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Multiple summing operators
Stable measures

0. Introduction

The rotation invariance of the Gaussian measure on K, which we will denote by
ud allows us to show the Gauss—Khintchine equality. It asserts that if 2,4 denotes the
g-th moment of the one dimensional Gaussian measure, and ¢) denotes KV with the
Euclidean norm, then for any o € KV, 1 < ¢ < o0,

cxalally = ([ Hosarand ) . W)

KN

We may interpret this formula as follows: the norm of a linear functional o on £ is a
multiple of the L?-norm of the linear functional with respect to the Gaussian measure

on /4. One may ask if there is a formula like (1) for linear functionals on some other
space, or even for linear or multilinear operators. For linear functionals, an answer is
provided by the s-stable Lévy measure (see for example [6, 24.4]): for s < 2 there exists
a measure on K, called the s-stable Lévy measure and denoted by u2, which satisfies
that for any 0 < g < s, o € KV,

cualalley = ([ o (2)) " ®
KN

where

cea = ([ ez
K

The question for linear operators is more subtle because there are many norms which
are natural to consider on £(¢). The first result in this direction is due to Gordon [9]

(see also [6, 11.10]), who showed that the formula holds for the identity operator on £,
considering the absolutely p-summing norm of idgy, that is

/q

molidy) = caa / J2lty i ()

Pietsch [16] extended this formula for arbitrary linear operators from ¢ — (N s > 2
and used it to compute some limit orders (see also [17, 22.4.11]).

To generalize the formula to the multilinear setting there is again a new issue, as there
are many natural candidates of classes of multilinear operators that extend the ideal of
absolutely p-summing linear operators (for instance the articles [12,14] are devoted to
their comparison). Among those candidates, the ideal of multiple summing multilin-
ear operators is considered by many authors the most important of these extensions
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and is also the one most studied. Some of the reasons are its connections with the
Bohnenblust-Hille inequality [15], or the results on the unconditional structure of the
space of multiple summing operators [7]. Multiple summing operators were introduced
by Bombal, Pérez-Garcia and Villanueva [2] and independently by Matos [10]. In this
note we show that multiple summing operators constitute the correct framework for a
multilinear generalization of formula (1). For this we present integral formulas for the
exact value of the multiple summing norm of multilinear forms and operators defined on
Zi,v for some values of p. Moreover, we prove that for some other finite dimensional
Banach spaces these formulas hold up to some constant independent of the dimen-
sion.

One particularity of the class of multiple summing operators on Banach spaces is that,
unlike the linear situation, there is no general inclusion result. In [3,13,19] the authors
investigate this problem and prove several results showing that on some Banach spaces
inclusion results hold, but on other spaces not. The integral formula for the multiple
summing norm, together with Khintchine/Kahane type inequalities will allow us to show
some new coincidence and inclusion results for multiple summing operators.

Another application of these formulas deals with unconditionality in tensor products.
Defant and Pérez-Garcia showed in [7] that the tensor norm associated to the ideal
of multiple 1-summing multilinear forms preserves unconditionality on L, spaces. As
a consequence of our formulas, we give a simple proof of this fact for ¢, with r > 2.
Moreover, we show that vector-valued multiple 1-summing operators also satisfy a kind
of unconditionality property in the appropriate range of Banach spaces. Finally, we
compute limit orders for the ideal of multiple summing operators.

Our main results are stated in Theorems 1.1 and 1.2, which give an exact formula
for the multiple summing norm, and Proposition 1.3, which gives integral formulas for
estimating these norms in a wider range of spaces.

1. Main results and their applications

Let Ey, ..., Ey, F be real or complex Banach spaces. Recall that an m-linear operator
T e L(E,...,E,; F)is multiple p-summing if there exists C' > 0 such that for all finite
sequences of vectors (7, );-’11:1 CEy,..., (2 )]’”_1 C En,

=

Yo TG a )| < Cupl(@])5) - wp((@2)3,),

J1seesdm

where

wp((y5);) = sup (Z IV (y; Ip) .y € By
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The infimum of all those constants C' is the multiple p-summing norm of 7T and is
denoted by m,(T"). The space of multiple p-summing multilinear operators is denoted by
II,(E4,...,Eny; F). When Ey = --- = E,,, = E, the spaces of continuous and multiple
p-summing multilinear are denoted by L(™E; F') and II,("™E; F') respectively.

The following theorems are our main results. Their proofs will be given in Section 2.

Theorem 1.1. Let ¢ be a multilinear form in L("™¢N;K), p <1’ <2 orr=2. Then

wo(@) = o ([ [ 1660 a0 )
P KN

c
T KN

Before we state our second theorem, let us recall some necessary definitions and facts.
For 1 < ¢ < ooand 1 < X\ < oo anormed space X is called an Eg’ \-space, if for each
finite dimensional subspace M C X and € > 0 there are R € L(M, (7") and S € L({7", X)
for some m € N factoring the inclusion map I3 : M — X such that ||S||||R|| <\ +&:

X
IZM

Mc——— = X.

N

b

X is called an £J-space if it is an Eg a-Space for some A > 1. Loosely speaking, L£J-spaces
share many properties of /,, since they locally look like ¢i'. The spaces Lq(u) are
Eil—spaces. For more information and properties of £{-spaces see [6, Section 23].

Theorem 1.2. Let T be a multilinear map in L(™¢N; X), where X is an L7 -space and
suppose r, q and p > 0 satisfy one of the following conditions

a) r=q=2;
b) r =2 and either p < q <2 or p=gq;
c) p<r <2 andeitherp<qg<2orp=q.

Then

1 1/p
(/.../||T(z<1>,...,z<m>)|\§(du§,(z<1>)...duﬁ(zw))) .
"p

m
Cp
KN KN

(1) =

It is clear that Theorem 1.1 follows from Theorem 1.2, but in fact, the proof of

Theorem 1.2 uses the scalar result, which is much simpler and is interesting on its own.
N ..,Eﬁiﬂ ; X),

T17 "
where X is an L’g,l—space and 71,...,7m, ¢ and p satisfy conditions analogous to those

We remark that the formula also holds for any multilinear map in £(
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of Theorem 1.2. Moreover, the formula turns into an equivalence between the 7, norm
and the integral if we take general £J-spaces.

On the other hand, if we put ¢, in the domain, since multiple summing operators form
a maximal ideal, the formula holds with a limit over N in the right hand side (here we
consider KV as a subset of £,.).

There are situations not covered by the previous theorem where we have an equivalence
or, at least, an inequality between the 7, and the L,(us) norms.

Proposition 1.3. Let T € £(™¢Y; X).

(i) Suppose either r =2 and p,q < 2; orr =2 and g <p; orp<r’' <2 and q < 2. If
X is an LY-space, then we have

1/p

o (T) = /.../||T(z(1),...,z(m))||§( dud (D) . dpl (2™
KN KN

that is, the multiple p-summing and the L. (KN x -+ x KNy x - x ulN) norm
are equivalent in L(™N; X), with constants which are independent of N.
(i) If r =2 or p <1’ <2 then we have, for any Banach space X,

1/p

w0z | [ I ) )
KN KN

Now we describe some applications of these results. The most direct one is an
asymptotically correct relationship between the multiple summing norm of a multilinear
operator and the usual (supremum) norm. Cobos, Kithn and Peetre [5] compared the
Hilbert—Schmidt norm, s, with the usual norm of multilinear forms. They showed that
if T is any m-linear form in £(™¢5, K) then

mo(T) < N*2 |7
Moreover, the asymptotic bound is optimal in the sense that there exist constants ¢,
and m-linear forms T on ¢ with ||T|| = 1 and 7o(T) > em N2 Tt is easy to see
from this that the correct exponent for the asymptotic bound for the Hilbert-valued
case is . The same holds for the multiple p-summing norm for any p because all those
norms are equivalent to the Hilbert—Schmidt norm in £(™¥s;¢5), see [10,13]. We see now
that the same optimal exponent holds for multiple p-summing operators with values on
L§-spaces.

First, note that passing to polar coordinates we have, in the complex case (the real
case follows similarly)
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/.../||T(z<1>,...,z<m>)\|§du§(z<1>)...dug(zw)
KN

KN
= HT(OJ(D7 N ,w(m))||§( dUngl(w(l)) N d02N71<w(m))

Lv)m
(§2N—1)ym

oo

X (/ 2p2N+p7167"2dp>m

0

IA

e (R )

where S2V~1 denotes the unit sphere in R?" and oon_1 the normalized Lebesgue mea-
sure defined on it.
As a consequence of Proposition 1.3, we obtain

m/p
%@ﬁ(lﬁﬂﬂg ITI = N7 (4)

I'(N)

for X an LZ_A-space and p > q or p,q < 2.
Let us see that for p, ¢ < 2, the exponents are optimal. Since for any 7' € L(™¢5; ly)
we have

N

1
(X I ves ) < m(MNF=E 2 NF T,
Jisenim=1
it suffices to show that the inequality
N 1
P m
(> ICeheenlly,)” S NF|T (5)
Jisenim=1

is optimal. By [I, Theorem 4], there exist symmetric multilinear operators Tn €
N

LMY 0)) = L(mFUY), such that, Ty = > &y jun€i @ @ €j,,,, with
~ J1yeeJmt1=1
Eg1yensfmar — +1 and ||TN|| = \/N
Let Ty = iaq 0 Ty, where ig, : €Y — (Y is the inclusion. Then, [Ty || =< Nt and

N 1
P, lim m
(X I sei)IE ) NI = N T

Jiseesdm=1

This implies that inequality (5) is optimal and, hence, so is (4).
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1.1. Inclusion theorems

The well-known inclusion theorem for absolutely summing linear operators states that
for any Banach spaces E, F' we have

II,(E,F) CII,(E,F), whens<t.
Although multiple summing mappings share several properties of linear summing op-
erators, there is no general inclusion theorem in the multilinear case (see [15]). It is
therefore interesting to investigate in which situations we do have inclusion type theo-

rems. The following theorem summarizes some of the most important known results on

this topic.
Theorem 1.4. (See [3,13,19].) (i) If E has cotype r > 2 then
I,("E,F)=11("E,F), forl<s<r*.
(ii) If F has cotype 2 then
II,("E,F) ClI;("E,F), for2<s<oo.

The following picture illustrates the above theorem in the particular case where E = {5
and F' = {,,

[N

ne
N

|
—
D =

In the ruled area we have II,, (" ¥a; {y) = II,, (" ¥2; £4) and in the shaded area we have

the reverse inclusion II,, ("¥q; £,) C Ia(™la; £,) for p1 > 2.
As a consequence of our integral formula, we obtain the following improvement to the

previous result, which will be proved in Section 2.

Proposition 1.5. Let Y be an L£3-space and X an LY -space.
If p > q, then IL,("Y; X) =II,("Y; X).
If p < gq, then IL,("Y; X) C II,("Y; X).
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With the information given by the above proposition, we have the following new
picture.

\

N =
—_
D=

In the ruled area we have II, ("{2;¢,) = II,,(™¥2;{,) and in the shaded area we have
the (direct) inclusion II,("™{q; ¢,) C I1,("™4a; £4,) for p < q.

1.2. A contraction result and unconditionality

Let us begin with this contraction result for the p-summing norm of multilinear op-
erators.

Theorem 1.6. Suppose X is an Lj-space and let v, q and p > 0 satisfy one of the
conditions in Proposition 1.3(i). Then, there is a constant K (depending on r, q and p),
such that for any finite matriz (z;, i, )iy,.. C X and any choice of scalars o, .
we have,

Slm, tm

b

’ ’
Tp Z Qiyysim Gy @ Cim Tir

i150ee0bm

S KH(ail,...,im,)HOO ﬂ-p Z 6;1 ® e ® e;nz xil,...,im ’

ilv“wim

).

>

where the m, norms are taken in IL,("¢,;

Proof. If we show the inequality for o, . ;,, = £1, standard procedures lead to the de-

sired inequality for general scalars, eventually with different constants (see, for example,

Section 1.6 in [8]). We set

T = Z e, ® Qe ., and T, =
7 Tm 7

Tyeenyl

! !
E Oy i €4y @ - Q€ Ty iy
Tm

Tseeesld

and let (rg)r be the sequence of Rademacher functions on [0,1]. For any choice of
t1...,tm €[0,1], we have
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/.../||Ta(r1(t1)z(1),...,rn(tm)z(m))||§(dui\f(z(l))...dui\f(z(m))
K

- /. / ITa(, oy 2 s (20) . dad (2,

KN

We integrate on ¢; € [0,1], 7 =1,...,m and use Fubini’s theorem to obtain

[ [0 B (). (o)

KN
1 1

:/ /.../HTa(rl(tl)Z(l)’""T"(tm)z(m))Hidtl-..dtmdﬂi\{(z(l))...

KN KN 0 0

dupy (2'"™)
— / / 1> @) ri, O, iz 2 |[edt

[0;1]"” (]KN)HL T1,eenybm

At (=) . dpel (=), (6)

Since X has nontrivial cotype and local unconditional structure, we can apply a multi-
linear version of Pisier’s deep result [18, Proposition 2.1] (which follows the same lines

as the bilinear result) to show that, for any 2 2m e KN we have
1 1

1 2

/ /H 7’11 .Tim(t) Qi i, Zi(l) . z(:?) Tiy,. ~7im||th1 o dty,

0 0 i1yeeslm

1 1
1
< Kx / / ri (8) ...y, (£) zi(l)-~-zi(::) T, . ,zm||th1~~dtm
0 0 D1yeenylm,

Using a multilinear Kahane inequality (which may be proved by induction on m), the
same holds, with a different constant, if we consider the power p in the integrals. This
means that we can take the o, ;, from (6), at the price of a constant K. Now, we can
go all the way back as before to obtain

/- / ITa(0,. ., 2 [ (D) . dpal ()
]KN
gK/.../\|T(z<1>,...,z<m>)||§(dﬂﬁ(z<1>)...duiv,(z<m>).
K

The integral formula in Proposition 1.3 gives the result. O
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Note that, in the scalar-valued case, the previous theorem asserts that the monomials
form an unconditional basic sequence in II;(™/¢,.) for » > 2. This is a particular case
of the result of Defant and Pérez-Garcia in [7]. It should be noted that the analogous
scalar-valued result is much easier to prove: after introducing the Rademacher functions
as in the previous proof, we just have to use a multilinear Khintchine inequality and the
integral formula from Theorem 1.1 to obtain the result (Pisier’s result is, of course, not
needed in this case).

1.8. Limit orders

As a consequence of the integral formula for the p-summing norm, we are able to
compute limit orders of multiple summing operators (see definitions below). Limit orders
of the ideal of scalar-valued multiple 1-summing forms were computed in [7] for the
bilinear case. In the multlinear case, they were computed in [4] for £, with 1 <7 <2
and in [11] for ¢, with r > 2. This latter case can be easily obtained from our integral
formula for the multiple summing norm. We will actually use the integral formula to
compute some limit orders for the vector-valued case, the mentioned scalar case being
very similar.

A subclass 2 of the class £ of all m-linear continuous mappings between Banach
spaces is called an ideal of m-linear mappings if

(1) For all Banach spaces Ej,..., E,,, F, the component set A(E1,...,E,; F) :=2AN
(E1,...,En; F) is a linear subspace of (E1,..., En; F).

(2) HT; € (E};Gj), ¢ € UGy,...,Gn;G) and S € L(G, F), then So¢o (Th,...,Tpn)
belongs to A(E1, ..., En; F).

(3) The application K™ 3 (Ag,..., Am) = A1 ... - Ay € Kis in A(K ..., K; K).

A normed ideal of m-linear operators (2] - |la) is an ideal 2 of m-linear operators
together with an ideal norm || - |5, that is,

(1) || - |l restricted to each component is a norm.

(2) If T; € (E;;Gy), ¢ € AGh,...,Gn;G) and S € L(G,F), then ||S o ¢ o
(T, Tl < ISUN QNN - - - - - 1T ]
(3) IK™ 3 (AL, oo s Am) = AL A € K| = 1.

Given a normed ideal of m-linear operators (2, || - ||a), the limit order A\, (2, q) is
defined as the infimum of all A > 0 such that there is a constant C > 0 satisfying

@ la < CN?,

for every N > 1, where &y : /& x ... x N — E(]ZV is the m-linear operator,

N
Oy (2t ..., a™) = Zj:l le calteg.
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Proposition 1.7.

if ¢<71'<2

if v <qg<?2
)\m(H17T7Q) =

if 21";3q<r<2andq§2

2mq
if 1<r< 5

O Q- ~1\|,_. Q=
+
[3
I
313

These values can be represented by the following picture:

“M /// Am (I, 7, q)

1/r

1/
1

N|=

Wl — —
—_

The proof will be splitted in several lemmas.
Lemma 1.8. Let p < ¢ <1’ < 2 then Ay, (I, 7,q) = 1

Proof. Let p < g <7’ < 2. Then by Theorem 1.2,

/ 1/
el pmp(PN) = A0 m)qpqd]\,]z(l)...d N(zm) :
» ZI I I
KN
) _(m)gg N (1) Ny}
Z|z 2N (2O Ll (2 ))

KN

— m 1/q
=7 N

Thus, Ay, (I, 7, q) < %. On the other hand,

(m) g\ P/ 1/p
el pp(PN) = / / Z|z(1 )| ) dui\f(z(l))...duﬁ(z(m))>

KN
m s\ 1P
/ /Np/q 1Z\z zj( )\Pdui\,’(z(l))...dui\f(z( )))
KN
:c:',’val/q.

Hence, Ay, (IT,, 7, q) > % and the proof is done. O
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Lemma 1.9. Let p <1’ < ¢ < 2. Then A\, (Ilp,7,q) = -

Proof. Let 1 < s <1’ < ¢ < 2. Then, by Theorem 1.2,

)\ 14 m
T (Pn) = //(Z\zj(l) J( )|‘1> dpy (WY dpd (2)
KN KN .7

< [[(zjjzjm

N

N

m)is 1/s m
TU1) A EW) L ()

m)is m 1/s
< / /Z\z” LA PdE (W) L dpd (2 >))
]KN
=m N5,

Since this is true for every s </, A, (Il1,7,q) < &

On the other hand, let Wy : £} x .. £ x €5 — C, the (m + 1)-linear form induced
by ®n. By [15, Proposition 2.2] or [10, Proposition 2.5], m1(®y) > 71 (V). Thus, by
Theorem 1.1 taking into account the comments after Theorem 1.2, we have

e 1g1m (V)

= [ [ O ) i G ()

KN KN
- /- / | DL ¥ (20) ) () (27 )
KN
1)\ 17
:crl’l/"'/<z |Zy(2)2]( Y] ) dp (22 dpd) (20 dpl (2 Y)
KN J

> eralV e / / Z\z”... Dl () gl (g ()
KN

—m L1 _ m 2
=cp1Cga N7 N = cr,’lcqﬁlNﬂ

Therefore A, (ITy,7,q) = L.
This proves our assertions for p = 1. By [3, Theorem 4.7], IL, (¢, £4) = II1(¢,,¢,) for
every 1 < p < 2, and the lemma follows. O

Since ¢, has cotype 2 for 1 < r < 2, given any m-linear form T € L(¢(V,... ¢N;C),

s Yo

we know from [7, Lemma 4.5] that

m(T) < supmi(T o (Dgy,y...,Ds.)), (7)
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where the supremum is taken over the set of norm one diagonal operators D, : Y — oN.

The vector-valued version of this result follows the same lines, so (7) holds for any

m-linear map T € L(¢Y,...,¢Y;Y), for every Banach space Y.

Lemma 1.10. Let 1 < p,q,r < 2. Then

(@) Am(Ip,7q) =0 for 1 <r < 37 qu
(7)) Ap(Ip, 7, q )—5+7—%f0r 2mq <r<2.

2+4+mgq
Proof. Let § = ; — 4, then for any diagonal operator we have | Dy ||z ey vy = llo o
Since ®y o (D, , ..., Do, ) € L(™3;€Y), by Theorem 1.2 we have

7'['1(@]\] () (Da-l,... Do’m))

N 1
= [ / > lor0)s” - om{™ ) "4l (=) ..l (o).
KN i=1

(i) The assumption 1 < r < 23—7?& implies ¢ < mgq. Then

1 . 1/q 1
(Z (DAY o@D T < oy Nl sup | 2.
j
Consequently, for any s > 1, we have

m(®n o (Dyy,..., Dy, )) = /.../sup|z(1)...zj(m)|d,uév(z(1))...duév(z(m))

m)is m 1/s
/ /Z|z(1 Z]( )| dpd (D). dpd (2 ))>

KN KN J= 1
— m s
_CZ,SNsv

which implies that A, (II1,r,¢) = 0.

(i) The assumption 224_”;5(1 <r < 2 implies t > mgq. Let % =T+ % Then

)2D A (m) g\ 1 - 20m) 1/s
(Zm e amAN) T < ol ol (3D 1Y )

=1
Thus we have,

N 1/s
wl(q)No(Dgl,...,ng))j/.../ Z m)|) dpd (V) dud (z0)
gy J=1

KN
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/ /Z|z 1)... (m)| d‘u (z 1)) -~dﬂév(z(m)))l/s

gy J=1

m
T

= NV < Nat%-
On the other hand,
WI(CI)N o (Dﬂla' E) Da’m,))

N
ENAM/i /23 D - om ()2l (D) . dpad ()
=1

KN KN
N
s Z m(5)-
Taking supremum over oy, € Byv, k= 1,...,m, and using (7) we get that

m

(@) = N7V NI A

This proves our assertions for p = 1. Since ¢, has cotype 2, by [3, Theorem 4.6], I, (¢, ¢;)
coincides with II (¢,, 4,) for every 1 < p < 2, and the lemma follows. O

2. Proofs of the main results

The proofs will be splitted in a few lemmas. We will also use the following result,
which is [13, Proposition 3.1].

Proposition 2.1 (Pérez-Garcia). Let T € TN (X, ..., X3 Y') and let (S5, j15) be measure
spaces for each 1 < j < m. We have

(/.../||T(f1(w1),...,fm(wm))H’;/ dﬂl(wl)---dMM(wm>)1/p
(o Q
< mp(T) SUP /| zj, fi(w;))? dﬂ](w3)>1/pv

for every f; € Ly(p;,X;).

A simple consequence of this proposition is the following.
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Lemma 2.2. Let T be a multilinear operator in L(™N;Y), and p < v’ < 2 orr = 2.
Then

(/.../||T(z(1),...,z(m))||1;, duﬁ(zﬂ))...dui\,’(z(m))) <l mp(T).

KN

Proof. Let (2, ;) = (KV,u), fj € Lp(KN, ), KY), fi(2) = z for all j and p <
r’ < 2 or r = 2. By Proposition 2.1 and rotation invariance of stable measures,

1/
(/- / [T, ) du (). ()
KN
s 1/p
<mM]] sw / [, w) P (200
j= wJEBZN

([ 1e@rat @)™ =@, o

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. One inequality is given in the previous lemma. We prove the
reverse inequality by induction on m. For m = 1, we have ¢ € (¢)" = ¢X and then

w0 = lelly = (Ll@r)" = b ([ ]Z )] )"
j=1

Ky J=1
=t ([ oerae) "

KN

Suppose that for any k-linear form 1 : £~ x --- x N — K, with k < m, we have,
Do ), u P

o ( / / W, ONPap (W)l (1)),

KN

for all sequences (u (])) C 0N, with wy(u (j)) =1,j=1,...,k
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Let ¢ be an m-linear form, and (usfj)) C (N with wp(ugfj)) =1,j=1,...,m. Then
Yo le@l), . uP
N yeeesTm

= Z Z |¢<u211)77u$:z))|

N1 N2,...,Mm

< / / (w22, 2 Pl ()l (7))
ni KN
= / / S 16, 23, )P ()l (7))
KN "

S / / 6(=0, =), )P (=) dul ().
]KN

dpy (2)

:c;,’j;P(/.../|¢(z<1>7...,z<m))|pduf¥,(z<1>)...dﬂ{X(z(m))).
KN N

Therefore,

1/p

e m(6) < APl (W)l () L o

A
N
—
—
=
Nﬁ

Let us continue our way to the proof of Theorem 1.2.

Lemma 2.3. Let T be an m-linear mapping in L(™E; Eéw), 0<p<qg<2orq=2. Then

sl D) < ([ mo(zoTrat ()"

KM

In particular, if T is linear,
y » M 1/p
camp(T) < ([ 1T dud’(2))
KM

Proof. For (uf%) C ¢4 with wp((uij)) =1,j=1,...,m, we have

> Tk B = > (Z|e o T(ub,,...,up )|

k1yeokm ki,o.cskm  j=1
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M
p
C;Z(/‘Ze;- OT(u,lﬂ,...,uL"m)zj’ dué”(z))
i—1

ki, km KM =

([ ot P )

Il

o
2
S

kiyeooskm

< c;ﬁ(/ WP(ZOT)pdug/I(z)).

KM
Therefore,

1/p

cusmT) < ([ o Tra ()

KM

For m = 1, zo T is a linear form, and then we have my(z 0 T) = |z o T||p =
IT"(2)ller- O

By a Banach sequence space we mean a Banach space X C KN of sequences in K such
that ¢; C X C {,, with norm one inclusions satisfying that if 2 € KN and y € X are such
that |z,| < |yn| for every n € N, then z belongs to X and ||z]|x < |ly||x. We will now
show that if we consider multilinear mappings whose range are certain Banach sequence
spaces, then the norm of the multilinear mapping defined by the integral formula is
equivalent to the multiple summing norm.

We will need the following remark, which may be seen as a Khintchine/Kahane type
multilinear inequality for the stable measures.

Remark 2.4. If T is an m-linear form on K¥ and ¢ < p < s < 2, or ¢ < p and s = 2,
then

1/p
c??(/ o / 1Tz, 2 P (zW) duiv(z(m))>
N KN

<ol (/.../|T(z(1>,...,z< N|2dp (M) . dplY (2 >)) .
KN KN

For m =1 it follows from property (2) of Lévy stable measures, and then we just apply
induction on m.

Recall that a Banach sequence space X is called g-concave, ¢ > 1, if there exists C' > 0
such that for any z1,...,x, € X we have

(St =€ (S )],
k=1 k=1
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Lemma 2.5. Let X be a g-concave Banach sequence space with constant C and let T €
L(™E; X) be an m-linear operator. Denote by T} the j-coordinate of T (T} is a scalar
m-linear form). Then my(T) < C||(mq(T}));lx -

Proof. Just note that for finite sequences (u%k)) C X, with w, ((u;’j}) ) = 1 we have
ng

(3 1 ig) <o (X md o ue )

N1,y N1y m

< C||(mq(T1));

ij

|X. O

Lemma 2.6. Let X be a Banach sequence space and let T € L(™¢Y; X) be an m-linear
operator, r > 2. Then if either p,q <1’ <2, orr =2, then

1o T)5lx < / / 1T, 2 dp (2O) . dpal (20
KN N

< (e q/cr 1) mg(T).

Proof. By Theorem 1.1, Remark 2.4 and Lemma 2.2 we have

| (mp (7)) 11 x ZCT_,TZH / / |T; (= z(m))|Pdug(z(1))...dluf_\,[(z(m)))l/p H

KN
<cnl(f- /|T 2 ) )|
KN

SC;?’;/-~-/HT(z“%...,z<m>>|\xdui¥<z“>>...duﬁ<z<m>>

KN

<en(f - / T, . 209 (D) .. ¥ ()

KN
S (CT",(]/CT",l) 7Tq(T) O

X
J

1/q

As a consequence of Lemma 2.2 we obtain one inequality in the following result. For
the other inequality, note that if X is g-concave, then it is also s-concave for any s > ¢
and apply the previous two lemmas.

Corollary 2.7. Let X be a g-concave Banach sequence space and let T € L(™¢N; X).
Then forr =2 and ¢ < s, or q < s <1’ < 2, we have

wm= (- /||Tz<1> A (D). (20))

KN
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Standard localization techniques and the previous corollary readily show the coin-
cidence of multiple s-summing and multiple g-summing operators from LI-spaces to
g-concave Banach sequence spaces.

Corollary 2.8. Let X be a g-concave Banach sequence space, and let E be an LI-space.
Then

IL("E; X) = 1, (" E; X),
forq<s<r' <2, orq<sandr=2.
Proceeding as above we may prove the following.

Corollary 2.9. Let X be an L) -space and let T € L(™¢N; X) be an m-linear operator.
Ifq<r' <2 or, r=2, then we have

1/q
m(m =c( [ - / TGO, ) | (2O ¥ (20))
]KN

We have almost finished the proofs of the main results.

Proof of Theorem 1.2. It is clearly enough to show the result for operators with range
in ¢}" for some M € N.

One inequality is Lemma 2.2. For the other inequality, if either r = ¢ = 2 or; r = 2
and p<g<2or;p<r <2andp<q<2,acombination of the previous results gives:

mp(T) < cq_;(/ mp(z 0 T)pduév(z)>1/p

KN
m (1 m)\|p ) N 1/p
<cmen( [ 170 TG, ZNPA ). ))dus' (=)
KN KN
Scrftz(/ /(e;g/\zoﬂ 0 P () ()
KN KN KN
1/p
aul (=)
1/
SC;TZ(/.../ﬂp(T(z(l),...,z(m));Ey %K)pdufa\,’(z(l))...dufn\{(z(m))) !
KN KN

—m s ) /P
([ 1T a0
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where by m, (T(z(l), ceey z(m));ﬁé\fl — K) we denote the absolutely p-summing norm of
the vector T(z(l), cee z(m)) thought of as a linear functional on Eé‘ff , whose norm is just
the £}’-norm of the vector.

The cases where p = ¢ follow from Corollary 2.9. O

Proof of Proposition 1.3. (i) For r = 2, the equivalence of norms is a consequence of
Theorem 1.2 when p < ¢ <2 or p = ¢ and of Corollary 2.7 for ¢ < p.

For r > 2, the equivalence of norms is a consequence of Theorem 1.2 when p < r’ and
p < ¢ <2 and of Corollary 2.7 ¢ < p < 7’.

(4) This statement follows from Lemma 2.2. O

Proof of Proposition 1.5. The first assertion follows from Corollary 2.7 and localization.
For the second assertion just combine Lemma 2.5 with Lemma 2.6. O
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