Z Oégpwbj = 0.
j=1

Since {Pwb; : i =1,...,7} are linearly independent, we have a? =0, j=1,...,7. Hence, if we now apply
Pyw to (9), we have as before that
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P1
§ : 1
OéjPNwaj =0.
i=1

Using the commutation property of the projection, (7), we have

p1

> ajNPywb; =0.

j=1

In matrix notation, this is
Nw1
1 1 .
aj ..., |0y, : = 0.

Nwy,

Note that by definition of p;, Nwi,..., Nw,, span NW, and since the dimension of NW is exactly

p1, Nwi,..., Nwy, are linearly independent vectors. Therefore [of...a;} ]

[o1...a) ] =[0...0]. Iterating the above argument, the Theorem follows. O

©,, = 0. Since © is perfect,

Proof of Theorem 2.11. We will prove the case when the minimal polynomial has only two factors. The
general case follows by induction.

That is, let T : V' — V be a linear transformation with characteristic polynomial of the form xr(z) =
(x — X)) (z — A\2)"2. Thus, V = V; @ Vi where V;, Vs, are the subspaces associated to each factor, and
T =T, &T5. In addition, W = W7 & Wy where Wy, Wy are the subspaces of the cyclic vectors from the
cyclic decomposition of Ny with respect of V7 and of Ny with respect to V5.

Let {b; : i € Q} be vectors in V that satisfy the hypothesis of the Theorem. For each b; we write
b; = ¢; +d; with ¢; € V] and d; € Vs, i € Q. Let r;, m; and n; be the degrees of the annihilators q;fi, qg}
and qgf, respectively. By hypothesis {Py,c; : i € Q} and {Pw,d; : i € Q} are complete in W; and W,
respectively. Hence, applying Theorem 2.15 to N7 and Ny we conclude that {leci,j =0,1,...m; — 1}
is complete in V7, and that UiGQ{Tdei,j =0,1,...n; — 1} is complete in V5.

We will now need a Lemma (recall that gf is the T-annihilator of the vector b):

i€Q

Lemma 2.16. Let T’ be as above, and V = Vy & Va. Given b € V, b = ¢+ d then ¢l = ¢ qZ;Q where g
and q? are coprime. Further let u € Vo, u = q11(Ty)d. Then g2 coincides with q?.

Proof. The fact that ¢/ = ¢’*¢}> with coprime ¢/* and ¢}* is a consequence of the decomposition of T.

T2 we have that

Now, by definition of ¢

0= g2 (T2)(u) = 4;*(T2) (. (T2)d) = (¢ q. ) (T2)d.

Thus, q? has to divide g2 - ¢I*, but since q?f

is coprime with ¢!, we conclude that
qy? divides ¢l (10)
On the other hand

0= q 2 (T2)(d) = ¢/ (T2) (g2 (T2)d) = (¢ q3*)(To)d
= (q22¢0")(Ta)d = ¢ (To) (¢} (T2)d) = q3° (T2)(u),

and therefore
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q?;"’ divides q?. (11)
From (10) and (11) we obtain ¢}> = ¢!2. O

Now, we continue with the proof of the Theorem. Recall r;, m; and n; be the degrees of qui, qg} and qgf,
respectively, and let [; = r; — 1. Also note that by Lemma 2.16 r; = m; + n;. In order to prove that the set

{b;, Th;,...,Tlb; : i € Q} is complete in V, we will replace this set with a new one in such a way that the
dimension of the span does not change.
For each i € Q, let u; = qZ} (Ty)d;. Now, for a fixed i we leave the vectors b;, Th;, ..., T™i~1b; unchanged,

but for s = 0,...,n; — 1 we replace the vectors T™i+b; by the vectors T™T5b; + B,(T)b; where B, is the
polynomial ,(z) = 2°¢2* (z) — ™ T,

Note that span{b;, Tb;,...,T™T%bh;} remains unchanged, since [3s(T)b; is a linear combination of the
vectors {Tb;,..., Tmits=1p}.

Now we observe that:

T4 + By(T)b; = [T e; + Bs(Th)ei] + [TV d; + Bs(T)d;] -

The first term of the sum on the right hand side of the equation above is in V; and the second in V5. By
definition of 85 we have:

TlmiJrSCi + 6s(T1)Ci = T{ni+88i + Tlsqz;l (Tl)ci — TlmiJrSCi = Tlsqz;l (Tl)Ci = 0,

and

c

Ty d; + By(To)d; = Tyqi  (To)(di) = Tiu;.

Thus, for each i € Q, the vectors {b;,...,T'ib;} have been replaced by the vectors {b;,...,T™ b, u;,..
T"~1u;} and both sets have the same span.

)

To finish the proof we only need to show that the new system is complete in V.
Using Lemma 2.16, we have that for each i € Q,

dim(span{u;, . .. ,T;Flui}) = dim(span{d;, . .. ,Té“fldi}) =n,,
and since each T5u; € span{d;, ..., T3 'd;} we conclude that
spanf{u;, ..., To" tu; i € Q} =span{d;,...,To" 'd; : i € Q}. (12)

Now assume that x € V' with = z1 4+ 22, x; € V;. Since by hypothesis span{c;, ... ,Tlmi_lci (1€ Q}is
complete in Vi, we can write

mi;—1

m= > oTie (13)
i€Q j=0
for same scalars aé, and therefore,
Z Z a;T7b; = 21 + Z Z GT3d; =y + Tz, (14)
i€Q j=0 i€ j=0
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i=1 i ~ . . . . j .
since ) ;.o Em a4T3d; = & is in Vo by the invariance of V5 by T Since by hypothesis {T3d; : i € €,

j=1,...,n; — 1} is complete in V5, by equation (12), {Tgul :i€Q, j=1,...,n; — 1} is also complete
in V5, and therefore there exist scalars B;,

n.;fl
~ iJ
wy—Ey =Y Y BiTiu;,
i€Q j=0
and so
mi—l ’I’Li—l
x:E E Oé;-ijrl-E E B;-Tgui,
i€Q j=0 i€Q j=0

which completes the proof of Theorem 2.11 for the case of two coprime factors in the minimal polynomial
of J. The general case of more factors follows by induction adapting the previous argument. 0O

Theorem 2.6 and Theorem 2.9 and its corollaries are easy consequences of Theorem 2.11.

Proof of Theorem 2.9. Note that if {JEH1b; : i € Q} C span(E), then {JL*2b; : i € Q} C span(E) as
well. Continuing in this way, it follows that for each i € €, span(E) contains all the powers J7b; for any j.
Therefore, using Theorem 2.6, it follows that span(FE) contains a frame of C¢, so that, span(E) = C? and E
is a frame of C%. The converse is obvious. O

The proof of Theorem 2.5 uses a similar argument.
Although Theorem 2.2 is a direct consequence of Theorem 2.6, we will give a simpler proof for this case.

Proof of Theorem 2.2. Let {P;(b;) : i € Q} form a frame of P;(C?), for each j = 1,...,n. Since we are

working with finite dimensional spaces, to show that {D’b; : i € Q,j = 0,...,l;} is a frame of C%, all
n

we need to show is that it is complete in C?. Let z be any vector in C?, then z = > Pjx. Assume that
j=1

(D'b;,z) =0 foralli € Qand [ =0,...,l;. Since l; = r; — 1, where r; is the degree of the D-annihilator of

b;, we have that (D'b;,z) =0 foralli € Q and [ = 0,...,d. In particular, since n < d, (D'b;, z) = 0 for all

1€Qandl=0,...,n. Then

n

n
(D'bi,x) => (D'b;, Piz) = > No(Pyb;, Pyz) =0, (15)
j=1

Jj=1

foralli € Q and I =0,...,n. Let z; be the vector ((P;b;, Pjz)) € C™. Then for each i, (15) can be written
in matrix form as Vz; = 0 where V is the n x n Vandermonde matrix

1 1 1
N D P W
V= : : - : ) (16)
)\?71 )\g,fl . )\271

which is invertible since, by assumption, the \;s are distinct. Thus, z; = 0. Hence, for each j, we have that
(Pjb;, Pjz) = 0 for all i € Q. Since {P;(b;) : i € Q} form a frame of P;(C?), Pz = 0. Hence, P;z = 0 for
7 =1,...,n and therefore x = 0. O
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Remark 2.17. Given a general linear transformation T : V' — V', the cyclic decomposition theorem gives
the rational form for the matrix of 7" in some special basis. A natural question is then if we can obtain a
similar result to Theorem 2.11 for this decomposition. (Rational form instead of Jordan form.) The answer
is no. That is, if a set of vectors b; with i € Q where 2 is a finite subset of {1,...,d} when projected onto
the subspace generated by the cyclic vectors, is complete in this subspace, this does not necessarily imply
that its iterations T7b; are complete in V. The following example illustrates this fact for a single cyclic
operator.

o Let T be the linear transformation in R? given as multiplication by the following matrix M.

I
o~ o
= o O
N — =

The matrix M is in rational form with just one cyclic block. The vector e; = (1,0,0) is cyclic for M.
Z1

However it is easy to see that there exists a vector b = | x5 | in R? such that Py (b) = x1 # 0 (here W
zs3

is span{e; }), but {b, Mb, M?b} are linearly dependent, and hence do not span R®. So our proof for the

Jordan form uses the fact that the cyclic components in the Jordan decomposition are nilpotent!

3. Dynamical sampling in infinite dimensions

In this section we consider the dynamical sampling problem in a separable Hilbert space H, that without
any loss of generality can be considered to be ¢2(N). The evolution operators that we will consider belong
to the following class A of bounded self adjoint operators:

A={AecB(*(N)): A= A* and there exists a basis of £?(N) of eigenvectors of A}.

The notation B(H) stands for the bounded linear operators on the Hilbert space H. So, if A € A there
exists an unitary operator B such that A = B*DB with D = 3, \; P; with pure spectrum o,(A) = {}; :
J € N} C R, with sup;|\;| < 400 and orthogonal projections {P;} such that }°, P; = I and P;P; = 0 for
j # k. Note that the class A includes all the bounded self-adjoint compact operators.

Recall that a set {vy} in a Hilbert space H is

o complete, if (f,vx) =0Vk = f =0,

« minimal if Vj,v; ¢ span{vy }r-;,

e a frame if there exist constants C7,Cy > 0 such that for all f € H, A||f||${ < Zk I§2 Uk>\2 < B”fH%-u
and

o a Riesz basis, if it is a basis which is also a frame.

Remark 3.1. Note that by the definition of A, we have that for any f € /2(N) and [ = 0,1, ...
(f, Ale;) = (£, B*D'Be;) = (Bf, D'b;) and || AY) = D).

It follows that Fo = {Alei el =0,... ,li} is complete, (minimal, frame) if and only if {lei :
1€Q,1=0,... ,li} is complete (minimal, frame).
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8.1. Completeness

In this section, we characterize the sampling sets 2 C N such that a function f € £2(N) can be recovered
from the data

Y ={f(i), Af(i), Af(i),..., Al f(i) : i € Q}
where A € A, and 0 < [; < co.

Definition 3.2. Given A € A, for each set ) we consider the set of vectors Oq := {b; = Be; : j € Q}, where e;
is the jth canonical vector of £2(N). For each b; € Oq we define r; to be the degree of the D-annihilator
of b; if such an annihilator exists, or we set r; = co. Since B is unitary, this number r; is also the degree of
the A-annihilator of e;, for the remainder of this paper we let I; = r; — 1. Also, for convenience of notation,
let Qo :={i € Q:1; = c0}.

Theorem 3.3. Let A € A and Q C N. Then the set Fo = {Alei c1el=0,.. .,li} is complete in (2(N)
if and only if for each j, the set {Pj (b;) ;i € Q} is complete on the range E; of P;.

Remarks 3.4.

i) Note that Theorem 3.3 implies that || > sup; dim(£;). Thus, if some eigenspace has infinite dimension
or if sup; dim(£;) = +oo, then it is necessary to have infinitely many “spacial” sampling points in order
to recover f. In particular if € is finite, a necessary condition on A in order for Fq to be complete is
that for all j, dim (E;) < M < 400 for some positive constant M.

ii) Theorem 3.3 can be extended to a larger class of operators. For example, for the class of operators Ain
B(¢2(N)) in which A € A if A = B~'DB where with D = > AP with pure spectrum o, (4) = {A; :
j € N} C C and orthogonal projections {F;} such that >, P; = I and P; P, = 0 for j # k.

Proof of Theorem 3.3. By Remark 3.1, to prove the theorem we only need to show that {lei el =
0,..., li} is complete if and only if for each j, the set {Pj (b;):i€ Q} is complete in the range E; of P;.

Assume that {D'b; : i € Q,1 = 0,...,l;} is complete. For a fixed j, let g € E; and assume that
< g,Pjb; >=0 for all i € Q. Then for any [ =0,1,...,[;, we have

Ny < g, Pib; >=< g, \;Pib; >=< g, P;D'b; >=< g, D'b; >=0.

Since {lei el =0,.. .,li} is complete in £?(N), g = 0. It follows that {Pj(bi) NS Q} is complete
on the range E; of P;.

Now assume that {Pj(b;) : i € Q} is complete in the range Ej; of P;. Let S = span{D'b; : i € Q,1 =
0,..., li}. Clearly DS C S. Thus S is invariant for D. Since D is self-adjoint, S* is also invariant for D. It
follows that the orthogonal projection Pgi commutes with D. Thus Pgi = ) j P; Pg.1 P;. Multiplying this
last expression by Py from the right, we get that Pgi P, = Py Pgi1 P,. Multiplying to the left, we get that
P, Pg. = Py Pg. Py,. Hence, Pg. commutes with Py for all k. Therefore, for each i € Q, 0 = P;Pg.(b;) =
Pg.1 Pj(b;).

So Pg. is zero in Ej for all j (since {P;(b;) : ¢ € Q} is complete in E;). Hence Pg. is zero everywhere
which implies that S is the zero subspace. That is S = ¢£2(N), and Fq is complete which finishes the proof
of the theorem. 0O
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8.2. Minimality and bases for the dynamical sampling in infinite dimensional Hilbert spaces

In this section we will show, that if 2 C N is finite, and the set Fq = {Alei e Ql=0,.. .,li} is
complete, then it can never be minimal, and hence the set Fq is never a basis. In some sense, the set Fq
contains many “redundant vectors” which prevents it from being a basis. However, since Fq is complete,
this redundancy may help Fq to be a frame. We will discuss this issue in the next section. For this section,

we need the celebrated Miintz—Szasz Theorem characterizing the sequences of monomials that are complete
in C[0,1] or Cla,b] [24]:

Theorem 3.5 (Miintz—Szdsz Theorem). Let 0 < ny < ng < ... be an increasing sequence of nonnegative
integers that goes to +0c. Then

o)
(1) {a™} is complete in C[0,1] if and only if ny =0 and >, 1/n, = oc.
k=2

(2) If 0 < a < b < o0, then {z™*} is complete in Cla,b] if and only if > 1/nj, = co.
k=2

We are now ready to state the main results of this section.

Theorem 3.6. Let A € A and let Q be a non-empty subset of N. If there exists b; € Oq such that r; = oo,
then the set Fq is not minimal.

As an immediate corollary we get

Theorem 3.7. Let A € A and let ) be a finite subset of N. If Fq = {Alei c1eQl=0,..., li} is complete
in (%(N), then Fq is not minimal in (*(N).

Proof. Since Fq € ¢2(N), there exists some b; with 7; = co and then Theorem 3.6 applies. O

Another immediate corollary is

Theorem 3.8. Let A € A and let Q be a finite subset of N. Then the set Fo = {Alei 11el=0,... ,li}
is not a basis for (*(N).

Proof. A basis is a complete set, so the result is a consequence of Theorem 3.7. O

Remarks 3.9.

(1) Theorem 3.8 remains true for the class of operators A € A described in Remark 3.4,

(2) Theorems 3.7 and 3.8 do not hold in the case of {2 being an infinite set. A trivial example is when A = T
is the identity matrix and Q = N. A less trivial example is when B € £2(Z) is the symmetric bi-infinite
matrix with entries By = 1, Bj;41) = 1/4 and By = 0 for & > 2. Let Q = 3Z and Dy, = 2 if
k=3Z, Dy, =1if k =3Z+1, and Dy, = —1 if k = 3Z + 2. Then Fo = {Ale; : i € 0,1 =0,...,2}
is a basis for £2(Z). In fact Fq is a Riesz basis of £*(Z). Examples in which the € is nonuniform can be
found in [4].

Proof of Theorem 3.6. Again, using Remark 3.1, we will show that {D'b:1=0,1,...} is not minimal. We
first assume that D = 3_ A; P; is non-negative, i.e., A; > 0 for all j € N. Since A € B(¢*(N)), we also have
that 0 < \; < ||D|| < co. Let b € Oq be such that its D-annihilator has degree r = oo and let ny be any
increasing sequence of nonnegative integers such that > 1/n; = occ.

k=2
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Fix f € span{D'b:1=0,1,...}. Then for any € > 0, there exists a polynomial p such that || f —p(D)b||2 <
€/2. Since the polynomial p is a continuous function on C10,|D||], (by the Miintz—Szdsz Theorem) there

exists a polynomial g € span{1,z"* : k € N} such that sup {|p(z) — g(z)] :
Now we note that

lp(D)b — g(D)blIZ2 ) = le X)E[bi1* < (e/2)?.

Hence

1f = g(D)bll2 < [If = p(D)bll2 + [[p(D)b — g(D)bll2 <€

Therefore span{b, D"*b : k € N} = span{D'b: | = 0,1,...} and we conclude that {D'b:1=10,1,...} is
not minimal.

If the assumption about the non-negativity of D = > j A; P; is removed, then by the previous argument
{D?b : 1 =0,1,...} is not minimal hence {D' : [ = 0,1,...} is not minimal either, and the proof is
complete. O

The following corollary of Theorem 3.6 will be needed later.
Corollary 3.10. Let b be such that its D-annihilator has degree r = co. If there exists an increasing sequence
{nk : k € N} of positive integers such that > -, n% = 400, then the collection {D"™*b : k € N} is not

minimal.

Proof. Pick a subsequence {ny,} of {n} such that > >
the proof of the theorem. O

=2 = = +o0 and apply the same argument as in

3.8. Frames in infinite dimensional Hilbert spaces

In the previous sections, we have seen that although the set Fo = {Alei s 1eQl=0,..., li} can be
complete for appropriate sets €2, it cannot form a basis for £2(N) if Q is a finite set, in general. The main
reason is that Fq cannot be minimal, which is necessary to be a basis. On the other hand, the non-minimality
is a statement about redundancy. Thus, although Fq cannot be a basis, it is possible that Fq is a frame for
sets Q C N with finite cardinality. Being a frame is in fact desirable since in this case we can reconstruct
any f € (2(N) in stable way from the data Y = {f(i), Af(i), A2f(i),..., Al f(i) : i € Q}.

In this section we will show that, except for some special case of the eigenvalues of A, if € is a finite set,
i.e., || < oo, then Fq can never be a frame for £2(N). Thus essentially, either the eigenvalues of A are nice,
as we will make precise below, in which case we can choose 2 to consist of just one element whose iterations
may be a frame, or, the only hope for Fq to be a frame for £2(N) is that € is infinite in which case it needs
to be well-spread over N.

Theorem 3.11. Let A € A and let Q@ C N be a finite subset of N. If Fq = {Alei el = 0,...,li} s a
frame, with constants C and Cs, then

inf{[|Ale;|2: i € ,1=0,...,1;} = 0.

Proof. If F, is a frame, then it is complete. Therefore, since €2 is finite, there exists ig € Q with [;, = +o0.
We have:
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“+o00 —+00 —+o00
l 4 l l 2 21 2
E ||A€7;0|| = E |<A6i0,A€Z‘O>| = E |<€¢07A €i0>| < (.
=0 =0 =0

As a consequence ||Ale;, || goes to zero with . O
Therefore, when |Q| < 0o, the only possibility for Fq to be a frame, is that
inf{||Ale;llo: i€ Q,0=0,...,1;} =0
and
sup{||Ale;|l2: i €Q,1=0,...,1;} <C < 0.
We have the following theorem to establish for which finite sets Q, Fq is not a frame for £2(N).

Theorem 3.12. Let A € A and let Q2 be a finite subset of N. For Fq = {Alei 1 ieQl=0,.. .,li} to be a
frame, it is necessary that 1 or —1 are cluster points of o(A).

Since a compact self-adjoint operator on a Hilbert space either has finitely many eigenvalues or the
eigenvalues form a sequence that goes to zero, we have the following corollary:

Corollary 3.13. Let A be a compact self-adjoint operator, and @ C N be a finite set. Then Fq = {Alei NS
Q01=0,.. .,li} is not a frame.

Remark 3.14. Theorems 3.11 and 3.12 can be generalized to the class A defined in (ii) of Remark 3.4.

Proof of Theorem 3.12. If F, is a frame then it is complete in ¢?(N), then the set Q. := {i € Q: [; = o}
is nonempty.
Using again the completeness of F we see that the set

J={jeN:Pb =0,Vi€Q},

must be finite. (For this note that if J is infinite then P, ; £; is infinite dimensional and cannot be
generated by the finite set of vectors {lei €N\ Voo, 1 =0,..., l,})
If there exist j € N and ¢ € Qq such that [\;| > 1 and P;b; # 0 then for z = P;b; we have

S, D) P = 37 P Pbi 14 = oo
l l

Thus, Fq is not a frame.
Otherwise, let r := sup{|A;| : P;b; # 0 for some i € Q. }.
JEN

Since —1 or 1 are not cluster points of o(A), r < 1. But

1Dbil|2 < sug{\kjl L Pib; # 0}|bill2 Vi € Qu,
VIS

and therefore we have that || D'b; ||z < r!||b;||2. Now given € > 0, there exists N such that

S S 3 <

1€Q I>N
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Choose f € (*(N) such that || f|2 =1, < f,D'b; >=0 for all i € Q — Qe and [ = 0,...,1; and such that
< f,D'b; >=0foralli € Qy and [ =0,...,N. Then

ZD < £, D' > ? < e=ce||fla

i€Q =0

Since € is arbitrary, the last inequality implies that Fg is not a frame since it cannot have a positive lower
frame bound. O

Although Theorem 3.12 states that Fq is not a frame for £2(N), it could be that after normalization of
the vectors in Fq, the new set Zq is a frame for £2(N). It turns out that the obstruction is intrinsic. In fact,
this case is even worse, since Zq is not a frame even if 1 or —1 is (are) a cluster point(s) of o(A).

Theorem 3.15. Let A € A and let Q C N be a finite set. Then the unit norm sequence {”Af‘,l—:ﬂz el =

o,..., li} s mot a frame.

Proof. Note that by Remark 3.1, {”A, 1 eQl=0,..., } is a frame if and only if Zg =
1€Q1=0,...,l; } is a frame.

Assume that Zqg is a frame. Since it is norm-bounded (actually unit norm), the Kadison—Singer/Fe-
N

{ I\D’b Hz ’

eill2

ichtinger conjectures proved recently [35] applies, and Zq is the finite union of Riesz sequences |J R;.
j=1
Because Zg is complete, there exists some b such that its D-annihilator has degree r = 00, j € {1,...,N}
and an increasing sequence of positive integers {ny} with >, -, % = +o00o such that

Dreb
S={—=—_:keN;CR,
{ID”’“bllz } !

The set S is a Riesz sequence, because it is a subset of a Riesz sequence. On the other hand, S is not
minimal by Corollary 3.10, which is a contradiction since a Riesz sequence is always a minimal set. 0O

We will now concentrate on the case when there is a cluster point of o(A) at 1 or —1, and we start with
the case where Q consists of a single sampling point, i.e., Og = {b}. Let us denote by ry, the degree of the
D-annihilator of b and I, = r, — 1 if 7}, is finite or I, = 400 otherwise.

Since A € A, A = B*DB, by Remark 3.1 Fq is a frame of (2(N) if and only if there exists a vector
b = Be; for some j € N that corresponds to the sampling point, and {D'b : [ = 0,1,...} is a frame for
2(N).

For this case, Theorem 3.3 implies that if Fq is a frame of £2(N), then the projection operators P; used
in the description of the operator A € A must be of rank 1. Moreover, the vector b corresponding to the
sampling point must have infinite support, otherwise I, will be finite and Fq cannot be complete in £(N).
Moreover, for this case in order for Fq to be a frame, it is necessary that |\;| < 1 for all k, otherwise, if
there exists Aj, > 1 then for = P; b (note that by Theorem 3.3 Pj,b # 0) we would have

ZI @, D"b)|? ZIAJOIQ”H obll2 = 0

which is a contradiction.

In addition, if Fq is a frame, then the sequence {A;} cannot have a cluster point a with |a|] < 1. To see
this, suppose there is a subsequence A, — a for some a with |a| < 1, and let W be the orthogonal sum of
the eigenspaces associated to the eigenvalues Ag_ . Then W is invariant for D. Set D1 = D|w, and b= Pyb
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where Py is the orthogonal projection on W. Then, by Theorem 3.12, {D{IN) :j=0,1,...} cannot be a
frame for W. It follows that Fq cannot be a frame for ¢?(N), since the orthogonal projection of a frame
onto a closed subspace is a frame of the subspace.

Thus the only possibility for Fq to be a frame of ¢2(N) is that [A\r| — 1. These remarks allow us to
characterize when Fg is a frame for the situation when || = 1.

Theorem 3.16. Let D = >, \; P; be such that P; have rank 1 for all j € N, and let b := {b(k)}ren € 2(N).
Then {D'b:1=0,1,...} is a frame if and only if

i) | Ak <1 forall k.

i) |Ag] — 1.
iii) {A\x} satisfies Carleson’s condition

—A
H PNl 5 (17)
)\ e T
for some 6 > 0.
iv) b(k) = mg/1 — | Ag|? for some sequence {my} satisfying 0 < C1 < |my| < Co < o0.

This theorem implies the following Corollary:
Corollary 3.17. Let A= B*DB € A, and D = Zj AjPj be such that P; have rank 1 for all j € N. Then,
there exists iy € N such that Fo = {Ale;; : 1 = 0,...} is a frame for £2(N), if and only if {\;} satisfy
the conditions of Theorem 3.16 and there exists iy € N, such that b = Be,;, satisfies the condition iv of
Theorem 3.16.

Theorem 3.16 follows from the discussion above and the following two Lemmas

Lemma 3.18. Let D be as in Theorem 5.16 and assume that |\x| < 1 for all k. Let b°(k) = \/1 — | \x|2, and
assume that b° € (*(N). Let b € (?(N).

Then, {D'b: 1 € N} is a frame for (*(N) if and only if {D'b° : | € N} is a frame and there exist Cy and
Co such that b(k)/b° (k) = my, satisfies 0 < Cy < |my| < Co < 00.

Note that by assumption > -, (1 — [Ax]?) < +o0 since b° € £(N). In particular [\z| — 1.

Lemma 3.19. Let D = 37, \;P; be such that [A\g| < 1, Ae — 1 and let (k) = \/1—|\g|2. Then the
following are equivalent:

i)
{6°, D%, D%t°, ...} is a frame for £2(N)
ii)
w2

for some § > 0.
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In Lemma 3.19, the assumption A\, — 1 can be replaced by A\, — —1 and the lemma remains true. Its
proof, below, is due to J. Antezana [6] and is a consequence of a theorem by Carleson [26] about interpolating
sequences in the Hardy space H?(D) of the unit disk in C.

Proof of Lemma 3.18. Let us first prove the sufficiency. Assume that {D'W° : | € N} is a frame for ¢2(N) with
positive frame bounds A, B, and let b € ¢?(N) such that b(k) = m;b°(k) with 0 < C; < |my| < Oy < .
Let x € ¢2(N) be an arbitrary vector and define 3 = mgzr. Then y € £2(N) and Cy||z|2 < ||yl < C2||z||2.
Hence

CiAlzl3 <Y Iy, D'V) =) (, D'b)* < C3B|z3,
l 1
and therefore {D'b: [ € N} is a frame for £2(N).

Conversely, let b € 2(N) and assume that {D'b: [ € N} is a frame for ¢2(N) with frame bounds A’ and
B’. Then for any vector ey, of the standard orthonormal basis of £2(N), we have

A’<i|<ek,le>|2:M<B’.
= L=l ™~

Thus VAV (k) < |b(k)| < VBV (k) for all k. Thus, the sequence {m;} C C defined by b(k) = myb°(k)
satisfies VA’ < |mg| < VB

Let z € ¢*(N) be an arbitrary vector and define now y;, = %xk Then y € ¢?(N) and

I

||:v||2<Z|acDb0 Z\%Dbﬁ — 1113,

and so {D'° : | € N} is a frame for /2(N). O

The proof of Lemma 3.19 relies on a Theorem by Carleson on interpolating sequences in the Hardy space
H?(D) on the open unit disk I in the complex plane. If H(ID) is the vector space of holomorphic functions
on D, H?(D) is defined as

H*(D) = {f € HD): f(z) = Z anz™ for some sequence {a,} € 52(N)}.
n=0
Endowed with the inner product between f =30 a,z" and g =Y ., a,z" defined by (f,g) =Y anal,,
H?(D) becomes a Hilbert space isometrically isomorphic to £2(N) via the isomorphism ®(f) = {a,}.

Definition 3.20. A sequence {)\;} in I is an interpolating sequence for H?(D) if for any sequence {c} such
that Y, |ex|*(1 — |Ak|?) < 400, there exists a function f € H?(D) such that f(\g) = ck.

Proof of Lemma 3.19. Let T, denote the vector in ¢2(N) defined by T, = (1, A\, A7,...), and z € (*(N).
Then

S D5 P3| w2 T
=0 1=0 k=1 s—1 t—1 ||TH2||T||2

Thus, for {D'° : [ = 0,1,...} to be a frame of ¢(2(N), it is necessary and sufficient that the Gramian
Gpr = {Ga(s,t)} = {%} be a bounded invertible operator on £2(N) (Note that G is then the
frame operator for {DW° : 1 =0,1,...}).
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Equivalently, {D'8° : 1 = 0,1,...} is a frame of 2(N) if and only if the sequence {7, = } is a Riesz

basic sequence in £2(N), i.e., there exist constants 0 < C; < Cy < 0o such that

Cillel3 < 1) esTil3 < Colle]l3 for all e € E3(N).
i

By the isometric map ® from ¢2(N) to H?(D) defined above, {D'° : | = 0,1,...} is a frame of ¢*(N) is a
frame if and only if the sequence {l;»\j = <I>(7~;)} is a Riesz basic sequence in H?(D).

Let ky, = ®(7;). It is not difficult to check that for any f € H*(D), (f,kx,) = f(};) and that {);} is an
interpolating sequence in H?(D) if and only if G, = (<l;:>\j, ];5)\1. )) is a bounded invertible operator on ¢2(N).
By Carleson’ s Theorem [26], this happens if and only if (17) is satisfied. O

Frames of the form {D'b; :i € Q,1=0...,1;} for the case when || > 1 or when the projections P; have
finite rank but possibly greater than or equal to 1 can be easily found by using Theorem 3.16. For example,
if || = 2, P;(¢#3(N)) has dimension 1 for j € N, by, {\;} satisfies the conditions of Theorem 3.16 and by is
such that ba(k) = my+/1 — |Ak|? for some sequence {my} satisfying |my| < C' < oo. To construct frames
for the case when the projections P; have finite rank but possibly greater than or equal to 1, we note that
there exist orthogonal subspaces Wi, ..., Wx of ¢2(N) such that operator D; on each W; either has finite
dimensional range, or satisfies the condition of Theorem 3.16.

4. Concluding remarks

In this paper we have studied the sets of spatial sampling locations 2 that allow us to reconstruct a
function f from the samples of {f(i), Af(i),..., A% f(i) : i € Q}. The finite dimensional case is completely
resolved and we find necessary and sufficient conditions on €2, [;, and A for the stable recovery of f.

For the case where H =~ ¢?(N), we restricted ourselves to the subclass A of self-adjoint diagonalizable op-
erators. Without stability requirements, the sets 2 for which a reconstruction of f is possible are completely
characterized. For the case where (2 is an infinite set, there are examples for which the stable reconstruction
of f is possible as in [4], and it is not difficult to construct other examples of infinite sets 2 for which stable
reconstruction is possible as well. However, the problem of finding necessary and sufficient conditions for
stable reconstruction is still open.

Acknowledgments

The elegant proof of Theorem 3.11 is due to Jesse Petersen which we used to replace our original proof
of this theorem. We also wish to thank the anonymous reviewers whose comments helped us improve the
presentation of the paper.

References

[1] Ben Adcock, Anders C. Hansen, A generalized sampling theorem for stable reconstructions in arbitrary bases, J. Fourier
Anal. Appl. 18 (4) (2012) 685-716, MR 2984365.

[2] Akram Aldroubi, Anatoly Baskakov, Ilya Krishtal, Slanted matrices, Banach frames, and sampling, J. Funct. Anal. 255 (7)
(2008) 1667-1691, MR 2442078 (2010a:46059).

[3] Akram Aldroubi, Jacqueline Davis, Ilya Krishtal, Dynamical sampling: time-space trade-off, Appl. Comput. Harmon. Anal.
34 (3) (2013) 495-503, MR 3027915.

[4] Akram Aldroubi, Jacqueline Davis, Ilya Krishtal, Exact reconstruction of signals in evolutionary systems via spatiotemporal
trade-off, J. Fourier Anal. Appl. 21 (2015) 11-31.

[5] Akram Aldroubi, Karlheinz Gréchenig, Nonuniform sampling and reconstruction in shift-invariant spaces, SIAM Rev.
43 (4) (2001) 585-620 (electronic), MR 1882684 (2003e:94040).

[6] Jorge Antezana, Private communication, 2014.

[7] Richard F. Bass, Karlheinz Grochenig, Relevant sampling of bandlimited functions, Illinois J. Math. 57 (1) (2013) 43-58.

Please cite this article in press as: A. Aldroubi et al., Dynamical sampling, Appl. Comput. Harmon. Anal. (2015),
http://dx.doi.org/10.1016/j.acha.2015.08.014



http://refhub.elsevier.com/S1063-5203(15)00117-7/bib41483132s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib41483132s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib41424B3038s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib41424B3038s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib41444B3133s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib41444B3133s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib41444B3134s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib41444B3134s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib41473031s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib41473031s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib42473132s1

ARTICLE IN PRE

A. Aldroubi et al. / Appl. Comput. Harmon. Anal. e e e (e e ee) oo e—0oee 23

[8] John J. Benedetto, Paulo J.S.G. Ferreira (Eds.), Modern Sampling Theory, Applied and Numerical Harmonic Analysis,
Birkhduser Boston Inc., Boston, MA, 2001, MR 1865678 (2003a:94003).
[9] Ola Bratteli, Palle Jorgensen, Wavelets Through a Looking Glass, The World of the Spectrum, Applied and Numerical

Harmonic Analysis, Birkhduser Boston Inc., Boston, MA, 2002, MR 1913212 (2003i:42001).

[10] Jameson Cabhill, Peter G. Casazza, Shidong Li, Non-orthogonal fusion frames and the sparsity of fusion frame operators,
J. Fourier Anal. Appl. 18 (2) (2012) 287-308, MR 2898730.

[11] Emmanuel J. Candés, Justin K. Romberg, Terence Tao, Stable signal recovery from incomplete and inaccurate measure-
ments, Comm. Pure Appl. Math. 59 (8) (2006) 1207-1223, MR 2230846 (2007£:94007).

[12] Peter G. Casazza, Ole Christensen, Alexander M. Lindner, Roman Vershynin, Frames and the Feichtinger conjecture,
Proc. Amer. Math. Soc. 133 (4) (2005) 1025-1033 (electronic), MR 2117203 (2006a:46024).

[13] Peter G. Casazza, Gitta Kutyniok, Shidong Li, Fusion frames and distributed processing, Appl. Comput. Harmon. Anal.
25 (1) (2008) 114-132, MR 2419707 (2009d:42094).

[14] Peter G. Casazza, Janet Crandell Tremain, The Kadison—Singer problem in mathematics and engineering, Proc. Natl.
Acad. Sci. USA 103 (7) (2006) 2032-2039 (electronic), MR 2204073 (2006j:46074).

[15] John B. Conway, A Course in Functional Analysis, Graduate Texts in Mathematics, vol. 96, Springer-Verlag, New York,
1985, MR 768926 (86h:46001).

[16] Bradley Currey, Azita Mayeli, Gabor fields and wavelet sets for the Heisenberg group, Monatsh. Math. 162 (2) (2011)
119-142, MR 2769882 (2012d:42069).

[17] Ingrid Daubechies, Ten Lectures on Wavelets, CBMS-NSF Regional Conference Series in Applied Mathematics, vol. 61,
Society for Industrial and Applied Mathematics (STAM), Philadelphia, PA, 1992, MR 1162107 (93e:42045).

[18] Brendan Farrell, Thomas Strohmer, Inverse-closedness of a Banach algebra of integral operators on the Heisenberg group,
J. Operator Theory 64 (1) (2010) 189-205, MR 2669435.

[19] A.G. Garcia, J.M. Kim, K.H. Kwon, G.J. Yoon, Multi-channel sampling on shift-invariant spaces with frame generators,
Int. J. Wavelets Multiresolut. Inf. Process. 10 (1) (2012) 1250003, 20 pp., MR 2905208.

[20] Karlheinz Grochenig, Localization of frames, Banach frames, and the invertibility of the frame operator, J. Fourier Anal.
Appl. 10 (2) (2004) 105-132, MR 2054304 (2005£:42086).

[21] Karlheinz Grochenig, Michael Leinert, Wiener’s lemma for twisted convolution and Gabor frames, J. Amer. Math. Soc.
17 (1) (2004) 1-18 (electronic), MR 2015328 (2004m:42037).

[22] Deguang Han, David Larson, Frame duality properties for projective unitary representations, Bull. Lond. Math. Soc. 40 (4)
(2008) 685-695, MR 2441141 (2009g:42057).

[23] Deguang Han, M. Zuhair Nashed, Qiyu Sun, Sampling expansions in reproducing kernel Hilbert and Banach spaces,
Numer. Funct. Anal. Optim. 30 (9-10) (2009) 971-987, MR 2589760 (2010m:42062).

[24] Christopher Heil, A basis theory primer, in: Applied and Numerical Harmonic Analysis, expanded ed., Birkhduser/Springer,
New York, 2011, MR 2744776 (2012b:46022).

[25] Eugenio Herndndez, Guido Weiss, A First Course on Wavelets, Studies in Advanced Mathematics, CRC Press, Boca Raton,
FL, 1996, with a foreword by Yves Meyer, MR 1408902 (97i:42015).

[26] Kenneth Hoffman, Banach Spaces of Analytic Functions, Dover Publications, Inc., New York, 1988, Reprint of the 1962
original, MR 1102893 (92d:46066).

[27] Kenneth Hoffman, Ray Kunze, Linear Algebra, second edition, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1971,
MR 0276251 (43 #1998).

[28] Jeffrey A. Hogan, Joseph D. Lakey, Duration and Bandwidth Limiting, Applied and Numerical Harmonic Analysis,
Birkhéduser/Springer, New York, 2012, MR 2883827 (2012m:42001).

[29] A. Hormati, O. Roy, Y.M. Lu, M. Vetterli, Distributed sampling of signals linked by sparse filtering: theory and applications,
IEEE Trans. Signal Process. 58 (3) (2010) 1095-1109.

[30] Palle E.T. Jorgensen, A sampling theory for infinite weighted graphs, Opuscula Math. 31 (2) (2011) 209-236, MR 2747308
(2012d:05271).

[31] Y.M. Lu, P.-L. Dragotti, M. Vetterli, Localization of diffusive sources using spatiotemporal measurements, in: 49th Annual
Allerton Conference on Communication, Control, and Computing, Allerton, Sept 2011, 2011, pp. 1072-1076.

[32] Y.M. Lu, M. Vetterli, Spatial super-resolution of a diffusion field by temporal oversampling in sensor networks, in: IEEE
International Conference on Acoustics, Speech and Signal Processing, ICASSP 2009, April 2009, 2009, pp. 2249-2252.

[33] Yu. Lyubarskitand, W.R. Madych, The recovery of irregularly sampled band limited functions via tempered splines, J.
Funct. Anal. 125 (1) (1994) 201-222, MR 1297019 (96d:41013).

[34] Stéphane Mallat, A Wavelet Tour of Signal Processing, Academic Press Inc., San Diego, CA, 1998, MR 1614527
(99m:94012).

[35] A. Marcus, D. Spielman, N. Srivastave, Interlacing families ii: mixed characteristic polynomials and the Kadison—Singer
problem, Ann. of Math. 182 (1) (2015) 327-350.

[36] M. Zuhair Nashed, Inverse Problems, Moment Problems, Signal Processing: Un Menage a Trois, Mathematics in Science
and Technology, World Sci. Publ., Hackensack, NJ, 2011, pp. 2-19, MR 2883419.

[37] M. Zuhair Nashed, Qiyu Sun, Sampling and reconstruction of signals in a reproducing kernel subspace of L?(R?), J. Funct.
Anal. 258 (7) (2010) 2422-2452, MR 2584749 (2011a:60160).

[38] Gestur Olafsson, Darrin Speegle, Wavelets, wavelet sets, and linear actions on R™, in: Wavelets, Frames and Operator
Theory, in: Contemp. Math., vol. 345, Amer. Math. Soc., Providence, RI, 2004, pp. 253-281, MR 2066833 (2005h:42075).

[39] Juri Ranieri, Amina Chebira, Yue M. Lu, Martin Vetterli, Sampling and reconstructing diffusion fields with localized
sources, in: 2011 IEEE International Conference on Acoustics Speech and Signal Processing, ICASSP, May 2011, 2011,
pp. 4016-4019.

[40] G. Reise, G. Matz, Reconstruction of time-varying fields in wireless sensor networks using shift-invariant spaces: iterative
algorithms and impact of sensor localization errors, in: IEEE Eleventh International Workshop on Signal Processing
Advances in Wireless Communications, SPAWC, 2010, 2010, pp. 1-5.


http://refhub.elsevier.com/S1063-5203(15)00117-7/bib42463031s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib42463031s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib424A3032s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib424A3032s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib43434C3132s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib43434C3132s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4352543036s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4352543036s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib43434C563035s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib43434C563035s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib434B4C3038s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib434B4C3038s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4354433036s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4354433036s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib436F6E3936s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib436F6E3936s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib434D3131s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib434D3131s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib443932s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib443932s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib46533130s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib46533130s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib474B4B593132s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib474B4B593132s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib473034s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib473034s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib474C3034s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib474C3034s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib484C3038s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib484C3038s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib484E533039s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib484E533039s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4865696C3131s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4865696C3131s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib48573936s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib48573936s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4B483838s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4B483838s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib484B3731s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib484B3731s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib484C3132s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib484C3132s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib48524C563130s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib48524C563130s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4A3131s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4A3131s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4C44563131s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4C44563131s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4C563039s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4C563039s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4C4D3934s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4C4D3934s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4D3938s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4D3938s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4D53533135s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4D53533135s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4E3131s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4E3131s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4E533130s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4E533130s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4F533034s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib4F533034s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib52434C563131s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib52434C563131s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib52434C563131s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib524D3130s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib524D3130s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib524D3130s1

ARTICLE IN PRESS

24 A. Aldroubi et al. / Appl. Comput. Harmon. Anal. e e e (e e e0e) oo e—0oee

[41] G. Reise, G. Matz, K. Grochenig, Distributed field reconstruction in wireless sensor networks based on hybrid shift-invariant
spaces, IEEE Trans. Signal Process. 60 (10) (2012) 5426-5439.

[42] Gilbert Strang, Truong Nguyen, Wavelets and Filter Banks, Wellesley-Cambridge Press, Wellesley, MA, 1996, MR 1411910
(98b:94003).

[43] Thomas Strohmer, Finite- and infinite-dimensional models for oversampled filter banks, in: Modern Sampling Theory, in:
Appl. Numer. Harmon. Anal., Birkhduser Boston, Boston, MA, 2001, pp. 293-315, MR 1865692.

[44] Qiyu Sun, Nonuniform average sampling and reconstruction of signals with finite rate of innovation, SITAM J. Math. Anal.
38 (5) (2006-2007) 1389-1422 (electronic), MR 2286012 (2008b:94049).

[45] Qiyu Sun, Frames in spaces with finite rate of innovation, Adv. Comput. Math. 28 (4) (2008) 301-329, MR 2390281
(2009c¢:42093).


http://refhub.elsevier.com/S1063-5203(15)00117-7/bib524D473132s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib524D473132s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib534E3936s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib534E3936s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib533031s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib533031s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib53753036s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib53753036s1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib53303841434Ds1
http://refhub.elsevier.com/S1063-5203(15)00117-7/bib53303841434Ds1

	Dynamical sampling
	1 Introduction
	1.1 Connections to other ﬁelds
	1.2 Contribution and organization

	2 Finite dimensional case
	2.1 Diagonalizable transformations
	2.2 General linear transformations
	2.3 Proofs
	2.4 Case T = λId +N

	3 Dynamical sampling in inﬁnite dimensions
	3.1 Completeness
	3.2 Minimality and bases for the dynamical sampling in inﬁnite dimensional Hilbert spaces
	3.3 Frames in inﬁnite dimensional Hilbert spaces

	4 Concluding remarks
	Acknowledgments
	References


