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Abstract The aim of this paper is to study self-similar solutions to the symplectic
curvature flow on 6-dimensional nilmanifolds. For this purpose, we focus our attention
on the family of symplectic two- and three-step nilpotent Lie algebras admitting a
minimal compatible metric and give a complete classification of these algebras together
with their respective metric. Such a classification is given by using our generalization
of Nikolayevsky’s nice basis criterion, which, for the convenience of the reader, will be
repeated here in the context of canonical compatible metrics for geometric structures
on nilmanifolds. By computing the Chern—Ricci operator P in each case, we show
that the above distinguished metrics define a soliton almost Kihler structure. Many
illustrative examples are carefully developed.
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1 Introduction

Let (g, J, w) be an almost Kihler structure on a manifold M>". Let us denote by p
its Chern—Ricci form and by ric the usual Ricci tensor of the Riemannian manifold
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(M?", g). The symplectic curvature flow (SCF) on a compact almost Kihler manifold
(M?", go, Jo, wp) is given by the system of evolution equations

8 .
~w = —2p; with w(0) = wyg,
[31 p () 0 (11)
8

— —2(p°(-, J+) —1ic?);  with g(0) = go.

Here, p© is the complexified component of p (also called the J-invariant part of p) and
ric?“ denotes the anti-complexified part of ric (also known as the anti-J-invariant part
of ric).

This geometric flow was recently introduced by Streets and Tian in [18], where the
short-time existence and uniqueness for this flow are proved. The solution to Eq. (1.1)
preserves the almost Kihler structure, and if the initial almost Kihler structure is in
fact Kéhler, then such is a solution to the Kéhler Ricci flow.

Let G be a simply connected Lie group admitting a left invariant almost Kahler
structure (go, Jo, @p). Any left invariant almost Kiahler structure on G is determined
by an inner product (-, -) on g and a non-degenerate skew-symmetric bilinear form
w on g, here g = Lie(G) (the Lie algebra of G). One can consider the symplectic
curvature flow on G, where (1.1) becomes a system of ordinary differential equations.
The almost Kihler structure (go, Jo, wo) is called a soliton [12, Sect. 7] if the solution
to the SCF starting at (go, Jo, wo) is (algebraically) self-similar, this is to say, the
solution has the form

[0)1 = c(t)wo (P, Pr) (1.2)
gr = c()go(Pr, &) .

for some c(t) € R.¢ and ¢, € Aut(g), both differentiable at 7, with c(0) = 1, ¢pp = Id
and ¢, = D € Der(g).

By following results given in [12], our aim in this work is to study soliton almost
Kaihler structures on 6-dimensional nilmanifolds. In some cases, such structures are
determined by minimal compatible metrics on symplectic nilpotent Lie algebras
(which are related with the anti-complexified Ricci flow introduced in [13]). This
is the case of symplectic two-step nilpotent Lie algebras which are Chern—Ricci flat
(it follows from results of Vezzoni [19] or Pook [16, Proposition 2]). In this way, we
give a complete classification of minimal compatible metrics on symplectic three-step
and two-step nilpotent Lie algebras and prove the main results of this paper:

Theorem A All symplectic two-step Lie algebras of dimension 6 admit a minimal
compatible metric and, in consequence, admit a soliton almost Kdhler structure.

Theorem B Every minimal compatible metric on a symplectic three-step nilpotent
Lie algebra of dimension 6 defines a soliton almost Kdihler structure.

In general, it is a difficult problem to know when a symplectic nilpotent Lie alge-
bra admits a minimal compatible metric. This problem is equivalent to determining
whether an orbit of the natural action of Sp(n, R) on A%(R*")* @ R*" is distinguished,
i.e., we must determine when an orbit contains a critical point of the norm-square of
the moment map m g associated with the action. By using convexity properties of the
moment map and recent results of Jablonski [6], the author presented a criterion to
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knowing whether a nice element of a real reductive representation has a distinguished
orbit [2]. Such a result can be considered as a generalization of Nikolayevsky’s nice
basis criterion [15, Theorem 3]. As Theorems A and B are proved by using such a
criterion, we prove, for the convenience of the reader, the corresponding criterion
in the general context of canonical compatible metrics for geometric structures on
nilmanifolds (Sect. 2.2); which is considered the second aim of this paper.

2 Preliminaries
2.1 Soliton Solutions for the SCF on Lie Groups

Let G be a Lie group admitting a left invariant almost Kéhler structure, i.e., there exist
a symplectic structure @ on g, an almost complex structure J on g and an inner product
(-, -) on g satisfying the compatibility condition

w(X,Y)=(JX,Y), VX, Y € g.

By symplectic structure on g we mean that the non-degenerate skew-symmetric bilin-
ear form w is closed, that is,

o(X,Y],Z)+o(Y,Z],X)+w(Z,X],Y)=0 2.1

for any X, Y and Z in g.
Given a bilinear form on g, say B:g x g —> R, the complexified part of B and the
anti-complexified part of B, denoted by B¢ and B“¢ respectively, are defined to be

1 1

In the same way we define the complexified part and anti-complexified part of a linear
map T:g—> g, denoted by 7¢ and T respectively, to be

T¢ = l(T — JTJ)and T = l(T +JTJ)
2 2 ’

From now on, the transpose of a linear map 7: g —> g with respect to (-, -) and w
are denoted by 7" and 77, respectively (note that 77 = —J A" J).

Let p be the Chern—Ricci form of the left invariant almost Kihler structure
(-, ), J, w). It is proved in [19, Proposition 4.1] and [16, Sect. 3] that p is given
by

1
p(X,Y) = 3 (tr(ady(x,y)) — tr(J adpx,y7)) - (2.2)
The above expression has interesting consequences, among them let us mention,

for instance, if g is a two-step nilpotent Lie algebra (ad[..; = 0), then p = 0, i.e.,
(g, (-, ), J, w) is Chern—Ricci flat ([19, Proposition 4.1] or [16, Proposition 2]).
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From Eq. (2.2), it is easy to see that there exists an He g such that
P(X,Y) = w(H,[X,Y]) 23)

because  is non-degenerate. Such an H can be taken to be %Zadziei +

%Z] adz,[(J e;), where {ej,...,e,} is an orthonormal basis for g. Therefore, if
P is the Chern—Ricci operator, i.e., P is the linear transformation of g such that
p(X,Y) =w®PX,Y) forall X,Y € g, then P = adgj + adTHi’ (it is immediate from
Eq. (2.1)).

According to the above formula for P, we can say more about the Chern—Ricci form
p. To do this, let us make a short digression on left-symmetric algebras.

Definition 2.1 [17] A left-symmetric algebra structure (LSA-structure) on a Lie alge-
bra g is a bilinear product .: g x g — g satisfying the conditions

1) [X,Y]=X.Y—-Y.X,

QD X.Y.2)-Y.X.2)-1[X,Y].Z=0

forall X, Y and Z € g.

Given X € g, let Ax denote (respectively px) the left multiplication by X (respec-
tively right multiplication by X) in the left-symmetric algebra: Ax(¥Y) = X . Y and
px(Y)=Y.XforallY € g. The LSA-structure is called complete if for every X € g,
the linear transformation Id + py is bijective.

Note that the LSA-structure conditions are equivalent to having a left-invariant
affine connection on g which is: (1) torsion free and (2) flat. These concepts play
an important role in the study of affine crystallographic groups and of fundamental
groups of affine manifolds, which are well-developed theories and have a rich history
that includes challenging problems due to Louis Auslander and John W. Milnor. We
refer the reader to [1] for a comprehensive review of the literature on such topics.

On the completeness of an LSA-structure, we have the following result due to Dan
Segal.

Theorem 2.2 [17] Let g be a Lie algebra over a field k of characteristic zero and
g X g—> g be an LSA-structure on g. The following conditions are equivalent:

(1) The LSA-structure is complete.

(2) The LSA-structure is right nilpotent, i.e., px is a nilpotent linear transformation,
forall X € g.

(3) tr(px) =0forall X € g.

This theorem implies the following additional property on the Chern—Ricci operator.

Proposition 2.3 Let g be a unimodular Lie algebra and ({-, -), J, ) be an almost-
Kdihler structure on g. Then, its Chern—Ricci operator P is a nilpotent operator.

Proof Consider the usual LSA-structure .: g X g —> g on ginduced by the symplectic
structure, which is defined implicitly by

o(H, [X,Y]) =—-o(X.H,Y), (2.4)

forany H, X and Y € g.
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Given H € g, let Py denote the linear transformation such that
o(H,[X,Y]) =w(PyX,Y),VX,Y €g. (2.5)
From Egq. (2.1), it follows that
ady (H) = ady(X) + ady (X)

and, in consequence, Py = adTH‘” +adpy. Since gis unimodular (tr(adz) = 0, VZ € g),
tr(Py) = 2tr(ady) = 0 for any H € g.

By Egs. (2.4) and (2.5), we have pgy = —Pp, and, on account of the above-
mentioned, tr(oy) = 0 for any H € g, which implies that the LSA-structure is
complete and so, py is a nilpotent linear transformation for any H € g. Since the
Chern—Ricci operator P is equal to Pz = —pp for certain He g, this completes the
proof. O

Remark 2.4 A direct proof of the above proposition can be given by using the equation:

tr(p%) = tr(pyr), VX € g (2.6)

where X¥ = X¥~1, X withk e N (see [5, Proposition 15], [10, Theorem 2.2] or [17,
Proposition 2])

Having disposed of this preliminary information on the Chern—Ricci form, we can
now return to the main topic of this subsection.

Definition 2.5 [12, Definition 7.2] An almost Kéhler structure ({-, -), J, @) on a Lie
algebra g is called a soliton if for some ¢ € R and D € Der(yg),

1 T
PC= ch ':Z(D — J? J) @7
P¢ +Ric* = cld + 5 (D + D").

Itis proved in [12, Lemma 7.1] that the above definition is equivalent to saying that
the solution to the SCF starting in ({, -), J, w) is self-similar in the sense of condition
(1.2).

Note that, if the almost Kédhler structure is in fact Kéhler, then such a structure is a
soliton if and only if (-, -) is a semi-algebraic Ricci soliton; Ric = cId + %(D + D7)
(because P = Ric). Here, we can highlight that it is now known from recent works of
Michael Jablonski that semi-algebraic solitons are algebraic (see [8]).

Given that the SCF evolves the metric and the symplectic structure, preserving the
compatibility, one expects that, in general, it is not enough to have a “distinguished”
metric or a “distinguished” symplectic structure in order to have a soliton.

Example 2.6 Consider the Lie algebra g := (R®, 1) with

= [e1,ex] =eyq, [er1,e3] = ey, [e1,e4] = —2e¢, [e1,e6] = —2e5,
[e2, e5] = —2es, [e2, e6] = —eg, [e3, e4] = 2 ey, [e3, €] = 5
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and the almost-Kihler structure on g given by ({-,-), J, wc), where (-, -) is the
canonical inner product of R® and w,, is the canonical symplectic form of RO;
wen =€ Neg+e5 Nes+e3 Aej.

An easy computation shows that ({-, -), J, w,) is an Einstein strictly almost Kdhler
structure on g. In fact, Nj(ej, e3) = 4e; # 0, where N; is the Nijenhuis tensor and

1
Ric = Diag(—4, —3, ~3,~2,2,0) — 7 Diag(0,6,6.0,0,0) — Diag(2,0,0.4,8.6)
— —6ld.

In Consequence/,\the Ricci tensor is J-invariant; Ric%¢ = 0. R
The vector H defined as H := 3ep; — e3 satisfies p(X,Y) = o (H, [X, Y]), so
the Chern—Ricci operator P is given by

P = Diag(—6, —6, —2, -2, —6, —6).

In consequence, the Chern—Ricci operator is symmetric; P¢ = P.

In this case, the soliton condition may then be reduced to P = cId + %(D + D7),
with D € Der(g). Since the algebra of derivations of g is given by
Der(g) = span Ev1+2Ess+ Ece, Eaa+ Ess+ Eee, Eo.1 — Ea 3,
Esy+ 3(Eg2 — Ee3), (E12+ E13) — 2(Ee4 + Es. Es2) |

a trivial verification shows that ({-, -), J, w) is not a soliton.

Example 2.7 Consider the family of strictly almost Kihler solvmanifolds given by
the family of solvable Lie algebras g(A1, A2, A3) := (R6, Hap,0,40), Where

ler, e3] = — (M? +212%) e3, [e1, es] = Aze3 + (M1 + A2?%) es,
Pt gaa = 1 [ea, e6] = (Aa? — A12) €2 + 2 A1 Azes,
[es, e6] = 2 hihzez + (M2 — 22?) es,

with strictly almost Kéhler structure ((-, -), J, w¢,) given by the canonical inner prod-
uct of (-, -) and the usual symplectic form w., (note that N;(e1, e4) = Azez + Z(A% +
A3)eq).

The vector H defined as H := %)\366 satisfies p(X, Y) = w¢y (ﬁ, [X, Y]). Since
e6 L [g, g], the above family is Chern—Ricci flat (p = 0).

An easy computation shows that

Cae M3 2% 40423
Ric’ = =D —23,0, L7270 ,0, A
e ( ’ (4@% +13) =24 ’

and a straightforward computation of the algebra of derivations when A3 # 0 shows
that the above structure is a soliton if and only if A3 = 0, and in that case, Ric*“ = 0.

Some sufficient conditions to have a soliton have been given in [12]. These condi-
tions are more easily verifiable than those in Definition 2.5.
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Proposition 2.8 [12, Proposition 7.4] If an almost-Kdahler structure ({-,-), J, w) on
a Lie algebra g satisfies any of the conditions

{P+Ric* =cld+ D (2.8)
or

P =cld+ Dy
Ric* = ¢oId + D, (2.9)

with ’s € R and D's € Der(g), then ({-, ), J, ®) defines a soliton with the same ¢

and D in condition (2.8), and ¢ = c| + ¢ and D = D + D, in condition (2.9).

Let (n, ) be a symplectic nilpotent Lie algebra and (-, -) be a compatible metric
with (n, w). If the anti-complexified part of the Ricci operator of (-, -), Ric%“, satisfies
Ric* = cId + D for some ¢ € R and D € Der(n), then such a metric is minimal
(see [11, Theorem 4.3]). Thus, in the nilpotent case, some soliton almost-Kéhler struc-
tures are given by minimal compatible metrics with the Chern—Ricci operator being a
derivation.

Example 2.9 Consider the nilpotent Lie algebra n := (R8, 1) with

J14 J14 J14 J14
_ ) le1, e2]l = ¥gea, le2, es] = Y es, le2, e6] = Y3, [e3, e7] = Y ea,
= J14 J14 J14
les, e7] = — 7 e6, [es, e71]1 = —Y7e1, [e7, eg] = €3

and the almost Kahler structure given by ({-, -), J, @¢,), where (-, -) is the canonical
inner product of R3 and w,, is the usual symplectic form of R3: wep = eT Aeg+es A

e +e3 Aeg +ej Aes. The vector H:= “4—3?467 satisfies p(X, Y) = wen(H, [X, Y]).
Since e7 L [n, n], (n, (-, ), J, ) is Chern—Ricci flat.

The anti-complexified part of the Ricci operator of (n, (-, -)) is such that

1
Ric% = %Diag(O, 1,2,4,-4,-2,-1,0)

3 |
= 2 1d+ —Diag(3.4.5.7. —-1,1.2.3
56.4 1 5gDiag )

with Diag(3, 4, 5,7, —1, 1, 2, 3) being a derivation of n.
It follows from Proposition 2.8 that ({-, -}, J, @¢y) is a soliton almost Kahler struc-
ture on n.

Remark 2.10 In the theory of nilsoliton metrics (minimal metrics on nilpotent Lie
algebras), itis well known that the eigenvalues of the Einstein derivation are all positive
integers (up to a positive multiple). More precisely, if (-, -) is a nilsoliton metric on a
nilpotent Lie algebra n with Ric = cId + D, where ¢ € R and D € Der(n), then there
exists a positive constant k such that all the eigenvalues of D lie in kN [3, Theorem
4.14]. The above example shows a subtle difference between nilsoliton metrics on
nilpotent Lie algebras and minimal compatible metrics with symplectic Lie algebras.
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2.2 Canonical Compatible Metrics for Geometric Structures on Nilmanifolds

In this section we give a brief exposition of minimal compatible metrics for geometric
structures on nilmanifolds [11]. Such an approach is a way to study the problem of
finding “the best metric” which is compatible with a fixed geometric structure y on
a simply connected nilpotent Lie group. By using strong results from real geometric
invariant theory (real GIT), the properties that make a minimal metric “special” are
given in [11]: a minimal metric is unique (up to isometry and scaling) when it exists,
and it can be characterized as a soliton solution of the invariant Ricci flow [11, Theorem
4.4].

By using results given in [2], we introduce the notion of a nice basis (Definition 2.18)
in the context of minimal metrics and give the corresponding criterion for knowing
whether a geometric structure y on a nilpotent Lie algebra admitting a y-nice basis
has a minimal compatible metric.

Let (N, y) be a class-y nilpotent Lie group: N is a simply connected nilpotent Lie
group and y is an invariant geometric structure on N (see [11, Definition 2.1]). We
identify n with R” and so the structure of the Lie algebra on n is given by an element
we A2(R"* @ R"; n = (R", 1) and the geometric structure y is given by the left
translation of a tensor on R” which we denote also by y. In the same way, any left
invariant compatible metric with (N, y) is defined by an inner product (-, -) on R".

By definition, there is no loss of generality in assuming that the canonical inner
product of R”, (-, -), also defines a compatible metric with (N, ). Since the reductive

group
Gy ={geGCGL,(R): g-y =v}

is self adjoint with respect to any compatible metric (this also follows easily from the

definition), then G, is compatible with the usual Cartan decomposition of GL, (R),

that is, G, = K, exp(a,,)K, with K,, a subgroup of the Orthogonal group O(n) and

a, a subalgebra of the algebra of the diagonal matrices a.

Example 2.11 From [9, Theorem 5], we consider the free 2-step nilpotent Lie algebra
of rank3:

nig = {le1, e2] = e4, [e1, €3] = e5, [e2, €3] = ¢
and the symplectic structure w; () on ng given by
wi(t) = €] Nes +te] Neg —tes Nes +e5 Aeg —2tes Nej.
In general, it is well known that, for any symplectic form w, there exists a suitable

change of basis such that w is given by the “canonical symplectic form”. In this case,
we can try to make a change of the basis having the form

) mss msg
g =Diag{my 1,mp2,m33,mq4,
mes Me6
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and to solve g - wy (1) = wz(t)(g_l-, g‘l-) = wep for {my 1, ..., mee}. Here, we, =
el Negt+esNnel+esNej.
The solution to this equation is
1 1 t
ma4=—= ; = - ;
2 tms33 (2‘2 + 1) mj»

1 1 t

Hence, we can take the particular solution defined by m 1 = ma 2 = m3 3 = 1, which
defines a symplectomorphism from (n;g, wy(¢)) to (RO, Ui, Wen) With

we = {ler, el = —2teq,ler,e3] = —tes+ep, [e2,e3] =es+teg .

With respect to G, we have the usual presentation of the symplectic group,
Sp3, R) by

Sp(3,R) = {g € GLs(R)/g"Jg = J},

where Je; = eq, Jeo = e5, Jes = e4 and J? = —Id. “The” maximal compact
subgroup of Sp(3, R) is the unitary group U(3) and a Cartan decomposition is given
by Sp(3, R) = U(3) exp(ag,,)U(3) with

(e, = {Diag(—x1, —x2, —x3, X3, X2, x1) : x; € R}.

Definition 2.12 [11, Definition 2.2] Let (-, -) be a compatible metric with the class-y
nilpotent Lie group (N, y). Consider the orthogonal projection Ric’(,yi) of the Ricci
operator Ric(..y on g, = Lie(G,) with respect to the inner product ((-, -)) of gl, (R)
induced by (-, -), i.e., for any A, B in g[,,(R), (A, B)) = tr(AB"), where B" denotes
the transpose of B with respect to (-, ). Ric] | is said to be an invariant Ricci operator,
and the corresponding invariant Ricci tensor is defined by ric¥ = (Ric’ -, -).

Example 2.13 In the symplectic case, it is easy to see that the invariant Ricci operator
coincides with the anti-complexified Ricci tensor, i.e., if (-, -) is a compatible metric
with (n, w), then

1
Ric{’ ) = Ric{*) = 5 (Ric(...) + JeoRiceyJi.) s

where J. . is the linear transformation such that w (-, -) = (J(..,y-, -).

Definition 2.14 (Minimal compatible metric) [11, Definition 2.3] A left invariant met-
ric (-, -) compatible with a class-y nilpotent Lie group (N, y) is called minimal if

2
tr (Ricy ) = min [tr (Ricy

)2 . (-, -) is a compatible metric with (N, y) ]
() ) ’

*and sc((-, 1) = se((-, )
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Now we study the natural action of GL,(R) (and G,) on V := AZ(R”)* ® R"
given by the change of basis:

g-u(X,Y)=gu(g ' X.g7'Y), X, Y €R", g € GLy(R), p € V.
The corresponding representation of gl, (R) on V is
A pu(X,Y)=ApX,Y) — n(AX,Y) — u(X, AY), Aegl,(R), pe V.

Consider the usual inner product (-, -) on V defined by the canonical inner product
of R" as

(1, 2) =D (uleir e)), ex) (M, ej), ex), o h €V
ijk

and let ((-, -)) be the canonical inner product of gl, (R) induced by the canonical inner
product of R” (as in Definition 2.12).

We are now in a position to define the moment map of the above-mentioned action.
This map is implicitly defined by

mg RV —> gl,(R) 210
(g, @y (1), A) = (A pr. ), @10
forall A e gl,(R)yand u € V.

Let Proj g denote the orthogonal projection of gl,(R) to g, with respect to the
inner product (-, -)). It is easy to see that the moment map for the action of G,, on
V,myg,, is Proj g, © Mgl,®)- The following result illustrates the relationship between
minimal metrics and the moment map.

Proposition 2.15 [11, Proposition 4.2] Let (N, y) be a class-y nilpotent Lie group.
Then

4Ricg.(.) =mg ®)(g~" - 1), Vg € GL,(R), and (2.11)
4Ric},. ., =myg, (h™' W), Yh € G, (2.12)
where Ricg.(. ) is the Ricci operator of the Riemannian manifold (N, g - (-, -)) with
respect to the orthonormal basis {g - ey, ..., g ey} and RicZ,<_’_) is the invariant Ricci
operator of (N, y, h - (-, -)) with respect to the orthonormal basis (h - ey, ..., h-ey,}.

Hence, the problem of finding a minimal compatible metric with (N, y) is equiv-
alent to finding a minimum value of ||mg, ||? along the G, -orbit of p (recall that any
compatible metric is of the form 4 - (-, -) with 4 € G,,). The above is exactly to know
if the orbit G, - u is distinguished for the action of G, on V (G, - i contains a critical
point of ||mg, | 12).
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Theorem 2.16 [11, Theorems 4.3 and 4.4] Let (N, y) be a class-y nilpotent Lie
group. (N, y) admits a minimal compatible metric if and only if the G, -orbit of
is distinguished for the natural action of G, on V. Moreover, there is at most one
minimal compatible metric on (N, y) up to isometry (and scaling).

Remark 2.17 The last part of the above theorem follows from strong results on critical
points of the norm-square of a moment map. In the proof of [11, Proposition 4.3 and
4.4] aresult of Marian [14, Theorem 1] is used to prove such a part. However, there is
an error in the proof of Marian’s result. A correct proof can be found in [7, Theorem
5.1] and [4, Corollary 6.12].

We are now in a position to introduce the notion of a nice basis.

Definition 2.18 (y-nice basis). We say that the canonical basis {eq, ..., e,} of R" is
a y-nice basis for (R", u, y) if for any metric of the form a - (-, -) with a € exp(a,),
RicZ_(_’,> € a, holds, where Rich ) is represented with respect to the orthonormal
basis {a-eq,...,a-e,} of R", w,a- (-, -)).

Remark 2.19 By Proposition 2.15 and [2, Proposition 4.8], the above definition is
equivalent to saying that 1 is a nice-element for the natural action of G, on V [2,
Definition 3.3].

Remark 2.20 In general, it is difficult to know whether a pair (N, y) admits a y-nice
basis, even when y = 0 (nilsoliton case). The author in [2, Sect. 4] investigated this
problem in the general case of real reductive representations, and some of the obtained
results will be very useful for the study of minimal metrics.

Notation 2.21 Consider (R", u, y), where {ey, ..., e,} is a y-nice basis. Denote by
R, (n) an ordered set of weights related with p to the action of G,, on V (see [2, Nota-
tion 2.5]),i.e., if {Cﬁj} are the structural constants of (R”, 1) in the basis {e, ..., e,},
then

R, () = {Profy, (Eix — Eii — Ej) i CF; #0),

where {E; ;} is the canonical basis of gl, (R).

We denote by ,8,}: the minimal convex combination (mcc) of the convex hull of
Ry (w), ie., ,8}: is the unique vector closest to the origin in the mentioned hull.

The Gram matrix of (R, (u), (-, -))) will be denoted by U ,’1, that is, if R, (u), is
the pth element of R, (1), then

Ul (p, @) = (Ry (W p, Ry (W)g))-
By using the above notation, it follows from [2, Theorem 3.14] a goal in this work.
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Theorem 2.22 Let (R", i, y) be such that {ey, ..., e,} is a y-nice basis. (N, y)
admits a compatible minimal metric if and only if the equation

U,):[Xi] = A[1] (2.13)

has a positive solution [x;] for some A € R. Moreover, in that case, there exists an
a € exp(ay ) such that a - (-, -) defines a minimal compatible metric with (N, y).

Remark 2.23 The proof of [2, Theorem 3.14] says even more, namely, if (R", u, y)
admits a minimal compatible metric, then one can find such a metric by solving the
equation

mg,(a-p) =B, (2.14)

for a € exp(ay ). Since

,BZZ = ﬁ (prmy(ﬂ)p) s

where [x;] is any positive solution to Eq. (2.13), in practice it is sometimes easy to
solve Eq. (2.14).

3 Soliton Almost Kihler Structures

In this section, we present those soliton almost Kéhler structures on two- and three-
step nilpotent Lie algebras of dimension 6 that are obtained by minimal compatible
metrics with symplectic structures. It may be that all SCF-solitons on any nilmanifold
are of this kind with the Chern—Ricci operator being a derivation of the respective
nilpotent Lie algebra.

By following the classification given in [9] for 6-dimensional symplectic nilpotent
Lie algebras, a simple inspection of such a classification list reveals that many pairs
(n, w) are written in an w.,-nice basis or by using a suitable change of basis, these
pairs can be written in a nice basis. Here w,,, is the canonical symplectic form of R®:
wen =€ Neg +e5 Nes +e3 Aej.

We denote by mgp the moment map corresponding to the action of the symplectic
group G, = Sp(3, R) on V and we have

U, = {Diag(—x1, —x2, —x3, x3, x2, x1) : x; € R}.
Theorem 2.22 has been applied to each mentioned algebra individually. We present

in detail only those examples that we consider representative. The remaining cases are
established in an entirely analogous way.

3.1 Symplectic Three-Step Nilpotent Lie Algebras

In this part, first we give a complete classification of minimal compatible metrics on
symplectic three-step nilpotent Lie algebras. Afterwards, we compute the respective
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Chern—Ricci operator, which happens to be a derivation in this case. From Proposition
2.8, Theorem B follows.

Example 3.1 We consider the nilpotent Lie algebra nj; given by [e,e2] =
ey, e, e4] = es,[er,e3] = eq, [e2,e4] = eg, which carries two curves of non-
equivalent symplectic structures, namely, w1 (A) = e] Aeg+e35 Aes+Are; Aeg —e3Aej,
with A € R and wp(A) = —w1(A) (by [9, Theorem 5]). Let us look at the case for
w1(X); similar considerations apply to the other case.

In our approach, we need that the canonical inner product defines a compatible
metric, which is similar to finding a basis for nj, where the symplectic structure is
defined by w,,. To do this, we perform a change of basis having the form

-1 : mi mip2 m33 Mms34 ms,;s Mmse
— Dla ) ) , ) ) , ) ) .
Since we also need an w.,-nice basis, we can also try to get that m gy (exp(X)-g-n11) €

Ao, forany X € a,,, . If & # 0 then by solving such a system of equations, we have,
for instance, a solution given by

1

1 1 _
{ml,l = 3o Mi2 = —3mpoh,myo =myo,m33=—m4s ,m34 =0,

_ 1 — _ _ -1 _ ) ms.6
m4sz = 5 m44 ~,M44 =1MmM44,Ms55=1Mm22 ~,M56=MmM56,M66= —<« "7 |-

If weletmoo =1,m44 =1,and mse = 1 then

() GD64))

defines a symplectomorphism from (ny, wy (1)) to (R6, Wy, Wen), Where

[ = [["’1’62] =—1hesler,e31=—1res, [er, eal = =1 hes,
[e2, €3] = —3 hes + g heg, [ea, eal = =5 heg

and (RG, Wy, Wen) 18 Written in an wq,-nice basis. For all A € R\ {0}, the Gram matrix
is

NERE
Upr =153
133

and since the general solution to U;ai(i"X =[1]is X = %[1, 0, 17", for any A # O,
(nq1, w1 (X)) does not admit a minimal metric.

When A = 0, on the contrary, (n11, w1 (A = 0)) admits a minimal metric. In fact, like
1
0

from (n11, @1(0)) to (RO, i, wen) with

1
above, we consider g = Diag(l, 1, ( _21 ), 1, 1). g defines a symplectomorphism
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: I |
= {ler, e2] = ye3 —ea, [er, ea] = —es, [e2, €3] = e, [e2, ea] = — 5 ¢6,

where (R6, L, Wey) 18 Written in an wg,-nice basis. The Gram matrix is

1[3 1
Wen .
v =301 3]

and the general solution to UI‘K”X =[1]is X = %[1, 17". Since X’ = X is a positive
solution, (ni;, 1(0)) admits a minimal metric. To find such a metric, we solve the
equation

4Ric™(exp(Y) - ) = mgp(exp(Y) - n) = mec(Ray, (1))

with Y € a,,. Let ¥ = Diag(In(2) + 3In(3),0, —3In(3) + 5 In(2), $In(3) —
% In(2),0, —In(2) — % In(3)). The change of basis given by exp(Y') defines

mi=

6 2 6 2 6
[[61, 62]2%63 - %64, le1, 6412—%65, le2, e3] = %367 le2, ea] = —l—geé-

Since
~ |
mg(it) = 8D1ag(—4, —4,-1,-1,2,2),
it follows that

- 1 ~ -
Mep(p) = E(mgI(M) + Jmgi(@).J)

1
= 5Diag(=1,-1,0,0,1, 1)

1
= —Id+ 5 Diag(1,1,2,2.3.3)

Derivation

and thus, the canonical inner product of R defines a minimal metric on (Ré, L, Wen).
A straightforward computation shows that (RO, Uxs (-, ), J, @) and (RO, w, (-, ),
J, wcn) are Chern—Ricci flat, where (-, -) is the canonical inner product of IRO.

Example 3.2 We consider the nilpotent Lie algebra nji3 given by [ej,e2] =

es, [e1, e3] = es, [e1, ea] = eq, [e2, €3] = e and the curve of non-equivalent sym-
plectic structures wy (1) with A # 0:

@i (L) =e] Neg +res Nej+e5 Aek + e Aes.
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_ 11 1
The change of basis given by g = (1, ()L | 2 12) , (% (1)) , 1) defines a sym-
plectomorphism from (n;3, w2(1)) to (RO, U, Wep) With
W = [ le1, ex] = —%64 + %65 [e1, e3] = Mﬁx l)e —+ ﬁeS, [e1, es] = eg,
[e2, e3] = Fes.

It is a simple matter to see that (R6, Iy, Wep) 18 Written in an w.,-nice basis and
that if A # }‘ then the Gram matrix is

3331
113510

Wen . _
U“*_Z 3152
1 025

The general solution to Uﬁj\"X =[1]is X = 21—5[10 — 501,44+ 25t,251t, 8]". Since
X = %[3, 3,1, 4]" is a positive solution, (n3, w2(A)) admits a minimal metric.

Although it is difficult to give an explicit formula for such a curve of metrics in this
case, we can say that if such metrics have scalar curvature equal to —}1 then

25 5
4Ric% = ——Id + —Diag(1,2,2,3,3,4
ic Mep = > + 1 iag( ).

Furthermore, they are given in the family of symplectic nilpotent Lie algebras

(R®, s, wen) with

| ler. exl=—tes £ 55 V99— 145212es, [e1, e3] =% 5 V55— 1452 124+ tes,
t =
[61765]2%667 [e2, e3]=21e.

The Chern—Ricci operator of (R®, 1, (-, ), J, @en) is

/2
P= —(E4 1 — Ee3) = —\/99— ]452[2(E5 1 — E¢2),

whichis easily seen to be a derivation of (R6, Wt ). From Proposition 2.8, ({-, -), J, @en)
defines a soliton almost Kihler structure on (R®, ).

IfA = 4—1‘, one can proceed as above and show that (n3, w2 (A = Zl;)) admits a soliton
almost Kéhler structure.

Example 3.3 For a final example, consider the nilpotent Lie algebra nj> given by
le1, e2] = eq, [e1, ea] = es, [e1, €3] = eq, [€2, €3] = —e5, [e2, e4] = e¢ and the curve
of non-equivalent symplectic structures w; (L) = Aef Ael +e5 Aef +(A+1)es Aey
(with & € R\ {—1, 0}). Consider the change of basis given by

. 01
g_Dlag(l,l,l,)L—i—l,()\ O))’
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which defines a symplectomorphism from (n2, w1 (1)) to (RS, s, wen), where

1 = I le1, e2] = (A + 1) ey, [ey, 63] =es, [e1, ea] = M_leﬁ»
7 | lea. e3]1 = —hes, [e2. ea] = yes.

As above, (Ré, Wy, Wen) 1S written in an w,,-nice basis and, by Theorem 2.22,
one can show that (nj2, w1(X)) admits a minimal compatible metric. By solving
mgp(exp(Y) - u) = mcc(Ry,, (12)), we have a symplectomorphism defined by
exp(Y) from (RS, 1y, wen) to (RS, iy, wen) with

f(x+1)«/,\2+x+ — V202041

le1, e2] = f o ea e es] = } A2+2H1 es,
e 2 _ A2 HA L
Wi = le1, ea] = ~F=sign ()»-H e, [e2, e3] = el €6

[e2, e4] = %slgn (. + Des,

where the canonical inner product defines a minimal compatible metric with
R, Hi, Wen).

This example is interesting in the following sense. Let P, be the Chern—Ricci
operator of (Rﬁ, Wiy (-, ), J, wen). We have

I (1+sign(AW) A+ 1]vV/AZ+1+1
Py =— 3 (Es;1 — Es,2).
16 M+ar+1

It is easy to see that P, is a Derivation of (R6, i1;.) and, moreover, (R6, L., Wep) 18
Chern—Ricci flat if and only if A is a negative number (with A # —1).

Theorem 3.4 The classification of minimal metrics on 6-dimensional symplectic
three-step nilpotent Lie algebras is given in the Table 1. In each case, such a met-
ric defines a soliton almost Kihler structure, where each Chern—Ricci operator is a
derivation of the respective nilpotent Lie algebra (see Table 2).

In the Table 1, each Lie algebra defines a symplectic three-step Lie algebra given
by (R6, 1L, wey) and the canonical inner product on R defines a minimal metric of
scalar curvature equal to _zlt' In the column ||B]|*> we give the squared norm of the
stratum associated with the minimal metric and, in the Derivation column, we give
the derivation of (R, 1) in such a way that

Msp,(R) (11) = —1|B11*1d + Derivation.

In the last column, we give the dimension of the automorphism group of the symplectic
three-step Lie algebra (RS, Jz, w.,). A line means that such symplectic nilpotent Lie
algebra does not admit a minimal metric.
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Table 1 Classification of minimal compatible metrics on symplectic three-step Lie algebras of dimension

6
Not Critical point Derivation 18112 dim
' P Aut
10.1 le1, e2] = —¥2ey, [e1, 3] IDiag(1,1,2,2,3,3) 1 5
= —ies ler, e4] = ﬁe(),
[ez, e4] = —465
10.2 le1, e2] = —YZey, [e1, e4] IDiag(1,1,2,2,3,3) 1 5
= [66 lez, e3] = feﬁ,
[e2, e4] = —%es
11.1 — _ _ 5
A#£0
11.1 le1, e2] = 1Diag(1,1,2,2,3,3) 1 6
*Qe.ﬂr ‘[64 leg, e3] = ‘/565,
=0 fer,esl = —Yes, [er, e4]
= —%66
11.2 — _ _ 5
A#£0
1.2 ler, e2] = Yoe3 + Y2ey, [e1, €3] 1Diag(1,1,2,2,3,3) 1 6
_ e,
r=0 ler,e4] = %esy [e2,e4] = %es
12.1 le1.e2l = f1(W) (L + 1) ey, [e1, e3] 1Diag(1,1,2,2,3,3) 1 5
= f1(Wes,
[e2, e3] = f1(M)(—N)eq,
le1, e4] =
fs1gn (M—l ) eg, [e2, eq]
= YZsign (. + Des
13.1 ler.e2] = f2(0) (1 = ) es. [er, e3] L Diag(5.3.6,8,11,9) 1 7
= f2(Mes,
[ez, e3] = f2(M)(Meg, e, eq]
= %sign (A—1es
132 see Example 3.2 2 Diag(1,2,2,3,3,4) z 6
r#E L
13.2 ler, ea] = —Y@2eq + fDiag1,2.23.3.49 B 6
@653[61,63] = Yg&es,
A= % le1, es] = @66,[82,63]=
e
13.3 - _ _ 7
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Table 1 continued

Not. Critical point Derivation 11811 Aut
14.1 le1, 2] = Yes, [e, e3] 3 Diag(1,2,2,3,3,4) 3 6
3‘F&t [e1, eq] = @96
142 le1, 2] = Yes, [e1, 3] 3 Diag(1,2,2,3,3,4) z 6
= 3“F&t [e1, e4] = “{jeé
143 le1, 2] = Yooy, [e1, €3] iDiag(3.5,6,8,9,11) z 7
“[65 ler, ea] = ﬁes
15.1 - - -
152 - -
15.3 le1. 2] = YZles, e, 5] 3¢ Diag(2,4.3.7,6,8) R 4
= “Fee [ez, e3] = Qm
21.1 le1, e2] = JrDiag(1,2,2,3,3,4) z 6
—@m— ﬁ% le1, e3]
3\/764 + \/765,
le1, e4] = —%66, [e2, e3]
21.2 le1, 2] = éq le1, e3] +Diag(3,5,8.6,9, 11) ¢ 7
fe() lez, e4] = @66
213 le1, 2] = Yoe3, [e), €3] 1Diag(3,5,8,6,9, 11) 1 7
= —%%, le2.e4] = %%
22.1 le1. e2] = § es. [e1, es] 1Diag(2.4,5,5,6,8) 3 8
=l
f«/x +atl f\/ﬂ A+l
Here, fi() = ¢ S ad o) =" 05T

3.2 Symplectic Two-Step Nilpotent Lie Algebras

Here, we give the classification of minimal compatible metrics on two-step nilpotent
Lie algebras, which determines immediately a soliton almost Kahler structure because
the Chern—Ricci operator is always zero.

Example 3.5 Consider the free 2-step nilpotent Lie algebra of rank3:

nig = {[e1, e2] = ey, [e1, e3] = es, [e2, €3] = €6 .
By [9, Theorem 5], n;g carries two curves of non-equivalent symplectic structures,
namely, w1 (s) and w> () (with s € R\{0, 1} and¢ € R\{0}), and anisolated symplectic

structure w3. In this example we want to prove that every pair (nig, w;) admits a
minimal compatible metric.
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Table 2 Chern—Ricci operator

- . . Not. Chern-Ricci operator
of minimal compatible metrics
on symplectic three-step Lie 10.1 Chern—Ricci flat
algebras of dimension 6 ’ o
10.2 Chern—Ricci flat

11.1 (A =0) Chern—Ricci flat
112X =0) Chern—Ricci flat

12.1 Py = Y2 (14 sign () [ + 1] fi(W(Es | — Eg2)
13.1 p) = ﬁ — 12 (Es| — Eg2)
13.2 see Example 3.2
1320=4) P=B0(Ey — Ees) + R (Es) — Eg2)
14.1 P=3Y2(E, | - Eg3)
142 P=—32(Ey ) - Eg3)
14.3 P= {5(Es | — Eg2)
15.3 P=32(Es ) — Eg)
211 P=— 3 (Es) — Ee3) + Y2 (Es.1 — Eg2)
21.2 P=5(Es | — Eg»)
Here, fi(1) = Y2 Vﬁiﬁ 213 P=—1(Es | — Ee2)
and f0) = ¥ ﬁ 22.1 P= (Es — Eg2)

Consider the case of the first curve
wi(s) =e] Aeg +se5 Aek + (s — 1)e3 Aej, withs € R\ {0, 1}

and let g = Diag(l,1,1,s — 1,s,1). The change of basis given by g defines a
symplectomorphism from (n;g, wi(s)) to (R6, s, Wepn) With

ps = {le1, e2] = (s — Dey, [e1, e3] = ses, [e2, €3] = e6 .
It is obvious that (Rﬁ, s, Wep) 18 Written in an w.,-nice basis because

1
mwm(ﬂs): EDlag(_li_lv_lvlslsl)

and, from this, (ng, w1(s)) admits a minimal compatible metric which can be found
by solving the equation

1
mep(a - bg) = EDiag(—l, -1, —-1,1,1, 1)
for a € exp(ag,,)-
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Let a = exp(X) with

1
X = 5Diag(ln(4s2 —4s5+4+4),0,0,0,0, —ln(4s2 —4s5+4)).

The change of basis given by a defines the curve

| lereal=5 (s = D/ (s? —5+1) e, [e1, esl=1sy/(s2—s+ 1) es.
s =
le2.es]= 3 /(s2 —s+1) e

and, since

mg[(m)

= S T DiRe (28 s — L =5 42 = 2 (4D, =75 D,

we get
— 1 — —
mep(iLs) = E(mg[(ﬂs) + J-mg[(,us)--])
1
= EDiag(—l, —1,—-1,1,1,1)

3
= —J1d+Diag(1,1,1.2.2.2).

Derivation
The canonical inner product of R® defines a minimal compatible metric on

(R6v ﬁs» wcn)~
Now, consider the case of

wr(t) = el Nes +tef Nef —te; Aes+e5 Neg —2tes Aej.
From Example 2.11, we have that (nig, @) is equivalent to (R6, Uty Wen) With
e = {le1,ea]l = —2teq,[e1,e3] = —tes +es, [e2, €3] =5+ teg .
It is easy to see that (RO, Wi, Wen) 1S Written in an w,p,-nice basis and that

R, (W) = {Diag(—1,0, -5, 1,0, 1), Diag(0, -1, -3, 5. 1,0),
IDiag(—1,-1,—1,1,1, D}.

Like above, Theorem 2.22 implies that (n;g, w>(¢)) admits a minimal compatible
metric and, proceeding in a similar way to the above, we get that /i, := a - u with

1
a = Dia 1,1,2\/3t2+1,—,1,1)
g( 23312 4+ 1
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is such that the canonical inner product of R® defines a minimal compatible metric on
(Rf)’ Wy, wen) for any t € R\ {0}.
In the latter case,

w3 =€ Nes —e] Neg+e5 Nes +2e5 Aej,

and we can now proceed analogously like above. We leave to the reader to verify that
the following change of basis defines a minimal compatible metric with (n;g, w3):

. 12 —2 -1
g::Dmg(—l,( 61),( 76),1),
1-4 2 1
3
a::Diag(Zx@,l,l,l,l,%—).

Proceeding in an entirely analogous way, we can study the remaining symplectic
two-step Lie algebras in [9, Theorem 5.24] and obtain

Theorem 3.6 All symplectic two-step Lie algebras of dimension 6 admit a minimal
compatible metric and, in consequence, these admit a soliton almost Kdhler structure.

Remark 3.7 We must say that there are several mistakes in the classification given in
[9]. For example, 16.(b) does not define a symplectic structure and 9. is not a curve
of non-equivalent symplectic structures. Some errors have already been corrected by
personal communication with authors, like the symplectic structure given in 23.(c).

In Table 3, each Lie algebra defines a symplectic two-step Lie algebra (R®, 11, we,)
such that the canonical inner product on R® defines a minimal metric of scalar curvature
equal to _le‘ In the column ||8]|*> we give the squared norm of the stratum associated
with the minimal metric and, in the Derivation column, we give the derivation of
(RS, 77) in such a way that

Mepe(R) () = —||B1|*1d + Derivation.

In the last column, we give the dimension of the automorphism group of the symplectic
two-step Lie algebra (RS, [, wen).

4 Conclusions

The SCF was introduced by Jeffrey Streets and Gang Tian as a geometric analysis
approach to understanding the topology and geometry of symplectic manifolds, to
introduce the “Ricci flow philosophy” to symplectic geometry. Such flow evolves
almost Kéhler structures towards certain “canonical geometric structures” on sym-
plectic manifolds.

Lie groups have always been a source for finding explicit examples for many con-
cepts and notions in geometry. Our results are given with the idea of providing and
understanding the “canonical geometries” to the SCF.
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Table 3 Classification of minimal compatible metrics on symplectic two-step Lie algebras of dimension

6
Not Critical point Derivation 118112 dim
' P Aut
16.1 le1, e2] = Y2es, [e1, e5] = Yeg, 1Diag(1,2,3,1,2,3) 1 6
le2, ea] = 46’6» [es, es] = 463
17 le1, 3] = Yes, [e), eq] = Yeg, 1Diag(3,5,6,8,9, 11) 1 7
le2, e3] = %36
18.1 ler, eal = f1(s)((s — D es), Diag(1,1,1,2,2,2) % 8
le1, e3] = f1(s)(ses),
le2, e31 = fi(s)es
182 le1, el = fo(t)(=2t ea), Diag(1,1,1,2,2,2) 3 8
le1, e3] = fa(t)(—tes + es),
[e2, e3] = fa(t)(es + 1 eq)
18.3 le1, e2] = Y3eq — Yes, Diag(1, 1,1,2,2,2) 2 10
le1, e3] = ?e - T‘/Qges
[e2, e3] = —?%
23.1 e, 2] = Yes, e, e3] = Leg 1Diag(4,5,6.8,9, 10) I 9
23.2 le1,e2] = — % eq. [e2, e3] = Les Diag(1, 1,1,2,2,2) 3 8
23.3 le1. e2] = Yes. [e1.e3]1 = —tes Diag(l, 1,1,2,2,2) 3 8
24.1 le1. e4] = Seg. [e2, 3] = Jes 1Diag(1, 1,2,2,3,3) 1 6
24.2 le1. es] = e, [e2, €3] = —Les Diag(1,1,2,2,3,3) 1 6
25 le1, e2] = Yeg 1Diag(3,4,5.5,6,7) 3 12

Here, fi(s) = 3/ —s+ D~ Tand o) = /@32 + DT

Although we have only considered a specific family of symplectic nilpotent Lie
algebras in dimension 6, we must say that we have also studied symplectic solvable
Lie algebras in dimension 6 and 8 (in a full-computational manner) and we have
found evidence that soliton almost Kéhler structures on nilpotent Lie algebras are
determined by minimal compatible metrics with the respective Chern—Ricci operator
being a derivation. We think that results in this direction can be important, because
the problem of existence and uniqueness of such structures on nilmanifolds could
be understood by using powerful results from real GIT. In fact, we think that many
structural results on solvsolitons are true in this context.
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