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Abstract 

We analyze averages of amenable groups along Følner sequences          
in the way considered by Lindenstrauss but for weakly integrable 
functions. The objective is to generalize the quantitative results of 
Haynes, adapting the technique of trimmed sums for classical ergodic 
averages. 

I. Introduction 

In the setting of classical ergodic theory, a probability space ( )μ,, BX  

and a measure preserving transformation XXf →:  are considered. If 

,: R→ϕ X  then the N-statistical sum at Xx ∈  is 

( ) ( ( ))∑
−

=

ϕ=ϕ
1

0
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n

n
N xfNxS  
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The Birkhoff ergodic theorem states the pointwise convergence of            

the sequence ( ){ }xN ϕ,S  for any x, a.e.-µ  and for ( ).,1 µ∈ϕ XL  If the 

transformation is ergodic, then ( ) ∫ µϕ=ϕ
∞→

.,lim dxN
N

S  

The extension of the ergodic theorem to the action of groups as dynamics 
was the matter of meaningful investigations. The classical ergodic theorem 
considers measure preserving Z-actions, thus the extension consists in 
dealing with more general Γ-actions. One capital contribution was the work 
of Lindenstrauss [5] who generalized the classical Birkhoff ergodic theorem 
to the action of amenable groups. Previous meaningful work about pointwise 
convergence of ergodic averages for the action of groups can be seen, for 
instance, in [7] and [4]. In the first one, Nevo and Stein proved the pointwise 
ergodic convergence for finite measure preserving actions of the free group 

,rF  ;2≥r  in the second one, Fujiwara and Nevo established an ergodic 

convergence for exponentially mixing actions of word-hyperbolic groups. 

One formulation of amenability is the following: a topological locally 
compact group Γ is amenable if for any compact Γ⊂K  and for any ,0>δ  
there exists a compact Γ⊂F  such that 

 ,δ<
∆
F
KFF  (1) 

where ⋅  denotes the left invariant Haar measure on .Γ  This measure will be 

also denoted by ( ).⋅Γm  

The averages analyzed by Lindenstrauss in [5] for actions of amenable 
groups Γ on a Lebesgue space ( )µ,X  and map ,: R→ϕ X  are of the form 

( ) ( )∫ γγϕ ΓE
dmxE ,1  

with .Γ⊂E  In that article, the convergence of these averages provided the 
existence of adequate sequences ( )nF  in Γ, called Følner sequences was 

proved. More particularly, the so-called tempered sequences are considered. 
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A sequence ( )nF  of compact subsets of Γ is a Følner sequence if for any 

compact subset K of Γ and for any ,0>δ  then 

 ,δ<
∆

n
nn

F
KFF  (2) 

for large enough n. A sequence ( )nF  is tempered if there is a 0>C  such 

that 

 .1

1

CF

FF

n

n

k
nk

<=

−∪
 (3) 

Lindenstrauss calls (3) the Schulman condition. In [5], it was proved      
that for Følner sequences ( )nF  satisfying Schulman condition and for 

( ),,1 µ∈ϕ XL  there is a Γ-invariant map ϕ  such that 

 ( ) ( ) ( ) ( ) ( )∫ ϕ→γγϕ= Γ
Γ

ϕ
N

N F N
N

F xdmxFmxS ,1:,  (4) 

for .a.e.- xµ  The sequence 1−→ NFN  grows super-exponentially [5]. 

The possibility of extending the ergodic theory to functions outside the 
class of integrable maps was contemplate, for the classical case, by several 
researchers. In [1], Aaronson and Nakada considered ergodic sums for a     
R-valuated ergodic stationary process ( )...,, 21 XX  with ( ) .1 ∞=XE  The 

aim of that article was to analyze the possibility of a weak law of large 

numbers for the statistical sums ∑
=

=
n

k
kn XS

1
,  since there is not a strong law 

of large numbers due to ( ) .1 ∞=XE  Weak law means that there exists a 

sequence ( )nb  such that 
n
n

b
S  stochastically converges. In [1], the authors 

used technique of “trimming” which, roughly speaking, consists into 
excluding (trimming) the maximal terms of { }nXXX ...,,, 21  in each sum 
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.nS  In that article, a law of large numbers for dependent process in which 

one term is removed from the statistical sums is proved. The main theorem in 
[1] generalizes a previous result of Mori [6] for i.i.d. random variables and 
one by Diamond and Vaaler [2] for the particular case of continued fractions. 
The assumption on the process is the condition of continued fraction mixing.         
In [3], Haynes established a quantitative version of the classical Birkhoff 
ergodic theorem for non-integrable maps using trimmed sums. In the context 

of classical dynamical systems, the stationary process is ( ( )).xTX n
n ϕ=  

The class of potentials ϕ is the weakly integrable maps and of the dynamics 
is imposed a kind of continued fraction mixing. The objective of this work is 
to do a similar analysis of [3] but in the context of amenable action groups on 
a probability space ( )., µX  

Let { } N∈= iiAA  be a measurable partition of ( )µ,X  and let 

( ) XXa →γ :  be the Γ-action on X for any element γ. The following kind 

of weak-mixing condition is considered. Let [ )∞→+ ,0: Rg  and a tempered 

Følner sequence ( )nF  such that 

 
( ( ) )
( ) ( ) ( ) ( )( ) ( )∫γ ΓΓΓ +≤γ

µµ
γµ

NF NN
ji

ji FmFmgdmAA
AaA

.
∩

 (5) 

Definition. Let ++ →φ RR:  be an increasing function, the class of          

φ-weakly integrable functions is constituted by maps ϕ such that 

 ( ) ( ){ }( ){ } .:sup ∞<>ϕµφ txxt  (6) 

The class of φ-weakly integrable functions will be denoted by ., wLφ        
If ,id=φ  then we have the usual class of weakly integrable functions.          

For ,: ++ →φ RR  increasing and continuous, let us consider the map 

( ) ( ),log 211
, tttT ε+−
εφ φ=  
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for wL ,φ∈ϕ  and for Følner sequence ( ),nF  denote 

( )
{ ( )}∫

εφ≤ϕ
µϕ=

NFT
dNH

,
,1  

( )
( )∫

εφ≤ϕ
µϕ=

NFT
dNH

,

2
2  

and 

( ) ( ) ( )( ) ( ),2
2

13 NHNGNNHNH ++=  

where 

( ) ( ( ( )))∑
=

Γ=
N

n
nFmgNG

1
.  

The following theorem is the main result to be proved. 

Theorem. Let Γ be an amenable group action on a probability space 

( ),, µX  let ϕ be a measurable and non-negative map in the class ωφ,L  and 

assume the existence of a map g satisfying equation (5). If 

( ) ( ) ( ) ( ) ( ) ( ) ,111 32
33311 NHNHNHNNHNHN  −+−++  (7) 

then for a given 0>ε  and for a tempered sequence ( ),NF  there is a cutoff 

function { }1,0:, →δε XNF  such that 

( ) ( ) ( ) ( ) ( ( ) ( ) ),logmax 31
3

32
3,1,

ε+
ε

∈γ
εϕ +γϕδ+= NHNIOxxNHxS

N
NN F

FF  

for almost every x. 

II. Lindenstrauss Theory 

Let us consider a measure space ( )µ,X  and an amenable group Γ acting 

on it. The way to establish the theorem is the following: Firstly, it is proved 

that for functions ( ),,2 µ∈ϕ XL  the error in ( ) ∫ µϕ−ϕ dxS NF ,  can be 
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estimated as ( ( ) ( ) ),log 31
3

32
3

ε+
ε NINIO  with ( ) ( )( ) ,2

2
13 INGNINI ++=  

where in this case, ∫ µϕ=
X

dI1  and ∫ µϕ=
X

dI .2
2  This is the route followed 

in [3], but here we will use a version of the Lindenstrauss maximal 
inequality. Then it is proved that for ϕ, a weakly integrable map and with         
the existence of the function g, there are infinities N such that the set 
{ ( ) ( )}NN FTxF εφ>γϕ∈γ ,:  has zero Haar measure. 

We review the necessary background from the Lindenstrauss theory. Let 
( )nF  be a tempered sequence in an amenable group and let F be a compact 

subset of Γ, Lindenstrauss introduced collections of right translates of sets 
,...,,, 21 NFFF  which cover F. The collection F  is specified by subsets jA  

of Γ with ,...,,2,1, NjFAF jj =⊂  and 

{ }....,,2,1,: NjAaaF jj =∈=F  

Then random subcollections of F  are introduced in the following way, let Ω 
be 

( ),: FPF →Ω  

and a counting function is defined as 

,: N→Λϖ F  

( ) ( )
( )
∑

ϖ∈

ϖ γ=γΛ
FB

BI ,  

with BI  the characteristic function of B. For any ( ),FP∈B  let =S  

∑
∈SB

B .  

The covering lemma of Lindenstrauss [5] says that for a given ,0>δ  the 
map F  can be chosen such that 

 (i) ( ( ) ( ) ) ,11 δ+≤≥γΛγΛ ϖϖE  
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(ii) ( )( ) ( ) ,,
1
∪
N

j
jACh

=
δ≤ϖFE  where ( ) ,1,

δ+
δ=δ CCh  C the 

constant for the tempered sequence ( )NF  and E the expectation value. 

It can be chosen as a compact set Γ⊂F~  such that ∪
N

j
jFFF

1

~

=
=  and 

for ,0>ε  ( ) .~1 FF ε+≤  

For a fixed left invariant Haar measure m, the modular function of Γ is a 
map R→Γ∆ :  with 

 ( )∫ ∫γ
γψ=ψγ∆

E E
dmRdm ,  for any map ( ),0 Γ∈ψ C  (8) 

where γR  is the right translation. In particular, 

( ) ,E
Eγ

=γ∆  

for any measurable set E. 

The following proposition is a version of the Lindenstrauss maximal 
inequality: 

Proposition 1. Let 

 ( ) .max: ,
...,,1

,






 α>µϕ−= ∫ϕ

=
α dxSxD NF

Nj
N  (9) 

Then 

( ) .1, Φ
α

≤µ α
CDN  

Proof. For a fixed ,Xx ∈  set 

 ( ) .:~
, 






 α>µϕ−∈γ= ∫ϕ dxSFA NFj  (10) 
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Thus, we have, for any ,jAa ∈  

( ) ( ) ,1∫ ∫ µϕ−γγϕ≤α
jF j

jj ddmxFaFaF  

and so 

( ) ( )∫ ∫ µϕ−γγϕ
jF j

j

j dFdmxF
aF

 

( ) ( ) ( ) ( )∫ ∫ µϕ∆−γγϕ∆=
jF j dFadmaxa  

( ) ( ) .∫ ∫ µϕ−γγϕ=
aF j

j
daFdmx  

Then 

( ) ( ) ( )
( )
∑ ∫ ∫

ϖ∈

µϕ−γγϕ≤ϖα
F

F
B

B
dBdmx .  

By the covering lemma, with ,1=δ  

( ) ( )( ),,1
1

ϖ≤α
=

FE∪
N

j
jACh  

but also 

( )∫
=

=γ
αF

N

j
jD AdmI N~

1

,, ∪  

so that 

 ( ) ( ) ( ) ( )( )∫ ϖ≤γα=α
α

=
F D

N

j
j dmIChACh N~

1

.,1,1 , FE∪  (11) 
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We have 

( )( )ϖFE  

( ) ( )
( )














µϕ−γγϕ≤ ∑ ∫ ∫

ϖ∈FB
B

dBdmxE  

( ) ( )
( )

( ) ( )
( )














γµϕ−γϕ≤













γ





 µϕ−γϕ= ∑ ∫ ∫∑ ∫ ∫

ϖ∈ϖ∈ FF B
B

B
B

dmdxdmdx EE  

( ) ( ) ( ) ( ) ( )∫∫ ∫ γγΦ≤





 γµϕ−γϕγΛ= ϖ

FF
dmxdmdx ,2E  

where, in the last inequality, the covering lemma is used with 1=δ  and 

( ) ( ) ∫ µϕ−ϕ=Φ .dxx  

Therefore, 

( ) ( ) ( )∫ ∫ γγΦ
α

≤γ
αF FD dmxKdmI N~ ,,  

with ( ) .,1
2

ChK =  

Then we have 

( ) ( ) ( )∫ ∫ µγ=µ
αα F X DN xddmI

F
D N~, ,~

1  

( ) ( ) ( )∫ ∫ µγγΦ
α

≤
X F

xddmx
F

K
~
1  

( ) ( ) ( )∫ Φε+
α

≤µγΦ
α

=
X

KxdxF
F

K ,1~
1

1  

recalling that ( ) .~1 FF ε+≤  
 

III. Proof of the Theorem 

The next proposition extends to amenable groups as a result in [3]. 
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Proposition 2. Let +→ϕ RX:  and belong to ( ).,2 µXL  Assume that 

( ) ( ) ( ) .1 32
3331 NINININI  −+  

Then 

( ) ( ( ) ( ) ( ) )∫ ε+
εϕ =µϕ− .log 31

3
32

3, NINIOdxS NF  

Proof. Let ,N∈j  ,0>ε  and let us consider a sequence { }jN  such that 

 ( ) ( ) ( ) ( ).1log12
31311 +−− ε+

++ jjNINIINN jjjj   (12) 

It can be possible if jN  is the smallest integer such that ( ) >jNI3  

( ).1log12 +ε+ jj  From above proposition, we get 

( ) ( )
( )

,
1log

1log: 112
12

, Φ
+

≤












 +>µϕ−µ ε+

ε+
ϕ ∫ jj

CjjdxSx
jNF  (13) 

and so, by the Borel-Cantelli lemma, we obtain 

( ) ( ) ( ( ))∫ +=µϕ−=Ψ ε+
εϕ ,1log: 12

, jjOdxSx
jNj FN  for large j. 

We have 1+≤≤ jj NNN  such that 1+Ψ≤Ψ≤Ψ jj NNN  and from the 

hypothesis, N can be interpolated N such that 

( ) ( ) ( ( ))∫ +=µϕ−=Ψ ε+
εϕ ,1log: 12

, jjOdxSx NFN  for .1+≤≤ jj NNN  

For ,1+≥ jNN  we have 

 ( ) ( ) ( ) ( ).log1log 31
3

32
3

12 ε+ε+ + NINIjj   
 

To complete the proof of the theorem, it must be seen that for weakly 
integrable maps, { ( ) ( )}NN FTxF εφ>γϕ∈γ ,:  has zero Haar measure for 

infinites N. 
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Lemma 1. Let +→ϕ RX:  be a measurable map in the class ,, wLφ   

for a increasing and continuous function .: ++ →φ RR  Let ( ) =εφ tT ,  

( ),log 211 tt ε+−φ  and [ )∞→+ ,0: Rg  be a function satisfying 

( ( ) )
( ) ( ) ( ) ( )∫γ Γ +≤γ

µµ
γµ

NF NN
ji

ji FFgdmAA
AaA

,
∩

 

for a measurable partition { } N∈iiA  of ( )., µX  Then ({ ( ) >γϕ∈γΓ xFm N :  

( )}) 0, >εφ NFT  for a.e. Xx ∈  and for finites N. 

Proof. Let 

({ ( ) ( ) ( ) ( )}) ( ) ( )∫ ∫γ γ
ΓΓεφεφ γγ>γϕ>γϕµ=

N NF F NNN dmdmFTxFTxxB .,: ,,  

Let us consider a sequence { }ji  such that 

({ ( ) ( )}) ∪
∞

=
εφ =>γϕµ

1
, .:

j
iN jAFTxx  

Thus, 

({ ( ) ( ) ( ) ( )}) ( ) ( )∫ ∫γ ΓΓεφ
−

εφ γγ>γγϕ>γϕµ=
N NF F NNN dmdmFTxFTxxB ,

1
, ,:  

( ( ) ) ( ) ( )∑ ∫ ∫
∞

=
γ

ΓΓ γγγµ≤
1, kj

F F ji
N N

kj dmdmAaA ∩  

( ( ) ) ( )( )∑
∞

=

+γµ≤
1, kj

NNji FFgAaA kj ∩  

({ ( ) ( )}) .: 22
, NN FFTxx εφ>γϕµ≤  

Since ,, wLφ∈ϕ  we have 

({ ( ) ( )}) ( ) ( ){ }( ){ }
( )( )

.
log

:sup: 21
2

,
N

NN
F

txxtFFTxx ε+εφ
>ϕµφ

≤>γϕµ  
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Therefore, ∑
∞

=
∞<

1
2

m
mB  and, by the Borel-Cantelli lemma, there are just 

finites m such that ( ) ( ),
2, mFTx εφ>γϕ  ( ) ( ),

2, mFTx εφ>γϕ  for .γ≠γ  

Considering ,22 1+<≤ mm N  it can be concluded that there are only finites 

N such that ({ ( ) ( )}) 0: , >>γϕ∈γ εφΓ NN FTxFm  for a.e. .Xx ∈  
 

Each N-ergodic average can be separated in sets of points of X in which 
( )NFT εφ≤ϕ ,  and sets in which ( )., NFT εφ>ϕ  For ( ),, NFT εφ≤ϕ  

Proposition 2 applies, whereas for ( ),, NFT εφ>ϕ  Lemma 1 applies, so that 

the theorem is proved. 
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