A SHAPE OPTIMIZATION PROBLEM FOR STEKLOV
EIGENVALUES IN OSCILLATING DOMAINS

JULIAN FERNANDEZ BONDER AND JUAN F. SPEDALETTI

ABSTRACT. In this paper we study the asymptotic behavior of some optimal
design problems related to nonlinear Steklov eigenvalues, under irregular (but
diffeomorphic) perturbations of the domain.

1. INTRODUCTION

Let Q C R™ be a bounded domain with regular boundary, let @ € (0,1) and
I' C 99 be a measurable set (a window) such that |I'|,—1 = «|0€|,—1, where
| - |a refers to the d—dimensional Hausdorff measure. The optimal Sobolev trace
constant is defined as

VolP + [o]? d
D)= delVOP e
vewi P (@) Joo 0P dS

where WP (Q) is the set of functions v € W(Q) such that v|r = 0.

Observe that a minimizer for A\(I") always exists thanks to the compactness of
the embedding WP(Q2) cC LP(9) and that any minimizer u of A\(T') is a weak
solution of the following Steklov-type eigenvalue problem

—Apu+ [ulP72u =0 in Q
u=0 on I’
[Vau|P~29% = \(I)|u[P~%u on OQ\T,

where n is the unit outer normal of Q. Moreover, A(T') is the first (principal)
eigenvalue of this problem. See [9].

In [5], the authors study the following problem: minimize A\(I') among all admis-
sible windows, i.e.

(1.1) Aa) = inf (D),

resa
where 3, = {I' C 9Q: measurable and |T'|,_1 = |0Q]|,_1}

In the above mentioned work the authors show the existence of an optimal win-
dow Ty, i.e. some Iy € X, such that A(a) = A(T'g). Moreover it is shown that if ug
is an eigenfunction associated to A(T'g) then {uy =0} NIQ =T.
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We refer the interested reader to [5] and references therein for a motivation and
history of this problem. See also [6] for some related optimization problem.

In this work we study the behavior of this optimal windows when the domain €2
is perturbed periodically by a sequence of domains 2. and try to determine whether
they approximate I'g in some reasonable sense.

The interest in problems with oscillating boundary appears in the influence of
micro-structures of surfaces (porous medium, composites, micro-materials) over
the large scale behavior. The mathematical analysis of problems with oscillating
boundary was presented in [11].

Let us denote by A.(«) the constant (1.1) in the domain .. We find that the
behavior of the constants A.(«) and of their corresponding optimal windows T'.
depend strongly on the amplitude of the oscillations. We distinguish three cases:
i.- Subcritical case: in this case the oscillations are very big and the trace constant
converges to zero. ii.- Supercritical case: in this case the oscillations are very small
and there are convergence to the unperturbed problem. iii.- Critical case: in this
case the amplitude compensates with the oscillations and this is reflected in the
appearance of a weight term.

The results presented here are new even in the linear eigenvalue problem that
corresponds to p = 2.

1.1. e-Oscilations. In [5], the authors studied the asymptotic behavior of A.(«)
where the domains €. are regular perturbations of the original domain 2. To be
precise, the authors apply the so-called Hadamard variations of domains method
and are able to compute the shape derivative of A\(«) with respect to these defor-
mations. See [5] for the details.

Here we follow a different path. Instead of considering regular perturbations we
analyze the case of periodic oscillatory deformations where the amplitude of these
oscillations converge to zero, and the period of these oscillations also converge to
Zero.

We start by describing the type of perturbations that we are to consider. Let
Q) C R™ be bounded. Assume that the boundary is regular (C! will be enough for
most of our arguments). For any x¢ € 99 take U C R™ a neighborhood of zy and
®: U’ c R"! = R, where U’ is open and connected, such that
oNNU ={(x1,2") eR": 2’ e U', z; = ®(2)},
QNU = {(z1,2') eR™: 2’ € U', 21 < ®(2')}.
That is, we describe locally the boundary of Q2 by the graph of a smooth function
.

In each of this neighborhoods we assume that the perturbation is given by a C*
periodic function as follows. Let f: R"~! — R be a C' function, periodic with
period Y/ = [0, 1]*~1.

Then the domains ). are given (locally) by

(1.2) QNU={(x1,2') eU: 2’ €U, 71 < B(a') + " f(L)}
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FIGURE 1. The unperturbed domain €2 in dashed line and the
perturbed domain €2, in solid line.

and therefore,
0 NU = {(z1,2") eRN: 2/ € U', 1 = ®(2) + (L)}

See Figure 1.

By the results of [5], for every constant A.(«), there exists an optimal window
I'. and the corresponding eigenfunction u. € WP(Q.) verifies that I'. = {u. =
0} N OQ.. Our goal is to study the behavior of these optimal windows T, their
eigenfunctions u. and of the constants A(I'.) = A:(«) when ¢ | 0.

Observe that these domains 2. converge to 2 in practically any reasonable notion
of set convergence in R™ (for instance in the Hausdorff complementary topology,
the L' norm of the characteristic functions, etc.).

As we mentioned in the introduction, the behavior strongly depends on the
amplitude of the oscillations measured in terms of the parameter a > 0.

Three cases appear:

e The subcritical case, that corresponds to large oscillations with respect to
the period (a < 1).

e The supercritical case, that corresponds to small oscillations with respect
to the period (a > 1).

e The critical case, that corresponds to the case where amplitude and oscil-
lations are of the same order (a = 1).

In the subcritical case, being the oscillations so big, the problem degenerates and
the immersion is lost in the limit. This is a fattening phenomena of the boundary
and it is reflected in the fact that the constants A(I'c) converge to zero.

In the supercritical case, the oscillations are too small. Then, for small values
of € the oscillations become imperceptible and that is reflected in the fact that the
problem converges to the unperturbed one when ¢ | 0.
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Finally, the critical case is the most interesting. In this case, the oscillations
and the periods are balanced and an homogeneization phenomena appears at the
boundary. This homogenization is reflected in the appearance of a strange term
at the boundary for the limit problem in the spirit of Cioranescu-Murat [3]. This
phenomena have been observed in the work [8] where the pure eigenvalue problem
is addressed.

Taking into account the above perturbation of the domain 2 we get the result.

Theorem 1.1. Let Q C R"™ be an open, bounded set and assume that OS) is of
class C*. Let {Q:}eso be the family of perturbed domains as described in (1.2). Let
Ae(a) (0 < o < 1) be the best Sobolev trace constant on Q. given by (1.1) in the
domain ..

Then the following statements hold true:

(1) (Subcritical case) If a < 1 then lim._,g Ac(a) = 0, moreover, we have the
following asymptotic behavior
(1.3) Ae(@) < Ce'™ey

where the constant C' depends only on the function f used in the perturba-
tion.

(2) (Supercritical case) If a > 1 then lim. o Ac () = A(a).

(3) (Critical case) If a =1 then lim._,o Ac(a) = A* (), where \* () is defined
as

(1.4)
A(a) = inf { Jo 'IZ;”'U;Z* 9 e W), p* ({u = 0} N 0Q) > au*(aﬂ)} :

and the measure p* is given by du* = m dS with the weight m defined by

(1.5) miz) = VI I1V<I><w'> + TPy,
TIVE()P

Nevertheless, our method is far more general and we are able to treat general
perturbations where the periodic perturbation described above is just an (impor-
tant) example. See Theorem 4.1 below. In particular, the perturbations considered
here also cover the regular deformations considered in [5].

Moreover, we go further and analyze the behavior of these optimal windows I,
and of their corresponding eigenfunctions u. as € | 0. We found that, in the critical
and in the subcritical case (an also in the more general framework of Theorem 4.1)
these optimal windows converge (in a suitable sense) to an optimal window of the
corresponding limit problem and also the convergence of their eigenfunctions to the
eigenfunction of the limit problem. See Theorem 5.1.

1.2. Organization of the paper. After this introduction, the paper is organized
as follows. In Section 2, we study the qualitative properties of the change of vari-
ables that deforms the original domain €2 into the periodically perturbed one €..
In Section 3 we analyze the subcritical perturbation (a < 1) in Theorem 1.1. In
Section 4 we prove one of the main theorems of the paper (Theorem 4.1) that
implies, for instance, the critical (¢ = 1) and the supercritical (a > 1) cases in
Theorem 1.1 and, moreover, the convergence of the corresponding eigenfunctions
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to the eigenfunction of the limit problem. Finally, in Section 5 we prove our second
main theorem (Theorem 5.1) on the convergence of optimal windows.

2. ESTIMATES FOR THE CHANGE OF VARIABLES

In the analysis of the asymptotic behavior of the problem when € | 0, it is of
fundamental importance to understand the asymptotic behavior of the changes of
variables that take the perturbed domains €2, into 2.

Once these asymptotic behaviors are studied, the analysis is independent of the
particular form of the change of variables and only depends on this asymptotic
behavior.

Hence, given € > 0 we define the transformation 7T.: Q. — Q as

(2.1) (y1,9) = To(w1,2) = (21 — " f(£) e (@), 2'),
where, as usual, 2’ = (v2,...,2,) and ¢. € C°(R") is supported on B (99) =
Useon Byz(), ¢ =110 09, 0 < ¢ <1, [Vo.| < Ce 2.
We now compute the differential of T, DT.
1—e"for19. —e*'0af¢e — e fO2dpe -+ —e* 100 [ — £ fOn e
DT, = :

Observe that

where
Voe(x) 0 Vi)
0 0 0
Ad(a) = . B =
0 0 0

Finally, since ||f]lco < 00 and ||V f|lec < 0o we have that
| Blloo < 0.

Moreover, since | Vee|loo < Ce™2, we get

1
[Aclloe < Ce™2x

supp(¢e)

and therefore we obtain that, calling f.(z') = f(%/),
e feAclloe < Ce*~x

/

On the other hand, calling B.(z') = B(%),

€

||5a_1¢sB€||oo < Cga_lX

supp(¢e) ”

supp(¢e)

Observe that when a > 1, we have that given K C 2 compact, T. = idg» on K
for € > 0 small enough. In particular

DI, =1,«x, and JI.=1
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on K for e > 0 small, where JT. = | det(DT.)| is the Jacobian of T.
Finally, in the case a > 1, T. — idg~ in C* norm and, as a consequence, we get
DT. = Iixn, JI:=1 and J,/T.=1,

where J, T, = |DT;1n|JTE is the tangential Jacobian of T., n is the outer unit
normal vector of 2 and “=” means uniform convergence. See [10] for more details
on the tangential Jacobian.

We need now to study the asymptotic behavior of the tangential Jacobian in the
case a = 1. In this case, for x € 02 taking into account that ¢. = 1 on 02 we get
the following expression for the differential

DT.(2) = Inxn — B(£) + O(e?).

The following lemma gives the precise asymptotic behavior of the tangential Jaco-
bian in this case.

Lemma 2.1. Given g € L*(9S) we have

/ gJTT;1 ds — gmdS, when ¢ — 0.
o0 a0

That is J,T-" = m weakly-* in L>(0SY), where m is the function defined by (1.5).

Proof. Let g € C(09) be arbitrary. We first analyze the convergence locally, so we
recall the construction of the perturbations. Then, let U C R™ be as in (1.2) and
assume that supp(g) C U. We then have that

/ gJ,T-1dS = (goT.)dS
aQnNU aQ.NU

(2.2)
/,goT W1+ Vo) + V()2 da.

But now

/goT \/1+|v<1> +Vf(%')|2dm’:/(goT )1+ [Vo(x') 2 da,

where

! 1+ |Ve(x') + Vf(y)|?
ms(gpl) = m(l'/, ?)’ m(x',y) = \/ | ( ) ( )| )
1+ |VO(2)]?
Using that f is periodic with period Y, it follows that m(z’, y) is periodic in y with
period Y and hence

me = m  weakly-* in L= (R"1).
See [1].

On the other hand, since T, = idgn~ it follows that (g o T;) = ¢ uniformly on
compact sets, in particular, (goT.) — g in L*(U").

Combining all these facts, we arrive at
/ (goTe)me/1+ VP2 da’ — / gmy/1+|V®|2dz’ = / gmdS.
U’ U’ a0

The case where g € C(912) is arbitrary, follows by a standard arguments using
the partition of unity and is omitted.
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Finally, if ¢ € L'(0f) a standard approximation argument gives the desired
result. ([

Summing up we have proved the following result for the perturbation (2.1).

Theorem 2.2. Let {T;}.>0 be the transformation given by (2.1). Then the following
estimates hold:
(1) Ifa > 1, T. — idg~ in C* norm as € — 0. In consequence
T. = idgn, DT. = Lnxn, JT. = 1 and J,T. = 1.

(2) If a =1, we have that for any compact set K C Q there exists g9 > 0 such
that
TElK = /LdK’
for every 0 < e < g9. Moreover,
J, T 5 om weakly-* in L°°(0Q),

where m is the function given by (1.5).

3. SUBCRITICAL CASE (a < 1)

In this section we prove the result in the subcritical case. This is the simplest of
the three cases.

Proof. Let a € (0,1) and let us take I'g C 92 as the closure of a relative open and
connected set such that [Tg|,—1 > «|0Q],—1.

Given d > 0, consider the sets Us = Bs(I'g) defined as
Us := {zx € R": dist(z,T) < 0}
and take I'y C 99\ Ugs such that [I'y],—1 > 0.

Let now ¢ € C(Q) be such that ¢ = 0in Us, ¢ = 1in Q\ Uss and 0 < ¢ < 1,
‘V(b‘ < Cé'in Uss \ Us.

Observe that if we denote by I'g . C 92, to the portion of the boundary of €2,
that comes from perturbing I'y, one has that ¢ = 0 in I'g . for every € > 0 small.
Moreover, is easy to see that |Tg¢|n—1 > |0Q¢|n—1. Then, ¢ is admissible in the
characterization of A(Ig ). As a consequence, we get the following estimate:

Ae(@) < A(To,) < Jac IVOI F 1o do

= Joq. 0P dS
This quotient can be easily estimated. In fact,
(31) [ woras < e, [ lopds <jodl.
Q. Qe

with C' = C(9).
On the other hand,

(3.2) / o] dS > / (6P dS = 109\ Taslus > [Trcloos,
o0, 00\Uas

where I'; . stands for the perturbed set obtained from I'y C 02\ Uss.
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But,

2 !
dx

‘Fl,s|n71 = / \/1 + ‘V(I)(m/) _|_5aflvf(z?’)

2 /
dx’.

_ a1 / \/62(1—a) + ‘al—av@(x’) + vf(%,)
U/

Let us now estimate this last integral.

2 Vi
dx

[0+ [reva 4 va)

_ / <\/52<1a> n ’é*“V@(x’) + V()

’ 2 ’
If we now denote by p.(z') = \/62(1—“) + ‘el_aVi)(x’) + V()| —IVF(%)], it is
not difficult to see that |p.(z')| < e'=%(1 + [V®(2')|), from where it follows that

// <\/€2(1—“) + ‘61—“V<I>(a:’) + Vf(%')

Finally, by the periodicity of f, we conclude that

/ V()] da’ / V()| dy = TV 1] > 0.
U’ Y

- IVf(i')> + V()] da

2 !’
- |Vf(”§)> dx’ — 0 when e — 0.

These estimates allow us to conclude that,

(3.3) Ticln-1 > 5a_1%7

for every € > 0 small.

Now, from (3.1), (3.2) and (3.3), we obtain
Ae(a) <Ce'™@ =0 whene—0

as we wanted to show. O

4. SUPERCRITICAL AND CRITICAL CASES (a < 1)

Now taking into account Theorem 2.2, we note that the supercritical and critical
cases in Theorem 1.1 are special cases of a more general result.

Indeed if T, : Q2. — Q is a family of perturbations which satisfies the following
condition:

(4.1) T. = idgn. on each compact set K C 2 for ¢ < g(K)
. J, T Som, weakly* in L>°(92) when € — 0,

where m € L*°(0Q) then we get the following general result.
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Theorem 4.1. Let {T.}.s0 be a family of perturbations that satisfies condition
(4.1). Then

Ae(a) = X (a), when e — 0,
where Ae(a) is given by (1.1) on Q. and \*(«) is given by

(4.2)
A (a) = inf { Jo vau|u|—: ZJ* da cu € WH(Q), p*({u=0}noQ) > au*(@Q)} .
o9

Here the measure u* is given by du* = mdS.

Moreover, if uc is an eigenfunction associated to Ac () normalized as ||uc||Lr(00.) =
1, then the sequence {u. o T 1}.~o C WHP(Q) is weakly pre compact and every ac-
cumulation point is an eigenfunction of \*(«).

Clearly, Theorem 4.1 implies the critical (a = 1) and supercritical (a > 1) cases
in Theorem 1.1. Also Theorem 4.1 implies Theorem 6.2 in [5].
Before starting the proof we need the following observations.

Let ©21,Q5 C R™ be open domains and suppose that there exists a diffeomorphism
T: Q1 — Q. This diffeomorphism 7" induces the mapping

T WLP(Q) — WEP(Qy), T(u) =uoT.

This mapping is linear, continuous and invertible, with 7—'v = v o T~'. Moreover
a direct application of the Change of Variables Theorem implies that

(4.3) /lTu|pdx§||JT_1Hoo/ lul? dx
Q1 Q2
and
(4.4 | V0P de < [T DT [ (Vuldy
Ql QQ

Then if we consider now the general pertubations T.: . — € which satisfies the
properties (4.1) we get the associated mappings 7z: WP () — WhP(€,), which
are linear, invertible and, by (4.3) and (4.4), bi-continuous.

With this in mind we define the functions Q.: WhP(Q.) - R, Q: W'P(Q) - R
by

(4.5) Q. (u) = / IVl + |ufPda
and
(46) Q) = [ [0l + loP dy.

We now consider the function Q. : WP(Q) — R defined by Q.=Q.0oT..

We introduce the sets
(4.7)

X5 ={ue W (Q.): {u=0}Nd%],_1 > a|dQ]n—1 and [Juc||Lr0.) = 1},
(4.8) X =TA(XE) = {v e WP(Q): voT. € X},

(e

(19) X% = {v e W(Q): 1 ({v =0} N09Q) > apr* (02 and [[v]|sar) = 1),
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where du* = mdS.

With the above notations, we can write

Ae() = nf, Q) = inf Qu(v) and N'() = nf Q)

In order to prove the convergence of these minima, we use the notion of I'— conver-
gence. This notion was introduced by E. De Giorgi in the 60’s and is by now a
classical subject in dealing with variational problems. We refer the reader to the
books of A. Braides [2] and of G. Dal Maso [4].

For the sake of completeness, we recall the definition of I"'—convergence.

Definition 4.2. Let (X, d) be a metric space and let J.,J: X — (—o0, +oc]. We
say that J. I'—converges to J as € — 0 if

e (liminf inequality) For every x € X and for every sequence {z.}eso C X
such that z. — z, we have

J(z) < liminf J. ().
e—0

e (limsup inequality) For every x € X there exists {y:}e>0 C X such that
Y. — x and

J(z) > limsup J. (y:).

e—0

We denote this convergence by J = I'—lim._,¢ J..

This notion is extremely useful in dealing with convergence of minima as the
following theorem shows.

Theorem 4.3. Let (X,d) be a metric space and let J., J: X — (—o0, +00] be such
that J = T'—lim._,q J.. Assume that for every e > 0 there exists x. € X such that
Je(xe) = infx J.. Moreover, assume that {x.}e~q is precompact in X. Then

o infy J=Ilim,_,ginfx J..

o Ifx is any accumulation point of the sequence {x¢}e>0, then J(x) = infx J.

The proof of this theorem is elementary and can be found in any of the above
mentioned books [2, 4].

We apply this theorem to the functions J;, J: LP(2) — (—o0, +00] given by

. Q-(v) ifve Xt
(4.10) Je(v) := {+oo if o,
(4.11) J(v) = {Q(U) %f veXa
400 if not.

We begin by showing the I'—convergence of the functionals. For this we need
the following lemmas.

Lemma 4.4. Let (X, X, v) be a measure space of finite measure and let { fi }ren, f
be Y —measurable and nonnegative functions such that f, — f v—a.e.
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Let {ux }ren and p be absolutely continuous measures with respect to v such that
uk(A) = u(A), for every A € 3.
Then
limsup pu ({fe = 0}) < u({f = 0}).

k—oco

Remark 4.5. When u; = p for every k € N this is well known with a simple proof.
In this case, the difficulty appears since the measures vary. We do not know if this
result is known nor if the hypotheses are optimal. Nevertheless it will suffices for
our purposes.

Remark 4.6. By standard arguments, it can be shown that the condition py(A4) —
w(A) for every A € ¥ is equivalent to the weak convergence of the densities of the
measures in L'(X,v).

Proof of Lemma 4.4. Assume by contradiction that there exists 6 > 0 such that,
for all ky € N there exists & > kg such that

p({f =0}) +6 < pe({fr = 0}).
Since {f =0} = ﬂjoil{f < %} it follows that p({f = 0}) = lim;_oo p({f < %})
Hence, there exists jy € N such that, for j > jo,

pF <IN+ 5 < (Ui = ).

<> N U<

ko=1k>ko
SO
o0
pl () Uhe<iy] <udr<iy.
ko=1k>ko
But, since

lim p U{fk>%} =pu m U{fk<%} )

ko—o0
k>ko ko=1k>ko
there exists ko(0) such that

| U< 2] + 2 < e = o).

4
k>ko

Calling A = U;>i {fi < %}7 by hypothesis we have that limg_,o0 i1 (A) = p(A) and
therefore,

we | U<y + 2 <mtin=on.

iZno

Finally observe that {f; > %} C UisnUfi < %} and hence we can conclude that

(e < 30+ 5 < (i = 0)),

a contradiction. O
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Lemma 4.7. Let X2, X} C WLP(Q) be the sets defined in (4.8) and (4.9) respec-
tively. Then, given v. € X& such that v. — v weakly in WP(2), it follows that
ve X}

Reciprocally, for every v € X there exists a sequence {ex}ren such that ey | 0
and vy, € X5F such that vy, — v weakly in WYP(Q). Moreover, the sequence can be
taken to converge strongly in WP(£).

Remark 4.8. The result of the previous Lemma says that the sets X; converges in
the sense of Mosco to the set X%. See [10].

Proof. Let v € X2 and set I' = {v = 0} N 9.

Given k € N define 0, := max{v — +,0}. Then, I'; = {&x = 0} N IQ verifies
that p*(T'x) > p*(T) (recall that the weight m is strictly positive). So, there exists
pr > 0 such that

(4.12) 1 (Te) = (1+ pr)op” (0€2).

It is straightforward to check that @ — v strongly in W1P(Q) as k — oco.

Now let tr. > 0 be such that vg . := t5 0 verifies that |lvx. o Tt||Lr(90.) =
1. It is easy to see that o, — v (kK — o0) strongly in LP(0Q) implies that
lim, o (limg— o0 tgc) — 1. So, we have that vy . — v strongly in WP (Q) as k — oo
and € | 0.

It remains to check that, given k& € N there exists ¢, with 4 | 0 such that
Vg 1= Uk, € X5F and for this we have only to check that

Hey, (Fk) > Alhey (aQ)v

where T'y, = {vy, = 0} N 9N = {v, =0} NIN and dp. = J,;T.dS.

But, since pe(A) — p*(A) for every dS—measurable set A C 99, we have that
there exists € such that

(413) e () > (L4 ) 3 (Th) and p*(00) > (14 pi) " e, (00).

Combining (4.12) and (4.13) we arrive at

Now, we need to see that if v, € Xi is such that v. — v, then v € X. But this
is an immediate consequence of Lemma 4.4.

In fact, Lemma 4.4 is applied to the functions v.,v € W1P(Q2) C LP(99) (recall
that we can assume that v. — v dS—a.e.on 012) and the measures

dpe = J,T-1dS, dup* =mdS, dv=dS.
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As a consequence, we get

p*({v =0} NoN) > limsup p.({ve =0} NIN) = lim sup/ J,T-1dS
e=0 e=0  J{v.=0}nQ
= limsup [{v: o T. =0} NN |pn-1
e—0
> lim sup |00 |p—1 = ap™ (09Q).
e—0

This finishes the proof. (]

Unfortunately, we are not able to prove the I'—convergence of the functionals in
its full generality. In fact we can only prove I'—convergence for the supercritical
case, that in this general setting will be in the case where T. — idg» in the C!
topology.

For the more general setting of (4.1), we can prove a weaker version of I'—convergence
under which Theorem 4.3 still holds. Namely

Proposition 4.9. Let J.,J: LP(Q) — (—o0,+0o0] be the functionals defined by
(4.10)-(4.11). Assume that the transformations T, verify (4.1). Then:

o for every sequence {vc}teso C LP(Q) of minimizers of {J:}e>0 such that
ve = v in LP(Q), we have that

< Tim
J(v) < h?i}glf Je(ve).

e Moreover, for every v € LP(Q), there exists vy, € LP(2) and e | 0 such
that v, — v in LP(Q) and

J(v) > limsup Je, (vi).

k—oc0

Remark 4.10. Observe that the only difference with respect to I'—convergence is
that we do not prove the liminf inequality for every sequence {v.}.so, but only
for sequences of minimizers. It is straightforward to check that the conclusions of
Theorem 4.3 still hold under this weaker assumption.

Proof. We will divide the proof into two parts.
lim inf inequality: Let v, € f(g be such that Qg(vg) = inf ;. QE and assume that
ve = v in LP(Q) as € | 0 for some v € X}. We can assume that

(4.14) lim inf Q. (v.) < +o0,
e—0

otherwise there is nothing to prove. It is immediate to see that (4.3) and (4.4)
imply that

[vellwrr () = Qve) < CQe(v)
and so, by (4.14) we conclude that {v.}.~¢ is bounded on W1?(Q) and since v, — v
in LP(Q) it easily follows that v, — v weakly in W1P(Q).

Since v, — v strongly in LP(Q}) and JT. — 1 ae. in Q and are uniformly
bounded it follows that

(4.15) /|UE\pJT€_1dx—>/ [v|P dz, as e ] 0.
Q Q
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Taking into account the expressions of Q. (v.) and Q(v), it remains to show that

(4.16) liminf/ |va(DTsoT;1)\PJT;1da:z/ |Vv|? da.
Q Q

e—0

We first show that Vve — Vo a.e. in 2. To this end we need the fact that the
sequence {v.}e>o is a sequence of minimizers for Q. and therefore they verify the
Euler-Lagrange equation associated to the functional ).. That is

/ (Vo (DT o T )P 2V (DT o TS 1) - Vipt|ve [P 20.4)) JTS  da
Q

= )\E(a)/ |ve|P~ 20 ap J, T dS,
[219]

for every ¢ € WpP(Q).

Take now K C € a compact set, let § = 2d(K,09) and write K5 = {z €
Q: d(z,K) < 6}. Therefore K C K5 CC Q and if ¢ is small enough, we have that
T. = idg~» on K.

Observe now that if 1y € er’p(Q) is such that supp(¢y) C Ky, then

/ |V P2V Vihy + |ve|P 2 v.1p0 dz = 0.
Q
So consider n € C2°(€2) be such that n =1 in K, supp(n) C Ksand 0 <n <1
in K5 \ K.
Therefore, for ¢ = n(ve — v), we have
/ |V P2V .V + v [P~ 2v.1p. dz = 0,
Q

that is

(4.17)

/ |V P2V (ve — v) V1 4 [V P2V V(ve — v)n + |ve|P2ven(ve — v) dz = 0.
Q

Since v — v weakly in WP(Q) we have that [|[Vove|/rro) < C, so by Holder’s
inequality,

(4.18) ‘/ |V P2V, (ve — v)Vndz| < ||Vl Cllve — V|| Lr()-
Q

On the other hand, since ||vc||zr(q) < C, again by Holder’s inequality,

(4.19) / [ve|P~2ven(ve — v) da
Q

< llooCllve = vllzr(0y-

From (4.17), (4.18) and (4.19) we obtain

(4.20) lim |V |P~2V0.V (v. — v)ndz = 0.
Ks

e—0
Moreover, since v. — v weakly in W1P(Q) we get

(4.21) lim |Vo[P~2VoV (ve — v)nde = 0.
)

e—0 K
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Combining (4.20) and (4.21) we arrive at

lim (|Vve|P~2 Vv, — |Vo[P2Vu)V (v — v)nde = 0.
e—0 Ks

But now, it is a well known fact (see e.g. [12]) that the integrand is nonnegative
and therefore (|Vv:[P72Vv, — [Vu[P72Vv)V(v. —v) — 0 a.e. in K. From this,
we can easily conclude that Vv, — Vv a.e. in K. Since K is arbitrary in 2 we
conclude the pointwise convergence of the gradients a.e. in ().

From the pointwise convergence of the gradient the conclusion of the liminf
inequality follows easily. In fact, since JT, — 1 and DT, — I a.e. in 2 we have

|V (DT, o T-H|PITSY — |VolP ace. in Q.
This last fact, together with Fatou’s Lemma imply (4.16).

lim sup inequality: Given v € X%, let vi, € Xék be such that vy — v strongly in
WLP(Q2). Observe that such a sequence exists by Lemma 4.7.

Now this and our hypotheses on T easily imply that
lim Q., (vx) = Q(v).
k—oc0

The proof is completed. O
Now, the proof of Theorem 4.1 follows as a simple corollary.

Proof of Theorem 4.1. The proof is now a trivial consequence of Proposition 4.9
and Theorem 4.3. O

5. CONVERGENCE OF OPTIMAL WINDOWS

In this section we analyze the behavior of a sequence of optimal windows {T': }.~o.
Recall that an optimal window is a set T'. C €. such that |T'c|,—1 = a|0Q.|,—1 and
Ae(Te) = Ae(@) for 0 < v < 1.

We will see that, as a consequence of the convergence of the constants A.(a) —
A*(a) we will deduce the convergence of these optimal windows to an optimal
window of the limit problem in a suitable sense.

Theorem 5.1. Under the same assumptions and notations of Theorem 4.1, if
. C Q. is an optimal window associated to A:(«) then, up to a subsequence,
it converges, as € | 0, to an optimal window of the limit problem \*(«) in the
following sense: Let us define the Radon measures {ve}eso as

dve = x,._ dS.

Then, the family is pre compact in the weak topology of measures and every accu-
mulation point of {ve}eso is of the form

dv* = xp.mdS,

where T* is an optimal windows for the problem (4.2).

In order to show the convergence of optimal windows we need a couple of lemmas.
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Lemma 5.2. Let (X,X,v) be a measure space of finite measure and let { fn }nen, f
be v—measurable nonnegative functions such that f, — f v—a.e.

Let {iin tnen and p be nonnegative measures, absolutely continuous with respect
to v such that u,(A) — u(A), for every A € X..

Then, if limy, o0 i ({fn. = 0}) = u({f = 0}), given € > 0 there exists jo € N
such that, for every j > jo,

limsup p, ({0 < f, < 1)) <e.

n—oo 7

Proof. Let € > 0. Since Xigesety — 0 v—a.e. when j — oo, we have that there

1
<l

exists jo € N such that
(5.1) p({0< f<3}) <e, forevery j > jo.

Since f,, — f v—a.e., we have that
{r<uis> () Uin<in
no€N k>ng

from where

p{f<in> tim p| J{<h

no—roo
kzno

Hence, given § > 0, there exists ng € N such that

(5:2) pdf<ip+ozpl U<

ano

By our hypothesis on the convergence of the measures,

dim o | J <3y =0 U<

k>ngo k>no

from where

(5.3) pl U< +02m | U< = m{f <)),

}CZ’I’L[) k}Zno
for any n large enough.

Using (5.2) and (5.3) we obtain
WL < 1) +26 > limsup pn({fn < 1)

n— oo

and since § > 0 is arbitrary, it follows that
(5.4) timsup oo (£ < 1)) < ({7 < 4)).

Now, the lemma follows from (5.1) and (5.4) by using the hypothesis
Tim i ({F = 0}) = u({f = O}).
The proof is completed. O
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Lemma 5.3. Let (X,X,v) be a measure space of finite measure and let { fn }nen, f
be v—measurable nonnegative functions such that f, — f v—a.e.

Let {iin tnen and p be nonnegative measures, absolutely continuous with respect
to v such that u,(A) — u(A), for every A € X..

Then, if limy, o0 pin({fn = 0}) = u({f = 0}), it follows that
nlgrolo pn({fn = 0}A{f =0}) = 0.
Proof. By Egoroff’s Theorem, we have that, given § > 0, there exists a measurable
set Cs C X such that
fn = f, uniformly when n — oo in X \ Cs

with
1(Cs) < 0.

Observe that, as pu,(A) — u(A) for every A measurable, we can assume that
i (Cs) <6,

for every n large enough.

Define now the set E5 = X \ Cs and using this uniform convergence on the set
FEs, we have

{fn=0}NEs C{f <d}NEs,
for € small enough.
‘We then have that
{f=0\{fa=0c(({f <\ {fu =0})NEs)UCs,
from where
,un({f = O} \ {fn = 0}) < ,Un({f < 5}) - ﬂn({fn = O}) + 4.

Taking the limit as n — oo, we obtain
lim sup o, ({f = 0} \ {fn = 0}) < u({f < 0}) — u({f = 0}) +90,

and now making 6 — 0 we can conclude

Jim (L = 03\ (£ = 0}) = 0.

On the other hand, given j € N, there exists n; € N such that
{f=0yNE; C{fa, <5}INE,
. 1
where v(X \ Ej) < 5.
Now, reasoning as in the previous case,

lim sup o, ((fn, = 0\ 17 = 0)) < limsup (4, (U, < 1)) = ({5 =0})

J—00

But, from Lemma 5.2, it follows that
by Ly < 21 = by (g = O1) + b, (10 < oy < 23 = u({f = O}).
This completes the proof. (I
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Remark 5.4. When the sequence of measures p,, is constant, this Lemma was proved
in [7, Lemma 3.1].

With the help of Lemma 5.3 we can now prove Theorem 5.1

Proof of Theorem 5.1. Let u. € W1P(£,) be an extremal for A\.(a). We can assume
that u. € XZ. Then, by [5, Theorem 3.6], we have that {u. =0} N Q. =T; is an
optimal window for A.(«) and hence it verifies |I'¢|,—1 = &|Qc|pn—1.

Consider now the rescaled functions v. := u. o 7 1. Then v, is an extremal of
Q< in the set X;.

By Theorem 4.1, we can assume that there exists v € W1?({2) such that v. — v
weakly in W1P(Q), v € X} and v is an extremal for \*(a). In particular

w({v=0}N0oQ) = au*(00).
On the other hand,
Hue = 0} MO |1 :/ X(u.—oy S :/ X(v,oy T dS.
Q. o0
So, if we denote by p. to the measure du. = J,T- 1 dS on 0, we have that
te({ve =0} NIN) = |00 |n-1 = ap(0Q),
and since J,T. ' > m weakly-* in L>(99), it holds that
1e(A) = u*(4),
for every A C 09 measurable. In particular, u.(092) — p*(0€2).
All of this discussion leads us to conclude that
pe({ve =0} NON) — p*({v =0} NoN).
Now we are in a position of applying Lemma 5.3 and conclude that
e ([{ve = 0}A{v =0} NIN) — 0.
Now, let I'. be an optimal window and let u. € X an associated extremal. Let

ve = ue o T ! the rescaled extremal as was previously described. Again, we can
assume that v — v a.e. in 02 where v € X is an extremal associated to \*(«).

Let f € Cy(R™), then
/fdysf/fdz/* :/ P T— de/ X ooy dS

O o

:/ (f © Tsil)X{UE=0} d:U'E 7/ fX(v=o} d:u’*
o0 o0

= | Kooy = Xpooy)(F 0T ) dpic
GRS
4 X T) ~ fldn

o0

+/ X{vzo}f(d/‘LE - dﬂ’*)
o
=A. + B. + C-..
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Each of these terms can be easily shown to converge to zero. In fact

[Ac] < [ flloope([{v= = 0} A{v = 0} N Q) — 0,

by Lemma 5.3. On the other hand,

1Be| < I(f o TS ") = fllno (a0 1= (022) — 0,

since pe(0€2) is convergent (hence bounded) and f o T- ! = f on compact sets.

Finally, using that p. — p* weakly in the sense of measures it follow that
|Ce| — 0.

This completes the proof of the theorem. ([
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