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1. Introduction

Max-plus algebra is the algebraic structure obtained when considering the max-plus semifield
Rmax,+. This semifield is defined as the set R U {—oc} endowed with o @ 8 := max(a, 8) as addi-
tion and the usual real numbers addition o ® 8 := o + 8 as multiplication. Thus, in the max-plus
semifield, the neutral elements for addition and multiplication are —oo and O respectively.

The max-plus semifield is algebraically isomorphic to the max-times semifield Rmax x, also known
as the max-prod semifield (see e.g. [23,24]), which is given by the set R, = [0, +00) endowed with
o @ B :=max(o, B) as addition and the usual real numbers product @ ® 8 := a8 as multiplication.
Consequently, in the max-times semifield, O is the neutral element for addition and 1 is the neutral
element for multiplication.

In this paper we consider both of these semifields at the same time, under the common notation T
and under the common name tropical algebra. In what follows T denotes either the max-plus semifield
Rmax,+ or the max-times semifield Rpyax, x. We will use O to denote the neutral element for addition,
1 to denote the neutral element for multiplication, and T to denote the set of all invertible elements
with respect to the multiplication, i.e., all the elements of T different from 0.

The space T" of n-dimensional vectors x = (X1, ..., Xp), endowed naturally with the component-
wise addition (also denoted by @) and Ax := (A®Xx1, ..., A ®X,) as the multiplication of a scalar A € T
by a vector x, is a semimodule over T. The vector (0, ...,0) € T" is also denoted by 0, and it is the

identity for .

In tropical convexity, one first defines the tropical segment joining the points x, y € T" as the set
fax@® By eT" |a,B €T, a®pB =1}, and then calls a set C CT" tropically convex if it contains
the tropical segment joining any two of its points (see Fig. 1 below for an illustration of tropical
segments in dimension 2). Similarly, the notions of cone, halfspace, semispace, hemispace, convex hull,
linear span, convex and linear combination, can be transferred to the tropical setting (precise definitions
are given below). Henceforth all these terms used without precisions should always be understood in
the max-plus or max-times (i.e. tropical) sense.

The interest in this convexity (also known as max-plus convexity when T = Ryax 4, Or max-times
convexity or B-convexity when T = Rpax, x) comes from several fields, some of which we next review.
Convexity in T" and in more general semimodules was introduced by Zimmermann [29] under the
name “extremal convexity” with applications e.g. to discrete optimization problems and it was stud-
ied by Maslov, Kolokoltsov, Litvinov, Shpiz and others as part of the Idempotent Analysis [17,19,22],
inspired by the fact that the solutions of a Hamilton-Jacobi equation associated with a deterministic
optimal control problem belong to structures similar to convex cones. Another motivation arises from
the algebraic approach to discrete event systems initiated by Cohen et al. [6], since the reachable and
observable spaces of certain timed discrete event systems are naturally equipped with structures of
cones of T" (see e.g. Cohen et al. [7]). Motivated by tropical algebraic geometry and applications in
phylogenetic analysis, Develin and Sturmfels studied polyhedral convex sets in T" thinking of them
as classical polyhedral complexes [10].

Many results that are part of classical convexity theory can be carried over to the setting of T":
separation of convex sets and projection operators (Gaubert and Sergeev [14]), minimization of dis-
tance and description of sets of best approximation (Akian et al. [1]), discrete convexity results such
as Minkowski theorem (Gaubert and Katz [11,12]), Helly, Carathéodory and Radon theorems (Briec
and Horvath [2]), colorful Carathéodory and Tverberg theorems (Gaubert and Meunier [13]), to quote
a few.

Here we investigate hemispaces in T", which are convex sets in T" whose complements in T" are
also convex. The definition of hemispaces makes sense in other structures once the notion of convex
set is defined. Hemispaces also appear in the literature under the name of halfspaces, convex half-
spaces, and generalized halfspaces. As general convex sets are quite complicated in many convexity
structures, a simple description of hemispaces is highly desirable. Usual hemispaces in R" are de-
scribed by Lassak in [18]. Martinez-Legaz and Singer [20] give several geometric characterization of
usual hemispaces in R" with the aid of linear operators and lexicographic order in R".

Hemispaces play a role in abstract convexity (see Singer [27], Van de Vel [28]), where they are used
in the Kakutani Theorem to separate two convex sets from each other. The proof of Kakutani Theorem
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makes use of Zorn’s Lemma (relying on the Pasch axiom, which holds both in tropical and usual
convexity). A different approach is to start from the separation of a point from a closed convex set,
as investigated in many works (e.g., Zimmermann [29], Litvinov et al. [19], Cohen et al. [8,9], Develin
and Sturmfels [10], Briec et al. [4]). This Hahn-Banach type result is extended to the separation of
several convex sets by an application of non-linear Perron-Frobenius theory by Gaubert and Sergeev
in [14].

In the Hahn-Banach approach, tropically convex sets are separated by means of closed halfspaces
in T", defined as sets of vectors x in T" satisfying an inequality of the form EB]- yixjdo < P, Bixi BS6.
As shown by Joswig [16], closed halfspaces in T" are unions of several closed sectors, which are
convex tropically and in the ordinary sense.

Briec and Horvath [3] proved that the topological closure of any hemispace in T" is a closed
halfspace in T". Hence closed halfspaces, with respect to general hemispaces, are “almost everything”.
However, the borderline between a hemispace and its complement in T" has a generally unknown
intricate pattern, with some pieces belonging to one hemispace and the rest to the other. This pattern
was not revealed by Briec and Horvath.

The present paper gives a complete characterization of hemispaces in T" by means of the so-called
(P, R)-decompositions (see Definition 2.3 below). In dimension 2 the borderline is described explicitly
and all the types of hemispaces in T2 that may appear are shown in Figs. 2 and 3. Thus, our result is
more general than the one established in [3] even in dimension 2. In higher dimensions one may use
the characterization in terms of (P, R)-decompositions to describe the thin structure of the borderline
quite explicitly.

We now describe the basic idea of the proof of this characterization. Let us first recall that like in
usual convexity, a closed convex set in T" can be decomposed as the (tropical) Minkowski sum of the
convex hull of its extreme points and its recession cone (Gaubert and Katz [11,12]). As a relaxation of
this traditional approach, we suggest the concept of (P, R)-decomposition to describe general convex
sets in T". Developed here in the context of tropical convexity, this concept corresponds to that of
Motzkin decomposition studied in usual convexity in locally convex spaces (see e.g. [15]). Homoge-
nization, which carries convex sets to convex cones, is another classical tool we exploit in the setting
of T". Next, an important feature of tropical convexity (as opposed to usual convexity) is the exis-
tence of a finite number of types of semispaces, i.e.,, maximal convex sets in T" not containing a given
point. These sets were described in detail by Nitica and Singer [23-25], who showed that they are
precisely the complements of closed sectors. Let us mention that the multiorder principle of tropical
convexity [23,24,26,21] can be formulated in terms of complements of semispaces.

It follows from abstract convexity that any hemispace is the union of all the complements of
semispaces which it contains. These sets are closed sectors of several types. The convex hull in
T" of a union of sectors of certain type gives a sector of the same type, perhaps with some
pieces of the boundary missing. Some degenerate cases may also appear. Sectors admit a (rela-
tively) simple (P, R)-decomposition, and we can combine such (P, R)-decompositions to obtain a
(P, R)-decomposition of the hemispace. So far the method is quite general and geometric, and in
dimension 2 sufficient for classification.

For higher dimensions the fact that we deal with hemispaces becomes relevant. It turns out that
a hemispace in T" admits a (P, R)-decomposition consisting of unit vectors and linear combinations
of two unit vectors. Thus, to characterize a hemispace by means of (P, R)-decompositions we need
to understand how the linear combinations of two unit vectors are distributed among the hemispace
and its complement. The proof becomes more algebraic and combinatorial, and at this point it be-
comes convenient to work with cones and their (usual) representation in terms of generators. Using
homogenization, we reduce the study of general hemispaces in T" to the study of conical hemi-
spaces in T™! (these are hemispaces in T™t! which are also cones or, equivalently, cones in T"*!
whose complements enlarged with O are also cones). We introduce the “o-matrix”, whose entries
stem from the borderline between a conical hemispace and its complement in two-dimensional coor-
dinate planes. We show that it satisfies an extended rank-one condition, and then we prove that this
condition is also sufficient in order for a set to generate a conical hemispace. This part of the proof
is more technical and it is given in the last third of the paper, starting with Proposition 4.10 and
ending with the proof of Theorem 4.7. We use the rank-one condition to describe the fine structure
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of the «-matrix, which is an independent combinatorial result of interest, and then use this struc-
ture to construct explicitly the complementary conical hemispace for a conical hemispace given by
its (P, R)-decomposition. Finally, we translate this result back to the (P, R)-decomposition of general
hemispaces, to obtain the main result of the paper (Theorem 4.22).

The paper is organized as follows. Section 2 is occupied with preliminaries on convex sets in T",
and introduces the concept of (P, R)-decomposition. In Section 3 we study semispaces in T", in or-
der to give, exploiting homogenization, a simpler proof of their characterization than the one given
in [23,24]. Hemispaces appear here as unions of (in general, infinitely many) complements of semi-
spaces, i.e., the closed sectors of [16]. Section 4 contains the main results on hemispaces in T". The
purpose of Section 4.1 is to reduce general hemispaces in T" to conical hemispaces in T"t!. This aim
is finally achieved in Theorem 4.5. In view of this theorem, in Section 4.2 we study conical hemi-
spaces only. There we prove Theorem 4.7 as explained above, which gives a concise characterization
of conical hemispaces in terms of generators. In Section 4.3, we obtain a number of corollaries of the
previous results. In the first place we verify that closed hemispaces in T" are closed halfspaces in T",
a result of [3], see Theorem 4.18 and Corollary 4.20. Finally, the main result of this paper is given in
Theorem 4.22 of Section 4.4. It provides a characterization of general hemispaces in T" as convex sets
having particular (P, R)-decompositions, and is obtained as a combination of Theorems 4.5 and 4.7.

2. Preliminaries

In the sequel, for any m,n € Z with m <n, we denote the set {m,m+1,...,n} by [m,n], or simply
by [n] when m = 1. The multiplicative inverse of A € T4 (recall that Ty := T\{0}) will be denoted
by A~1. For x € T" we define the support of x by

supp(x) := {i € [n] | x; # 0}.
We will say that x € T" has full support if supp(x) = [n]. Otherwise we say that x has non-full support.
The set of the vectors {e"" |i € [n]} € T" defined by
el 1 ifi=j,
1 0 ifi#j,
form the standard basis in T". We will refer to these vectors as the unit vectors. In what follows, we
will work with unit vectors in both T" and T™+1. For simplicity of the notation, we identify e'" with
et for { <n, and write simply e for them.
To introduce a topology we need to specialize T to one of the models. Namely, if T = Rpax « then
we use the topology induced in R}, by the usual Euclidean topology in the real space. If T = Rmax,+,

then our topology is induced by the metric doo(x, ¥) = max;en) |€* — e¥i|. Note that the max-plus and
max-times semifields are isomorphic.

2.1. Tropical cones and tropically convex sets: (P, R)-decomposition and homogenization

We begin by recalling the definition of cones and by describing some relations between them and
convex sets.

Definition 2.1. A set V C T" is called a (tropical) cone if it is closed under (tropical) addition and
multiplication by scalars. A cone V in T" is said to be non-trivial when V # {0} and V # T".

Definition 2.2. For P, R C T", we define the (tropical) convex hull of P to be:

conv(P) := {@kyy ‘ Ly € Tfor y € P and @ky :]l}
yeP yeP

and the (tropical) linear span of R or cone generated by R to be:
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span(R) := {@Ayy ‘ ry€eTforye R},
yeR

where in both cases only a finite number of the scalars A, is not equal to 0. We will also consider
the (tropical) Minkowski sum of conv(P) and span(R), which is

conv(P) @ span(R) := {x® y | x € conv(P), y € span(R)}.

Observe that span(R) always contains the null vector 0, but conv(P) does not contain it in general.
For this reason, we always have conv(P) C conv(P) @ span(R) and we do not always have span(R) C
conv(P) @ span(R).

Definition 2.3. Let P, R C T". If for a convex set C € T" we have

C = conv(P) @ span(R), (1)
then (1) is called a (P, R)-decomposition of C.
For each convex set C C T" at least one decomposition of the form (1) exists: just take P =C

and R = (. A canonical decomposition of the form (1) can be written for closed convex sets, by the
tropical analogue of Minkowski theorem, due to Gaubert and Katz [11,12].

Definition 2.4. For C C T", the set

Ve={0x1, ..., %0, 1) | (1, ..., %) €C, A€ T} T

is called the homogenization of C.

For x = (x1,...,X,) € T", by abuse of notation, we shall also denote the vector (Ax1,...,AX;, A) €
T by (Ax, 1), that is, we shall use the identification of T"*! with T" x T by the isomorphism
(z1, -+ 2n, Zn+1) = ((z1, .. -, Zn), Zn+1)- Thus we have (Ax, 1); = Ax; for i € [n] and (AX, A)ny1 = A.

Remark 2.5. If C € T" is a convex set, then its homogenization Ve € T™*! is a cone. A proof can be
found in [12, Lemma 2.12].

Reversing the homogenization means taking a section of a cone by a coordinate plane. Below we
take only sections of cones in T"*! by x,,1 =« (mostly with o = 1), and not by x; = o with i € [n].

Definition 2.6. For V C T"*! and « € T, the set

S={xeT"| x o) eV} 2)

is called a coordinate section of V by x,41 = .

Equivalently, the coordinate section of V € T™! by x,,1 =« is the image in T" of V N {x € T"*1 |
Xn+1 = a} under the map (x1, ..., Xn, Xn+1) = (X1, ..., Xn).

The following property of coordinate section is standard (the proof is given for the reader’s conve-
nience).

Proposition 2.7. Let V € Tt be closed under multiplication by scalars, and take any o # 0. Then C% =
{ax|xeCh)

Proof. If x € C{E then (x,1) € V and hence (ax,«) € V and ax € C?‘,. Thus {ax|x € C%} - Cﬂ"j. Simi-
larly, {o~'x | x € C} € C3,. This implies C$, C {ax | x € CT;}. (Indeed, if x € C$, then a~'x € CJ;, and
we have x=ay where y=a~'xeC}.) O
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Let us write out a (P, R)-decomposition of a section of a cone generated by a set U € T"*1,

Proposition 2.8. If U € T"*1, V = span(U) and the coordinate section C% is non-empty, then

C, = conv(Py) @ span(Ry)

where
Py:={yeT"|3u+#0, (ny.u) €U} and Ry:={zeT"|(z,0)eU}. (3)
Proof. Let us represent

U={W,ups1) €U [ueT", upy1 #0} U{W, upy1) €U |ueT", upyq =0}
={(yy, ) € T (yy, 1ty) €U, py #0}U{(2,0) e T | (2,0) € U}.

If xe C%, i.e. (x,1) € V =span(U), we have

xD= P Muwy.une P reEo

(yy,my)eU,pmy#0 (z,0)eU

for some Ay, A, € T, with only a finite number of Ay, A, not equal to O. Thus,

@ Ayy=1 and x= @ Aylyy @ @ AzZ.

(Uyy,iy)€U, y#0 (Lyy,iy)€U,uy#0 (z,0)eU

It follows that x € conv(Py) & span(Ry).
Conversely, if x € conv(Py) @ span(Ry), we have

X= @Ayyee@kzz

yePy ZeRy

for some Ay, A, € T, with @, .p, Ay =1 and only a finite number of 1y, 1, not equal to 0. Then,

*xD =P 1.1 e P reo.

yePu zeRy

Since (y,1) € V for y € Py and (z, 0) € V for z € Ry, we conclude that (x,1) € V, and so x € C%. O

Corollary 2.9. Let H = conv(P) & span(R), where P, R C T". Then, if we define V := span({(x, 1) | x € P} U
{(y.0) | y € R}), we have C}, =H.

Proof. Let

U:={(x1)|xeP}U{(y,0)|yeR}. (4)

Then, by Proposition 2.8, we have C]lj = conv(Py) @ span(Ry), where Py and Ry are defined by (3).
With U given by (4), we have Py = P and Ry =R.

Indeed, let y € Py. If (ny, n) = (x,1), with £ # 0 and x € P, then © =1 and py = x, whence
y =x € P. On the other hand, the relation (uy, u) = (z, 0), with u # 0 and z € R, is impossible. Thus
Py C P. Conversely, if y € P, then taking © = 1, we have (ny, u) = (y,1), so y € Py. Thus P C Py,
which proves that Py = P.

Now let z € Ry. Then (z,0) € U. If (z,0) = (y, 0), with y € R, then z=y € R. On the other hand,
the relation (z, 0) = (x, 1), with x € P, is impossible. Thus Ry C R. Conversely, if z € R, then (z,0) e U
by (4). Thus R C Ry, which proves that Ry = R.

Hence C% =conv(Py) @ span(Ry) = conv(P) ® span(R) =H. O
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2.2. Recessive elements
We will use the following notions of recessive elements:
Definition 2.10. Let C € T" be a convex set.

(i) Given x € C, the set of recessive elements at x, or locally recessive elements at x, is defined as

recyC:={zeT"|x®ArzeCforall »eT}.

(ii) The set of globally recessive elements of C, denoted by recC, consists of the elements that are
recessive at each element of C.

There is a close relation between recessive elements and (P, R)-decompositions.
Lemma 2.11. If C = conv(P) @ span(R) as in (1), then R C recC.

Proof. Let ze R. If x € C, we have x = p & r for some p € conv(P) and r € span(R). Then,

XPAz=p® (r® rz) € conv(P) & span(R) =C,

for any A € T, because r & Az € span(R) as a consequence of fact that span(R) is a cone. Since this
holds for any x € C and X € T, we conclude that zerecC. O

For closed convex sets, every locally recessive element is globally recessive:

Proposition 2.12. (See Gaubert and Katz [12].) If a convex set C € T" is closed, then recyC C recC for all
xeC.

Proposition 2.12 is proved in [12] for the max-plus semifield, and hence it follows also for the
max-times semifield as these two semifields are isomorphic.

There are also other useful situations when a locally recessive element turns into a globally reces-
sive one.

Lemma 2.13. Let C C T" be a convex set and y € C. If z € recy C and supp(y) C supp(z), then z € recC.

Proof. Since z e recyC we have y @ Az C for all A € T, and since supp(y) € supp(z) we have

y®rz=2zforall A > u, where p = Dicqupp(y) yizi’] if y # 0 and p = O otherwise. Given any g € T,
recalling that T denotes either Rmax,+ = (R U {—00}, max, +) or Rmax,x = ([0, +00), max, x), we
know that there exists A € T such that A > 8@ /. Then, for any x € C, we have x® Sz =x®pr"1AzeC
because ;3)51 <1 and x, Az € C. Thus, we conclude that zerecC. O

Using the above observations, we now show that (P, R)-decompositions can be combined, under
certain conditions.

Theorem 2.14. Let {C,} be a family of convex sets in T", each of which admits the following (P, R)-decomposi-
tion:

C¢ = conv(Py) & span(Ry),
and let C := conv(|J, C¢). Then,

C:conv(U P[) @span(URg> (5)
¢ ¢

if any of the following conditions hold:
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(i) R¢ CrecC forall ¢;
(ii) Cis closed;
(iii) For any z € Ry there exists y € conv(P,) such that supp(y) C supp(2).

Proof. We have:

C¢ =conv(P;) @ span(Ry) C conv(U Pg) &) span(U Rg).
¢ ¢

As conv({J, P¢) @ span(lJ, Re) is convex, it follows that

C= conv(LZJCg> C conv(LZJ P() ® span(L{J R().

(i) In this case span(|J, R¢) C recC, and hence C @ span(| J, R¢) € C. We know that P, € C,, hence
conv(|J, P¢) € conv(lJ, Ce) =C, whence

conv(U P[) @span(URg> gC@span(URg> CC.
¢ ¢ ¢

Let us now prove that R; C recC holds for cases (ii) and (iii).

(ii) Each z € Ry is recessive at all y € Py, hence by Proposition 2.12 it is globally recessive.

(iii) For z € Ry, let y € conv(P;) be such that supp(y) € supp(z). By Lemma 2.11 we have z €
recCy, so in particular z € recy, Cy. It follows that z e rec, C because C, C C. As supp(y) < supp(z) and
z erecy C, we have zerecC by Lemma 2.13. O

We will also need the following lemma.

Lemma 2.15. Let {V,} = {span(R,)} be a family of cones generated by the sets Ry C T" and let V :=
span(J, Ve). Then, ¥V = span(|_, Re).

Proof. We have V; = span(R¢) < span({J, Re) for all ¢, and so | J, Ve € span({J, Re). As span(|J, R¢)
is a cone, it follows that V = span(|J, V¢) € span(|_, Re).

For the reverse inclusion, since R, €V, for all ¢, we have | J, R¢ € |J, V¢, and so span(|J, R¢) <
span(lJ, Vo) =V. O

3. Tropical semispaces

In this section we aim to give a simpler proof for the structure of semispaces in T", originally
described by Nitica and Singer [23,24], and to introduce hemispaces in T" with some preliminary
results on their relation with semispaces.

3.1. Conical hemispaces, quasisectors and quasisemispaces

We first introduce and study three objects called conical hemispaces, quasisectors and quasi-
semispaces. The importance of these lies in the fact that they will be the main tools for studying
hemispaces, sectors and semispaces (see Definitions 3.13, 3.14 and 3.21 below) using the homoge-
nization technique.

Definition 3.1. We call conical hemispace a cone V; C T", for which there exists a cone V, C T" such
that V1 NV, = {0} and V; UV, =T". In this case we call (V1,Vs) a joined pair of conical hemispaces
(since V; is a conical hemispace as well). We say that a joined pair (V1, V) of conical hemispaces is
non-trivial when V; # {0} and V, # {0}.
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For completeness, we show the relationship between conical hemispaces and hemispaces (for the
concept of hemispace, see the Introduction or Definition 3.13 below).

Definition 3.2. A subset W C T" is called wedge if xe W and A € T imply Ax € W.
Lemma 3.3.If W C T" is a wedge, then CW U {0} C T" is also a wedge.

Proof. Let x e CW U {0} and A € T. We show that Ax e CW U {0}. Indeed, if Ax € W and Ax # O, then
2 #0 and x=x1"1(Ax) € W, a contradiction. O

Proposition 3.4. A convex set )V C T" is a conical hemispace if and only if it is a hemispace and a cone.

Proof. If V is a conical hemispace, then it is a cone and its complement (not enlarged with 0) is a
convex set. Thus V is a hemispace and a cone, whence the “only if” part follows. Conversely, assume
(by contradiction) that V is a hemispace and a cone, and CV U {0} is a convex set and not a cone.
Then CV U {0} contains the sum of any two of its elements but it is not a cone, so it is not a wedge.
By Lemma 3.3 V is not a wedge, in contradiction with the fact that it is a cone. Whence the “if” part
follows. O

Note that conical hemispaces are almost the same as “conical halfspaces” of Briec and Horvath [3].
Indeed, the latter “conical halfspaces” are, in our terminology, hemispaces closed under the multipli-

cation by any non-null scalar. In [3] it is not required that O belongs to the “conical halfspace”.

Definition 3.5. For any y # 0 in T" and i € supp(y), define the following sets:

Wi(y) = {x eT"

@ xjyj_1 <x,-yi_1, andxj:d)foralljgésupp(y)}, (6)
jesupp(y)
which will be referred to as quasisectors of type i.

Since the complement of W;(y) is

Cwi(y) = [xeT”

@ xjyj’1 > xiyi’l, or xj > O for some j ¢ supp(y)}, (7)
Jjesupp(y)

it follows that W;(y) and CW;(y) U {0} are both cones, so they form a joined pair of conical hemi-
spaces. Also note that y € W;(y) for all i € supp(y).
The following result appears in several places [5,10,16,12,26].

Theorem 3.6. Let V C T" be a cone and take y # 0 in T". Then y € V if and only if

Wi\ {O}) NV #0
foreachi € supp(y).

Proof. The “only if" part follows from the fact that y € Wi(y) for i € supp(y).
~ In order to prove the “if” part, assume that i € supp(y) and x' € W;(y) \ {0}) N V. We claim that
X; # (D‘. Indeed, if we had x; = 0, then by X' € Wi(y) and (6) we would have @jesupp(y) x'jyj_1 =0
and xlj = 0 for all j ¢ supp(y), hence x' = 0, in contradiction with our assumption. Furthermore,
yixz < ij§ for all j € [n]. Then, y can be written as a linear combination of the x’s:
y= @ X',

iesupp(y)

where A = yi(x;i)*l, therefore y e V. O
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Restating Theorem 3.6 we get the following.

Theorem 3.7. Let V C T" be a cone and take y # O in T". Then y ¢ V if and only if V < CWi;(y) U {0} for
some i € supp(y).

We are also interested in the following object.

Definition 3.8. A cone in T" is called a quasisemispace at y # O in T" if it is a maximal (with respect
to inclusion) cone not containing y.

Corollary 3.9. There are exactly the cardinality of supp(y) quasisemispaces at y # O in T". These are given
by the cones CW;(y) U {0} for i € supp(y).

Proof. Suppose that V is a quasisemispace at y. Since it is a cone not containing y, Theorem 3.7
implies that it is contained in CWW;(y) U {0} for some i € supp(y). By maximality, it follows that it
coincides with CW;(y) U{0}. O

This statement shows that Theorem 3.7 is an instance of a separation theorem in abstract con-
vexity, since it says that when V is a cone in T", we have y ¢ V if and only if there exists a
quasisemispace CW;(y) \ {0} (where i € supp(y)) in T" that contains V and does not contain y.
In particular, we obtain the following result.

Corollary 3.10. Each non-trivial cone V can be represented as the intersection of the quasisemispaces
CWi(y) U {0} containing it (where y ¢ V and i € supp(y)), and for each complement F of a cone, the set
F U {0} can be represented as the union of the quasisectors W;(y) contained in F U {0} (where y € F and

i € supp(y)).

Lemma 3.11. Assume that x, y € T" satisfy supp(x) N supp(y) # @. Then, for any i € supp(x) N supp(y), the
non-null point z with coordinates

%,y 'yj) (8)

belongs to both W;(x) and W;(y).

zj :=min{x;"

Proof. Note that z; = O for j ¢ supp(x) N supp(y). Moreover, since z; = 1, we have zjxjfl < xi’1 =

zixl.’l for all j € supp(x). Then, we conclude that z € Wj(x). The proof of z € W;(y) is similar. O
Corollary 3.10 and Lemma 3.11 imply the following (preliminary) result on conical hemispaces.

Theorem 3.12. For any joined pair (V1, V) of conical hemispaces in T" there exist disjoint subsets I, ] of [n]
such that

vi=Jmiw [mim v, yen iel)
=span(U{Wi(y) IWiy) SV, yeV, ie 1}),
va=JWi) | Wi €2, yeva, je g}

=5pan(U{Wj(y)|Wj(y)§v2, yeV, jeJ})- 9)



R.D. Katz et al. / Linear Algebra and its Applications 440 (2014) 131-163 141
Proof. As V1 \ {0} and V), \ {0} are complements of cones, Corollary 3.10 yields that

Vi =W [ Wiy) SWi, y eV, i esupp(y)}.
Vo = J{Win | Wiy SVa, y e Vs, jesuppy)},

i.e. V; and )V, are the unions of the quasisectors contained in them. We claim that the quasisectors

contained in V; and V, are of different type. To see this assume that, on the contrary, there exist two

points ¥y’ € V1, y” € V, and an index i € supp(y") Nsupp(y”) for which W;(y") € V1 and W;(y") € V,.

Then, by Lemma 3.11 applied to y’, y” and i, we conclude that the quasisectors W;(y’) and W;(y"),

and so the conical hemispaces V; and V%, have a non-null point in common, which is a contradiction.
From the discussion above it follows that there exist disjoint subsets I, J of [n] such that

V=W [ Wi cvi. yen, iel),
VZ:U{Wj(J’)‘Wj(Y)EVz, yeW, jej}

Finally, since the conical hemispaces V; and V, are cones, the unions above coincide with their
spans. O

3.2. Tropical hemispaces, sectors and tropical semispaces

We now turn to convex sets using the homogenization technique. Below we will be interested in
the following objects.

Definition 3.13. We call (tropical) hemispace a convex set H1 C T", for which there exists a convex set
Ho € T" such that H1 NHy =0 and Hq U Hy =T In this case we call (H1, H2) a complementary
pair of hemispaces. We say that a complementary pair (H1, H) of hemispaces is non-trivial when H1
and H, are both non-empty.

Definition 3.14. For y € T" and i € supp(y) U {n + 1}, the coordinate sections S;(y) :=C
called sectors of type i.

1
Wiy.n) €

See Fig. 1 below for an illustration of sectors in dimension 2.

Lemma 3.15. For y € T" and i € supp(y), we have

Si(y) = {X eT" ‘ @D xiy;'e1<xy ' andx;=0forallj¢ sumn(y)},
Jjesupp(y)

Sn+1(¥) = :X eT" ’ @ ijj_] <landxj=0 forall j ¢ supp(y)},
Jjesupp(y)

and so

CSi(y) = [xe g @ ij;] D1 >xiyl.’l orx;j > O for some j ¢ supp(y)},

jesupp(y)

CSn1(y) = {x eT" ‘ @ xjy]Tl > 1 orx;j > O for some j ¢ supp(y)}.
Jesupp(y)
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Proof. By Definition 3.5 applied to (y, 1), we have

Wi(y, 1)
= {(x, Xn1) € T ’ P xy; @xup1 <xiy;', xj=0forall j ¢ supp(y, Jl)}
jesupp(y)
for i € supp(y), and
Wn+1 (ya ]]-)
= {(x, Xny1) € T ’ P xy;' ®xup1 <xapr, xj=0forall j ¢ supp(y, Jl)}
Jjesupp(y)

because supp(y, 1) = supp(y) U {n + 1}. Hence,
Si(y)=Chpny ={xeT" | x, 1) e Wi(y, D)}
= {XGT" ‘ @ xjy]Tl o1 <x,<yi’1, Xj :thoralljgésupp(y)}

Jjesupp(y)
for i € supp(y), and

Snt1() =Coy, iy = (X €T (X, 1) € Wapa (v, 1)}

= {x e "1 ‘ @ ijj_] <1, xj=0forall j ¢ supp(y)]
Jjesupp(y)

since @jesupp(y) xjyj_1 @ 1 < 1 is equivalent to @jesupp(y) xjyj_1 <1. O
Let us make the following observation which will be useful in the next section.
Lemma 3.16. Let y € T" and «, B € T be such that a < B. Then Sp11(@y) € Snt1(BY).

Proof. If @ = 0 then Spt1(ay) = {0}, and the inclusion follows since 0 € Sp41(z) for each z € T". If
0 <o < B then by Lemma 3.15 we have

Sn+1(ay) = {x eT" ‘ @ xjyj’1 <aandx;=0forall j ¢ supp(y)},
Jjesupp(y)

Sni1(By) = {x eT" ' @ xjyj_1 <pBandx;=0forall j¢ supp(y)}
jesupp(y)
and the inclusion follows since each x € S;11(vy) satisfies @iesupp(y) x,-y,.’] <a < B and xj =0 for
all j ¢supp(y). O

Remark 3.17. Both S;(y) and 0S;(y) (for i € supp(y) U {n + 1}) are convex sets and complements of
each other, hence they form a complementary pair of hemispaces.

Remark 3.18. The notation for sectors and semispaces is reversed as compared to the notation in
Nitica and Singer [23-25].

Theorem 3.19. Let y € T" and let C C T™ be convex. Then y € C if and only if

Siy)yNC#Y (10)
foreachi e supp(y) and fori=n+1.
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Proof. The “only if” part is trivial, since S;(y) contains y for each i € supp(y) and for i=n+1.
For the “if” part, consider the homogenization V¢ of C. If (10) is satisfied, then for each i € supp(y)

and for i =n + 1 there exists x' € S;(y) N C = C%Vi(y,:ll) N C, which implies (x/,1) € Wi(y, 1) \

{(0,0)}) N Ve. By Theorem 3.6, it follows that (y,1) € Vg, andso yeC. O
Restating Theorem 3.19 we obtain the following.

Theorem 3.20. Let C € T" be a convex set and take y € T". Then y ¢ C if and only if C < 0S;(y) for some
iesupp(y)ori=n+1.

Definition 3.21. A convex set of T" is called a (tropical) semispace at y € T" if it is a maximal (with
respect to inclusion) convex set of T" not containing y.

Corollary 3.22. There are exactly the cardinality of supp(y) plus one semispaces at y € T". These are given
by the convex sets CS;(y) fori € supp(y) andi =n+ 1.

Proof. Suppose that C is a semispace at y € T". Since it is a convex set not containing y, Theo-
rem 3.20 implies that it is contained in CS;(y) for some i € supp(y) or i =n + 1. By maximality, it
follows that it coincides with CS;(y). O

The following corollary corresponds to Corollary 3.10.

Corollary 3.23. Each convex set C € T" can be represented as the intersection of the semispaces 0S;(y)
containing it (where y ¢ C and i € supp(y) or i =n + 1), and each complement F of a convex set can be
represented as the union of the sectors S;(y) contained in F (where y € F and i € supp(y) ori=n+1).

Lemma 3.24. For any two points x, y € T" and i € supp(x) N supp(y) or i =n + 1 the intersection S;(x) N
Si(y) is non-empty.
Proof. Consider the points (x,1) and (y, 1) and observe that for V := W;(x, 1) N Wj(y, 1) we have:
y={zeT"| @z D eV}={zeT"|(z 1) e Wix, 1) N Wi(y, 1))}
={zeT"| (. D) eWix, D} N{zeT"|(z,1) e Wi(y, 1)}
=) N Oy = Si®) NSi(y).
For any i € supp(x, 1) Nsupp(y, 1) = (supp(x) Nsupp(y))U{n+1}, Lemma 3.11 applied to (x, 1) and

(y, 1) provides a non-null point z in V = W;(x, 1) N Wj(y, 1). This point is defined by (8) applied to
(x,1) and (y,1), SO zp+1 = min{xi_l,yi_l} if i € supp(x) Nsupp(y) and z;+1 =1 if i =n+ 1. In both

cases we have z,11 # 0, and then we conclude that zn_l](zh...,zn) e CL = S;(x) N Si(y) because

-1 -1 _ 1
(anz],...,anzn, 1) =z,,1Z€ V. O

Corollary 3.23 and Lemma 3.24 imply the following (preliminary) result on general hemispaces (an
analogue of Theorem 3.12).

Theorem 3.25. For any complementary pair of hemispaces H1 and H; there exist disjoint subsets I, ] €
[n + 1] such that

=S [Sip et iel yet)
:COI‘V(U{Si(Y) | Si(y) SH1, i€l ye’Hl}),
Ho=\(Sin) [ S;(0) SHa, je ), y e Ha)

=c0nV(U{Sj(y)|Sj(y)§Hz, jel. ye’Hz}). (11)
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Sa(y)

Si1(y)
S3(y)

Fig. 1. Max-times segments (on the left) and sectors based at a point y with full support {1, 2} (on the right) in dimension 2.

Proof. As H1 and H, are complements of convex sets, Corollary 3.23 yields that H; and #; are the
unions of the sectors contained in them. The sectors contained in H1 and #, should be of different
type, since otherwise there exist two points y’ € H1, y” € Ho, and an index i € (supp(y’)Nsupp(y”))U
{n + 1} for which S;(y’) € H1 and S;(y”) € H;. Then, by Lemma 3.24 applied to y’, y” and i, we
conclude that the hemispaces #1 and H, have a common point, which is a contradiction.

Finally, since the hemispaces 41 and #, are convex sets, the unions in (11) coincide with their
convex hulls. O

Theorem 3.25 can be used to describe hemispaces in the case n = 2. Indeed, in this case, the
non-empty and disjoint sets I and J appearing in its formulation should satisfy U J C {1,2,3}. It
follows that one of the sets I or J consists of only one index. Thus, one of the hemispaces H; or H;
is the union of sectors of the same type. By careful inspection of all possible cases, for this hemispace
we obtain the sets shown on the diagrams of Figs. 2 and 3. Using the form of typical (tropical)
segments on the plane, shown on the left-hand side of Fig. 1, it can be checked graphically that all
these sets and their complements are indeed convex sets (and hence, indeed, hemispaces). All figures
are done in the max-times semifield Rmax, -

4. Tropical hemispaces
4.1. Homogenization and (P, R)-decompositions

Let us start with (P, R)-decompositions of quasisectors and sectors.

Proposition 4.1. For y € T" and i € supp(y), the quasisectors W;(y) and the sectors S;(y) and Sp+1(y) can
be represented as

Wi(y) = span({e' @ y;y; 'l | j e supp(y)}).
Si(y) ={yie'} @ span({e' @ y;y; 'e’ | j € supp(y)}).
Snr1(y) = conv({0} U {yje’ | j € supp(y)}). (12)

Proof. We claim that if x € W;(y), then

x= P yiyi'xi€®yy;e).
Jjesupp(y)
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Fig. 2. The hemispaces in dimension 2 which can be obtained as unions of sectors of the same type based at points with full
support {1, 2}.

Indeed, we have
( P yiyi'xie'e y,-y,-‘lef)) = P viyj'xi=x
Jjesupp(y) ! jesupp(y)

since i € supp(y) and y; yij < x; for all j € supp(y) by Definition 3.5. Furthermore for k € supp(y) \
{i} we have

( P yiyjlxj(eieByjy{lej)) = yive Xy =X
jesupp(y) k



146 R.D. Katz et al. / Linear Algebra and its Applications 440 (2014) 131-163
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Fig. 3. The hemispaces in dimension 2 which can be obtained as unions of sectors of the same type based at points with
non-full support ({1} or {2}).

and for k € [n] \ supp(y) we have

< D yiy]]xj(ei@YjYF]ej)> = @B wi'xE eyl =0=x.
Jjesupp(y) k- jesupp(y)

This proves our claim. Using this property, we conclude that

Wi(y) C span({e' @ y;y; el | j e supp(y)}).
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For the converse inclusion, let us show that the vector el @ yjyi_1ej belongs to W;(y) for any j €
supp(y). Indeed, we have (el @ yjyi‘lef)k =0 for any k € [n] \ {i, j}, and so in particular for any
k € [n]\ supp(y), and
D oyl =yt oyl =y = oyye)yr
kesupp(e"eayjyfef)

1

Thus, ' @ y;y; 'e/ € Wi(y) by Definition 3.5. Since W;(y) is a cone and €' @ y;y; 'e/ € W;(y) for
any j € supp(y), we conclude that
span({ei @iji_lej | je SUPP(}’)}) S Wi(y).

This completes the proof of the first equality in (12).
From the first equality in (12) it follows that, given y € T", for all i € supp(y, 1) = supp(y)U{n+1}
we have W;(y, 1) = span(U;), where

Ui={e'® (y.1);(y. 1) 'e | j e supp(y) U {n+ 1}}. (13)
Hence by Definition 3.14 and Proposition 2.8, it follows that for all i € supp(y) U {n + 1},

Si(¥) = Cy.(y.1) = Copan(u;) = CONV(Py,) & span(Ry;,), (14)
where

Py, ={yeT"|3u#0, (ny, p) € Ui}, (15)
and

Ry;={zeT"| (z,0) e U;}. (16)

Let i € supp(y) (hence i <n). Then by (13) we have

Ui={e @ yjy; el | jesupp(y)} Ule @ y; e}
Therefore by (15) z € Py, if and only if there exists p # O such that (uz, n) = el @ yi‘le’”rl which
yields o =y ! and y; 'z = puz =e!, whence z = y;e'. Thus Py, = {y;e'}. Furthermore, by (16) z € Ry,
if and only if (z, 0) =e! EByjyi’lef for some j € supp(y). Consequently, by (14), we obtain the second
equality of (12).

Finally, let i =n + 1. Then by (13),

Unp1 ={e""" @ yjel | jesupp(y)}u{e™t},

whence (z,0) ¢ Upyq for all ze T", and hence by (16), Ry,,, = #. Furthermore, for © # 0 we have
(1z, ) € Upyq if and only if either (uz, u) =e"1 @ yjej for some j € supp(y) or (uz, i) =e"*1. In
the first case we obtain u =1 and z=puz = yjef for some j € supp(y), and in the second case we
obtain 4 =1 and z= pz = 0. Thus by (15), Py,,, ={0}U {yjej | j € supp(y)}, whence by Ry, , =9
and (14), we obtain the third equality of (12). O

We now obtain (P, R)-decompositions of hemispaces (respectively, conical hemispaces) by uniting
the (P, R)-decompositions of sectors (respectively, quasisectors) contained in them.

Theorem 4.2. For any hemispace H C T" (resp. any conical hemispace V C T") a (P, R)-decomposition can
be obtained by uniting the (P, R)-decompositions given in (12) of all S;(y) € H (resp. Wi(y) C V), where
yeHandiesupp(y)U{n+1}(resp. y €V andi € supp(y)).
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If H is a hemispace, the resulting (P, R)-decomposition is given by

{yiel | Si(y) CH}, ifthereisnoy e T" such that Spy1(y) € H,
{0} U{yie' | Si(y) SHYU{yjel | Spp1(y) SH, jesupp(y)} otherwise,

R={e'@yjy; el | Si(y) SH. jesupp(y)}. (17)

and if V is a conical hemispace, then we have
P=g, R={@yy;'e/|Wi(y) SV, jesupp(y)}. (18)

Proof. By Theorem 3.25 any hemispace H can be represented as the convex hull of all the sectors
contained in . Consider the (P, R)-decomposition of sectors given in the last two lines of (12).
The pair of sets (P,R) which determines the (P, R)-decomposition of the sector S;j(y), for any
yeT" and i € supp(y) satisfy condition (iii) of Theorem 2.14 due to the fact that supp(y;el) C
supp(e! & yiyi lely for all j € supp(y), and the pair of sets determining the (P, R)-decomposition of
the sector Sy4+1(y) satisfies this condition trivially (since R is empty). Therefore we can combine all
the (P, R)-decompositions of the sectors contained in H (in other words, take the unions of all P
and all R separately) to obtain a (P, R)-decomposition of . To form the set P, let us first collect,
using Theorem 3.25 and the second line of (12), all the vectors y;e! such that S;j(y) € H (where
i € supp(y)). If we have Spy1(y) € H for some y € T" then, using Theorem 3.25 and the third line
of (12), we also add the zero vector and all the vectors yjej, where j € supp(y). This explains the
expression for P in (17), in both cases. The set R is composed of the vectors e! eayjyi’lej appearing
on the second line of (12), such that S;(y) € H and j € supp(y). This explains the last line of (17).

By Theorem 3.12, any conical hemispace V is the linear span of all the quasisectors contained in V.
Consider the (P, R)-decomposition of quasisectors given in the first line of (12). By Lemma 2.15 the
union of all the sets R appearing in these (P, R)-decompositions of the quasisectors contained in V
gives the set R appearing in a (P, R)- decomposmon of V (in which P =@). By Theorem 3.12 and the
first line of (12), R consists of all the vectors e' @ y;y; el such that Wi(y) €V and j € supp(y). This
shows (18). O

Let us make an observation on the (P, R)-decomposition of Theorem 4.2.

Lemma 4.3. Let H C T" be a hemispace, z € T", and let R be defined by the last line of (17). If Sj(z) € H
then z € span(R).

Proof. Since Sj(z) € H, by the last line of (17) the set R contains all the vectors of the form el @
zjzi’lef for j € supp(z). Representing

z:z,-( P ( @Zjli_lej)>,
Jjesupp(2)
we conclude that z € span(R). O

We shall need the following characterization of joined pairs of conical hemispaces by means of
sections.

Lemma 4.4. Let Vi, V, € T be cones. Then, (V1, V,) is a joined pair of conical hemispaces if and only if
the following statements hold:

¥, NCy, =9 and CY, UCY, =T" foralla #0, (19)
Y NCY, =1{0} and CH UC) =T" (20)
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Proof. Assume that (V;,)%) is a joined pair of conical hemispaces, i.e. V1 UV, = T™1 and V; N
V, ={0}.

Let o € T. Then, given any x € T, since V; UV, = T"! we have (x,a) € V1 UV, and so x €
Cﬂ";l U C%z. Since x € T" is arbitrary, this shows C%l U Cg")z =T" for any « € T.

Suppose now that « # 0 and C‘{‘jl al C“")Z #0. Let x € C‘{‘jl N C‘{‘)z. Then, we have (x,a) € Vi NV,
which contradicts the fact that V1 N}, = {0} because o # 0. This proves that C‘{‘,l ﬂC“";2 = for o # 0.

Since 0 € V1 NV, we have 0 € Cgl n C%z. Furthermore, if for x # O we had x € C& n C&, then the
non-null vector (x, 0) would belong to V; NV,, contradicting the fact that V; N}, = {0}. This shows
that C?,] N C%z = {0}, and completes the proof of (19) and (20).

Assume now that (19) and (20) are satisfied.

Given any x € T" and « € T, since C%} U C{“,z =T", we have x € C‘{‘)] U C‘{‘}Z. It follows that (x, @) €
V1 U Vs. Since x € T" and « € T are arbitrary, we conclude that V; UV, = T,

Finally, let (x, ) € V1 N V5. Then x € C‘{‘,l n C‘{‘,z, and by (19) and (20) we necessarily have x = 0
and « = 0. This shows that V; NV, = {0}, and completes the proof of the fact that (V1, V») is a joined
pair of conical hemispaces. O

The following theorem relates complementary pairs of hemispaces in T" with joined pairs of con-
ical hemispaces in T"*! through the concept of section.

Theorem 4.5. Let H1, Hz € T™ be a complementary pair of hemispaces, and let (P1, R1) and (P3, Ry) deter-
mine respectively the (P, R)-decompositions of H1 and H; given by Theorem 4.2. Then, the cones

Vi :=span({(x,1) |[xe P1} U{(y.0) | y € R1}) 1)

and

Vo :=span({(x,1) |xe P2} U{(y.0) | y € R2}) (22)

satisfy Hi = Ca and Hy = C%Z, and (V1, V) is a joined pair of conical hemispaces in T+,

Proof. In the first place, observe that by Corollary 2.9 we have C%l ="H, and C%Z =Hp.

To prove that (V1,V,) is a joined pair of conical hemispaces, we show that (19) and (20) are
satisfied and then use Lemma 4.4.

Let us first prove (19). Since (H1,Ha) = (C%l,C%Z) is a complementary pair of hemispaces, it
follows that (19) holds for o = 1. For the case of general o # 0, observe that

Yy, =C%, NCY, and CY; y, =CY, UCY, foralle eT. (23)

Since V1 NV, and V1 UV, are closed under multiplication by scalars, using (23) and Proposition 2.7
we conclude that
1
Y, NCY, = Py, = {ox |xe Cyyv, |
={ax|xeCh NC } ={ax|xe H1NHa} =10,

%1 Uct\x)z = ix}]UVz = {ax|xec\ﬂ}1UV2}
={ax|xeC} UCH ) ={ax|xeHi UHa} =T"

Thus we obtained (19).

It remains to prove (20). Eqs. (21) and (22) imply that C“J1 =span(R;) and C‘D2 =span(R»), so it
remains to show that (span(R1), span(Ry)) is a joined pair of conical hemispaces of T".

Let us show first that span(R1) U span(R3) = T". Take a vector z € T". As (H1,H>) is a comple-
mentary pair of hemispaces, either z € Hq or z € Hy. Assume z € H1. By Theorem 3.20 (taking H»
as C and H; as its complement), it follows that S;(z) C H1 for i =n+ 1 or for some i € supp(z). If



150 R.D. Katz et al. / Linear Algebra and its Applications 440 (2014) 131-163

Si(z) C H1 for some i #n+ 1, then z € span(R1) by Lemma 4.3. In the case when S;(z) ;(_ ‘H1 for any
i#n+ 1, we have Sp4+1(z) € H1, and we consider oz for o # 0.

Suppose that for some o # O we have S;11(z) € H1 and Spt1(az) € Hy. Then Si(oz) € Hq or
Si(az) € Hy for some i #n+ 1, by Theorem 3.20. If Sj(az) € H1 then z € span(Ry), and if Sj(xz) C
H, then z € span(R3), by Lemma 4.3, so z € span(R1) U span(R>).

We are left with the case when S;41(z) € Hq or Sp41(az) € H; for each «. Since by Lemma 3.16
the sets Sp+1(az) are increasing with ¢, it can be only that either S;41(z) € Hq for all «, or
Sn+1(az) € Hy for all a. Assume the first case. Then, we obtam that all vectors x with supp(x) C
supp(z) are in Hq, since x € Sp41(az) with o = @lesupp(z) Xiz; 1 holds for every such x. But then
Si(z) € H, for any i € supp(z), implying that z € span(R1).

We have shown that if z € H; then z € span(Rq) U span(Ry). The same statement holds in the
case of z € H, (by symmetry). Thus span(Rq) U span(Ry) = T" is proved, and it remains to show that
span(R1) Nspan(Rz) = {0}.

Assume by contradiction that z € span(R1) N span(R;) and z # 0. As z € span(R1), we have z =
@xeRl Bxx, where only a finite number of the scalars Bx are not equal to 0. Observe that Ry # ¢
and at least one By is not equal to O because z # 0. By (17), Ry is composed of vectors of the
form e & yiyi lel, where y € T" and i, j € supp(y) are such that S;j(y) € Hi. Consequently we
have B(e! @ yjyi_1ef) < z for some B e T4, y € T" and i, j € supp(y) such that S;(y) € Hi. Since
Si(y) € H1, by (17) it follows that y;el € P;. As z € span(Ry), for the same reasons as above there
also exist 8/ € T4, y € T" and ¥/, j' € supp(y’) such that g'(e’ & y’ (y;,)—1ef/) <zand yj, el e P,.

If x> (yiﬁ*1 ® y;,(8)~") then A > y;B~", whence using also that Bel < z, we obtain yjel =
yiBB el < ABel < az. Slmllarly, since A > y;(8)~ 1 we obtain Vi el < Az. These inequalities can
be written as equalities yje' @ Az = yi,e @ Az = Az, whence Az € conv(P1) @ span(R1) = H1 and
Az € conv(Py) @ span(Ry) = H,, so Az € H1 N Hy, in contradiction with the assumption Hq NHy =
Thus the proof of (19) and (20) is complete and Lemma 4.4 implies that (1, V») is a joined pair of
conical hemispaces. O

4.2. On the (P, R)-decomposition of conical hemispaces

We know that the (P, R)-decomposition of a conical hemispace, as a linear span of quasisectors
(Theorem 3.12), consists of unit vectors and linear combinations of two unit vectors (Theorem 4.2).
Therefore, to describe the (P, R)-decompositions of a joined pair of conical hemispaces we need to
understand how the linear combinations of two unit vectors are distributed among them. With this
aim, we first associate with a non-trivial joined pair (V1,V,) of conical hemispaces in T" the index
sets

I'={ieml|e' eV} and J:={jenl|e/ ewn}. (24)

The following lemma is elementary and will rather serve to define below the coefficients «;j. In
what follows, for some purposes it will be convenient to assume that scalars can also take the
value +oo (the structure which is obtained defining A & (+00) := +00, (+00) @ A := 400 for A € T,
A® (400) := 400, (+00) @ A :=+o00 for A € T4 and 0 ® (+00) := 0, (+00) ® 0 := 0 is usually known
as the completed semifield, see for instance [9]) and to adopt the convention

e prel =el ifr=+oo. (25)

Lemma 4.6. Let (V1, V) be a non-trivial joined pair of conical hemispaces of T", and let I, ] C [n] be defined
as in (24). Then, forany i € I and j € | we have

supfo € TU {+00} | e' @ e € V1| =inf[f € TU {+o0} | el @ pe’ € V).

Proof. In the sequel, we will use the fact that every linear combination of two unit vectors belongs
either to V; or to V%, which follows from V; NV, = {0} and ViUV, =
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First, assume that inf{g € T U {+o0} | el & Bel € V,} = +o0, which implies el & Be ¢ V, for all
B € T. Then, we have el @ el € V; for all @ € T, and so sup{e € TU {+o0} | el ® el € V;} = +00.

Assume now that inf{8 € T U {+o0} | el @ Bel € V,} # +o0. Observe that we have the following
implication:

edpeleVy, y=p = cayeewn, (26)
since e/ € V, and, further, el & )/ej = o pe)® yej €V, if y > B. Thus,

sup{o € TU {+o0} | e @ ael € V1 } <inf{B € TU{+00} | €' @ Bel € W}, (27)

because if we had > in (27), then there would exist , g € T with o > B such that e/ @ we/ € V; and
el @ Bel € V5. Then by el @ el € V, and (26) it would follow that el @ el € V5, whence el el ¢ V),
a contradiction. If inf{8 € T U {+o0} | el @ e/ € 15} = 0, then the lemma follows from (27). Thus, it
remains to consider the case inf{g € T U {+oo} | el @ Be/ € V,} € T. In this case, by the definition
of inf we have el @ ae ¢ V, for all o < inf{8 € T U {+oo} | el @ Bel € V). Then, since every linear
combination of two unit vectors belongs either to V; or to V,, we have el @ ael €V for all o« <
inf{g € TU {+o0} | e @ Bel € V»}, and so (27) must be satisfied with equality. This completes the
proof. O

Henceforth, the matrix whose entries are the coefficients

ajj :=supja € TU {+oo} | €' @ e/ € Vi } =inf|f € TU {+00} | e @ Bel € 1} (28)

will be referred to as the a-matrix (associated with the non-trivial joined pair (Vq, V») of conical
hemispaces). Besides, with each coefficient «;; we associate the pair of subsets of T U {+oo} defined
by

(A <aijh (M| 2> aij)) ifaijeTy, e @ el ey,

(o) ) = (12 <o) (312> o)) ifoy € T, el @ ajel eV, (29)
({aijh A [ A > aij)) if ajj = 0,
(A 1A < ajj), {aii)) if o = +oo0.
Thus, by Lemma 4.6 it follows that
{ei@kef |)\Eai(j_)} cV; and {ei@/\ej |)L€ai(j+)}CV2 (30)

foranyiel and je J.

Since ai(;r) C T4 U {400} and oti(jf) C T4+ U {0}, observe that the sets Oli(:Lj)l and O‘z(;;)z as well as
ozi(f) and af?, can be unambiguously multiplied (by definition, the product of two sets consists of
all possible products of an element of one set by an element of the other set) for any iy,i; € I and
ji.J2€J.

In the sequel, we write I' +--- + ™ =1 if I¥ for k € [m] and I are index sets such that I' U
...UI™=Jand I',..., "™ are pairwise disjoint.

We now formulate one of the main results of the paper: a characterization of conical hemispaces
in terms of their generators. We will immediately prove that any conical hemispace fulfills the given
conditions. The proof that these conditions are also sufficient is going to occupy the remaining part
of this section.

Theorem 4.7. A non-trivial cone ¥ C T" is a conical hemispace if and only if

V=span({e' @rel |iel, je ], )Leaig._)}), (31)
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where [ is a non-empty proper subset of [n], | = [n]\ I, and the sets (7] ) which are non- empty proper subsets
of T U {+o0} either of the form (L e T | A < ojj}or (A e T | A < o,]} with ojj € T U {400}, are such that the
pairs (oigf (H) with G(H defined by o(+) =(TU{+oo}) \ or satisfy
) () =) (= (= ) (=) (+) (+)
%1 j2% 1 mailjlall =¥ and %i1j2%, 41 m011]1 i2j2 =0 (32)

forany iy, iy €l and jq, jo € J.

Proof of the “only if” part of Theorem 4.7. Define V; :=V and V, :=CV U {0}. Thus, (V1,V>) is a
non-trivial joined pair of conical hemispaces in T" because V is a conical hemispace and non-trivial.
Let I and J be the sets defined in (24). Then, I and J satisfy J =[n]\ I, and these sets are non-empty

since (V1, V») is non-trivial. For i € | and j€J, let 0jj :=a;j and (O’( ) (+)) = (a , 4(*)) where
the scalars o and the pairs of sets (a , (+)) are defined by (28) and (29) respectlvely Then, the
sets o( ) and 0] ) are of the required form

We claim that
Vi=span({e @rel |iecl, je ], re 0‘4(4_)}),
Vo =span({e'@rel |iel, je ], Aea(+)}). (33)

Indeed, by Theorem 4.2 both V; and V), are generated by unit vectors and linear combinations of
two unit vectors. The distribution of unit vectors is given by I and J. Observe that (33) conforms

to this distribution, since for any i € I, e/ belongs to the generators of Vi as 0 € 03_) and for any

j e J, el belongs to the generators of V>, since +oo € ‘71§+) This obviously implies that no linear
combination of el and el2 with i,i € I (resp. of e/t and ej2 with jq, jo € J) is necessary in (33) to
generate V) (resp. V»). For i e I and j € J, the distribution of the linear combinations of e' and e/ is
given by (30). Since (oigf), oig.H) = (oci(jf)a,.(f)), it follows that (33) also conforms to this distribution.
These observations yield (33).

It remains to prove (32). Assume that

(+) (+)
01112 iz j1 m0’11 J1 12]2 #Q)

(+ (= =) B —
Then, there exist Bj,j, € ‘711]2 Biyji € crlz]1 Viij € sz and y;,j, € 0,;, such that By j,B;,j, =

Vi1 j1 Vinj,- For this to hold, the products B, j,Bi,j, and ¥;,j,¥i,j, should be in T, and hence B, j,,
Biyj1» Yirj: and ¥i,j, should be in T,. Then, we make the linear combination

z=el D Biy Jze @}‘(elz@ﬂlzh )EVZ
where A satisfies AB;, j; = ¥i,j,, hence also Ay, j, = Bi, j,,» and observe that
z=e@ Yitit el @ )‘(eiz D Vizjp ejz) Vi

Thus V1 NV, # {0}, a contradiction. This completes the proof of the “only if” part of Theorem 4.7. The “if”
part will be proved later (formally after Remark 4.17, but the preparations for this proof will start right after
Corollary 4.9). O

The following result shows that if a non-trivial cone V' defined as in (31) is a conical hemispace,
then CV U{0} can be defined as V5 in (33) and the scalars ojj are precisely the entries of the oz-matrix

associated with the non-trivial joined pair of conical hemispaces (V,CV U {0}).

Proposition 4.8. Assume that

V1:span({ei@xej iel, je], kea( )}) (34)
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is a conical hemispace, where I is a non-empty proper subset of [n], ] = [n]\ I, and fori € I and j € ] the sets
o' are non-empty proper subsets of T U {4-oo} either of the form {, € T | A < oy} or {x € T | A < 0yj} with
ojj € T U {4-00}. Then, V1 and V), defined by

]

Va:=span(le' @rel |iel, je ], re ‘71‘3‘+)})’ (39)

where af) = (TU{+o00}) \cré._),form a joined pair of conical hemispaces, and we have ojj = «j foralli e I
and j € J with a;j defined by (28).

Proof. Let R:={e@ref |icl, je], re ‘713'_)}' We first claim that the unit vectors and linear
combinations of two unit vectors contained in V; are precisely the ones in R. Indeed given j € J,
since e/ ¢ R, it readily follows that el ¢ V. Then, the unit vectors contained in V; are precisely the
ones in R (i.e. e' for i € I). Assume now that e' © fe’ € V; for some i€, je J and g € T. Then, we
h;ve e @ pel = @yeR 8yy, where only a finite number of the scalars 8y is not equal to 0. Observe
that

8y#0 = yr=0 forke[n]\{i,j} = y:ei®kej forsome)\eoi(‘_)

j
= Yyi=0, Vi€ al.gf), and y,=0 forke[n]\({i,j}. (36)
Then 1 = (el @ Bel); = (@yeR Syy)i= @yeR Syyi= @yeR 8y, and so §y g 1 fo'r all y € R. Besides,
since only a finite number of the scalars 8, is not equal to O and g = (e' @ Be)); = (EByeR 8yy)j=
@Dycr yYj. we conclude that g =5,y for some y € R such that §y # 0. Using (36) and the fact that

re oij._) and 6 < 1 imply 8 € aig._), it follows that g € aiﬁ._), and so e’ @ Bel € R. This completes the
proof of our claim.

By Theorem 4.2, the conical hemispace [V U {0} is generated by the unit vectors and linear com-
binations of two unit vectors which it contains, i.e. those which do not belong to V;. By the first part

of the proof and the definition of aéﬂ as complements of 0;) in T U {400}, we know that these

vectors are precisely the generators of V%, in (35). Then V, = Cyv; U {0}, and so V; and )V, form a
joined pair of conical hemispaces.

Finally, the fact that the entries «;; of the a-matrix associated with (V1,1,) coincide with the
scalars oj; follows from their definition (28) and from (34) and (35). O

Condition (32) will be called the rank-one condition, due to the following observation.

Corollary 4.9. If condition (32) is satisfied and ojj € Ty fori € {i1, iz} and j € {j1, j2}, then o0y, j,0i,j, =
0i, j, iy j, - In particular, if all the entries of an a.-matrix belong to T, then it has rank one.

In the rest of this subsection, we assume that I is a non-empty proper subset of [n] and V is the

non-trivial cone defined by (31), where ] :=[n]\ I and the sets O’ig ), which are either of the form
{AeT|x<oj} or {A€T|A < o} with ojj € TU {+o00}, are such that the pairs (aiE._), ai§+)), with

Ui§-+) defined by ai§+) = (T U {+o0}) \ Ué._), satisfy the rank-one condition (32). With the objective
of showing that any such cone is a conical hemispace, we first give a detailed description of the
“thin structure” of the corresponding o -matrix that follows from the rank-one condition (32). This
description can be also seen as one of the main results.

Proposition 4.10. If we define

J7={j€J|oijeTyand oy eai?’)},
IhE

:={j € J|oije Ty and oy egi;—)}’
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JP:={jeJloj=0},
Ji°:={je ]loijj=4o0},

fori e I, then by the rank-one condition (32) it follows that:

() JS+ 7+ 2+ J0 =] foreachicl;

(i) JpoC o JpeC Joe,and J < IO or JP € JP foranyii,iz € I;

(i) FUZUIHNUSUIS) A B then JZU IS = JZU IS, I =JF and JO = JO;
(i) F U UIDNUSUIS) # 0, then J5 C 5 or J5 € I

(v) If(]f1 U ]f) n (]; u jif) # 0, then there exists A € T such that 0, j = Aoy, for all j € ]i<1 u ]f =
< <
Jo VIS

Proof. In this proof, we will use F, > F and < F to represent an entry of a matrix which belongs to
T4, T+ U{4o0} and T4 U {0} =T, respectively.

(i) This property readily follows from the definition of the sets J =, ]f, ];D, and J°.

(ii) If these conditions are violated, then the o -matrix has one of the following 2 x 2 minors

400 <F 0O =>F
<F 4o/’ >F 0 )’
violating (32).
(iii) If this condition is violated, then the o -matrix has one of the following 2 x 2 minors

(6 7)) (&5 (&0

violating (32). More precisely, one of the first two minors will appear when (]if U ]f)ﬂ(]; U ]5) #0
but (J U J5) # (J5 U J5)- The third one will appear if (J U J5) = (J5 U J5) # 0 but J2° # J5°

(equivalently, ]2 £ jg),
(iv) If ]l.f C ; and ]ij C 1<1 do not hold for some iy, iy, then there exist j; and j, such that
(+) (+) (=) (=) :
Oi,j; € Gi]jl’ Oiyj, € Gizjz' Oi,j, € oi1jz’ Oiyj; € 0i2j1' and Oiyj1>Oiqjys Oinrjys Oiy,j; € T+. However, this
contradicts the rank-one condition (32), since oy, j, 0y, j, = 0i, j,0i,j; by Corollary 4.9.
(v) This property follows from Corollary 4.9 and part (iii). O

Remark 4.11. Regarding part (ii) of Proposition 4.10, observe that the condition * ];’10 - ji°2° or
. - i < < <
o0 C J9°" can be equivalently formulated as “J~ U J; U]S CJ;UJ U ]g or J5UJ U]g c
I ]f U ]ﬁ" for any iy, i € I. Similarly, the condition “]i“? c ]8 or ]8 c ]2" can be equivalently
p < < < < . o
formulated as ]i<1 UJ3 U]iolO c j; Ul U];?zo or ]l.; Ul U]{'f c ]i<1 UJ3 U]iolo for any i1,ip € 1.
Consider the equivalence relation on I defined by
. . 0 [0}
ih~ip © Ji7=J5 and i =]g.
By part (ii) of Proposition 4.10 the relation
o o0
{]iz c i or

00 __ Joo 0 0
ip T and Jilgjfz

i1 iy
i1

defines a total order on I, which induces a total order (also denoted by <) on the equivalence classes
associated with ~. Assume that I,..., [P are these equivalence classes and that NP xIP.
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By definition, note that there exist subsets L',...,LP, K1,...,KP, and J!,..., JP of ], such that
],30 =L, J°=K"and J7U ]f = J" for i € I". Thus, by part (i) of Proposition 4.10, it follows that
]T + KT + LT — ]
for r € [p], and from part (iii) we conclude that the sets J',..., JP are pairwise disjoint. Moreover,
for r € [2, p] we have
JFUK K™ 1, (37)
or equivalently
JT*] U erl ' LT
Indeed, if i; € "' and iy € I", usmg Remark 4.11 we conclude that either ]< v ]\ U ];’; c ]< U ]\
> or ] U] U]ll C U] U] . Using part (ii) of Proposition 4.10 and the fact that J™! j<
]\ and ]r ]<U]\ are dlS]Olnt 1t follows that either ]<U]\U]°°C]°° or ]<U]\U]°°C]°°

o = n =

In the former case, we have [T UK" = ]< U ]\ U ]f; c ]°° K™ 1. In the latter case, as ij < iy, we

1_ _ 1_ 1_ )
have j°° C j°° and so K™~ = =K" and J~ U] =@. Thus, L™~ ]11 cJi =1I"

11
because ij < ip, which implies erKT ]\Lr cJ\L1 ]r 1 UKr T=gr-1,
Finally, note that by part (iv) of Proposition 4.10 we have
Jicli o Jicli (38)

for all i1,i € I" and r € [p].
Observe that V is also generated by the set

Udeufer@ayel [jefjule @rel|jeJi 2 <o)
iel
U{ei@kej |jeJ® reTy}),

since any vector of the form el @ Ae/, where j € ]f and A < ojj, can be expressed as a linear combi-
nation of e’ @ ojje/ and e. Moreover, defining

Ci:= span({ei} U {ei oijel | je ]f} U {ei orel|je] < aij}),

Di:=span({e'J U e’ @ re | je J®, e Ty)), (39)
for i € I, we have V = @, ,(Ci & D).

Lemma 4.12. There exist B, € T, forh € I, and y; € T4, for j € U,-EI(]i< U J%), such that for each i € I, the
set of non-null vectors of the cone C; is the set of vectors satisfying

. <
yiXj < Bixi forall je ],
yjXj < Bixi forall je J7, (40)
xj=0 forall je JP U J° U (I\(i}).
Proof. Part (v) of Proposition 4.10 implies that there exist g;, y; € T+ such that oj; = yj’lﬁ,- for all
oij € T4. Thus, the cone C; can be equivalently defined by
Ci=span({e'}U{yje' @ pie! | je IS ulye @rpiel | je 7, A <1}).

Next, any non-null vector x € C; can be written as a linear combination of vectors in the cones
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Cif. = span({ef} U {yjei @ piel ‘ je ]lg})
¢ :=span({e'} U {yje' @apiel | je I 2 < 1)),

with the same coefficient x; at e. The generators of C,f. and C; satisfy the first and second conditions
of (40) respectively, hence x also satisfies all these conditions. Conversely, each non-null vector x
satisfying (40) can be written (using similar ideas to those in the proof of Proposition 4.1) as a linear

combination of the generators of C\ and CJ, and so it belongs to C;. O
Later we will show that certain Minkowski sums of the cones C; are conical hemispaces. To this
end, note that C; = {x € T" | x; = O forj #i} if J=U ]f =, and so

EBCi:{xeT"|xj:®forallj¢7} (41)

when for T € I we have IARY ]f = for all i e I. Evidently, any set given by (41) is a conical hemi-
space.

Remark 4.13. Since V = @;,(C; ® D;), observe that the null vector O is the only vector x in V
satisfying x; = 0 for all i € I.

Theorem 4.14. Given x € T", if x; # O for some i € I, let h := min{r € [p] | X; # O for some t € I'} and X € T"
be the vector defined by % := 0 if k € (U, I") U K" and % := x; otherwise. Then, x € V if and only if

)’2 € @ielh Ci.

Proof. The “if" part: Let t € I" be such that x; # 0. Then, by the definition of ¥ we have

X=32® ( GB Xiel) ® ( @xt(et EBx;lxjej))

icUpap I jekh

It follows that x € V) because X € @;cn Ci CV, el eV foralliel and e @rel eV foralliel”, je K"
and A € T4.

The ‘only if” part: Let xeV.As V=@, & D), we have x = @lel(y @ ') for some y' e C;
and z' € D;. Note that y' @ zi =0 for i € I" with r < h since yl ® z} =x; = 0 for such vectors. So
X_GBIEU >hlr(y @Z)

We will show that y' can be chosen so that X = @; y € @le,h C;. For this, observe that for all
ie Ih since el € C;, we can assume x; = X; = y,, adding x;e' to y' if necessary. This fixes our choice

of y!. Then by (37), for r > h we have J"UK" C K", or equivalently, J" UL" C L". It follows from (39)
and the above that supp(y'@z)) CI"UK"U JT=T"U(J\ L") C [n]\J"U JhuLh) foriel” and r > h.
Thus, X = X, = (Bjejn (y' @ Z'))y for all ke I" U J" U L. Moreover, since we have supp(z') € K" U {i}
(from (39)) and x; = & = y! for i € I, it follows that & = x¢ = (@;c;n )i for all ke MU JhU LN
Finally, the claim follows from the fact that X = 0 = (P yhe forke¢hu Jhuth, o

We now describe @D, C; as the set of vectors lying in a halfspace (42) and satisfying a con-
straint (43).

Lemma 4.15. If J" # , then the non-null elements of the cone @;;- C; are the vectors x € T" that satisfy
Xj # O for someieI",

@ijjg@ﬁ,»xi and x;=0 forjg¢lI" U], (42)

jelr iel”
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and, in addition,

ViXj =@f5,~x,~ = 3Jkel” suchthat yjxj=pxx and je€ ],f. (43)

iel”

Proof. Assume first that the conditions are satisfied for x € T". Given j € J", if yjxj = @;;r Bixi, let
k e I" be such that Bxx = @y fixi and j € ]lf. Then, the vector y¥ := ek @ xjx, 'e/ belongs to
Cy because j € ],f and XjX,:] = ﬂkyfl = 0y;. Given j € J" such that y;jxj < ;. Bixi, let k be any
element of I" such that B, attains the maximum in ;- Bixi. The vector y¥ = ek @ xjx, 'el again
belongs to C, because j € ]kg U Jg and xjxk_1 < ﬁkyj_1 = 0y;. Since e' € C; for all i € I', it readily
follows that x € @;c;rCi as a sum of x;el for i € I" and xy" = xcek @ xje/ over all y¥ considered
above. ) ;

Assume now that x € @);;r C; is non-null. Represent x = ;.;» ¥' where y' € C;. Using (40) we
observe that each vector y in C; for i € I" satisfies @ ;c;r ¥jyj < Biyi and yp =0 forall h¢ I"U J",
hence it lies in the halfspace (42), and so the same holds for x. Besides, the fact that x # 0 and (42)
imply that x; # O for some i € I". Finally, if y;x; = @, Bixi, let k € I" be such that x; = y’}. Since
yk € G, by (40) we have yjy’j‘. < Beyk, and it follows that y;x; = yjy’j‘. < Byl < Bexk < Dy Bixi-
All these inequalities turn into equalities, so we have yjy’j. = ,Bkylli with y* € G, and hence j e ]kg
by (40). This shows that the conditions of the lemma are also necessary. 0O

Proposition 4.16. For each r € [p] the cone @; ;- C; is a conical hemispace.

Proof. The case when J" = was treated in (41), so we can assume J" # #. We have shown that the
non-trivial elements of @), - C; are precisely the elements of T" that satisfy (42) and (43). In the rest
of the proof, we assume that the complement of I" U J" is empty, or equivalently, we will show that
;e Ci is a conical hemispace in the plane {x; =0 |i ¢ I" U J'}, from which it follows that @, C;
is a conical hemispace in T". (For this, verify that the complement of a cone lying in {x; =0 |i €},
for T a subset of [n], is a cone, if the restriction of that complement to {x; = O | i € I} is a cone.) Thus,
we assume ["U J" = [n].

Let us build a “reflection” of ;- Ci, swapping the roles of I" and J", and the roles of ]kg and J©
in (42) and (43). Namely, we define it as the set ¢ containing O and all the vectors x € T" that satisfy

P sixi < P vixj (44)

ielr jeJr

and

Bixi = @ijj = ke " suchthat yxx=pBix; and ke J°~. (45)
jel”

We need to show that € is a cone. Evidently, x € C implies Ax € Cforall A eT.Ifx, y € C\ {0} and
z=x@® y satisfies (44) with strict inequality, then z € C. If not, let i be such that 8jz; = EBje]r ViZj,
and assume z; = x;. It follows that gix; = @je]r yjxj, and then there exists k € J such that yex, =
Bixi and k € J7. Further observe that yjzy ~> YiXk = Bixi = Bizi = @jejr VjZj 2 VkZk, and SO iz =
Bizi, showing that z satisfies (45) and is in C. ~

We now show that C\ {0} is the complement of @), - C;, so C and ;. C; form a joined pair

of conical hemispaces. Building the complement of ;.- C; by negating (42) and (43), we see that it
consists of two branches: vectors x satisfying

P sixi < Prixis

iel” jel”
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and those satisfying

@ﬁixi = @ ViXj

iel” jeJr

and

Jke J" suchthat ypx; = @ﬂix,-, and ke J; whenever Bpxp = yiXk.
iel”
It can be verified that both branches belong to the “reﬂection"ﬁ as defined by (44) and (45).

We are now left to show that &, - C; and its “reflection” C do not contain any common non-null
vector. We will use (38), i.e., the fact that for each iy,ip € I" either ]i<] c ]; or ]; c ]i<1. This property
means that the sets J~ and ]f = J\J; are nested, hence the elements of I" and J" can be assumed
to be ordered so that

o <~ <
Wiz & JgcJj

ip —

and the following properties are satisfied:

. < . . .
jrely, el = hi<ja
el giely = i<in (46)

Assume now x € (@;c;r i) N C but x # 0. Then, we necessarily have @, ;r fixi = Djejrvixj # 0.
Let i; € I" be such that 8 x;, = @je]' YjXj. Since x € C, there exists j1€ j,f such that @jejr ViXj =
ViiXj,. As x € @ Ci, there exists i € I" such that Bi,xi, = @iy Bixi = vj,xj, and ji € ]if, and
s0 iy < iy by (46). Again, using the fact that x € C and BiyXi, = @je]r yjxj, we conclude that there
exists jp € ]; such that @je]r YjXj = Vj,Xj,» and so ji < jp by (46). Repeating this argument again
and again we obtain infinite sequences iy > iy > i3 > --- and j; < j2 < j3 <---, which is impossible.
Hence, ;.- Ci and C form a joined pair of conical hemispaces. O

Remark 4.17. It can be shown that C = Djer @, where (f]- are defined as the “reflection” of C;, i.e.,
cones whose non-null vectors satisfy

Bixi < yjxj forallisuchthatje J7~,
Bixi < yjxj forallisuchthatje jf,
xi=0 forallie J"\ {j}.

The proof of C = Djc)r Cj is based on the arguments of Lemmas 4.12 and 4.15. As this observation is
just a remark, we will not provide a proof.

Proof of the “if” part of Theorem 4.7. Let C; C T", for i € I, be defined by (39) (see also (40), a working
equivalent definition, and Lemma 4.15 for an equivalent definition of &;_, C;). Let the operator x > X
be defined as in Theorem 4.14.

Let x € CV (which in particular means x % 0) and A € Ty. If x; =0 for all i € I, then Ax € OV
is immediate by Remark 4.13 because x # O. If x; # O for some i € I, let h := min{r € [p] | x; # 0
for some t € I"}. Then, X ¢ ;. ;» Ci by Theorem 4.14 because x € CV. Note that for y := Ax we have
min{r € [p]| y¢ # O for some t € I"'} =h and § = A%. By Theorem 4.14 it follows that y € 0V because
V=% ¢ @i Ci.

Let now x, y € 0V (which in particular means x # 0 and y # 0) and define z:=x @ y.

Assume first that x; = y; = O for all i € I. Then, z; = 0 for all i € I, and as z # 0, we conclude
z e 0V by Remark 4.13.
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In the second place, assume x; # O for some i €  but y; = O for all t € I. Then, note that z=X® w
for some vector w which satisfies supp(w) NI =@. Let h := min{r € [p] | x; # O for some t € I'}, so
X ¢ @jcpn Ci by Theorem 4.14. Since 2=X@® w and supp(w) N 1" =@, from Lemma 4.15 it follows that
2 ¢ @P;cyn Civ and so z € CV by Theorem 4.14.

Finally, assume x; # O and y; # O for some i,t € I. Let h := min{r € [p] | x; # O for some t € I"}
and k := min{r € [p] | y: # O for some t € I"}. We first consider the case h # k, and so without loss
of generality we may assume h < k. Then, as above, we conclude that z € CV because Z=% @ w for
some vector w satisfying supp(w) N I" = @. Suppose now h = k. Then, min{r € [p] | z; # O for some
tel'y=hand 2=%@ . From X ¢ @;.nC; and J ¢ P;n C;, it follows that Z ¢ ;. C;, because
@i Ci is a conical hemispace by Proposition 4.16. Thus, again by Theorem 4.14, we have z € Cv. o

Example 1. Let us consider the cone
Vv=span({e'jufe' @} ufe' @se? |seTju{e?}ule? @e?}) T

Note the V' can be written in the form (31) defining I :={1,2}, J := (3,4}, 01(3_) ={A A< 1},
01(4_) =T, 02(3_) := {0} and 02(2) :={A | A < 1}. Since the rank-one condition (32) is satisfied with

o T =TU 4o} \ 05 = (A |2 > 1}, (1) =T U {+00} \ 0} = {+00}, 053 := T U {+00} \ 055 =

T4+ U {400} and 02(1) =T U {400} \ 02(;) ={\| A > 1}, by Theorem 4.7 we know that V is a conical

hemispace. Then, by Proposition 4.8 we also know that V; :=V and
W =span({e}j Ul dae' |[a <1}ju{e @pe? |peT}uletluletdye? |y <1})
form a joined pair of conical hemispaces. Let us verify that this holds.

We first show that V; NV, = {0}. Assume x € V; N ),. Note that we can always express x as a
linear combination of the generators of V; containing at most one vector of the form e' @ se?. The
same observation holds for the generators of V, and vectors of the form e3> @ ae!, e3 @ Be? and
e* @ ye?. Thus, we have

x=pie! @ pa(e' ®e®) @ us(e' @ se?) ® pae? @ us(e? det)

for some 1, 2, 13, a4, 5 € T since x € V1, and

x=ved @ (e @ ae!)®vs(e @ pe?) ®vae’ ®vs(e? @ ye?)
for some v1, V2, v3, V4, 5 € T since x € V.
Writing the equality on components in these expressions gives:
1D U2 d U3 =av;,
Ha® s =3B V5,
M2 =V1 DV D V3,
138 D s = V4 D Vs. (47)

From the first and third equalities in (47) it follows that

M2 <1 @ U2 @ U3 =avy <a(v1 ®v2 @) =ai,
which, due to o < 1, implies @1 = 4y = 43 = v = v, = v3 = 0. Then, from the second and fourth
equalities in (47) it follows that

U5 < Ua @ s =5y < (V4 D V5)Y = Usy,

which, due to y < 1, implies p4 = s =v4 =v5 =0.
To show that V; UV, = T4, let x € T*. It is convenient to consider different cases.
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If X1 = X3 = 0, we have x = x4(e® ® e?) @ X6 € V; when X, > X4, and defining y =x; '
x=x4(e* ® ye?) €V, when x; < x4.

When x; = 0 and x3 # 0, defining 8 = x;lxz we have x = xze? @ x3(e3 @ Be?) € V.

When x; # 0 and x3 = 0, defining § = x; ' x4 we have x = x,e? ® x1(e! @ se*) € V1.

If 1 # 0 and x3 # 0, defining § = x; x4 we have x=x1e! @ x,e? B x3(e! ®e) B x1(e' @ se?) eV
when x; > x3, and defining § = x; 'x; and o = x3 'x; we have x =x3e> @xse? Dx3(e> @ pe?) Dx3 (€ @
ael) € V, when x1 < x3.

X we have

4.3. Closed hemispaces and closed halfspaces

We now consider the case of closed conical hemispaces, and show that these are precisely the
closed homogeneous halfspaces, i.e., cones of the form

{xe’]l’”‘@ijjg@ﬂixiandx,-=®f0rallieL}, (48)
je] iel

where I, | and L (with I and J, or L, possibly empty) are pairwise disjoint subsets of [n].
Theorem 4.18. (See Briec and Horvath [3].) Closed conical hemispaces = closed homogeneous halfspaces.

Proof. Closed homogeneous halfspaces are closed conical hemispaces, since the complement of (48)
is given by

{x eT" @ijj > @,Bix,- or x; # O for some i € L},
jel iel

and adding the null vector O to this complement we get a cone.

Conversely, if a conical hemispace V is closed, then in (31) we have ojje T foralliel and je ],
and the sets 013'_) can only be of the form
o) = AA <o) ifoijeTy,

U {Uij} ifJij =0.

Equivalently, the sets J;~ and J7° of Proposition 4.10 are empty for all i € I, and so K" =¢ for r € [p].
Observe that this means that L" = J if J" =@, which in turn implies p = r. Moreover, we also have
V=@, Ci®Di) =P, Ci if V is a closed conical hemispace, since J{° =@ implies D; C C;.

Assume first that p > 2, which implies J! # ¢ as mentioned above. Then, we have J? U K? C
K= by (37). It follows that J2 =¢, and so p = 2. Thus, we have I =1'UI? and V = @; ;1,12 Ci-
By Lemma 4.15, the cone ;.1 C; can be represented by

@ijjg@ﬂixi and xj=0 forjel' Ul (49)

jeJ? iell

Note that this is just condition (42), and condition (43) is always satisfied as ]kg =J! forall kell.
Since J2 =4, it follows that @); 2 C; is generated by {e' | i € I?}, and then (49) implies that V =
@Diciiup Ci is the set of all vectors satisfying

@ijjg@ﬁixi and x;=0 forjell, (50)
jet iell
which is a closed homogeneous halfspace. Note that by Lemma 4.15 we arrive at the same conclusion
if we assume that p=1 and J' 4. '
Finally, if we assume that p=1 and J! =0, then V = @1 Ci is generated by {e' |i e I' =1}, e,
V={xeT"|xj=0 for je J} is a closed homogeneous halfspace. O
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We now recall an important observation of [3], which will allow us to easily extend the result of
Theorem 4.18 to general hemispaces. For the reader’s convenience, we give an elementary proof based
on (tropical) segments and their perturbations.

Lemma 4.19. (See Briec and Horvath [3].) Closures of hemispaces = closed hemispaces.

Proof (in the max-times setting, with usual arithmetics). Consider the closure of a hemispace H in
Rfx - Since the closure of a convex set is a closed convex set (see e.g. [12,5]), we only need to
show that the complement of this closure is also convex. This complement is open, so it consists of
all points x € CH for which there exists an open “ball” B := {u € Riax. x | 1ui — xi| < € for all i € [n]}
such that B € C#. We need to show that if x and y have this property, then any linear combination
zZ=Xx® uy with A & =1 also does. If we assume A =1, then

S {MYI‘, if Lyi > xi,
Clw, ifuyi<x

Let us consider z € RY,., , defined by Z; := z; + €;, where €/ are such that |¢;| <€ for all i € [n]. We
can write

Wy + €i, if uyi+ € > xjand x; < yi,
5 _ wyi+e =xi+¢, ifuyi+e <x<pyi,
) kit if puyi <xi+¢€ and py; <xi,

Xi+e€=pnyi+e, ifxi+e <py <x,

where always |e{| < |€j| < €. Thus, defining

Ji=yi+n e and &:=x;, if uyi + € > x; and x; < pyi,
Jir=yi+u e and Rii=x+e€f, if pyi+€ <xi<uyi,
Vir=yi and X:=x;i+¢€, if wy; <xi+e€ and py; <x;,

Jic=yi+pnTle and Xii=xi+e, ifxi+e <pyi <xi
we have 2=y @&, X € BS and j € BS', where €’ := €. Since CH is convex, it follows that
BS < CH if B <CH and B’ < CH, proving the claim. O

Corollary 4.20. (See Briec and Horvath [3].) Closed hemispaces = closed halfspaces.

Proof. We need to consider the case of a closed halfspace that is not necessarily homogeneous, and
of a closed hemispace. A general closed halfspace is a set of the form

{xe’]l'”‘@ijjeaozg@ﬂix,-eaﬁandxj:@forjeL}, (51)
jej iel

where I, J and L are pairwise disjoint subsets of [n]. As in the case of conical hemispaces, it can be

argued that the complement is convex too, so (51) describes a hemispace.
Conversely, by Theorem 4.5, for a general hemispace H C T" there exists a conical hemispace
VY € T such that H = C%. Even if H is closed, V may be not closed in general. However, if V
is the closure of V, then the section C% still coincides with . Indeed, for any z = (x, 1) € V there
exists a sequence {z€}xen Of vectors of V such that lim, z* = z. Since z,,.1 = 1 and, by Proposition 2.7,
C$, = {ax| x € H} for any non-null &, we can assume that 2K = (%, 2p) for some Ay € T and xK € H.

It follows that limy A, = 1 and limy x¥ = x. Thus, x € H because H is closed. Therefore, we conclude
that C% =Ch="H.
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By Lemma 4.19 it follows that Cl7_is convex, and so 0V U {0} and V form a joined pair of conical
hemispaces. Then, by Theorem 4.18, V' can be expressed as a solution set to

@ijj @ oxpy1 < @ﬁix,- @®dxpy1 and x;=0 forjel,

jeJ iel
for some disjoint subsets I, J and L of [n]. The original hemispace in T" appears as a section of this
closed homogeneous halfspace by x,+1 =1, and so it is of the form (51). O

Corollary 4.21. Open hemispaces = open halfspaces.

Proof. Open hemispaces and open halfspaces can be obtained as complements of their closed “part-
ner’. O

4.4. Characterization of hemispaces by means of (P, R)-decompositions

We now characterize hemispaces by means of (P, R)-decompositions, as foreseen by Theorem 4.5
and Theorem 4.7.

Theorem 4.22. Let H be a non-empty proper convex subset of T". Then, H is a hemispace if and only if
there exist non-empty disjoint sets I and ] satisfying [ + | =[n+ 1] and n + 1 € I, and sets O'i§~7), which
are non-empty proper subsets of T U {4-oo} either of the form {A € T | A < 0y} or {A € T | A < 0y} with
oij € T U {400}, such that the pairs (aigf), oi§+)), with ai3.+) defined by oigﬂ = (T U {+00}) \ oigf), satisfy
the rank-one condition (32) and

H=conv({rel|je ], re Grg;;,j})

@span({e'@re/ [iel\{n+1}, je ], Aeaig_)}) (52)
if0eH,and

H:conv({kej ‘je J, A # 400, )\EGH(BJ})

@span(fe @rel [icl\(n+1), je], Aea,.j.“}) (53)

otherwise. Moreover, if H is a hemispace given by the right-hand side of (52), then CH is given by the right-
hand side of (53), and vice versa.

Proof. Sufficiency: Consider the cones

Vi = span({e"H @ke] ’ J € ]’ e O-n(-:%,]})

@span({e' @ rel [iel\{n+1}, je ], Aeaigf)}),

Vy = span({e”“ @ el | Jjel. re Gn(i;,j})

@span({e'@rel [iel\{n+1}, je], AEU,-;H})- (54)
By Theorem 4.7 (the “if” part), V; is a conical hemispace. Further, by Proposition 4.8, V; and )V,
form a joined pair of conical hemispaces. Then, from Lemma 4.4 it follows that C%l and C%Z form
a complementary pair of hemispaces. Besides, by Proposition 2.8 we have H = C%l if 0 e H and

H= C%Z otherwise. Thus, H is a hemispace.

Necessity: If H is a hemispace, then (#,C#) is a non-trivial complementary pair of hemispaces.
By Theorem 4.5, H and CH can be represented as sections of some conical hemispaces V; and Vs,
which form a joined pair of conical hemispaces. Since (#,C#) is non-trivial, it follows that (Vq, ;)
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is also non-trivial. By Theorem 4.7 (the “only if” part) and Proposition 4.8, V; and V, must be as
in (54). Then, since e"*! € Vi, we have H = C{l,l if 0eH and H = C%z otherwise. Consequently,
using Proposition 2.8, we see that H has a (P, R)-decomposition as in (52) and its complement as
in (53) if O € H. Similarly, H has a (P, R)-decomposition as in (53) and its complement as in (52) if
O0¢H. O
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