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Abstract

We prove that the representation dimension of a selfinjective algebra of wild tilted type is equal to three, and give an
explicit construction of an Auslander generator of its module category. We also show that if a connected selfinjective
algebra admits an acyclic generalised standard Auslander-Reiten component then its representation dimension is equal
to three.
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1. Introduction

Our objective in this paper is to explore the relation between the representation theory of an algebra, or more
precisely the shape of its Auslander-Reiten components, and its homological invariants. We are in particular interested
here in the representation dimension of an algebra, introduced by Auslander in [8], which measures in some way
the complexity of the morphisms of the module category. There were several attempts to understand, or compute,
this invariant, see, for instance, [8], [15], [3]. Special attention was given to algebras of representation dimension
three. The reason for this interest is two-fold. Firstly, it is related to the finitistic dimension conjecture: Igusa and
Todorov have proved that algebras of representation dimension three have a finite finitistic dimension [19]. Secondly,
because Auslander’s expectation was that the representation dimension would measure how far an algebra is from
being representation-finite, there is a standing conjecture that the representation dimension of a tame algebra is at
most three. Indeed, while there exist algebras of arbitrary [28], but finite [20], representation dimension, most of the
best understood classes of algebras have representation dimension three. This is the case, for instance, for algebras
obtained by means of tilting, such as tilted algebras [5], iterated tilted algebras [11] and quasitilted algebras [25]. This
is also the case for classes of selfinjective algebras related to the ones obtained via tilting, such as trivial extensions
of iterated tilted algebras [12] and selfinjective algebras of euclidean type [7]. In both of these cases, the algebra
considered is the orbit algebra of the repetitive algebra of some tilted algebra under the action of an infinite cyclic
group of automorphisms.

It was then natural to consider next the class of selfinjective algebras of wild tilted type, introduced and studied in
[16]. A selfinjective algebra A is called of wild tilted type if A is the orbit category of the repetitive category B, in the
sense of [18], of a tilted algebra B of wild type, under the action of an infinite cyclic group of automorphisms. Our
first main theorem may now be stated.

Theorem A. Let A be a connected selfinjective algebra of wild tilted type. Then rep.dim. A = 3.

December 13, 2016



Because the definition of our class is similar to that of the one considered in [7], we are able to follow the same
general strategy of proof as in that paper. In particular, our proof is constructive and we are able to explicitly describe
an Auslander generator of the module category of A. However, because we are dealing with wild algebras, the
necessary constructions are different.

Returning to our basic problem of relating the shape of Auslander-Reiten components to the representation dimen-
sion, we are led to consider the case of selfinjective algebras having an acyclic generalised standard component. We
recall than an Auslander-Reiten component I is called generalised standard [31] whenever, for two modules X, Y in
I', we have rad (X, Y) = 0, so that morphisms can be computed locally in that component. As an easy consequence
of Theorem A and the results of [7], [32], we obtain the following nice and unexpected result.

Theorem B. Let A be a connected selfinjective algebra admitting an acyclic generalised standard Auslander-Reiten
component. Then rep.dim. A = 3.

Thus, in this case, the good behaviour of an Auslander-Reiten component in the module category suffices to
determine the representation dimension.

We now describe the contents of the paper. After an introductory section 2 in which we briefly fix the notation
and recall useful facts, our section 3 is devoted to wild quasiserial algebras which will play the role of our building
blocks and section 4 is devoted to the gluings of such algebras. After recalling in section 5 necessary facts on
repetitive categories of wild tilted algebras, we prove in section 6 our Theorem A using Galois coverings and we
deduce Theorem B. Finally, the last section 7 is devoted to examples.

2. Preliminaries

2.1. Notation

Let k be an algebraically closed field. By algebra A, we mean a basic, connected, associative finite dimensional
k-algebra with an identity. It is well-known that there exists a connected bound quiver Q4 and an admissible ideal / of
the path algebra kQy4 such that A = kQ4/1, see, for instance [6]. Equivalently, A may be considered as a k-category
whose objects are the points of Qy4, and the set of morphisms A(x,y) from x to y is the quotient of the k-vector space
kQ4(x,y) having as basis all paths from x to y by the subspace I(x,y) = I N kQa(x,y), see [10]. A full subcategory C
of A is convex if, for each path xy—>x;—---—x, in A with xy, x,, in C, we have x; in C for each i. The algebra A is
called triangular if Q4 is acyclic.

By A-module, we mean a finitely generated right A-module. We denote by mod A their category and by ind A a full
subcategory consisting of a complete set of representatives of the isoclasses (isomorphism classes) of indecomposable
A-modules. For a point x in Q4, we denote by P(x), or I(x), or S(x) the corresponding indecomposable projective,
or indecomposable injective, or simple A-module. We denote by pd M the projective dimension of a module M. The
global dimension of A is then denoted by gl. dim. A. Given a module M, the additive full subcategory of all direct
summands of finite direct sums of M is denoted by add M. Given two full subcategories %, Z of ind A, such that
Homy(M,N) = Oforall M in €, N in 2, the notation 7 V € represents the full subcategory of ind A having as object
class the union of the object classes of 4" and Z. Finally, D = Homg(—, k) denotes the usual duality between mod A
and mod A°P.

A path in ind A from M to N is a sequence of nonzero morphisms

M=My—>M —>---—>M,=N )

with all M; indecomposable. We then say that M is a predecessor of N, or that N is a successor of M. We define
similarly predecessor and successor of a class ¢ of mod A (for instance, of an Auslander-Reiten component): we say
that M is a predecessor (or successor) of % if there exists N in % such that M precedes N (or succedes it, respectively).

We use freely properties of the Auslander-Reiten quiver I'(mod A) of A and tilting theory, for which we refer to
[6]. [9], [29], [30]. Points in I'(mod A) are identified with the corresponding indecomposable A-modules. Similarly,
(parts of) components of ['(mod A) are identified with the corresponding full subcategories of ind A.



2.2. Representation dimension

Let A be a non-semisimple algebra. We recall from [8] that its representation dimension rep. dim. A is the infimum
of the global dimensions of the algebras End M, where the module M is at the same time a generator and a cogenerator
of mod A. Clearly, if M is a generator and a cogenerator of mod A, then it can be written as M = A@ DA & M’, for
some A-module M’. If M is a generator and cogenerator of mod A and moreover rep. dim. A = gl. dim. End M, then
M is called an Auslander generator for mod A. Thus, all indecomposable projective and all indecomposable injective
A-modules are direct summands of any Auslander generator of mod A.

We now state a criterion for an algebra to have representation dimension at most three. Let M be any A-module.
Given an A-module X, a morphism fy : My — X with M, € add M is an add M-approximation if, for any morphism
fi: My — X with M, € add M, there exists g : M| — M, such that f; = fyg:

An add M-approximation is (right) minimal if each morphism g : My — M, such that fog = fj is an isomorphism. A
short exact sequence

0 M, M, 2 x 0

with My, My € add M is an add M-approximating sequence if fy : My — X is an add M-approximation of X. If
moreover fy : My — X is minimal, then it is called a minimal add M-approximating sequence. 1t is proved in [3](1.7),
[7] (2.3) that if X admits an add M-approximating sequence, then it admits a minimal add M-approximating sequence,
which is moreover a direct summand of any add M-approximating sequence. The following lemma which combines
[7](2.2) and (2.4) is central to our considerations.

Lemma. (a) A short exact sequence

0 M, My~ X 0
with My, My € add M is a minimal add M-approximating sequence if and only if the induced sequence of
functors
0 —— Homu(—, M1)laga y — Homa(—, Mo)lada sr —— Homu (=, X)lagarr —=0
is exact.

(b) gl.dim.End M < 3 if and only if each A-module admits a (minimal) add M-approximating sequence. Moreover,
in this case, rep.dim. A < 3.

2.3. Tilted Algebras

Let A be an algebra. An A-module T is a tilting module if pd 4T < 1, Ext/L(T, T) = 0 and the number of isoclasses
of indecomposable summands of 7' equals the rank of the Grothendieck group Ky(A) of A. Let Q be a finite, connected
and acyclic quiver and kQ its path algebra. An algebra is tilted of type Q if there exists a tilting kQ-module T such
that A = Ende T.

We now state a well-known criterion for an algebra to be tilted. We recall that an A-module M is sincere if
Homy (P, M) # 0 for any projective A-module P. It is convex if for any path

My —M — - —= M, )

in ind A with My, M; € add M we have M; € add M for all i. Finally, M is a slice module if it is sincere, convex, and
for any almost split sequence 0—X—Y—Z—-0 in mod A, at most one of X, Z lies in add M, and moreover, if an
indecomposable summand of Y lies in add M then exactly one of X, Z lies in add M. The full subquiver of I'(mod A)
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generated by the summands of a slice module is a complete slice, see [27]. It is then shown, see, for instance [26], that
A is tilted if and only if it admits a slice module (or, equivalently, a complete slice).

The representation dimension of any tilted algebra is at most three. Actually, we have the following facts, proved
in [5], see also [7](2.5).

Lemma. Let A be a tilted algebra, and T a slice module. Then

(a) If X is an A-module generated by T, then there exists a minimal add(T & D A)-approximating sequence for X
of the form

O——T——Ty® [j——=X—0
with T1, To € add T and I injective.

(b) The module M = A®DA & T is an Auslander generator for mod A and rep.dim. A < 3.

2.4. Tilted algebras of wild type

We need to recall a few results from [16] on tilted algebras of wild type. A tilted algebra of type Q is concealed if it
is the endomorphism algebra of a tilting kQ-module all of whose summands belong to the postprojective (equivalently,
preinjective) component of I'(mod kQ).

A (truncated) branch in a point a is any finite, connected, full bound subquiver, containing a, of the following
infinite tree bound by all possible relations of the form o = 0, see [26],

N N N N
B

AN

AN

Let A = kQ,/I be a bound quiver algebra and A’ = kQ’/I’ a full convex subcategory of A having a as source (or
target). Then A is obtained from A’ by rooting a branch kQ” /1" in a provided (Q”, ") is a full bound subquiver of
(Q, D) such that Q) N Qf = {a}, Qo = Oy U O and [ is generated by /" and 1”.

We define ray and coray modules. Let % be an Auslander-Reiten component. An indecomposable module X in ¢’
is a ray module if there exists an infinite sectional path

°
B
ae

X=Xp—X) — = X, — -+

such that, for any i > 0, the subpath X = X, — X; — --- — X; is the unique sectional path of length i with source
in X. Coray modules are defined dually.

Let now C be a wild concealed algebra and K, - - - , K, be a finite set of branches as defined above. An algebra
B is a branch extension of C if there exists a sequence By = C, By, -+ B,, = B of algebras such that, for each j, the
algebra Bj, is obtained from the one-point extension B;[E;, ], where Ej,; is aray B;-module, by rooting the branch
K. at the extension point. Branch coextensions of wild concealed algebras are defined dually.

The following result is [16](2.8).



Proposition. Let Q be a connected wild quiver, T a tilting KQ-module and B = Endy T.

(a) If T has no preinjective direct summand, then there exists a wild concealed quotient algebra C of B whose
postprojective component is the unique postprojective component of I'(mod B). Moreover, B is a branch
extension of C.

(b) If T has no postprojective direct summand, then there exists a wild concealed quotient algebra C of B whose
preinjective component is the unique preinjective component of T'(mod B). Moreover, B is a branch coexten-
sion of C.

As an illustration, and because this picture will become useful in the sequel, we show the shape of the Auslander-
Reiten quiver of a tilted algebra B which is of type (a) above (that is, the endomorphism algebra of a tilting module
without preinjective direct summands)

Here, Y is the unique postprojective component of I'(mod B), it coincides with the postprojective component ¢
of I'(mod C) where C is wild concealed and such that B is a branch extension of C. The family of components Zp
consists in components of the form ZA,, or of such components with one or several rays inserted. The connecting
component %z contains no projective, but may contain injectives. It also contains a complete slice (which is thus left
stable). Finally, 2 represents the remaining part of the module category.

Clearly, the tilted algebras of type (b) are dual to the ones of type (a).

We refer to [21], [22], [23], [24], [27] for more details on representation theory of tilted algebras of wild type.

2.5. Reflections

Let B be a triangular algebra and i a sink in its quiver Q. We define 7" B to be the one-point extension of B by
the indecomposable injective B-module (i):

+ . B 0
TB = B[I(i)] = ( G k )
where addition is the usual addition of matrices, while multiplication is induced from the right module structure of
1(i). Thus Qr.p contains Qp as a full convex subquiver and has exactly one additional point which is a source, denoted
as i’. The reflection S} B of B at i is the full subcategory of T;* B given by the objects of B except the sink i. Thus,
the sink i in Qjp is replaced by the source i’ in the quiver o7 Op = Qs+p. We may iterate this procedure: a reflection
sequence of sinks is a sequence iy, ..., i, of points in Qg such that, for each s € {1, ..., ¢}, the point i, is a sink in the
quiver o-it__l - o-jrl Op = QS;H ~$1 B- Then, the reflection B’ = SZ(S Z_] o S;B) is defined.

3. Wild quasiserial algebras

3.1. The definition

Let Q be a connected acyclic wild quiver, 7~ a tilting kQ-module without postprojective direct summand and
B~ = End T~. Because of Proposition 2.4, B~ is a branch coextension of some wild concealed algebra C.

According to [16], Theorem 3.5 (see, also, the algorithmic procedure in [4](2.5)) there exists a reflection sequence
of sinks iy, ..., i, with all i, belonging to the branches (not to C) and having the property that B* = S;: ) [.*IB'
is the endomorphism algebra of a tilting kQ-module without preinjective direct summand. Thus, again, because of
Proposition 2.4, B* is a branch extension of C.



Definition. Let B~ and ij,...,i, be as above. Then the iterated one-point extension B = T} --- TI.T B~ is a wild
quasiserial algebra.

Remark. Using the description of the Auslander-Reiten quivers of B~ and B* as given in 2.4, it is not hard to see that
the Auslander-Reiten quiver of B has the following shape

)L OZEC

Here Z5- consists of all Auslander-Reiten components of I'(mod B~) which precede the connecting component €5-
of I'(mod B™). The family %5 consists of components whose stable parts are of the form ZA., and in which all
projectives, and all injectives, are projective-injective. Similarly, - is the connecting component of I'(mod B*) and
Zp+ consists of all Auslander-Reiten components which follow % .

Observe that @3- contains a complete slice ¥~ of mod B~. Clearly, ¥~ is not a complete slice in mod B in general,
because % may contain projective-injectives. However, X~ is a right section in the sense of [1]. Dually, a complete
slice Z* of mod B* lies in -, it is not in general a complete slice in mod B, but it is a left section. Moreover, one
has B~ = B/AnnX~ and B* = B/ AnnX*. Also notice that it follows from the description above that B~ is the left
support algebra of B, and B* its right support algebra, in the sense of [2]. For a detailed example, we refer the reader
to section 7.

3.2. The representation dimension

Our first objective is to prove that wild quasiserial algebras have representation dimension 3. Let B be a wild
quasiserial algebra. Using the notation introduced in 3.1, we let £~ be a complete slice in mod B~ and X* a complete
slice in mod B*. We may, without loss of generality, choose £* in such a way that every indecomposable B-module
with support lying completely in the extension branches of B* is a successor of X*. This is possible, because there
are only finitely many isoclasses of such indecomposable modules. As a consequence, the restriction to B~ of any
predecessor of X* in the component % is nonzero. We let 7~ and 7™ denote the respective slice modules of £~ and
X* and set

M=BeDBeT &T"®DB".

We prove below that M is an Auslander generator of mod B. Also useful is the module
N=B oT " oDB".

Indeed recall that, because of Lemma 2.3, every indecomposable B~-module admits a minimal add N-approximating
sequence. Our main technical tool is the following proposition which has almost the same statement as [7], Proposition
3.3.

Proposition. Let B be a wild quasiserial algebra and X an indecomposable B-module whose restriction Y to B~ is

nonzero. Let also
r q

No Y 0

0 L

’

0—sp1 " sp_?

X/Y 0

be respectively a minimal add N-approximating sequence for Y and a projective cover of X/Y in mod B. Then there
exists a B-module K such that we have exact sequences

0—>K—>Ng@®P—>X—>0
0 L—t kY o 0.
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Moreover, K = L@ L'. In particular, K € add N.

Proof. The proof of [7], Proposition 3.3, applies here. We remind the reader that we constructed there a commutative
diagram having the first given short exact sequence as first row and the second as third row. The column on the right
is

0 Y X XY 0

and the one in the middle is the split exact sequence

0 No No® P P 0.

Applying the snake lemma and standard homological algebra yield the required exact sequences. O

3.3. The theorem

Theorem. Let B be a wild quasiserial algebra. Then rep.dim. B = 3.

Proof. Let X be an indecomposable B-module. Using again the notation introduced in 3.1, we assume first that X is
cogenerated by 77~ (that is, X is a proper predeccessor of X7). In this case, we have pd X < 1 and there is nothing

to prove. Otherwise, assume X to be a module of %3- which is generated by 7~ (that is, which is a successor of X7).
Then because of Lemma 2.2, there exists a minimal add(B~ ® T~ & D B™)-approximating sequence

0 M, My X 0.

Because B~ is closed under succesors, the projective B~-modules are also projective B-modules, so M, My € add M.
Let f : M’ — X be a nonzero morphism with M’ € add M. We may assume, without loss of generality, that M’ is an
indecomposable summand of M. Because X is a successor of £~, we have M’ € add(B~ @ T~ @D B™) hence f factors
through My, because of Lemma 2.2. Thus, we have an add M-approximating sequence.

Now, let X belong to one of the components which are successors of €- and be such that the restriction ¥ of X to
B~ is nonzero. In particular, this is the case for all modules in the family of components % and for the predecessors
of * in %+ (this is due to our choice of the slice £*). Because of Proposition 3.2, there exists an exact sequence

0—=K—sTo®Ilp® P—>X—>0

with K, To® Iy ® P € add(B~ @ T~ @ D B™). We show that it is an add M-approximating sequence. Let f : M" — X
be a nonzero morphism with M’ € add M. Because f is nonzero, we have M’ ¢ add(T* & D B*). Therefore, M’ €
add(Be T~ @D B™). If M’ is projective then f trivially lifts to a morphism M’ — Ty @ Ip®P. If M’ € add(T- @D B"),
then f(M’) c Y = Homp(B~,X). Applying Proposition 3.2, we see that f lifts to a morphism M’ — Ty @ I, and
consequently to a morphism M’ — Ty @& I ® P.

Because indecomposable B-modules whose restriction to B~ is zero have support lying completely in the extension
branches of B*, they are successors of X*, due to the construction of the latter. Therefore there only remains to
consider the case where X is a successor of X*. If this is the case, then, because of Lemma 2.2, there exists a minimal
add(7* @ D B*)-approximating sequence

0——=T] Ti®l X—0.

Because B*-injectives are also B-injectives, we have T/, Ty @ I; € add M. Let f : M’ — X be a nonzero morphism
with M’ € add M indecomposable. If M’ € add(T* @ D B*), then clearly f lifts to a morphism M’ — T, & I;. If
M’ ¢ add(T* & D B"), then f must factor through * and thus also lifts to a morphism M’ — T & I;. This finishes
the proof. O



4. Tilted Gluings

4.1. The definition

In [7] the notion of finite gluing of algebras was introduced. Given two algebras of representation dimension three,
the gluing process allows to construct a larger algebra having the same representation dimension. We use here the
same strategy, but have to modify the definitions of [7] to make them suit our needs.

Definition. An algebra B is called right (or left) admissible if its Auslander-Reiten quiver admits a separating, acyclic
and generalised standard component 6+ containing a left section X* (or @3- containing a right section X~, respec-
tively).

Admissibility is a condition made up for tilted algebras. Indeed, let B be the endomorphism algebra of a tilt-
ing module over a hereditary algebra without postprojective direct summands. Then the connecting component of
I'(mod B) is separating, acyclic, generalised standard and moreover, it contains a right section. Therefore B is left
admissible. Dually, if B is the endomorphism algebra of a tilting module without preinjective direct summands, then
B is right admissible. Conversely, if B is an algebra having a generalised standard component containing a left, or
right, section X, then because of [1](3.6), B/ Ann X is a tilted algebra having X as complete slice.

Notice also that any algebra having a preinjective (or postprojective) component is right (or left, respectively)
admissible.

Before defining gluings, we recall a notation. Let X be a right, or a left, section in an acyclic component of the
Auslander-Reiten quiver of an algebra A. Then we denote by X (or X) the set of all indecomposable A-modules which
are predecessors (or successors, respectively) of X in ind A.

Definition. Let B; be a right admissible and B, a left admissible algebra. Then an algebra A is said to be a tilted
gluing of B| and B,, in symbols A = B| = B, if

(FG1) I'(mod A) has a separating component ¢ such that:

(1) ¢ contains a left section isomorphic to Z;;l and the indecomposable A-modules in ¢ which are predeces-
sors of £} are exactly those of E;] Ny,

(2) 9 contains a right section isomorphic to X3 and the indecomposable A-modules in ¢ which are successors
- 2
of X7 are exactly those of X7 N &,
2 2 2

() (T4 NG U5 NGy is cofinite in 4

(FG2) The remaining indecomposable A-modules belong to one of two classes:
(1) those which are predecessors of ¢ are the indecomposable B;-modules in E;I \ %”g] ,
(2) those which are successors of ¢ are the indecomposable B,-modules in fgz \ ‘6)3'2.

Thus the separating component ¢, which we call the glued component, induces a decomposition

indA =Sz \€) VIV (E5\G)

In particular, ones sees easily that the finite gluings of [7] are tilted gluings in our sense. For more examples, we
refer the reader to section 7.



4.2. Representation dimension

Proposition. Let By and B, be respectively a right and a left admissible algebra having representation dimension
three and A = Bj = B,. If the slice module Xy isa direct summand of an Auslander generator for mod B,, then
rep.dim. A = 3.

Proof. The proof of [7](4.2) applies. Namely, let My, M, be respectively Auslander generators for mod By and mod B,
where we assume that the slice module Xy, is a direct summand of M,. Let also L be the direct sum of the finitely

many indecomposables lying in ¢ but not in (E;] N %”gl YU (fgz N CKB‘ ). Then we prove, as in [7] (4.2), that
M=AeoDAeM oM, ®L
is an Auslander generator for mod A.

a

4.3. Induction

We define inductively the tilted gluing of n algebras with n > 2. Assume B; = --- * B, is defined and assume
moreover that it is right admissible while B, is left admissible. Then we say that A = (B} % --- % B,) % B,y =
By % ---x B, * B, is a tilted gluing of the B;.

As above, we denote, for each i, by Z+,’ Ly, respectively the left and the right section which define the gluing

Corollary. Let A = B  --- = B, be a tilted gluing of algebras where rep.dim. B; = 3 for all i and the slice modules
of the X,  for 1 <i<nare direct summands of an Auslander generator for mod Bj,y. Then rep.dim. A = 3.

Proof. An easy induction. O

5. Repetitive categories of tilted algebras

5.1. Canonical decomposition

As seen in the introduction, selfinjective algebras of wild tilted type are orbit algebras of repetitive categories, as
introduced in [18]. For the definition and first properties of repetitive categories, we refer the reader, for instance, to
[7]. We need the following structure result for admissible groups of automorphisms, see [16](3.6).

Proposition. Let B be a tilted algebra of wild type and G a torsion-free admissible group of automorphisms of B.
Denote by vy the Nakayama automorphism of B. Then G is an infinite cyclic group generated by a strictly positive
automorphism of one of the forms

(a) O'VI;} for a rigid automorphism o and some k > 0, or
(b) p**! for a rigid automorphism y, a strictly positive automorphism ¢ such that ¢* = v, and some k > 0.

Let Q be a wild quiver and B a tilted algebra of type Q. The most immediate properties of the Auslander-Reiten
quiver I'(mod B) of the repetitive category B of B are summarised in the following theorem (see [16](3.4) and (3.5)).

Theorem. Let B be a tilted algebra of wild type Q. Then the Auslander-Reiten quiver of B is of the form
[(mod B) = \/(5%, v &)

q€Z
where, for each q € Z,
(a) Z, is an acyclic component whose stable part is of the form Z.Q,
(b) %, is a family of components whose stable part of each is of the form ZA.,
(c) va(Zy) = Zyir and vg(Ry) = Rgs2,
(d) &, separates \/ ,.,( X,V X,) from Ky V (\/Wq(f{p \Y% %I,)).
The description of the previous theorem is known as the canonical decomposition of T'(mod B).
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5.2. Structure of the repetitive category

Let, as before, B be a tilted algebra of wild type Q and ['(mod B) = \/ qez( X4V #4) the canonical decomposition of
I'(mod B), as in Theorem 5.1 . For each ¢ € Z, we denote by 3&;‘ a fixed right stable full translation subquiver of 2
which is closed under successors in I'(mod E) and by %;r a fixed left stable full translation subquiver of 24,1 which

is closed under predecessors in I'(mod B). We may assume without loss of generality that 3&”{ = (-N)Q, 3{’,:1* = NQ,

VB(%;I_) = 5&”{;2 and vl}(%ﬂ = %"q:z for any ¢ € Z. We then have the following theorem [16], Theorem 3.5.

Theorem. Let B be a tilted algebra of wild type Q and let

T(mod B) = \ /(2 v %,)

qe7

be the canonical decomposition of T(mod B). Then, for each q € Z, there exist tilted algebras B, and B;' of type Q
such that:

(a) By is a full convex subcategory of B. Moreover, B, = Endko T,), where T, is a tilting kKQ-module without
nonzero postprojective direct summand.

(b) X is a full translation subquiver of the connecting component 6r; of I'(mod B)) determined by T, which
is closed under successors in ¢t; and consists of torsion B -modules.

(c) B;Ir is a full convex subcategory of B. Moreover, B:; = Ende(Tq+ ), where T, is a tilting KQ-module without
nonzero preinjective direct summand.

(d) 2, is a full translation subquiver of the connecting component 6r; of I'(mod By) determined by T;, which
is closed under predecessors in %r{; and consists of torsion-free B:I' -modules.

(e) For each q € Z, there exists a wild concealed algebra C, such that B is a branch coextension of C, and B:;
is a branch extension of C,,.

(f) We have B = B = B}, v4(B;) = B;,, and vy(B}) = B}, Also vi(Cy) = Cyra.

q+2°
(g) There is a reflection sequence of sinks iy, ...,i. of Qp; (possibly empty) such that By = SZ . ~-S;B; and
B, =T/ ---T;B; contains the supports of the indecomposable modules in %,.

(h) There is a reflection sequence of sinks ji,..., j; of QBJ_. (possibly empty) such that B = S}: e S; B:]r_l and

D, = ij e T/J.’1 B;'_l contains the supports of the indecomposable modules in Z,.

In particular, B is locally support-finite.

Thus, the reader sees that each algebra B, is a wild quasiserial algebra. Also, the local support finiteness of B
implies that, if G is an admissible group of automorphisms of B, then the push-down functor F, : mod B - mod(B/G),
associated to the Galois covering B— E/ G, is dense, see [13], [14]. In particular, F; induces an isomorphism between
the orbit quiver I'(mod B)/G of T(mod B) under the action of G and the Auslander-Reiten quiver ['(mod(B/G) of B/G,
see [17], Theorem 3.5.

6. Proofs of the main theorems

6.1. Selfinjective algebras of wild tilted type

Let Q be a wild quiver. We recall from [16] that a selfinjective algebra A is of wild tilted type Q if there exist a
tilted algebra B of wild type Q and an admissible infinite cyclic group G of k-linear automorphisms of B such that
A=B/G.

Examples of such algebras are provided by trivial extensions of tilted algebras of type Q.

We are now able to prove the main result of the paper.
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Theorem. Let A be a selfinjective algebra of wild tilted type. Then rep.dim. A = 3.

Proof. Because an algebra is representation-finite if and only if its representation dimension is two, see [8], and our
algebra A is representation-infinite, it suffices to prove that rep.dim.A < 3. Let B be a tilted algebra of wild tilted
type Q and G an infinite cyclic admissible group of automorphisms of B such that A = B/G. Then, G is generated by
a strictly positive automorphism g of B. Also, because of Theorem 5.1, I'(mod B) admits a canonical decomposition

T(mod B) = \/ (2, v #,).

qeZ

Furthermore, for each g € Z, we have algebras B, B, B;' and C, which satisfy the conditions of Theorem 5.2.

Because G also acts on the translation quiver I'(mod B), there exists m > 0 such that 8(Z,) = Zyem and g(Z,) =
Hy+m for each g € Z. Then it follows from the definitions of B;, B,, B:;, C, that we also have

g(B;) = B;+m7 g(Bq) = Bq+m’ g(B;) = B;er and g(Cq) = Cq+m

foreach g € Z.

Because of Theorem 5.2, we may choose in the connecting component 47, of B a right section =7 of wild type QO
such that the full translation subquiver Z,~ given by all successors of X in 47, consists of modules having nonzero
restriction to the underlying wild concealed full convex subcategory C,. Moreover, 3”(1' is also a full translation
subquiver of 2 closed under successors.

Similarly, we may choose in the connecting component 7; of By a left section X of wild type Q such that the
full translation subquiver 3&”; given by all predecessors of Z; in 7, consists of modules having nonzero restriction
to Cy. Moreover, %”; is also a full translation subquiver of %, closed under predecessors.

We may assume that X, X7 are chosen so that g (Eq‘) =X, and g(Z:;) = X7, Consequently, g(Z,7) = 2,
and g(2,") = 2., foreach g € Z.

For a given ¢ € Z, denote by % the finite full translation subquiver of Z; consisting of all modules which are
successors of Z;’_ , and predecessors of X;. Then, clearly, every projective-injective in 2 lies in %;. Moreover, we
have g(%,) = %, for any q.

For each ¢, let M, denote the direct sum of all modules in %, all injective B-modules lying in %, and all
projective B-modules lying in #,. Then, clearly g(M,;) = M., for each q.

Finally, we set M = @;151 M;.

Let F; : mod B — mod A be the push-down functor associated to the Galois covering F : B — B/G = A. We
claim that F,(M) is an Auslander generator for mod A.

First, F,(M) admits A as a direct summand. Indeed, any indecomposable projective A-module is of the form
F(P), for some indecomposable projective B-module P. The definition of M yields an r € Z such that P is a direct
summand of M. But then F (P) is a direct summand of F;(¥M) = F,(M). Because A is selfinjective, this implies
that all injectives are also summands of F,(M). We now prove that gl. dim. End M < 3, which will complete the
proof.

Let L be an indecomposable A-module which is not a direct summand of F,(M). Because the push-down functor
is dense, there exist i such that 0 < i < m and an indecomposable module X € (2,7 \ X)) VZ%; V (Z;* \ Z}) such that
L = Fa(X). Moreover, if X € %;, then X is neither a projective B;-module, nor an injective B; -module. Because of
Theorem 3.3 and Corollary 4.3, there exists an add M;-minimal approximating sequence

u v

0 U Vv X 0

in mod B. Applying the exact functor F, yields an exact sequence

0——F ()% Fy (1) 22 Fy () ——=0

with F(U), Fy(V) € add F,(M). We claim that F (v) : F,(V) — Fj(X) = L is an add F,(M)-approximation. Let
h: F,(M) — F,(X) = L be a nonzero morphism. The push-down functor F, : mod B — mod A is a Galois covering
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of module categories. In particular, it induces a vector space isomorphism

Hom,y (FA(M), FA(X)) = () Hom(* M, X).
reZ

Thus, for each r € Z, there exists a morphism f, : ¥M — X, all but finitely many of the f,. being zero, such that
h= Spes Fa(f). ,

We claim that, for any r > 1, we have Homy(¥'M, X) = 0. Indeed, X € .Z; vV %, V 2.4 for some i with 0 < i < m.
On the other hand, for » > 1, the module &M is a direct sum of modules lying in ;:}(%mr V Rjwmr). This
establishes our claim.

Let now f, : M — X be a nonzero morphism in mod B for some r < 0. Because of Theorem 5.1, f, factors
through a module in add M;. Because v is an add M;-approximation, there exists a morphism w, : §M — V in
mod B such that £ = vw,. Then F (f,) = F,(v)F(w,) with Fy(w,) : FA(M) — Fi(V) because F (6 M) = F(M).
Summing up, this yields a morphism w : F (M) — F (V) such that & = F,(v)w. Because the existence of add F,(M)-
approximations yields the existence of minimal add F',(M)-approximations, see 2.2 above , this completes the proof.

O

6.2. Selfinjective algebras with acyclic generalised standard components
Corollary. Let A be a selfinjective algebra.

(a) If '(mod A) has an acyclic generalised standard left stable full translation subquiver which is closed under
predecessors, then rep.dim. A = 3.

(b) If T(mod A) has an acyclic generalised standard right stable full translation subquiver which is closed under
successors, then rep.dim. A = 3.

Proof. Tt follows from [32] Theorem 5.5 that, under these hypotheses, A is of euclidean or wild tilted type. The
statements then follow from [7] and Theorem 6.1 above. O

Our second main theorem is then.

Theorem. Let A be a selfinjective algebra whose Auslander-Reiten quiver admits an acyclic generalised standard
component. Then rep.dim. A = 3.

Proof. This follows immediately from the above corollary. O

7. Examples

The aim of this section is to present illustrative examples. The first two describe wild quasiserial algebras of
a different nature. The third example provides the description of extension and reflection sequences of algebras
associated to a tilted algebra of wild type.
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7.1. Example
Let B be the algebra given by the quiver Q

10’ ° 9’
3 n 6
NN
1<% 2 5 <L ¢

9 11

&

10

bound by the relations a8 = yo, onyoc = 0, ép = 0, nqu = 0, we = 0, 66 = An, e'np = pw, na = 0, 7y = 0,
¢’ Anyod = 0. We claim that B is a wild quasiserial algebra. Let H be the path algebra kA of the wild quiver A of the
form

[ ] (]

N
/

o ——— 0 L]

—
\

(of type ]1:)9). Let B~ be the full convex subcategory of B given by the objects 1,2,3,4,5,6,7,8,9,10,11, B* the full
convex subcategory of B given by the objects 3,4,5,6,7,8,11,1’,2°,9’,10’, and C be the full convex subcategory of

B given by the objects 3,4,5,6,7,8. We note that C is a wild hereditary algebra of type ]I:D4. Applying [16](2.13) we
conclude that the Auslander-Reiten quiver of B~ has a decomposition

F(modB_) = 93- \/%B— \% .QB—,

where &g- is a postprojective component containing all indecomposable projective B~-modules and a section of the
form
P 3 P 6

N\ /
/ N\

Py P; —— Pg,

. . Ps ° ° .
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2p- is the preinjective component Z¢ of I'(mod C), and - consists of infinitely many regular components of type
ZA and a component %~ of the form

”\/\
”\/\/
”\/\
”\/ \/\

/\/\/\
/\/\/\/\

whose stable part, obtained from 4~ by deleting the 75--orbits of the injective B~-modules 11, I, Iy, 110, 11, is of type
ZA. In particular, we conclude that B~ = Endg(7 ™) for a tilting H-module 7~ without nonzero postprojective direct
summands. We also note that B~ is a branch coextension of C, using the quasisimple regular C-modules U and S's
with the dimension vectors

. 11 . _ 0,0
dimU = 1l10 d1m55—0100
and the branches
1<2—2 10 <2— 9 < 11 (with we = 0).

Observe now that 1,2,10,9 is a reflection sequence of sinks of Qp- such that B* = §3S§7,S7S7B” and B =
Ty Ty, T;T] B Further, the Auslander-Reiten quiver of B* has a decomposition

F(modB*) = Py vV X+ NV Dp+,

where Z5- is the postprojective component of I'(mod C), 25 is a preinjective component containing all indecompos-
able injective B*-modules and a section of the form

- y
/ N\

Iy L —1I,

. . . Is . .
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and Zp+ consists of infinitely many regular components of type ZA, and a component ¢’* of the form

\/\/\
/\/\
/\/\
/\/\/\
/\/\/\
S VANVANVA
NN

whose stable part, obtained from %¢* by deleting the 7p--orbits of the projective B*-modules Py, Py, Py, Py, P11, i8
of type ZA. In particular, we conclude that B* = Endy (T™) for a tilting H-module T* without nonzero preinjective
direct summands. Moreover, B* is a branch extension of C, using the quasisimple regular modules U and S 5, and the
branches

<L 10 <2—9 11,
Then B is a wild quasiserial algebra whose Auslander-Reiten quiver has a decomposition
F(mod B) = 1@3_ \% %B \% QB*»

where #Zg consists of infinitely many regular components of type ZA, and a component ¢ of the form

P(10") P(1%) P2

0/ \o

]
°

N

/\
ce P )

e

/:\

NN
NS
NN
NS
AN
N
NN
NN
SN
NN
SN
N

where P(1”), P(2"), P(9"), P(10") are indecomposable projective-injective B-modules at the vertices 1’,2’,9’, 10’, re-
spectively. We note that 4" contains an indecomposable injective B~-module /;;, which is not an injective B-module.

7.2. Example
Let A = kQ be the path algebra of the wild quiver

0: 1=—2<" 3
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It has been proved in [30](Example XVIIIL.5.18) that there is a tilting module 7 = T| & T» & T3 in mod A, where T/,
T», T5 are indecomposable regular modules with the dimension vectors

dim7; =230, dim7, =691, dim75; =120,
and the associated tilted algebra B = End4(T') is given by the quiver
ay

Bi
o2
/ﬁ’\ P S

=<2 3
\_/ (0%
B3

and bound by the relations
a1 =0, a3 =0, a1 =0, a3 =0
—off1 = WP = —a3fr = —a3f = asfs,
@181 = —@fs = 3P = —a3fs.
Moreover, the regular connecting component 7 of I'(mod B) determined by T has a canonical section

Homy (T, 14(3))

/

Homyu (T, 14(2))

Hom, (T, 14(1))
of type QY formed by the indecomposable modules in mod B with the dimension vectors
dim Homyu (7, I4(1)) =261, dim Homy (7, I4(2)) =392, dim Homu (7, 14,(3)) =010.

In particular, we conclude that the simple B-module S z(2) at the vertex 2 lies in 6. Denote by C the path algebra of
the subquiver of Op given by the vertices 1 and 2, and by D the path algebra of the subquiver of Qg given by the vertices
2 and 3. Then B is the one-point extension B = C[R] of C by R = rad Pg(3), and the one-point coextension [U]D of
Dby U = I3(1)/soc Iz(1). Since dim Pp(3) = 241 and dim /3(1) = 13 2, we conclude that R is an indecomposable
regular C-module with dim R = 24 and U is an indecomposable regular D-module with dim U = 3 2. This implies
that the Auslander-Reiten quiver of B has a decomposition

[(mod B) = Pc NV %y NV Cr NV %5 NV 2,

where &¢ is the postprojective component of ['(mod C), Zp is the preinjective component of I'(mod D), % consists
of infinitely many regular components of type ZA., and a component of the form

Pg(3)

/\/\/\
NN
S WANVANDS
NN
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with stable part of type ZA., and %} consists of infinitely many regular components of type ZA., and a component

of the form
Ip(1)

SVAVAN |
VNP ANPANDA
NVANPANDA
ANANDZ
AN VAN
Consider the algebras E = Ty B and F = S{B. Since T B = B[I3(1)], we conclude that the quiver QO of E is of the

form.

B
VRN * y
1= o T3 ———

Let H be the Kronecker algebra given by the arrows v, and y,. Then F is the one-point extension algebra D[U] and
the one-point coextension algebra [V]H and, where V = I5(2)/ soc Ir(2). We determine the H-module V. The Cartan
matrix Cg of E is of the form

1 3 2 1
01 4 3
0 0 1 2
0 0 0 1
Hence, dim 77(2) = 143, and then dim V = 4 3. Therefore, V is the postprojective H-module T; Py (2). In particular,
we conclude that I'(mod F) has a left stable acyclic component %’ of the form

Ir(2)

\/\/\
SVAVAVAVA

and consequently F is a tilted algebra of the form End4(7™) for a tilting module 7* in mod A without nonzero prein-
jective direct summands such that % is the connecting component 67+ of I'(mod F) determined by 7.

Summing up, E is a wild quasiserial algebra such that E- = B and E* = F. Moreover, the Auslander-Reiten
quiver I'(mod E) has a decomposition

IF(modE) = Pc N Ry N 61N e N 61V Iu NV Zh,

where Zy is the Py (k)-family of stable tubes of rank 1 in ['(mod H), 2y is the preinjective component of I'(mod H),
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and Zk consists of infinitely many regular components of type ZA., and a component of the form

Pe(17)

Ig(1) Pe(1)/S

/\/\/\/\
”\/\/\

with stable part of type ZA .

We also note that the opposite algebra B°P of B is a tilted algebra of the form B°? = Ende (D(T')), where D(T) is
a regular tilting module in mod A°P. Similarly, F°P is a tilted algebra of the form F°P = Ende(D(T™)), where D(T*)
is a regular tilting module in mod A°? without nonzero postprojective direct summands. Then we conclude that E°P is
a wild quasiserial algebra such that (E°?)” = F°P and (E°?)* = BP.

7.3. Example
Let B be the algebra given by the quiver Q of the form

N
NN

bound by the relations @8 = yo and pnyo = 0. Then B is a tilted algebra of the form Endy(7), where H is the path
algebra kA of the quiver A of the form

38

N
N

e ———>0 (]

and T is a tilting module in mod H without nonzero postprojective direct summands (compare Example 7.1). More-
over, B is a branch coextension of the wild hereditary algebra C being the full convex subcategory of B given by the

objects 3,4,5,6,7,8, using the quasisimple regular C-module R with the dimension vector dimR = } 1 %0. Then

1,2,3,4,5,6,7,8 is a reflection sequence of sinks of Qp = Q such that

e S7STBis given by the quiver oo Q of the form
3 6
NN
5 <
4 7<Q—8
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bound by the relation 8¢ = An, which is a tilted algebra of wild type ]I:))6, being a branch extension of C using
the module R.

e S;S3785S 7B s given by the quiver oy 05030} Q of the form

6
/N
7 6, ’ ﬁ, ’
5 /" <=—2'=<—3
w
n 1 a’
7 4

bound by the relations 6¢ = An, B/6’A = we and 0’6’4 = gp, which is a tilted algebra of wild type ﬁ6, being
a one-point coextension of the wild concealed full convex subcategory C” of S 7 S7S7S B given by the objects
6,7,8,1’,2',3,4" by the quasisimple regular C’-module R’ with dim R’ having all coordinates equal 1.

e S1S;83S5STB s given by the quiver oio; 050501 O of the form

6
N
P QLA O
/ >< P
Pl o’
7 . g 4"4

&

bound by the relations /6’4 = wo, 076’ = go, &' = y'0’, @’w = y'¢, which is a tilted algebra of wild type
s, being a one-point extension of C’ by the quasisimple regular C’-module R’.

o S$S38:81S7S1S3STBis given by the quiver 0§00 0307050507 Q of the form

4 7’ . 8’
4

Pt a ) T

bound by the relations a’8” = y’0” and ¢'n’y’0’ = 0, and hence is isomorphic to B.

Observe also that Ty T B is a wild quasiserial algebra with (T57B)” = B and (T;T{B)* = S7S|B, and

TIS;S3S3STB is a wild quasiserial algebra with (TSS7S3S7S7B)™ = S;S3S3STB and (T5S;S7S3STB)Y =

S¥S78383STB. Moreover, Ty TS TS TS T, T{ T, T{ B is the duplicated algebra

= [ B o0
b= [D(B) B]

of B. We also note that B is a tilted gluing
B=(T;T{B)+(T:SISISISTB) * (S{S1SStSISISISTR).
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The repetitive category B of B is given by the quiver

(m+1,2)
Ol

(m+1,1)

Ot

. >< Emel

(m, 6) (m,7)

@ Ym

(m,3) (m,4)
Bo W Tm m
(m,2) (m-1,8)
Om
(mv 1) Om-1
Am

On

(m-1,6) (m-1,7)

(m - 1’ 5)
bound by the relations
gmé:m—l = /lmnm—l’ ﬂmé‘mlm = WmOm-1, OmOmAm = EmOm~—15 amﬁm = YmOm; AWm = YmEm»

OmNmYmOm = 0, 6m+19m+]'fmamwm =0, ﬁm+161n+10m+l'§:m7/m =0, 8m+lQm’]ma'mﬂm =0,
fnzanzﬁm6m/lm =0, 77m7n10-n16n19m =0, 6\m-%—lHm-ﬁ—lé‘:mamﬂmém =0.

We note that every admissible group G of automorphisms of B is an infinite cyclic group (v}y), where vj is the
Nakayama automorphism of B and r a positive integer. Observe that the trivial extension algebra T(B) = B/ (vp) is
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given by the quiver

bound by the relations

0& = An, PO = wo, 00l = go, af = vyo, aw = Y&,
onyo =0, 0béaw = 0, B¢y =0, egonaf = 0,
éafod = 0, 1ycdo8 = 0, 00caBo = 0.
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