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We develop a purely hydrodynamic formalism to describe collisional, anisotropic insta-
bilities in a relativistic plasma, that are usually described with kinetic theory tools. Our
main motivation is the fact that coarse-grained models of high particle number systems
give more clear and comprehensive physical descriptions of those systems than purely
kinetic approaches, and can be more easily tested experimentally as well as numerically.
Also they make it easier to follow perturbations from linear to nonlinear regimes. In par-
ticular, we aim at developing a theory that describes both a background nonequilibrium
fluid configurations and its perturbations, to be able to account for the backreaction of
the latter on the former. Our system of equations includes the usual conservation laws
for the energy—momentum tensor and for the electric current, and the equations for two
new tensors that encode the information about dissipation. To make contact with kinetic
theory, we write the different tensors as the moments of a nonequilibrium one-particle
distribution function (1pdf) which, for illustrative purposes, we take in the form of a
Grad-like ansatz. Although this choice limits the applicability of the formalism to states
not far from equilibrium, it retains the main features of the underlying kinetic theory. We
assume the validity of the Vlasov—Boltzmann equation, with a collision integral given by
the Anderson—-Witting prescription, which is more suitable for highly relativistic systems
than Marle’s (or Bhatnagar, Gross and Krook) form, and derive the conservation laws
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by taking its corresponding moments. We apply our developments to study the emer-
gence of instabilities in an anisotropic, but axially symmetric background. For small
departures of isotropy we find the dispersion relation for normal modes, which admit
unstable solutions for a wide range of values of the parameter space.

Keywords: Relativistic fluids; instabilities.

PACS numbers: 52.27.Ny, 52.35.—g, 47.75.4+1, 25.75.—q

1. Introduction

The study of plasma instabilities is of major importance in a wide range of
areas as, e.g. astrophysics, cosmology, Tokamaks, lasers, etc. In the nonrelati-
vistic regime, there is a well-established hydrodynamic formalism, magnetohydro-
dynamics (MHDs), that consists of the Navier—Stokes equation for the momentum,
the continuity equation for the mass density and the Maxwell equations for the
electromagnetic fields, complemented with a corresponding Ohm’s law. This theory
is known as a first-order theory, as it is the result of a first-order expansion in gra-
dients of the distribution function around equilibrium. When turning to relativistic
domains, it is possible to extend the tools employed to study ideal fluids, i.e. the
Euler equation. But when dissipative processes are taken into account, the natural
generalization of Navier—Stokes equation to relativistic velocities proved to fail, as
the solutions are all unstable and noncausal.l® Among the relativistic first-order
theories, the Eckart* and Landau-Lifshitz® formulations are the best known.

Since the 1970s several theories were proposed to overcome these drawbacks,
among them the so-called second-order theories (among several possible strategies®)
as, e.g. the ones developed by Israel and Stewart.”® Both formalisms, first- and
second-order, are based on a gradient expansion of the one-particle distribution
function (1pdf) around equilibrium, and in this sense their applicability is limited
to small deviations from local equilibrium. There is another set of theories, not
anchored to a kinetic equation, and that are not the result of a perturbative expan-
sion, they are known as Divergence Type Theories (DTT) and were developed by
Liu and others.® 12 They are exact and thus can describe systems well away from
equilibrium, but their drawback is that they are not clearly linked to microscopic
physics.

A paradigmatic case of relativistic plasma is the nuclear matter created in the
experiments ongoing at the Relativistic Heavy-Ion Collider (RHIC) at Brookhaven
National Laboratory and at the Large Hadron Collider (LHC) at CERN. There are
clear experimental signatures that the relativistic matter created in the collisions, a
quark—gluon plasma, behaves as a strongly coupled system. Consequently RHIC’s
plasmas offer a unique scenario to test relativistic hydrodynamics. Indeed pure
hydrodynamic models proved to be very successful in describing the main features
of these plasmas, thus strongly improving the understanding of those systems. For
a comprehensive review on relativistic hydrodynamics and RHIC’s plasmas see
Refs. 1315 and references therein.
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Anisotropic instabilities in dissipative relativistic plasmas

RHIC’s plasmas show two special features: high degree of anisotropy and quick
thermalization. In fact, the longitudinal expansion of the fireball causes the system
to be much colder in the longitudinal direction than in the transverse ones. Such
an out of equilibrium state favors the presence of instabilities and cannot be
studied with the usual hydrodynamic models based on perturbative schemes around
equilibrium configurations. Although the development of an anisotropic hydro-

16,17 is a very important step toward the understanding of those systems,

dynamics
it is not clear if the resulting hydrodynamics retains enough features of the under-
lying kinetic regime to provide a satisfactory description of instabilities. Concerning
hydrodynamization, it is believed that the instabilities favored by the anisotropic
background contribute to such a process. Indeed, Mréwczynzki showed that they
play a substantial role in the dynamics of the early stages of the evolution of quark—
gluon plasmas. For more details on this issue, see Ref. 18 and references therein.

There are experimental evidences of the presence of magnetic fields in the
RHIC’s plasmas.!? Most of the above-mentioned anisotropic hydrodynamic models
do not take into account electromagnetic fields and consequently are not suitable
to give a realistic explanation of the observations.

The main purpose of our study is to start building a consistent MHD theory
to describe strongly coupled, high energy plasmas, without having to address to
kinetic theory for each different system under study, and that includes both the
background and its perturbations in a consistent way.

To facilitate the calculations we consider a massless Abelian plasma. Although
a non-Abelian theory is needed to correctly describe the plasmas created at RHICs,
our choice has the advantage of simplifying the mathematics without depriving the
model of physical relevance.!®320-23

To give our model a kinetic theory support, we write the different tensors as
momenta of a distribution function and to obtain their evolution equations we
invoke a mean field kinetic model described by the Boltzmann—Vlasov equation.
As for the collision integral, most of the literature uses the Bhatnagar, Gross and
Krook (BGK) relaxation time model, as it allows to effectively handle distributions
other than the Maxwell-Boltzmann. Its relativistic generalization was developed by
Marle and is of the form C(f) = —m(f — fo)/7.242% In the classical limit, Marle’s
formulation gives the same result for the transport coefficients as the classical BGK
model. However, in the extreme relativistic limit the results for the transport coef-
ficients with Marle’s formulation differ functionally from the ones calculated with
the relativistic Grad moment method. Anderson and Witting26-2%
provement of Marle’s collision integral of the form C(f) = —u,p"(f — fo)/7 with
u,, the four velocity of the gas. In the classical limit this expression gives the same
classical results as Marle’s, since in that limit u,p" — m, and in the extreme rela-
tivistic limit it produces the same transport coefficients that are obtained via the
relativistic Grad moment method. Consequently, as we are dealing with a highly
relativistic system we shall adopt the Anderson-Witting (AW) prescription instead
of the BGK collision kernel in Marle’s form, generally adopted in the literature.

proposed an im-
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We consider a model where the distribution function is the product of an equi-
librium expression times a nonequilibrium part. The former is isotropic and homo-
geneous in the momenta, and also depends on a thermal potential that accounts
for possible excess of particles over antiparticles. We specify it by demanding that
the ideal energy-momentum tensor (EMT) TH calculated from it, corresponds to
the Landau-Lifshitz prescription, whereby in the rest frame T = 0.> The latter
contains all the information about anisotropies and dissipation. For the collision
integral, we only demand it to be linear in the tensors that describe nonequilib-
rium features, i.e. ohmic and viscous dissipation, and possible anisotropies in the
momenta distribution. The main motivation behind this choice is to avoid mathe-
matical complexity.

Our model is not truly reliable for arbitrarily large anisotropy, as it will be
discussed below (see also Ref. 29). Within its range of validity, however, it fully
captures nonlinearities coming from the convective derivative terms and from direct
coupling of the hydrodynamic variables to the electromagnetic fields in the equa-
tions of motion. These are the only nonlinearities in the usual MHDs, where dissipa-
tive terms are assumed to be linear. For this reason, we believe the hydrodynamic
equations to be introduced below (Eqgs. (42)—(47)) are a valid generalization of
MHD to the relativistic regime. Moreover, we also believe any consistent relativistic
dynamics of real fluids will converge to this formalism within its range of validity.

We build our formalism by writing the different tensors as moments of the
distribution function, and find their evolution equations by taking the corresponding
moments of the Vlasov—Boltzmann equation. By projecting those equations along
the four velocity and onto its orthogonal hypersurface we obtain five hydrodynamic
equations: for the charge density, for the energy density, for the velocity field and
for the two tensors that describe dissipation. Together with Maxwell equations they
form our MHD model.

As an application of our formalism we study the transverse instabilities that
appear in fluctuations around an anisotropic background. These were first dis-
cussed by Weibel?Y in a nonrelativistic setting, and then in the relativistic regime
in Refs. 31-33 among others. In the nonrelativistic theory a purely macroscopic
approach already exists, see e.g. Refs. 34-36. Our aim is to generalize these macro-
scopic approaches to relativistic theories, accounting for dissipative effects. Of
course the Weibel instability is not the only possible instability of relativistic
plasmas, see Ref. 37 for a detailed analysis of the different kinds of instabilities
in Abelian plasmas. Moreover, when considering non-Abelian plasmas new kinds
of instabilities appear, as can be seen in e.g. Ref. 38. In order to avoid a heavy
mathematical content, we leave for forthcoming papers the analysis of the other
instabilities in Abelian plasmas, as well as the extension of our formalism to the
non-Abelian case.

The paper is organized as follows. In Sec. 2, we build the 1pdf. In Sec. 3, we
build the MHD formalism, by deducing the tensors and the equations they must
satisfy. In Sec. 4, we linearize the previously found equations around a background
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with anisotropic pressure, and find the dispersion relation for the normal modes,
consistent with the limitations of the model. For a wide range of values of the
parameter space, our model predicts the excitation of instabilities, whose features
are in agreement with results previously found in the literature. To illustrate those,
the dependence on the different parameters of the model, we plot this relation
for several values of them. Finally, in Sec. 5, we summarize our conclusions and
comment on future perspectives. We work with natural units, i.e. c=h=kg =1
and with signature (—, 4+, +, +).

2. Kinetic Theory

In this section we shortly review some basics of kinetic theory of plasmas and build
the 1pdf of our model. In the mean field approach the kinetic equation for a plasma
with electromagnetic fields is the Boltzmann—Vlasov equation, which reads

o 0
v [ax —eFupap}fw,pH) = Lol(a", "), (1)
14

where f(z#,p*) is the distribution function, I..(x*,p") the collision integral (to
be defined below). Integration over momentum is done with the invariant volume

element
2d*p d*p
Dp = 5(p?) =

P @) T @
As stated in the Introduction, we shall deal with the massless case, whereby p? = 0,
with p° having either sign: positive for positively charged particles, and negative
for negatively charged antiparticles.

The current and the matter EMT are defined as usual, namely

Jr = e/Dpp“f (3)

[6(0° —p) + 00" +p)] . (2)

and
™ = / Dpp"p” f . (4)

F,, in Eq. (1) is the Maxwell tensor F),, = 0,4, — 0, A,,, with A* the electro-
magnetic four potential. Inclusion of the Maxwell field as an independent degree
of freedom is of course the main goal of this analysis. The Maxwell field obeys
Maxwell’s equations sourced by the current J* defined in Eq. (3)

Fuvp+tFoppu+Fpuy=0, F¥=dnJ". (5)
Antisymmetry of F},,, demands charge conservation
Jh, =0. (6)
Associated to the Maxwell field there is an electromagnetic EMT tensor Ty
(Ref. 39)
TEY zl{F’“’F”—l e } (7)
EM 4 P 477 po

7
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n* is Minkowski metric. The full EMT TE” = TH + T]fj‘ll\’/[ is conserved: T%", = 0.
We may also use Maxwell’s equations to compute Tgl'\//[ , = —F"*J, and thus rewrite
the conservation law as

T =F"J. (8)

The conservation laws (6) and (8) may be obtained from the zeroth and first
momenta of the Boltzmann equation, provided that

/DpIcol —/DPP Icol =0. (9)

We consider a classical (i.e. not quantum) system. Then in an equilibrium state
the distribution function takes the form

foq = Ve PN +8up") (10)

and the collision integral vanishes. In the previous expression 3, = fu,, f = 1/T,
where T is the temperature. Following Israel,”® we call o the thermal potential;
u = T« is the chemical potential that accounts for the excess of particles over
antiparticles. We choose to identify the velocity u* and energy density p as the
timelike eigenvector of T#" and its eigenvalue, i.e. T/ u, = —pu*, i.e. we work in
the Landau-Lifshitz frame.> Also we define the charge density as p, = —u,J". In
this case the ideal part of the current and EMT take the form

Jiy = pgu” (11)
and
uv oV 1 nv
TH = plutu + Sh (12)
where the fluid four velocity is normalized as u? = —1 and h*¥ = p*¥ + utu” is the

projector onto hypersurfaces orthogonal to u*. After evaluating the current and the
EMT we read

2eT3
Pe= "3 sinh & (13)
and
674
pP=—5 cosha. (14)

Equation (13) shows that when oo = 0, the number of particles equals the number
of antiparticles and consequently the net charge of the plasma is zero. Moreover
expression (13) and (14) show that the temperature 7" and thermal potential a are
univocally determined by the charge and energy densities.

Observe that we may also introduce electric and magnetic fields relative to the
fluid rest frame by writing

F¥ = u*EY — E*u” 4+ e*"?° B,u, . (15)
Thus in the rest frame E% = F% and B, = (1/2)eapcF
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To describe nonequilibrium states, we choose to parametrize the distribution
function in the form:

f=fall+2]. (16)
We demand that Z satisfies the constraints
/Dp feq uup#Z = /Dp fequupltpuz =0 (17)

which implies that the ideal forms (11) and (12), with (13) and (14), are preserved.
Note that in expression (16), Z is not small in front of 1. We define the entropy
flux in the usual way, i.e.

S = — / Dp sign[p’]p" f[In f — 1] (18)
which satisfies the equation
St = —/Dp sign[p®]Ieo1 In f (19)

showing that there is no entropy production from an equilibrium state. To enforce
positiveness of expression (19), we must choose an appropriate collision integral. In
this paper, we concentrate in writing down a simplest possible dissipative relativistic
MHD formalism to describe high energy plasma features (specially its instabilities)
without having to resource to kinetic theory for each specific problem. The straight-
forward way to do this is to linearize expression (19) to first-order in Z, i.e. to write

Sk = — / Dp sign[p°] ZI; . (20)

26-28

This expression suggests to consider a collision integral of the AW form, namely

u p
L (21)

-
with 7 a relaxation time. This form of I, guarantees that the H theorem is satisfied,
namely:

Icol =

0
St = / Dp ’“”Tp| foaZ? >0 (22)

as well as constraints (9). To account to dissipative processes in the dynamics we
split the electric current and the EMT as

J* = pgut + ¥ (23)
and
T =p [u“u” + ;h“”] + I, (24)
where
gh = e/Dpp“fqu (25)
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and
1 :/Dpp#pl'fqu (26)

describe dissipative effects.

At this point it is necessary to provide an explicit form for Z, such that the
dissipative parts of the current and EMT may be computed. Since the EMT is
traceless, both conserved currents amount to 13 degrees of freedom, of which o, T
and u* account for 5. It is natural to assume that Z depends on eight additional
parameters, to which we must add 5 more to have enough freedom to enforce the
constraints (17). We arrive at the right number if Z depends on a new vector field Z#
and a tensor field Z#* such that u,u, Z*" = 0. We further split them in longitudinal
and transverse components along u#: Z# = e(* 4+au* and Z*¥ = (" + b u” +ulb”.
The simplest Lorentz invariant form for Z is the linear one

Z=—" eCpp” + Coop’p° + au,p” + l(bpug + upbg)p”p" (27)

2|uppp| 2

hence S, > 0. Since p* is restricted to the null cone, we may impose one further
condition on (*”: we chose it to be traceless. The functional form (27) can also
be obtained by using a variational method to impose constraints that describe the
nonequilibrium state of the system, such as the Entropy Production Variational
Method.#%43 Tt can be proved that in out-of-equilibrium linear thermodynamics,
stationary states are extrema of the entropy production rate. Moreover, at linear
order in the entropy production, the results are equivalent to those obtained through
the Grad approach.23:44-46

Recalling that ¢, and (,, are transverse and the latter is traceless, constraints
(17) read

0 = cosh aa + 3T sinh ab,u”,

e 1 (28)
0 = sinh « —gg” +au”| 4 4T cosh ab, | u"u” + gh””
whose solutions are
a=byu’ =0, (29)
b = % tanh a” . (30)
Replacing in Eq. (27), we finally obtain
— P poo € P
Z = 2|uppp| eCop” + Cpop’p” + T tanh a,uspp? | . (31)

The tensors (* and (*¥ are the new ones mentioned in the Introduction. They
account for the different dissipative processes: the former represents conduction
currents, while the latter is associated to viscous stresses.
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3. Building the Hydrodynamics

The different tensors that describe our hydrodynamical model are written in terms
of the distribution function in the usual way, namely

Abestin = /Dp(sign[po])spm coophtn f (32)

with s = 0 or 1. The conservation laws obeyed by these tensors are obtained by
taking the corresponding moments of Eq. (1), their general form then being

n
A;SA’;ZJ,M,H” _ e§ :FZiAgll«l:--w(Mi)”'Mn = —[Hrebn (33)
i=1

where the notation Ai”l’”"(”"’)m”" means that p; is excluded, and

THobn = f/Dp(sign[pO])Sp“1 coephndoor. (34)

1 Piyeesbn — AHLs-sHln H1seesBn o8 H1yeesfin
Each momentum may be written as At = AT + AC o0 with AT

Ag,ld’i';’“ " and IH1-En totally symmetric and traceless on any two indices.

From expression (32), we thus obtain the different tensors of our model; in par-
ticular, the current previously introduced in Eq. (23) is J# = eAf and the EMT
defined in Eq. (24) is 7" = Af”. As discussed above, our theory has 13 non-
trivial degrees of freedom «, T, u*, (* and (*”. The charge and EMT conservation
laws provide five equations. To obtain the necessary eight supplementary equa-
tions we will consider two more tensors A} and A{””. The equations we seek are
hun[A + 1Y) = 0 and (huahoo — (1/3)huhas) [AFY + I137] = 0. The former
provides three new equations, and the latter the remaining five.

Let us now compute the relevant tensors. At first level:

Af = qTPu! + Aer T3¢, (35)

where ¢; = (2/72)sinha, g2 = (2/7%) cosha and A = (4¢3 — 3¢3) /24¢s.

The vector A} is the particle number current, which in our model is likewise
conserved. However, this is actually a drawback of the model, which is too simplistic
to account for pair creation and annihilation. We therefore pass it over and consider
other currents whose conservation laws may be expected to be less sensitive to those
effects. In other words, while charge and EMT conservation hold for any form of the
collision integral, as long as the constraints (Eq. (9)) are enforced, the conservation
laws we are writing down for the other tensors depend on the precise form of the
collision integral. In this sense, we may regard the AW collision integral as a first-
order approximation in a series expansion in which progressively more complex
interactions are taken into account. The particle number current is highly sensitive
to the higher-order terms in this expansion, because in this case the production term
computed from the AW collision integral vanishes; therefore the first-order equation
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is not reliable. For A} and A{"”, as we shall see presently, the AW collision integral
gives nontrivial production terms, and so the dependence on further improvements
of the collision integral may be expected to be weaker.

At second level:

1 4
Agu — 3(]2T4 |:uuuu + 3hlw:| + %Tjﬂcuv , (36)
124 4 v 1 v
AV =3 T | uu” + gh“
+ rkrerT? [C“u” + CVU“] + 7717—T5CMV (37)

with 1o = 4¢2/5, m = 4¢1/5 and k1 = (q% — q%)/2q2. Finally, at third level

1
AP = 12¢,T° [u“u”up + g(h’“’up + hHPyY + h’”’u“)}

1
_ %67T5 [C”u”u" + CYutuf + CPutut + g(hWCp + RHPCY 4 PV (MY

+ 4rq, T (C‘“’uﬂ + CHPu” + C”’u“) ) (38)

There remains to compute the momenta of the collision integral. To do that, we
observe that [10#n = — Lo, AWML and therefore

Ih=L=1f=0, (39)

IV = er TV, (40)

I = _%6T5 (C"uP 4 CPu) + 4gaTOC . (41)

Our hydrodynamic equations for Af, Af”, A" and A}"” are extracted from the
ones obtained from (33), by projecting them along u* and onto the surfaces defined
by h#¥. We define the new variables qo = ¢1T%, Lo = AT and py = 3¢2T*. For Al
we have only one equation, namely charge conservation equation (6). In terms of
hydrodynamic variables it reads

4 + qouty, + e (Lo uC" + LoCh,) =0, (42)

where ' = u*d,,. The equations for Aj" are the EMT conservation equations (8).
Projected along u” it gives

4 1 y y
_p6 - gpouf‘u - 57-770T5<H Opv = €2TL0FVPU va (43)
where
= pHP R 2 hortt? 44
ot = Upx + Uxp — 3ol o (44)
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is the shear tensor, and the projection orthogonal to v yields

4 1
Zpo(u”) + 3

3 R po,. + T(U0T5)7uCW + TnoT°hliChe
= eh" F,,(qou” + erLoCP) (45)

AYY and A{"” provide the necessary supplementary equations. For Ay we only
need its spatial projection which, after a bit of algebra yields

0= (q1T4) th + 4, T (u”) + 6T(I€1T4)/CV + er T4
+erriT*hY () + eTﬂ1T4C”uf‘# + T(mTS),ug‘“’ + TanShZ(i”

+ eTmT4uf’MC" - quTg’F’;Lu“ - 627A1T3hZFZC“ . (46)

If we only keep the last term in the first line and the term involving the electric
field in the last line we see this is a generalized Ohm’s law.

Finally, the traceless, doubly transverse projection of the equation for A}"”
reads

@ v 2
—4¢2T5¢ f= 4Q2T5hp5h [UV,p T Upy — 3hpuufit}

_ Zm u [huahgcp + h”ﬂh;i‘g” _ 2}&5(#}
’ 3
(e} 6 v 6 v 4 17 L

— 7q1T5hl,h§ |:5U /Cp + 5UPIC — 5]’); p’U// ,CM
_|_1 hl“’P_|_h#PV ghvp#

5 C,u C,;L - 3 C,,u,

2
+ 4Q27T6hf}hg {C’“’uf’u + (P, — gh”p(“"umu + ¢"Put, + C”p'}
2

— 2R T hg hbu {F”#C" + Fh Y - 3h”pFw("]
_ é TS5rhehb [F" CHP + FP CILV} (47)

5eq1 Thy by | 7, 1 .

This may be converted into a Maxwell-Cattaneo equation®” for II*¥; we do not need
to go into this conversion in detail, as we shall adopt (*¥ as a degree of freedom on
its own.

Equations (42), (43), (45), (46) and (47) together with the Maxwell equations
(5) constitute our MHD model. They break down for large anisotropies, as they do
not ensure that the pressures remain positive, but within its range of validity they
fully capture nonlinearities coming from the convective derivative terms and from
direct coupling of the hydrodynamic variables to the electromagnetic fields in the
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equations of motion. These are the only nonlinearities in the usual MHDs, where
dissipative terms are assumed to be linear.

4. Perturbation Theory

To test the power of the formalism, we focus on the specially important case of
transverse perturbations of a homogeneous anisotropic background. The motivation
behind this choice is that, since Weibel’s seminal paper3® transverse instabilities
were widely studied and consequently we can easily compare our results with the
ones from different approaches to the problem. Another reason we can mention is
that those instabilities are found in the RHIC’s experiments, where the background
configuration is extremely oblate. As we are considering an Abelian plasma, we
shall not be rigorously describing RHIC’s instabilities, but show that it is possible
to consistently study them without having to start from kinetic theory.

To implement our perturbative scheme, we write u# = ufy + v and (" =
¢4 + z"; besides we consider F* and ¢* to be zero in the background, i.e. the
electromagnetic variables are pure perturbations. To study the emergence of trans-
verse instabilities we assume that the space-time dependence of all quantities is of
the form e***# and that ¢} = diag((o, (o, —2(0), i.e. we consider that the pressure
is the same along x and y but different along z.

For an anisotropic but axisymmetric state, anisotropy is described by a dimen-
sionless parameter 771°(y, where 7 is a characteristic relaxation time, T is the tem-
perature and ( is an eigenvalue of the tensor ¢#¥ introduced in Eq. (27) above. We
see from expression (36) that our formalism breaks down unless —5/4 < 7T°¢y <
5/8, as it predicts negative pressures when those limits are breached. However, pre-
liminary calculations show that it remains reliable almost up to those boundaries.2?
For this reason, we believe these hydrodynamic equations are a valid generalization
of MHD to the relativistic regime, and that any consistent relativistic dynamics of
real fluids will converge to this formalism within its range of validity.

For the transverse waves, the only nonzero quantities are v®, ¢%, 2*3, F°° and
F93, with a = z,y. Observing that [r] = T7!, v = 2] =T, [s] = [k] = [(*] =T
and [F?°] = [F] = T?, there is no loss of generality in setting T = 1. We also
write all the coefficients in terms @ = ¢1/g2. Replacing the above defined quantities
into Egs. (42), (43), (45), (46) and (47) and supplementing the system with the
Maxwell equations (5), we obtain to first-order in the perturbations:

1 1

sv® + 51'/4;72'“3 + zeQF“O =0, (48)
a 1 2 a 4. a3 a0
4Qsv® + 65(1 - Q) (rs+ 1)+ 52]{}@7'2 +eF" =0, (49)
12

4ik(1 — 27¢p)v* — %Qik(a +4(1 + s7)2* + geTQFa?’CO =0, (50)

1 1 1
—4reQu® — —me?r[4 — 3Q?|¢ + —sF° 4 —ikF® =0, (51)

6 a2 42
ikF® 4 sF* =0. (52)
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Using the first equation we transform the second into a covariant Ohm’s law
1
“(1-@?) | lrs+ et + 1| <o, (53)

We use Faraday’s law (52) and expression (53) to write the electric field F*° and
(% in terms of the magnetic field F%3. The above system then reduces to

1 .
sv® + 52’]{7,2"’3 + ch}is F¥ =0,

_ 75
(1+7s)

(54)
4ik(1 — 27¢0)v® + 4(1 4 s7)2*3 + SQ{ + 127@}1?&3 =0, (55

TS

1 (1
A7i a )= 2 4 — 2 2 k2 Fa3: .
TieQu® + qgk{37re g2[4—3Q ]1+Ts +[s* + }} 0 (56)

The normal modes are obtained in the usual way, by setting the determinant of
the coefficients of system (54)—(56) equal to zero. Considering the variables in the
order (va, 2% F “3)7 multiplying the resulting determinant by ¢o and by 72, calling

me?12qy = w, 7s = o and Tk = k, the dispersion relation reads

=4 4 2
0=0"+20% + {;ﬂ +1+ ”5(62740)}03

4 2
+ {;ﬂ + %(11 — 27¢) +wQ2}02

2
+ {7”1’;(4 —3Q%)(1 — 27¢o) + K>

+ 24(1 —27(p) — ﬂ(l +127¢y) + ZUQ2}0'
5 25
4
T %(1 —97¢) — %wanQTCO . (57)

To avoid the possibility of an unphysical background with negative pressures we
assume 7(y < 1, whereby this relation simplifies to

; dw Gk iw  11K?
OJ"+204+{1+W+H}03 {;D+ =

3 5 + wQ2}02

4ok o kY 6wk2Q? 9
+{ 15 + K +5—25+YEQ}0’
ML (58)
— — —wrQ1(, .
5 25 0

Since Q% < 1 the linear term is always positive. Therefore, the necessary and
sufficient condition for the emergence of instabilities is the independent term to be
negative. This gives the condition for unstable modes
12
Hz < I{r2nax = EwQZrCO (59)

1650194-13
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which is only within the range of validity of our model provided that
2

w@Q?
We must now find the interval of possible values of o consistent with the bounds
found above. To this purpose, we first discuss the dependence of the solution with

<1. (60)

respect to k2. If o, is the value of the root for a given value of xk? we rewrite
expression (58) as a polynomial in  as

a[aﬁ]n4 + b[o,.JnQ +clox] =0, (61)
where
1
G[O'H] = *(1 + Um)a
5
6 5, 11 , 4 6 o Lo
b[o-/i] ggn + EUH + |:1 + Ew - %WQ UI{ B g[imax’ (62)

3

It is easily seen that o, = 0 corresponds to either k = 0 or else K = Kpax. Observe
that afo,] and c[o,] are always positive definite, while bo,] is negative at o, = 0
and then grows, eventually reaching 0. Therefore at o, = 0 we have that blo,]? >
4alo,c[o,] but there exists a critical value o such that bo,|? = 4afo,]c[o,] and
for which there is only one possible value of 2, namely

4 4
clog] = ok {oi + QUi + [1 + w} ai + [3 + QZ} wo, + wQﬂ .

w2 = Al (63)
g alo e
Clearly, 0. must be smaller than the root of blo], which in turn is smaller than
k2../5. In this way, we obtained an upper bound for the possible values of o,
namely

1
<7,‘$2
7=%

We must now perform a similar analysis with respect to the parameter w. For

(64)

max *

a given k, we have

Slolw + Rl[o] =0 (65)
with
4 4 4 6 12
Slo) = 50+ |5+ @)+ [ 5507 - @+ @0 - Freir, 60)
4 4
Rlo] = 0% + 20 + [1+§n2}a3+ [H2+Z}G+Z. (67)

As RJo] is clearly positive, S[o] must be negative for Eq. (65) be zero. For a given
K, the instability exists only if @ exceeds the value for which x? = k2, .. When
w — 00, 0 approaches the lowest positive root of S[o].
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As the derivatives of R[o] and S[o] are both positive, the roots of the polynomial
(65) are growing functions of w. For this reason, the asymptotic limit of @ — oo
provides an upper bound for the roots at finite values of . We thus obtain a more
strict bound on o, namely

< %/‘62 7(o
— 2 2 202
[ Qo+ 45 - 65T 1+ @2
Since within the range of validity of our model this implies that ¢ < 1, it is enough

to keep only the independent and linear terms in expression (58). Therefore, we
obtain the following dispersion relation

(KIQnax — HQ)IQ2

%wt@ +5K2 + K — gw,'i2Q2 + 5wQ?
which also gives an upper bound for the exact time constant. Observe that for
Q? = 0 there are no unstable modes, i.e. all values of s are negative. For Q2 # 0,
instabilities, namely s > 0 will exist only for 0 < k2 < k2,,, since the denominator
of Eq. (69) is positive. In the following figures we plot the dispersion relation for
different values of the parameters ), 7 and (p, consistent with the above quoted
intervals of validty and with bound (68). In Fig. 1 we plotted o, as a function of
k, for fixed values of (y and @, and three different values of 7. It is clearly seen
that larger values of the relaxation time allow for more unstable modes. Figure 2
shows the same plot but for fixed 7 and {y and three different values of @), and
it is seen that a larger excess of particles over antiparticles also allows for more
unstable modes. In Fig. 3 we plotted again o, as a function of , for fixed 7 and @
and three different values of the background anisotropy (y and we observe that for

larger background anisotropies more instabilities are expected. These features are

< 18Q%7¢y . (68)

(69)

Oy —

in agreement with previous results found in the literature 4851
Q=0.999, {=0.004
CT T L B e e e AN e s e m s
6 —~ E
AN
5F gl’ o\ 1
F KRN \
] O\
4 L \\\\\ 7
af f RN N s =85
o “F R b
i ,' ANNN ——— =90
2t AN ]
F \~\\\\ > ] — — =95
t SoUNN ]
" X~ ]
f ~‘~Q\\ ~
od RRLNICy-
0 50 100 150 200 250 300

Fig. 1. (Color online) Plot of o, as a function of x from expression (69), for fixed values (g =
0.004, Q = 0.999, and 7 = 85 (w = 62, 459.5) (black, short-dashed), 7 = 90 (w = 70, 023.8) (red,
medium-dashed) and 7 = 95 (w = 78, 020.3) (blue, long-dashed). Larger values of 7 allow for
more unstable modes, as expected.
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=90, {o=0.004
— T L R R B E
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Fig. 2. (Color online) Plot of o, as a function of k from expression (69), for fixed values 7 = 90,
Co = 0.004, Q = 0.997 (w = 35, 011.9) (black, short-dashed), @ = 0.998 (w = 46, 682.5) (red,
medium-dashed) and @ = 0.999 (w = 70, 023.8) (blue, long-dashed). As expected, a larger excess
of particles over antiparticles allows for more unstable modes.

=90, Q=0.997
5F / - N 4
AN
o ! e N\ 1
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Fig. 3. (Color online) Plot of o, as a function of x from expression (69), for fixed values 7 = 90,
Q = 0,997 (w = 35, 011.9) and ¢o = 0.002 (black, short-dashed), (o = 0.003 (red, medium-
dashed) and ¢p = 0.004 (blue, long-dashed). Again, larger values of the background anisotropy
allow for more unstable modes.

One last consideration concerns the fact that the magnetic field grows when the
system is in the only unstable mode. This can be seen from Eq. (56), because if
F23 would be zero, then so is v%, and all amplitudes would vanish.

5. Conclusions

In this paper, we have built a minimal MHD formalism to describe highly relati-
vistic dissipative plasmas and their instabilities in a unified way. For consistency
at microscopic and macroscopic levels, we anchored the hydrodynamics to kinetic
theory by writing all tensors of the model as moments of a 1pdf, and their corre-
sponding evolution equations as moments of a Vlasov—Boltzmann equation. For the
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collision integral, we used the AW prescription, which is a linear function of the
nonequilibrium part of the 1pdf. This choice proved to describe more accurately
highly relativistic systems than the BGK ansatz, as explained in Sec. 1. We built
the nonequilibrium 1pdf by introducing two new tensors, (* and (*¥ in such a way
that the conduction currents and viscous stresses are linear on them. This simpli-
fies the mathematics at the price of enforcing positivity of the pressures; however,
the resulting formalism contains all the nonlinearities already present in the usual
MHD, namely those coming from convective terms and from the coupling to the
electromagnetic fields.

We applied our formalism to analyze transverse normal modes around an
anisotropic background. We found a dispersion relation, Eq. (69) consistent with the
approximations made. This relation describes instabilities in the long wavelength
range, with features that are in agreement with those found in previous works.4&51
Our model is robust in the sense that no fine-tuning was needed to get these results.

In other words, we provided a check that pure hydrodynamic schemes are rich
enough to describe the essential features of a anisotropic instabilities. We observe
that there are in the literature mixed analyses in which the linearized fluctuations
around an anisotropic solution to kinetic theory are described in hydrodynamic
ways.?2

To the best of our knowledge, this is the first time a set of hydrodynamic equa-
tions is presented that describe both the background and the fluctuations. In last
analysis, the usefulness of having a purely hydrodynamic theory is that it should
make much easier to test it against experimental results, to implement numeri-
cal simulations and to follow the evolution of the instability beyond the linearized

53-62 We expect to report on this last issue in the near future as

approximation.
well as on the extension of our formalism to non-Abelian relativistic plasmas and
also a full comparison between hydrodynamic instabilities and the more detailed

description that follows from kinetic theory with an AW collision term.2628:46,49
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