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Optimization under uncertainty has attracted recently an increasing interest in the process systems engi-
neering literature. The inclusion of uncertainties in an optimization problem inevitably leads to the need
to manage the associated risk in order to control the variability of the objective function in the uncertain
parameters space. So far, risk management methods have focused on optimizing a single risk metric along
with the expected performance. In this work we propose an alternative approach that can handle several
risk metrics simultaneously. First, a multi-objective stochastic model containing a set of risk metrics is
formulated. This model is then solved efficiently using a tailored decomposition strategy inspired on the
Sample Average Approximation. After a normalization step, the resulting solutions are assessed using
Pareto filters, which identify solutions showing better performance in the uncertain parameters space.
The capabilities and benefits of our approach are illustrated through a design and planning supply chain
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1. Introduction

Market globalization is continuously producing changes in busi-
ness behavior, thus making it difficult to predict future trends with
certainty. When analyzing the decision-making processes around a
typical supply chain (SC), uncertainties, like market demands, raw
materials availability, inventory levels and flows, should be con-
sidered to capture their direct and local effects over the individual
echelons as well as their indirect effects that propagate to other ech-
elons through existing links between them. However, those effects
and specially the indirect ones have often been overlooked by the
traditional mathematical models used in industry, which are com-
monly built over the assumption that all the information is known
with accuracy beforehand (Zamarripa et al., 2014).

Optimization under uncertainty and, in particular, stochastic
programming addresses this challenge by defining recourse actions
that allow reacting against every possible realization of the uncer-
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tain parameters (Birge and Louveaux, 2011). In this context, a given
design might obtain different results depending on the scenario in
whichitis evaluated, and itis very likely that the optimal design cal-
culated for nominal conditions might render suboptimal (or even
unfeasible) under other circumstances. Commonly, stochastic pro-
grams are solved over a number of stages, being the two-stage
stochastic models the most studied ones in Supply Chain Man-
agement (SCM) problems. In those, stage-1 decisions involve the
selection of the design variables for the first time period, whereas
stage-2 decisions are modeled using variables that can be adjusted
according to the realization of the scenarios (e.g. recycles in a
flowsheet, production levels in a SCM problem)(Grossmann and
Guillén-Gosalbez, 2010; Guillén-Gosalbez and Grossmann, 2009,
2010; Ben-Tal et al., 2009; Janak et al., 2007). This allows stochastic
programming models to react after a scenario materializes (cor-
rective action). As acknowledged by different authors, the main
weakness of the traditional stochastic approaches lies in the lack of
control on how information regarding uncertain parameters affects
optimal decisions. lerapetritou et al. (1996 ) emphasized the need of
an information index in order to evaluate the quality of the solution
associated to the uncertain input data (named Value of perfect
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Nomenclature
N; Set of products
Abbreviations Nm Set of warehouses
MOO Multi-objective optimization Ng Set of customer zones
SC Supply chain S Set of different scenarios
SCM Supply chain management SS Set of different solutions belonging to NSS
MILP  Mixed integer linear programming Sol Set of different solutions form model P
PSE Process systems engineering RSS Raw set of solutions
SAA Sample average approximation x* Optimal set of solutions for scenario s
RAR Risk area ratio y* Second stage variables in the full optimal solution
SO Simple objective xx* Optimal solution for order of efficiency algorithm
VPI Value of perfect information s* Optimal set of solutions for the entire set of scenar-
ioss
Indexes NSS Normalized set of solutions
sp Suppliers ob Objectives under analysis
r Raw material NOO Number of objectives under analysis
l Plants Vi Set of solution efficient of order k
J Batch stages RS Set of rejected solutions
i Products P Solution retained after smart pareto filter
m Warehouses M Set of candidate solutions
g Customer zones c Counter set
s Scenarios cc’ Counter set
sol Solutions K Order of efficiency
d Parallel unit in phase ® Space of uncertain parameters
w Tanks sizes
p Batch unit discrete sizes Variables
X Vector of first-stage decision variables
Parameters A Random vector associated to an uncertainty behav-
Q Target value for risk metrics ior
Djq Demand product i for each customer zone g y Vector of second-stage decision variables
probs  Probability of occurrence for scenario s 3qs Positive deviation of the profit value from the target
fio Lower bound in normalized scale  in scenario s
fup Upper bound in normalized scale Profits;  Profit obtained for scenario s
fio Lower bound in objective value f Normalized value
fup Upper bound in objective value f Real objective value
At Tolerance value for smart pareto filter Eprofit  Objective (Expected profit)
fij Conversion factor of raw material r to produce prod- Qsp.r.i1s Material amount of raw material r send from sup-
uct i in batch stage j plier site sp to plant [ in order to produce product i
0] Maximum ratio allowed between batches of consec- at scenario s
utive stages. Bijis  Batchsizeof productiatstagejin plant!for scenario
Price; Selling price of product i s
-ZP Upper bound for production of product i in plant [ NP; Number of in phase units for stage j in plant |
.L? Lower bound for production of product i in plant [ Nb;j;s Number of batches of product i in stage j of plant L
Qmax  Upper bound of storage capacity of warehouse m VF;,  Discrete size p for batch units in stage j of plant [
Cd;,,  Storage cost of product i at storage m €e;j1p,ds Non-negative continuous variable
Cprod;; Production cost of product i at plant [ VT;js  Tank size installed for contain product i from batch
Crawsp » Raw material acquisition cost from supplier sp and stage j at scenario s
raw material r SSc Normalized solution ¢
Ctp;,.;m Distribution cost of producti among production Sizejjy  Sizerequired for batch stage j to produce 1Kkg of final
plant | and storage site m product i in plant |
Ctd; m ¢ Distribution cost of product i among storage site m DR Downside risk
and customer zone g wc Worst case
ST; 1 Size factor for each storage tank for contain product Var Value at r1'sk
i at batch stage j in plant [ ov Opportunity value
VTF; ;. Discrete size w for storage tanks in stage j of plant | Risk Financial risk ) i
op . ) ) - 2 VZ; ;s  Batch unit size of stage j of plant [ at scenario s
Nle Svjl o1 ﬁ],l Q| ,Bj,l Tt . . . .
cpl) Installation cost of plant I fijiw ;gqtmuous valjlable thaF is equal to Q; if batch stage
Cdep,  Installation cost of storage m J1s m_s_talled W.“h tank siew. L
Pijipnd Auxiliary variable to skip nonlinearities
Sets/subsets LC Total gllocatlon cost
Nsp Set of supplier sites IC Tota.l mvestment. go.st
N, Set of raw materials EC EqU}pment acquisition cost
N, Set of batch plants Can Capital charge factor .
N; Set of batch stages 0Cs Total operating cost at scenario s

TC; Total distribution cost of scenario s
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Ctrawg, ; ;; Distribution cost of raw material r among sup-
plier site sp to production plant ! in order to produce
product i

Total cost including operating and investment cost
Total revenue obtained by selling product i

TCosts
Saless

Binary Variables

Zos 1if profit for scenario s is lower than the target profit
Q

ex; Takes value 1 if plant [ is allocated

2z; | Is equal to 1 if product i is produced in plant

YYm.s Takes value 1 if warehouse m is allocated for sce-
nario s

XZj 1.4 Takes value 1 if stage j of plant [ has d parallel units
in phase

Su;j 1 Determines if a tank is allocated after batch stage j

vti;w  Takesvalue 1if a tank of size w is allocated in batch

stage j and plant [
Viip Takes value 1if a batch stagejis allocated to produce
product i and with size p

information (VPI)). Bernardo et al. (2000, 2001) and Ahmed and
Sahinidis (1998) proposed a robustness index as a way to evalu-
ate the confidence of the information used, and ultimately provide
a robust and confident solution. The robustness index has been
applied and evaluated recently in terms of computational effort
and solution quality (Li and Floudas, 2014), yet, the quality of the
predicted information used is out of the scope of the present work.

Standard stochastic approaches tend to optimize the expected
performance of the objective function distribution as unique cri-
terion. This strategy provides no control on the variability of the
objective function in the uncertain parameters space. One way
to overcome such limitation consists of incorporating risk met-
rics into the model. For instance, Cheng et al. (2003) solved a
design and planning uncertainty problem considering multiple
objectives, in which one of those objectives was the Downside risk
(DR) metric. Additionally, the choice of the appropriate risk metric
for the problem at hand is another issue to be considered. Several
types of risk metrics have been evaluated in the literature. Barbaro
and Bagajewicz (2004) included financial risk management in the
framework of two-stage stochastic programming for a planning
problem using Financial risk (henceforth known as risk) and DR
as risk metrics. On the other hand, Bonfill et al. (2004) and You
et al., 2009 used risk, DR and Worst Case (WC) metrics as a way
to handle risk management in scheduling and planning problems
under uncertainty. More recently, Sabio et al. (2014) minimized
separately the WCand DR metrics as a way to reduce the probability
of not meeting some environmental targets in the multi-objective
optimization (MOO) of industrial networks.

According to Aseeri and Bagajewicz (2004), no single risk metric
can be regarded as a “complete” risk metric, since they all present
at least one of the following disadvantages: lack of associated prob-
ability value, limited solution space exploration (i.e., they focus on
down, middle or upper side) or lack of capability of assessing simul-
taneously the probability and potential level of winnings and/or
losses. Indeed, in practice most metrics tend to concentrate on
penalizing the worst scenarios rather than rewarding the best ones,
thereby leading to “risk averse” solutions.

To overcome these limitations, Aseeri and Bagajewicz (2004)
proposed a Risk area Ratio (RAR) metric to compare the potential
winnings against losses for the entire risk curve using a single value.
This metric is useful because it considers the full risk spectrum, yet
it does not achieve a simultaneous/complete financial risk analy-

sis. In 2004 Barbaro and Bagajewicz (2004) found a close relation
between DR and risk that was used to compute the latter without
the need to define binary variables, thereby simplifying the associ-
ated calculations. Here it is important to notice that the minimum
DR at a defined target profit (£2) does not guarantee that risk is min-
imum at every single value of profit (<€2). Therefore, this relation is
an indirect way of measuring financial risk, but not a simultaneous
analysis of economic metrics

In summary, there is no single risk metric capable of providing
a full control of the objective function in the uncertain param-
eters space. Hence, ideally, several complementary risk metrics
should be optimized along with the expected performance. To the
best of our knowledge, however, the simultaneous optimization
of several risk metrics has never been addressed in the literature,
which constitutes an important gap already acknowledged by sev-
eral authors (Cheng et al., 2003; Barbaro and Bagajewicz, 2004;
Aseeri and Bagajewicz, 2004; Cardoso et al., 2016). One possible
reason why this approach has never been applied is that the incor-
poration of several risk metrics in optimization under uncertainty
leads to MOO problems containing a large number of objectives
that are difficult to solve for different reasons. First, because gen-
erating Pareto solutions of stochastic models with a large number
of objectives is computationally challenging. Second, because these
stochastic multi-objective models tend to contain an infinite num-
ber of Pareto solutions, so even if a representative subset of them is
generated, there is still the issue of interpreting and selecting the
best solution.

This work proposes a novel approach for optimization under
uncertainty and risk management that considers several risk met-
rics simultaneously during the optimization step. First, a set of
solutions behaving in different ways in the uncertain parame-
ters space are generated using an algorithm based on the Sample
Average Approximation (SAA) algorithm. Then, the “Pareto filter
approach”, developed by Mattson and Messac (2003), Mattson et al.
(2004) and later used by Pozo et al. (2012b) and Antipova et al.
(2015) is applied to rank these solutions. In order to illustrate
the capabilities of this approach, the strategic planning problem
over a supply chain under uncertainty is used as benchmark. The
problem is solved considering different financial risk metrics and
identifying strategic decisions that are particularly appealing for
decision-makers.

2. Problem statement

We address the design of a SC of multi-product batch processes
as schematized inFig. 1. The SCincludes a set of raw material suppli-
ers sp € Nsp from which supplier sp can provide one or more types
of raw materialsr € N;, that are delivered to the batch plants [ € N;.
Each multiproduct batch plant has a set of batch stages j € N;;, for
producing a set of products i € N;. In phase and out of phase unit
duplication are considered for each multiproduct batch plant. The
use and allocation of intermediate storage tanks is assumed as fea-
sible at each of the [N;| — 1 positions in plant [, between two batch
stages (j andj + 1). Final products are transported from batch plants
to different warehouses m € Ny, according to their capacity limita-
tion. Products are then delivered from the warehouses to different
customer zones g € Ng, in order to satisfy a given product demand
Djg. Further details on this SC design can be found in (Corsano and
Montagna 2011; Corsano et al., 2014).

Given are the following data: discrete size of each batch unit
to be eventually installed; set of allowable tank sizes and data
concerning raw material procurements, distribution cost from-
to different sites and overall batch plant parameters. Product
demands are modeled as uncertain parameters following known
probability distribution patterns whose characteristic parameters
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Fig. 1. Process scheme of the supply chain under analysis.

are also given. The goal of the analysis is to identify the best plan-
ning and design decisions (e.g. number of plants to be installed,
equipment units selected, etc.) in terms of maximum expected
economic performance and minimum risk.

3. Methodology

The proposed approach comprises 4 main steps as shown in
Fig. 2. A stochastic MOO model is developed in step 1. Step 2 solves
the stochastic MOO problem using a customized strategy that pro-
vides as output a set of solutions that are then normalized in step
3. Finally, the normalized solutions are filtered in order to obtain
a reduced subset of alternatives with better overall performance.
A detailed description of each step is provided in the following
subsections.

3.1. Multi-scenario two-stage stochastic programming model

The capabilities of our methodological framework are demon-
strated by solving the MILP model presented by Corsano et al.
(2014). Hence, the original deterministic single objective (SO)
model was reformulated into a multi-scenario two-stage stochas-
tic problem of the following form (see Eq. (1)), henceforth known
as Model P:

(P) mox £(r.6)

s.t. (x y, ):0 1)
g(x,y,@)fo
xeX,yeY,Oe®

Here, x and y are the first and second-stage decision variables,
respectively, whereas 6 denotes the uncertain parameters values
that belong to the space ® of uncertain parameters. First-stage
decisions may contain integers due to allocation requirements.
f(x,y,6) represents the objective function; h(x,y,0) and

g (x, y, 9) are vectors of equality and inequality constraints. Com-

monly, uncertain parameters are described via scenarios, therefore,
model P can be re-written as follows:

S

(P) max fop=") probef (xys,6)
S
s.t. h (x,ys, 65) =0

g(X»ySsQS) 50
xeX,yseV, 6O

Vs e S (2)
Vs € S

Here, f,;, represents the expected value for the objective function
of the problem P. 65 is the vector of values taken by the uncer-
tain parameters in the scenarios s and probs is the probability of
occurrence of scenario s belonging to the set S. Model P can be inter-
preted as follows: First stage decision variables (x) must be taken
before a realization of the random vector (95) becomes known
(here and now decisions). However, such a decision needs to sat-
isfy as well the second-stage set of constraints. Therefore, recourse
actions need to be taken (second-stage decision variables for each
one of the considered scenarios ys) with an associated impact over
the objective function. Hence, given a first-stage decision x, each
realization of 6 leads to recourse costs given by the value of the
second-stage function (ys). Note that the parameters values in each
scenario can be generated via sampling on the corresponding prob-
ability functions.

To manage the risk associated with the decision-making prob-
lem under uncertainty, some risk metrics are included in the model
as additional criteria to be optimized. A detailed description of these
metrics is presented next.

(i) Downside Risk (DR): DR represents the positive deviation
from a defined target (generally denoted by €2). DR can be expressed
as shown in Eq. (3):

DRQ E (SQS ZPTObSSQS (3)
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Fig. 2. Overview of the proposed methodology.

where

2 — Profits if Profits < 2
8os = Vs €S (4)
0 otherwise

Here, Profits accounts for the profit in scenario s € S.

(ii) Risk: This metric also requires the definition of a target, but
it measures the probability of not achieving this target rather than
the deviation from it. Risk is mathematically expressed as follows:

Riskg =Y probsZo; (5)

N

where, Zg; is a binary variable whose value is determined as fol-
lows:

1 if Profit; < Q
ZQS = Vs € S (6)

0 otherwise

Notice that even if both, DR and Risk, provide a measure of the
deviation of the solution from a given target, the calculation of the
latter involves a bigger computational effort since it requires the
definition of binary variables for each scenario.

(iii) Value at Risk (VaR) and Opportunity Value (OV): These met-
rics assess the performance of a solution in a given region of the
cumulative probability curve. More precisely, the VaR is the differ-
ence between the expected profit and the profit for a cumulative
probability of 5%, while the OV is conceptually equal to VaR, but
covers the upper side of the cumulative risk curve (typically a per-

centile of 95%). Hence, those values are usually used together in
order to explore both sides of the cumulative risk plot.

(iiii) Worst Case (WC): The WC has been adopted as an alter-
native to control the probability of meeting unfavorable scenarios.
It leads to a simple formulation that requires a low computational
effort (see Eq. (7)).

WC < Profit; Vs € S (7)

For more details about the above risk metrics and their imple-
mentation in supply chain models, the reader is referred to the
works by Aseeri et al. (2004), Aseeri and Bagajewicz (2004), Bonfill
et al. (2004), Barbaro and Bagajewicz (2004) and Applequist et al.
(2000). Finally, the stochastic model that optimizes a set of risk
metrics can be formally expressed as follows:

(P) n;lglx {fl va.%e 9. --’fub X’ys’e ) -'-9f|OB| xsy370}

s.t. hx,y,0 =0 Vs €S
gxYs50 <0 Vs eS
xeXyseY,0e®

(8)

Where f,, represents the different objective functions of the prob-
lem (e.g. fi =expected profit, f, =-DR, f3=-Risk, etc.). A detailed
description of the expected profit calculation is presented in
Appendix A. Note that our approach is general enough to accom-
modate other risk metrics as well.

3.2. Solution strategy (Sample average approximation algorithm)

Solving P (step 2 in Fig. 2) is challenging due to the number
of scenarios and objectives. To expedite its solution, we propose a
strategy based on the Sample Average Approximation (SAA) algo-
rithm. The SAA has its roots in the so called stochastic counterpart
(Rubinstein and Shapiro, 1990) and the sample path optimization
methods (Plambeck et al., 1996).

We make use of the following decomposition strategy to solve
Model P (Shabbir and Shapiro, 2002; Kostin et al., 2012). We first
solve the model in its deterministic form considering only one sce-
nario at a time and optimizing the profit as the unique objective.
Then, we fix the values obtained for the first-stage variables (i.e.,
the design of the supply chain) and optimize again the expected
profitin Model P, but this time considering all the |S| scenarios. This
process is repeated recursively by replacing the parameters values
used in the deterministic model solved in step one (corresponding
to one particular scenario) by those associated with another sce-
nario in order to obtain the optimal supply chain design for each
of the remaining |S|-1 scenarios so that, at the end, |S| different
solutions are generated. Note that the standard SAA approximates
the solution of a single-objective stochastic problem by solving
a series of stochastic subproblems, each of them with fewer sce-
narios than the original full space stochastic model (Verweij et al.,
2003; Santoso et al., 2005). These scenarios, sampled from the orig-
inal set of scenarios, approximate the expected objective value of
the original problem. After solving each subproblem, the first stage
decisions are fixed in the original model, which is solved iteratively
for all the solutions generated in the subproblems. The solution
among the ones generated with the subproblems that performs
bestin the full space modelis finally used to approximate the global
optimum of the original stochastic model. Hence, in our case, the
subproblems contain one single scenario (i.e., they are determinis-
tic), as opposed to what happens in the standard SAA, which solves
subproblems with more than one scenario.

The overall algorithm is as follows.
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1. Define the set of scenarios S and initialize the raw set of solutions
RSS=0
2. Fors=1:1:|S|
2.1. Solve Model P considering only the scenario with index s
(say scenario sg). Let solution x* be the value of the first stage
variables in this problem.
2.2. Fix first stage variables as in x*.
2.3.Solve Model Pincluding all the |S| scenarios. Let x*, i be the
values of the first and second stage variables in the full optimal
solution to this problem (the solution with optimal second-stage
variables for the first-stage values generated in step 2.1).
2.4. Calculate risk metrics.
2.5. Make RSS=RSS U x* and free the first-stage variables.
3. End for.

Note that even if Model P is a multi-criteria model, the only
objective function considered during the algorithm is the profit
maximization (i.e., risk metrics are calculated in parallel during the
process, but they never act as objective functions). The reason for
this is two-fold. First, it is not possible to optimize any risk metric in
step 2.1, as the model solved in this step is essentially deterministic
(i.e., it considers one scenario only). Second, the model considered
in step 2.3 is indeed stochastic and could therefore allocate any risk
metric as objective function, yet this would entail no significant
benefit since the risk can be mainly controlled through modifica-
tions in the design of the supply chain, which has already been fixed
in a previous step (step 2.2).

It is important to highlight that the problem with first and
second-stage variables is not rigorously solved and, consequently,
the proposed methodology cannot guarantee global optimality for
the solutions obtained. However, the proposed approach is indeed
an approximation method (i.e., heuristic) to solve the full space
multi-objective stochastic model. Recall that for every set of first
stage designs calculated in step 2.2, we determine the correspond-
ing second-stage variables in step 2.3 following the general scheme
of the SAA and considering the entire uncertain parameters space.
This part of the algorithm (step 2.3) assesses whether the designs
are feasible in all the scenarios. Consequently, even if the solutions
obtained with the proposed method may be dominated by others
which are overlooked, they are proved to be feasible and therefore
eligible to be ranked by the Pareto filters as long as they success-
fully pass step 2.3 of the algorithm. Otherwise (i.e., if they render
unfeasible), they are discarded.

3.3. Normalization of solutions

The SAA method provides as outcome a raw set of solutions
(RSS) to problem P. A normalization step is applied to facilitate the
post-optimal analysis of these solutions. Different normalization
algorithms can be applied at this point (see Bolstad et al. (2003)).
In this work, we use the basic interpolation method, which is for-
mulated as follows:

AN
f=Fflo+Gup—Fio)

lo up lo fup _flo
Here, f represents the normalized value (which varies between
bounds f, =0 and fup=1) associated to the real value f, while f,
and fyp represent respectively the minimum and maximum values

taken by this objective among the raw set of solutions RSS. At the
end of this step, a normalized set of solutions NSS is obtained.

(9)

3.4. Application of pareto filters

Model P potentially contains an infinite number of solutions
from which decision-makers should identify the ones that better
reflect their preferences. To facilitate this task, two Pareto filters

[ Start ]
L 2

Objectives, ob € OB

Tolerance, At=0.01%
Number of objectives, NOO=|ob |
Retained set of solutions, M’=NSS

h2

Apply Smart filter to solutions
NSS considering ob and At

———>  Fork=LLLNOO >—
Apply order of efficiency filter
to solution M’ for k

V,=Set of solutions
efficient of order k
Make, M’ =V,
NOO = NOO -1
[ End ]

Fig. 3. Detailed description of the Pareto filter procedure used to reduce the set of
optimal solutions.

are applied to narrow down the number of Pareto solutions and
retain for further inspection solutions showing better overall per-
formance (discarding in turn the rest). Two filters are applied. The
first one (Smart filter) eliminates repeated and suboptimal (domi-
nated) solutions from the set as described in Mattson et al. (2004).
The second filter (Order of efficiency filter) ranks the Pareto points
according to the concept of efficiency of order k, as described in
Das (1999). To this end, the order of efficiency filter is applied
recursively for descending orders of efficiency until no solutions
are found. Further details about these Pareto filters can be found
elsewhere (Antipova et al., 2015; Pozo et al., 2012a). The Pareto
filter algorithm is described next and illustrated in Fig. 3. We first
define the objectives to be analyzed ob € OB and set a tolerance
value for the Smart Filter (At). Let NOO be the number of objectives
considered.

1. Apply Smart filter to solutions NSS considering objectives ob |
ob € OB using tolerance Dt. Let M’ be the set of solutions retained
after the application of the filter.

2. If M’=¢, stop, further reduction is not possible. Else:

(a) For k =N0OO:1:1
i.) Apply Order of efficiency filter to solutions M’ for k. Let
Vi be the set of solutions which are efficient of order k.
ii.) Make M’ =V,.
(b) End for
3. End if.

As seen, the algorithm starts by applying the smart filter for a
given tolerance. Then, the order of efficiency filter is applied until
further reductions in the Pareto set cannot be attained.

A detailed description of each step in the above algorithm fol-
lows.
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Objective function 2

Y

Objective function 1

Fig. 4. Representation of the Smart Pareto filter algorithm. A solution is considered indistinguishable from other one if the first (red point) falls into the tolerance area
(shaded gray zone) of the solution under analysis (green points). Dominated solutions (orange points) are also identified and eliminated. (For interpretation of the references

to colour in this figure legend, the reader is referred to the web version of this article.)

3.4.1. Smart pareto filter

This filter uses a defined tolerance value (At) to discard solu-
tions that are potentially repeated or redundant. The method
selects one solution and scans the tolerance area in order to find and
discard points falling within it, thereby removing dominated solu-
tions considering such a tolerance. The tolerance value is defined
by the user and has a strong impact on the outcome of the algo-
rithm. If it is too large, the final set of alternatives will be very small,
but appealing solutions may be lost, whereas if it is too small the
opposite situation will occur.

Fig. 4 illustrates the idea behind the Smart Pareto filter. Given
the set of solutions Sols, Sol; is taken as core solution and com-
pared with the rest. The dominated solutions and those inside the
tolerance area (shaded region) are removed from the pool. After-
wards, the nearest Pareto solution will be selected as core and the
operation will be performed again until no Pareto solutions remain
unexplored. In this example, solutions Sol7, Solg and Solg are dom-
inated solutions and are removed from the pool of solutions when
solutions Sol, and Sol; are evaluated, respectively. Additionally,
even if solution Sol;g is Pareto optimal, it lies in the tolerance area
of solution Sols, so it is considered indistinguishable from it and
thus eliminated.

A more formal mathematical description of the algorithm is
presented next. Let SS. be one solution of the normalized set of
solutions (NSS) obtained through steps 2 to 4 of the proposed
methodology approach, and ob one of the objectives considered.
The filter comprises the following steps.

1. Initialize a set of rejected solutions (RS=¢), a set of candidate
solutions (M’'=¢) and 2 counters (¢’ and cc’) which are initially
set to zero. Additionally define a tolerance value (At).

2. While ¢’<|NSS|

2.1.c0=c+1
2.2. If $SS¢+|SSe € NSS, return to 2.1. Else:
2.3. While cc’ < |NSS|

23.1.cc’=cc’+ 1
2.3.2.If #SS.¢|SSce € NSS, return to 2.3.1. Else:
2.3.3.1f ¢’ =cc, return to 2.3.1. Else, if SSo o, — SScer o < AtVoDb,
let RS=RSUSS. and NSS=NSS\SS..'.
2.4. End while
2.5. Restart counter cc’=0
3. End while
4. Make M’=NSS

3.4.2. Order of efficiency filter

This filter makes use of the concept of order of efficiency, which
assesses the “level of optimality” of a solution. The order of effi-
ciency was originally introduced by Das (1999), and has been
recently applied to metabolic engineering (Pozo et al., 2012b) and
desalination plants (Antipova et al., 2015).

A solution is said to be efficient of order k if it is not dominated
by any other solution in any of the possible k-elements subsets
of objectives. In the above definition, k represents the size of the
subsets, that is, the number of objectives which form the subset
(i.e., 1 <k <NO, being NO the number of objectives). Using the same
nomenclature, statements and variable definitions from the previ-
ous section, amathematical representation of the order of efficiency
concept is presented next.

A solution xx* € M is efficient of order k, if it is not dominated by
any other solution xx** e M’ in any of the possible subsets of k objec-
tives. In other words, given any of the sets of k objectives, it does
not exist any feasible solution xx** such that f,;, (xx**) < fop (xx*) for
all ob € (obq, ob,...oby) and at the same time fp, (xx**) < fop (xx*)
for at least one ob € (oby, ob,...oby). From this definition, it fol-
lows that if xx* is efficient of order k, it is also efficient of any order
greater than k. Note that lower orders of efficiency reflect a bet-
ter balance among objectives in the solution and, in some way, the
more appealing for decision-makers.

The concept of Pareto efficiency of order k is illustrated in Fig. 5,
which shows the parallel coordinates plot where each line repre-
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Fig. 5. Illustration of the order of efficiency filter. There are 4 solutions that have to be minimized for all the 3 objectives considered. Sol; is efficient of order 2 whereas Sol,

and Soly are efficient of order 3, and Sols is inefficient (i.e., not Pareto optimal).

sents one solution (i.e., Sol;, Soly, Sols and Soly). As can be seen,
solutions Sol;, Sol, and Sol, are Pareto optimal, that is, they are at
least efficient of order 3 (recall that due to the normalization step,
values equal to O correspond to the best objectives performance and
vice versa). On the contrary, Sols is an inefficient solution because
itis dominated by Sol;. The next step is to check whether solutions
Soly, Sol, and Soly are also efficient of lower order, for which all the
possible subsets of k < 3 objectives must be considered. For instance,
solutions Sols, and Sol, are dominated by Sol; in subset {obz, obs }
so they are no longer candidates to be efficient of order 2. Con-
versely, Sol; is not dominated neither in subset {ob1 R ob3} nor in

{ob1 ,0by t and is therefore efficient of order 2. An inspection of
subsets of one objective reveals that Sol; is dominated by both Sol,
and Soly in {oby}, and thus itis not efficient of order 1. As aresult, the
minimum order of efficiency for Sol;, Sol, and Soly is 2, 3, 3, while
Sols is inefficient. This approach allows ranking the Pareto solutions
according to their efficiency order. Hence, solution S; would be the
most appealing, since it shows better average performance when
considering all of the objectives simultaneously.

Note that Pareto filters imply stronger conditions than the con-
ventional Pareto optimality criterion. This concept avoids the use
of any arbitrary “criterion of merit” or visualization technique,
thereby making the approach suitable for high-dimensionality
problems (Pozo et al., 2012b; Das, 1999).

4. Case study: multi-criteria design and planning of SC
under uncertainty

The proposed approach is now illustrated through its applica-
tion to the design and planning problem of a supply chain with
embedded batch facilities. The system considers 3 raw material
sources, which can feed 5 potential batch plants with up to 3
phases. Different discrete sizes are considered for each batch unit
(0.3m3, 0.5m3, 0.75m3, 1m3 and 1.2 m3) and intermediate stor-
age tank (3m3, 5m?3, 10m?3). Final products can be stored in 3

warehouses before being sent to 3 customer zones. The resulting
multi-scenario MILP problem is described in detail in Appendix A,
while the remaining system parameters are provided in Appendix
B. The model optimizes the design of the required supply chain net-
worKk (i.e., allocation decisions, production and capacity levels and
flows between the SC nodes) considering the effects of the potential
planning decisions. The model also determines the optimal design
of the embedded batch plants (i.e., structure of the plants) consid-
ering parallel unit duplication, allocation of storage tanks, and unit
size. Binary variables are used in the mathematical model in order
to represent the allocation decisions of a particular site/unit.

Product demand was considered as the only uncertain param-
eter and modeled through a normal distribution. 100 scenarios
were generated via Monte Carlo sampling in order to discretize
the normal distributions, assuming the mean values in Table B2
(See Appendix B) and a variance of 15%. It is important to high-
light that Monte Carlo sampling is less efficient than other sampling
techniques, such as Sobol sampling, polynomial-based methods
(cubature formula) (Bernardo et al., 1999) and methods based
on low-discrepancy samples (also known as quasi-Monte Carlo
methods)(Diwekar and Kalagnanam, 1997). However, here it is
used as a crude method to illustrate the generation of scenarios
in the proposed methodology. The minimum number of scenarios
was determined by two methods. First, by solving the SAA for an
increasing number of scenarios and then stopping when the dif-
ference between the expected profit of the best two consecutive
solutions provided by the SAA (i.e., the difference between the best
expected profit solution provided by the SAA for a given number of
scenarios, and the best expected profit solution for the same num-
ber of scenarios plus one) was less than 5%. Second, we applied
the methodology proposed by Law and Kelton (2000), which was
recently applied to stochastic problems (Sabio et al., 2014). This
approach was solved considering a relative error of 0.1 and a confi-
dencelevel of 1% (see. Appendix C). For these settings, the minimum
number of scenarios was 73.
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The deterministic model contains 3222 equations, 2086 con-
tinuous variables and 223 binary variables, while the stochastic
one with 100 scenarios has 178,552 equations, 153,061 continuous
variables and the same number of binary variables (223). All the
runs were implemented in GAMS 23.9 and solved using CPLEX on
a Windows XP computer with Intel®Core™i7 CPU(920) 2.67 GHz
processor with 4.00 GB of RAM. It takes approximately 27.3s to
generate each solution of the deterministic model. It is important
to mention that the stochastic model that includes all the scenarios
and maximizes the expected profit as unique criterion cannot be
solved in 86,4005 (24 h) (i.e., after this CPU time, CPLEX is unable
to close the optimality gap below 5% even when optimizing only
the expected profit; so much larger CPU times are expected when
dealing with several risk metrics simultaneously).

As shown in Table 1, two cases differing in the risk metrics
are investigated. The targets required in the calculations of the
risk metrics were defined as follows. We first applied the SAA and
plotted the cumulative curve (Fig. 6) for each deterministic design
generated for each scenario. We then defined the target values by
identifying the lower, middle and upper parts of these cumulative
distributions. Each curve in Fig. 6 represents a specific SC config-
uration with associated planning decisions. Expected profit values
range from $530,000 to $1,334,000. In the figure, we have high-
lighted the solution with maximum expected profit (maxEProfit)
as well as two curves that may be appealing for risk-averse and
risk-taker decision makers. A Risk-Averse solution corresponds to
that in which lower probabilities of small/high profits are found.
On the contrary, a solution with larger probabilities of high profits
(at the expense of increasing as well the probability of low benefits)
is appealing for a Risk-Taker behavior.

Solutions behave differently in the uncertain parameters space,
as can be noticed by the performance of the three highlighted
solutions. For instance, maxEProfit has a probability of 19% of
not exceeding a target value of 2 =$1.00M, while this probability
increases gradually to 25% and 55% in the Risk-Averse and Risk-Taker
solutions, respectively. Here, the maxEProfit solution represents a
very conservative choice that behaves better than the remaining

Max EProfit
Risk-Taker
Risk-Averse

0.8

06

050 Risk-Taker=$971,179

Risk

0.3

0.1

55%

Table 1
List of objectives and target values considered in this work for both cases. Target
values €2 are expressed in €-103.

First Case Second Case

Objective/metric

Eprofit N/A Eprofit N/A
Worst Case (WC) N/A Risk Q=530
Downside Risk (DR) =800 Q=584
Q=950 Q=637
Q=1050 Q=691
Value at Risk (VaR)? 5% Q=745
Opportunity Value (OV)? 95% Q=798
Q=852
Q=906
Q=959
Q2=1013
Q=1066
Q=1120
Q=1174
Q=1227
Q=1281
Q=1335

Target value Objective/metric ~ Target value

2 The percentage target value for VaR and OV are the probability value in the
cumulative plot.

solutions for a wide range of target values (2 <$1.15M), however
for higher target values this solution shows poor performance.
Notice that the better performance attained in the Risk-Averse and
Risk-Taker solutions in the upper part of the probability curve is
obtained at the expense of a drop in their expected profit. For
instance, the Risk-Taker and Risk-Averse solutions show expected
profits of $971,179 and $1,057,684, respectively, whereas the
maximum expected profit is $1,100,211. Between the Risk-Taker
and Risk-Averse solutions, there are many intermediate solutions
behaving in different ways.

All the solutions show essentially the same overall supply chain
configuration (see Fig. 7), but differ in the detailed design of the
plants, which are explained later in the article. More precisely, they
all select plant L4 regardless of the uncertain parameters values,

Q=$1.00M

Risk-Averse=$1,057,684

MaxEProfit=$1,100,211

— R— L
0.5 0.6 0.7 0.8 0.9

J
1.0 14 12 13 14,405

Profit,$

Fig. 6. Resulting cumulative risk curves for the 100 scenarios.
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Fig. 7. Optimal SC design for the 100 demand scenarios.

Table 2 Table 3
P-value for each pair of objectives considered in this work for filtered solutions in Number of solution retained in matrix N for each order of efficiency.
case 1.
Matrix N
P-Value .
Order of efficiency k=7 k=6 k=5 k=4 k=3
Eprofit WC DR (22=800) DR (22=950) DR (22=1050) VaR OV Number of solutions 20 4 2 1 0
Eprofit
wC 0.00
DR (€2=800) 0.00  0.00 tions. Two metrics are assumed to be statistically correlated when
gg ng;’ggé) 8'8‘1) g'gg 8'8(1) 000 the p-value is below 0.05 (typical significance value). According to
VaR 0.00 000 0.00 0.01 0.76 thls, metrlc DR(2 =.1050) is uncorrelated with WC, VaR and OV (see
ov 0.00  0.00 0.00 0.00 0.74 0.00 highlighted values in Table 2).

mainly because the required investment and production costs are
the lowest. Raw material site S2 supplies all the materials required
for producing the four products, because the distribution costs
between S2 and L4 are cheaper. The products are delivered to two
warehouses, M1 and M3.

4.1. First case: expected profit, worst case, downside risk, value at
risk and opportunity value

Here, we consider WC, DR, VaR and OV as performance criteria
(objectives) in addition to Eprofit. For the DR calculation, 3 target
values were used corresponding to the lower, middle and upper
parts of the cumulative distribution curve. For the VaR and OV, the
standard 5% and 95% percentiles were set (See Table 1).

After the application of our proposed algorithm, 100 solutions
were obtained, each one with specific values of the decision vari-
ables, expected cost and financial risk metrics. From here, we
produced a 100 x 7 matrix (henceforth known as matrix N) using
the values of each performance criteria in each scenario. Matrix
N is normalized according to the procedure described in section
3.3. Note that some of the deterministic solutions may be subop-
timal (in the space of the objectives considered in the analysis), or
repeated (i.e., the model yields the same first-stage decision values
when solved for two different scenarios). The Pareto filters were
applied next using this matrix.

The Smart filter (first step of Pareto filters, Section 3.4) was exe-
cuted with a tolerance value of At=0.01%. As aresult, the number of
solutions was reduced in 80% (i.e., from 100 to 20). Fig. 8 is a parallel
coordinates plot that represents in the horizontal axis the normal-
ized objectives and in the vertical one the performance attained by
every solution in each such objective. The objectives are normal-
ized as described previously (O is the best value and 1 is the worst).
As seen, the dominated solutions are identified and removed by the
filter, so finally 20 solutions remain in Fig. 8 (depicted by polylines),
which intersect each other in at least one point.

Remarkably, some objectives behave similarly, that is, when one
increases so do the others and vice versa. This is confirmed by the
p-values shownin Table 2, which are calculated for the filtered solu-

The order of efficiency step was next applied (second step of
Pareto Filters, Section 3.4) in order to identify non-dominated solu-
tions in all the subsets of objectives of cardinality k. Starting from
k=7, we reduced gradually the value of k until no solution satisfied
the corresponding optimality level (no solution was optimal for all
the subsets of k-objectives). For each value of k <7, a reduced subset
of solutions was obtained. Table 3 displays the size of the subsets
for each order of efficiency, in which a reduction of 80, 90 and 95%
(from20to 4,2 and 1, respectively) in the number of solutions were
obtained using k=6, k=5 and k=4, respectively.

To guarantee the quality of the solutions kept in each subset,
we analyzed how they perform in each objective. Fig. 9(a) shows
the lower bound for the solutions (best performance) retained in
each subset of k-objectives for the group of objectives in matrix
N. Note that the lower bound for k=7 is O for all of the objectives,
since this represents the original solution space (and consequently
includes the best solutions identified by the SAA). The solutions
efficient of order k=6 show similar bounds as those solutions in
the original set (k=7), with just a small deviation in the value of
Eprofit (the best expected profit in the original set is $1,100,211,
and in the set k=6 is $1,047,408) Moreover, solutions retained for
lower orders of efficiency (k <6), present worse bounds in multiple
objectives. On the other hand, Fig. 9(b) shows the upper bound for
the solutions retained in each subset of k-objectives. Here, the value
of all the objectives in subset k=7 is 1, since it includes the worst
performance solution in the original solution space. In this case, a
bigger deviation from the original subset k=7 would be preferred,
as this would imply that bad solutions would have been discarded.
By analyzing simultaneously Fig. 9(a) and (b), it can be seen that
solutions in the subset k = 6 show good performance compared with
the original set (k=7). Hence, the filter is stopped at k=6, when 4
solutions are kept. This represents an overall reduction of 96% in
the size of the original set of solutions (from 100 to 4).

Fig. 10 shows the risk curves associated to each solution for the
reduced set of k=6, while Fig. 11 and Table 4 show their configu-
rations.

To get insight into how the model manages the risk associated
with the investment, we next study solutions 1 and 4 (configu-
rations 1 and 4, respectively), which are two of the alternatives
kept after applying the Pareto filters. Solution 1 reflects a conser-
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Fig. 8. Parallel coordinate plot showing the interactions and relations among solutions for each objective for the first case (matrix N).
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Fig. 9. Normalized bounds for solutions with efficiency of order k for the first case. (a) Lower bound. (b) Upper Bound.

vative attitude towards risk, with low probabilities of profits below risk-averse solution (configuration 1) implements a design with
$0.95M (9%), but a probability of large profits (say above $1.15M) small capacities for the equipment units and storage tanks. This
of 0%. On the other hand, solution 4 reflects a riskier attitude, with a first case study aims to identify a solution reflecting a conservative
probability of 28% for profits below $0.95M, but a larger probability attitude towards risk, as most of the objectives focus on improv-
of high profits (10% for a target of $1.15M). As seen in Fig. 11, the ing the performance in the lower part of the profit distribution.
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Fig. 10. Cumulative risk curves for the solution in the reduced set of case 1.
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Fig. 11. Batch plant configuration scheme for the reduced set of solutions found in the first case study.

Table 4
Batch plant design for the reduced set of solutions in case 1.

First case (k=7)

Configuration Order of efficiency Eprofit (M$) Demand Satisfaction (%)" Batch stage capacities (m?) Storage tanks (m?3)?

1 J2 IE n J2 3
1 k=4 1.047 71 1 0.75 0.5 0 3 10
2 k=5 1.007 82 1.2 0.75 0.5 0 5 10
3 k=6 0.971 100 1.2 1 0.5 0 0 0
4 k=6 1.010 82 1.2 0.75 0.5 0 5 0

2 Storage tanks represent the capacity of the tank installed at the exit of each unit J.
b Demand satisfaction level corresponds to the worst case scenario.
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Fig. 12. Cumulative probability for the solution in the reduced set of case 1.

Table 5
P-values for each pair of objectives in matrix P.

P-Value

Eprofit =530 =584 Q=637 Q=691 Q=745 Q=798 Q=852 Q=906 Q2=959 2=1013 Q2=1066 2=1120 2=1174 ©=1227 Q=1281 Q=1335

Eprofit

Q=530 0.51

Q=584 0.07 0.83

Q=637 0.00 0.52 0.03

Q=691 000 037 0.09 0.00

Q=745 0.01 0.45 0.02 0.00 0.00

Q=798 0.00 0.22 0.03 0.00 0.00 0.00

Q=852 0.00 0.35 0.05 0.00 0.00 0.00 0.00

=906 0.00 043 0.02 0.00 0.00 0.00 0.00 0.00

Q=959 000 035 010 000 000 000 000 000 000
Q=1013 000 031 015 000 000 000 000 000 000 0.0
Q=1066 000 045 008 000 000 001 000 000 000 000 0.00
Q=1120 023 090 060 070 083 082 073 096 077 079 054 0.22
Q=1174 005 009 083 004 001 002 002 001 003 001 001 0.05 0.78
Q=1227 008 016 077 004 000 002 003 002 003 001 002 0.09 0.88 0.00
Q=1281 001 025 003 000 000 000 000 000 000 000 001 0.02 0.85 0.02 0.01
Q=1335 066 000 076 067 049 055 030 048 056 052 0.50 0.71 0.91 0.16 0.22 0.32
Table 6 ) o ) ) a demand satisfaction of 82% in the worst case. Finally Solution
Number of solution retained in matrix P for each order of efficiency. 3 is the riskiest design, since no single storage is considered and
Matrix P the highest capacities are installed. This leads to higher operation
Order of efficiency K17 Kk-16 Kk-15 Kk-12 k-13 k-12 and installation costs as We!l as less profit on average, but on the
Number of Solutions 10 6 4 1 1 0 other hand allows fully satisfying the demand in all the scenar-

Hence, configuration 1 is therefore kept as it represents a conserva-
tive arrangement (smaller equipment sizes and consequently lower
potential loses that lead to a higher expected profit).

It is worth to mention that in configuration 1 (see Table 4)
demand satisfaction can be compromised and in fact drops to 71%
in the worst case scenario, because the capacity of the supply
chain is reduced with the aim of avoiding risk. On the contrary,
the risk-taker solution (configuration 4) installs equipment units
with higher capacity (and only one storage tank) that can ensure

ios. Hence, this design attains higher maximum profits in scenarios
with large demands, but this is accomplished at the expense of
worse performance in scenarios with low demand.

4.2. Second case: expected profit and risk at different target
values

For this case, we consider Risk as the only additional objective
to the expected profit. 16 target values were evenly distributed in
the complete solution space for this calculation (see Table 1).
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Fig. 13. Normalized bounds for solutions with efficiency of order k for the second case-(a) Lower bound. (b) Upper Bound.
Table 7
Batch plant design for the reduced set of solutions in case 2.
Second case (k=17)
Configuration Order of efficiency Eprofit (M$) Demand Satisfaction (%)" Batch stage capacities (m?) 2Storage tanks (m?3)
J 2 13 J1 J2 13
5 k=14 1.073 76 1 0.75 0.5 0 5 10
6 k=16 1.024 93 1.2 0.75 0.5 0 0 5
7 k=16 1.047 71 1 0.75 0.5 0 3 10
8 k=15 1.028 92 1.2 1 0.5 0 5 5
9 k=15 1.027 89 1.2 1 0.5 0 5 0
10 k=15 1.024 85 1.2 1 0.5 0 5 0

2 Storage tanks represent the capacity of the tank installed at the exit of each unit J.

b Demand satisfaction level corresponds to the worst case scenario.

The first step (Smart filter) was applied considering a tolerance
of At=0.01%, thereby reducing drastically the number of solutions
from 100 to 10 (i.e., a reduction of 90%) by removing dominated
and repeated solutions. The relationships between objectives are
shown in Fig. 12.

Notice that most of the 17 objectives behave similarly. By calcu-
lating the p-values shown in Table 5, we can see how for 3 objectives
(i.e., Risk(£2=530), Risk(£2=1120) and Risk($2=1335)) a complete
lack of statistical correlation is found (p-values higher than 0.05).
The highlighted values in Table 5 represents the lack of correla-
tion among metrics. The rest of the objectives are correlated and
represent a proof of the correlation existing among risk metrics.

The second part of Pareto filter was next applied (order of effi-
ciency filter) providing a deeper reduction in the pool of available
solutions. Starting with the solutions obtained from the Smart fil-
ter (k=17), we found non-dominated solutions in all the subsets of
objectives of cardinality k, reducing gradually the value of k until
no solution satisfied the corresponding order of efficiency.

Table 6 shows the results of this filter in which reductions of 40,
60 and 90% (from 10 to 6, 4 and 1, respectively) were obtained for
subsets k=16, k=15 and k=14 and k=13, respectively. For further

analysis k=13 will be omitted, since subsets for k=14 and k=13 are
equal (i.e., they contain the same solution).

Fig. 13 is analogous to Fig. 9.

In Fig. 13(a) we can see that the first subset (i.e., k=16) pro-
vides an important reduction in the number of available solutions,
showing similar performance than the original subset (k=17). For
k=16 only objective Risk(=1227) shows a slight deviation from the
best performance. This means that those solutions in subset k=16
has 30% less probability of achieving a profit of $1,227,000 than
the best solution in the set k=17. Solutions with lower orders of
efficiency (k< 16) show a significant deterioration in their perfor-
mance, specifically in the last 4 objectives (i.e., 2 > 1174). Analyzing
both figures we can see how the subset k=16 performs similarly
to the subset k=17, but additionally eliminates solutions with poor
performances (see objectives (€2 <1066) in Fig. 13(b)). In view of
the above, we can say that the last sets of solutions (i.e., those
efficient of order k=15, k=14) perform better on average, but dis-
card points with significantly better performance in some criteria.
Therefore, in this case the filter is stopped at k=16 with a reduced
subset of 6 solutions, which represent a total reduction of 94% in
the original number of solutions (from 100 to 6).
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Fig. 14. Cumulative probability curves for the solution in the reduced set of k=16 for case 2.
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Fig. 15. Batch plant configuration scheme for the reduced set of solutions found in the second case study.
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Table 7 displays information on the batch plant designs associ-
ated to each solution in the reduced subset, while Fig. 14 shows the
cumulative distribution curves for those solutions.

This second case study reflects a more balanced attitude towards
risk. To get insight into how the model manages risk, let us study
solutions 5 and 6. At the lower part of the profit distribution, there
is a clear advantage of solution 5 over 6, since their probabilities
of profits below $0.95M are 9% and 32%, respectively. However,
for large profits (say above $1.15M) those solutions behave dif-
ferently achieving probabilities of 95% and 75% in configurations
5 and 6, respectively. Notice how for lower profits solution 5 is
more conservative, while for bigger profits solution 6 leads to bigger
benefits.

According to Fig. 15, configuration 5 represents a very con-
servative solution. The most conservative solution corresponds to
configuration 7, as it provides the smallest equipment capacity at
the expense of small profits (compared with solution 5). Analyzing
the worst demand satisfaction level attained, configuration 6 is the
best choice since its satisfaction rate is the highest one (93% in their
worst scenario), while configuration 5 is the least reliable, with a
satisfaction of 76% (See Table 7).

5. Conclusions

In this work we have proposed a systematic methodology to
support risk management in optimization under uncertainty that
incorporates several stochastic metrics that assess the performance
of a solution considering the whole space of uncertain parameters.
The proposed strategy combines optimization under uncertainty
considering multiple risk metrics with a systematic approach for
the selection of the most promising alternatives. The capabilities
of this approach have been successfully proved using as test-bed
a multi-scenario multi-objective design and planning supply chain
model. Numerical results show that the proposed approach accel-
erates the search for supply chain design alternatives behaving in
different manners in the uncertain parameters space. Furthermore,
Pareto filters narrow down the number of each such alternatives,
ensuring that the final design selected performs well for a wide
range of economic targets.

Our tool assists decision-making by incorporating several risk
metrics in the modeling framework and by avoiding subjectivity
when selecting the final solution. This approach can be used in
a wide variety of engineering problems in which multiple con-
flicting objectives and/or different performance criteria must be
simultaneously considered.
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Appendix A.
The MILP optimizes the SC and batch plant design to maximize

the expected profit considering the coordination among plants. The
mathematical model is next described.

SC network constraints

These constraints are related to material balances among the
different nodes in the SC.

Mass balances between raw material sites and production plants

Let zz;; be a binary variable whose value is equal to 1 if prod-
uct i is produced in plant [, and zero otherwise, and Q the amount
of product. Upper and lower bounds for production capacities are
controlled as Eq. (A1) shows. Additionally, Eq. (A1) forces the total
amount of product i in plant ! for scenario s to be zero if the product
is not produced in L

zz,-,,Qf? <Qis< zz,-Jle’JlP Vi, I, s (A1)

In the same way, the use of each raw material r by the plants
and scenario s is limited according to resource availability in each
raw material site sp, as shown in Eq. (A2).

ZQSp,r,i,l,s = Qsllj)[,)r Vsp,r,s (A2)

il
Also, taking into account the product allocation to a plant, each
flow can be restricted according to Eq. (A3):

Qsp.rits < 22i1Q5 Vsp,1.i, s (A3)

Let fl, ; ; be the raw material conversion factor. Eq. (A4) defines
the requirement of resource r in plant [ to produce i.

Ns

ZQsp,r,i,l,s :ﬂr,i,lQi,l,s vr, i, l, S (A4)

sp=1

In order to avoid infeasibilities, Eq. (A5) is included forcing the
production of i in plant [ to be zero if the plant does not exist.
Therefore ex; is a binary variable that takes a value of 1 if plant [
is allocated, and zero otherwise.

2z < ex) Vi, | (A5)

Mass balances between production plants and warehouses
The distribution links from production plants [ to warehouses m
in scenario s is constrained by Eq. (A6):

Nm

> Qitms=Qis Vi, lis (A6)

m=1

A binary variable is required to control the existence of ware-
houses. If yym s is 1, warehouse m exists, and if it is zero it does
not

ZQi,l,m,s < Q™Yyms Vm, s (A7)
il

Eq.(A7)represents the constraint of received products ina ware-
house m according with its upper capacity (< MML : MSUBSUP >
Qmmax < /MML : MSUBSUP >).

Mass balances between warehouses and customer zones

Assuming a steady-state operation (i.e., there is no stock accu-
mulation), the total amount of product i stored in warehouse m has
to be delivered to some customer zones g, as expressed in Eq. (A8):

NI Ng
ZQi,l,m,s = ZQi,l,g,s Vi, m,s (AS)
=1 g=1
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The amount of product delivered from m has to be zero if the
warehouse does not exist; otherwise the amount of products to be
stored is limited, as shown in Eq. (A9).

Zszgs

Dlsregardmg the installation or not of warehouses the demands
have to be fulfilled, as shown in Eq. (A10).

1gs-ZZQxlms Vi, s

Production plant design equations

QR™yyms Ym, s (A9)

(A10)

Batch units

Considering the common assumptions for multiproduct batch
plant design and the general batch process literature, the batch
unit size of stage j of plant [, VZ; ; , is computed through a sizing
equation (Eq. (A11)) which is applied for each product i as follows:

Size; j 1By j 1,5

VZ;
jls = NPj,l

Vi, j, 1,5 (A11)
where Size; ; | is the size factor (the size required at stage j to pro-
duce 1kg of final product i), B; j ; 5 is the batch size of product i at
stagejin plant/atany scenarios, and NP; ; is the number of in phase
units for stage j in plant L Let Nb; j ; ; be the number of batches of
product i in stage j of plant I and scenario s. The amount of product
i produced in plant [ is defined by Eq. (A12)

Qis =Nbjj1sBijis Vi,j,1,s

By combining Egs. (A11) and (A12), the following constraint is
obtained

(A12)

SiZE,] lQi,l,s

Ni b T
bl]lS— VleNPj,l

vi,j, I, s (A13)

In order to formulate the problem as an MILP, non-linear con-
straints are avoided by rewriting the previous design equation (Eq.
(A13)) in the following manner (Eq. (A14)). Let xz; ; 4 be the binary
variable that takes a value of 1 if stage j of plant [ has d parallel units

in phase, and zero otherwise, then we have:

NPYP
J5
NP]‘J = Zd XZj 1.d V],I (A14)
d=1
NPUP
jl
(A15)

szj,,,d =ex; Vj, 1
d=1

where N < MML : MSUBSUP > Pi < MML : MO >, jUP < /MML :
MSUBSUP > represents the total available units in phase for stage
j in plant L Eq. (A15) states that at least one unit per stage must
exist if plant [ is allocated.

The size for unit j of plant [, VZ; | 5, considering a set of available
discrete sizes p, is given by Eq. (A16) while Eq. (A17) defines if a
plant will be allocated (or not) as well as the discrete size of the
plant:

P
VZj1s = Zvj,l,pVF Lp Vi ls (A16)
p=1
Py
Zvj,l,p =ex; Vj,l (A17)
p=1

Substituting Egs. (A17) for (A13) under NP;; definition

Size; ,Q, .
Nbij1,s = Z ” SVJ LpXZd Vi g, 1 s (A18)

A new nonnegative continuous variable, ee; ;| , 4, is defined,
since constraint Eq. (A18) is non-linear because of the product
between Q; ; 5, Vj 1 p and Xzj | 4.

Qj,]’ ifl}‘y[7 andxz~’,’d =1
eeijipds=4 7 Vi,j,Lp,ds  (A19)
0 otherwise

Therefore, the following linear constraints (Eqs. ((A20)-(A23)))
are used to represent Eq. (A18):

Sl'ZE,'yj,l ..
Nbi,j,l,s > 7VFjlpdeei'j’l’p’d’s Vl,], l,S (AZO)
pd 7
ee; ; <QYPv:,, Vi,j,I,p,s
ij,lp,d,s = QL’ i, L,p 1, LD, (Az])
d
ee; ; <QYxz Vi, j, l.d,s
ijLpds = QX 1p ViJ, 1, d, (A22)
p
Qs = Zeei,j,l,p,d,s vi,j,l,s (A23)
p,d

Intermediate storage

For Nj batch stages there exist, at most, Nj_; possible positions
for storage tanks to be allocated between two consecutive batch
stages. Therefore, an upper bound for the storage vessels can be
defined by Egs. (A24) and (A25)

VT ;s = 2ST; jB;jssUjg Vi, 1,s,j=1,2,...,Nj 1 (A24)
VT is > 2ST; jBij1,0,sSW0 Vi, Ls,j=1,2,..,Nj 4 (A25)
where VT; ; s represents the tank size, ST; j ; is the size factor for each
storage tank and su; ; is a binary variable that determines if a tank is
allocated after batch stage j with the value of 1, and zero otherwise.

Using Eq. (A11) in Eqgs. (A13) and (A25), the storage constraints
are rewritten as Eqs. (A26) and (A27):

ST;1Qi s ) )
Nb;j ;s> Zﬁsuj,l vi,l,s,j=1,2,...,Nji_4 (A26)
STij1Qi, ) )
Nb,"j_'_]’[’s > Zﬁsuj’, Vl, l, S, ] = 1, 2, ey I\le_] (A27)

Again, in order to avoid nonlinearities, a set of available discrete
sizes for the tank allocated after stage j, STFj; = {VTF; ,1, VIFj .2, . . .,
VTF; |}, is selected. Let vt; | , be the blnary varlable that takes a
value 1 if a tank of size w is allocated in position j and zero other-
wise. The first tank size of the set, VTFj;;, is equal to zero to represent
“no tankallocation”. Then, Eqs. (A26)and (A27) are rewritten as Eqs.
(A28)-(A30):

llellS . .
Nb,],5>2z i W Vi ks, = 1.2, Nt (a2g)
w1 hiw
ST; lel ) )
Nb,mzs>22 ” SUtj,l,levl,SJZ1,2,--~7le—1 (A29)
w1
thj,l,w=exlVl,j=1,2,...,Nj,_1 (A30)

w
Eq. (A30) states that if plant | exists, then only one discrete size

for a tank after stage j has to be selected. Using the continuous vari-
able ff; j 1 w.s=Qi1s Vtj,w» Eqs. (A28) and (A29) become linear and
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give rise to Eq. (A31) and (A32) using the constraints represented
in Egs. (A33)—(A34).

Nb”1532z

w#1

1
STiy, ffl]lws Vi,j=1,2,. Nj,l—les

(A31)

1
1]+lls_zz U ff!]lws VIJ—12

w#1

5 Nji-1: 1,5 (A32)

Fijiws < QT V1w Vij=1,2,.. N1, Lw,s (A33)
Qs = E in,j,l,w,s vVi,j=1,2,..., Nj,l—l s (A34)
w

If the storage tank does not exist between two consecutive batch
stages, then the number of batches must be equal for both of them.
Else, the bounds for the ratio between the numbers of batches of
consecutive stages, as stated by Corsano and Montagna (2011), can
be calculated as in Eq. (A35):

1 Nb1]+lls
Nbijis+|--1) X vtjw=<———
NN (¢ )W¢1 . Lw Nbl}ls

<1+(d-1)x T vtw
w#1

Vi, s, j=1,2,..., Ny (A35)

where ¢ is a constant value corresponding to the maximum ratio
allowed between the number of batches of consecutive stages.
Objective Function

The investment cost considers the batch units and storage tanks

cost. In this work, they are selected from a set of available discrete
sizes. Then, equipment cost (EC) is given by Eq. (A36)

EC = ZZZZZ% lV Lp jly] LpTXi.1 ad- XZj1.4
*ZZZ% el

vij, 1

(A36)

The first term corresponds to the batch units cost while the sec-
ond one is the storage tanks cost. In order to avoid nonlinearities,
the continuous variable p; ;| , 4 is defined equal to 1 if stage j of
plant [ has n out of phase units and d in phase units of size p, 0
otherwise. Its value is given by Egs. (A37) and (A38).

(A37)
(A38)

Pijlpnd=Vjilp+Xin+XX14—2 Vi j,lpnd
0 = pi,j,l,p,n,d = 1 Visjv la p,n, d

Then the equipment cost can be rewritten as in Eq. (A39).

EC= ZZZZZO‘]"ndVFMP(ﬂj’[)pi,j,l,p,n,d
*ZZZ% VIE v

A fixed investment cost is considered if production plants and
warehouses are installed. Then, the allocation cost (LC) is given by
Eq. (A40), in which Cpl; and Cdep;, are the installation cost coeffi-
cients.

LC = ZCpl,exl + ZCdepmym
1 m

Therefore, the total investment cost is described in Eq. (A41).

IC = Can (EC + LC) (A41)

Vi, (A39)

(A40)

The operating cost, including raw material acquisition, storage,
and production cost are considered through the following expres-
sion (Eq. (A42)).

0Cs = E E E E Crawsp r Qsp,ri1,s + E E E Cd; ;mQitm,s
sp r i 1 i 1 m
+E E Cprod; Qi 1.5
i

Crawsp,r, Cd; m, and Cprod; ; are the associated costs for raw mate-
rial acquisition, storage, and production cost, respectively. The Q
amounts are expressed in kg per time horizon, therefore the cost
parameters are given in $/kg.

The distribution costs at the entire supply chain are also consid-
ered in this model. Those costs are represented through Eq. (A43).

TCS = E E Ctrawsprleprlls E E E Ctpl‘le Im,s
r
E E E Ctdlmngmgs

In Eq. (A43), Ctrawsp 1.1, Ctp; 1, m» and Ctd; , ¢ are cost coefficients
that depend on the product transported and the covered distance.
Eq. (A44) summarize the total cost for each scenario.

TCosts = TCs +0OCs Vs

vs (A42)

vs (A43)

(A44)

Eq. (A45) describes the economic revenue of selling the final
product at each scenario. Where Price; is the selling price of prod-
uct i in $/kg. The profit at each scenario is obtained through the
difference among economic revenue and associated costs at each
scenario realization as represented in Eq. (A46).

Saless = ZZZQi,m,k.sPricei Vs
i m k

PROFIT;

(A45)

= Saless — TCosts Vs (A46)

In Eq. (A47) the total expected profit is described, in which the
associated probability of each scenario is taken into account. Addi-
tionally, costs which do not depend on the scenario realization are
considered in this equation, denoted as IC.

EProfit = ZPROFITsProbS —Ic

S

(A47)
The objective function to be maximized is as follows.
max { EProﬁt}

For more details on the model, authors invite the readers to
check Corsano and Montagna (2011)

Appendix B.

See Tables B1-B6

Table B1
Raw material costs.

Distribution Cost ($kg~1) Procurement cost($kg1)

1 I, I3 I4 Is I Iy 3

S1 0.02 0.1 0.08 0.06 0.08 0.02 0.02 0.01
S2 0.14 0.12 0.14 0.02 0.06 0.02 0.01 0.02
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Table B2
Product demand (Ton).
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Appendix C.

i1

& 150 130 150 100 a good estimation of the “real” values in the domain of uncertain
g 100 120 150 100 parameters is a critical issue in any multiscenario problem. In this
g3 115 130 150 120 regard, the method proposed by Law and Kelton (2000), repre-
sents a promising alternative and it is completely applicable to any
Table B3 stochastic programming model. This approach relies on solving the
Product distribution cost form plant to warehouse. stochastic model iteratively for an increasing number of scenarios
—— until a given relative error 1 is satisfied for a confidence level of
Distribution Cost ($kg=') S . .
100(1-aeee)%. In the context of our problem, this method comprises
my my ms the following steps:
11 12 13 i4 11 iz 13 i4 i] i2 i3 i4 o .
1. Define an initial number of scenarios nsg, (as s=1:1:|S| and
L, 01 017 005 005 02 01 015 015 023 016 0.11 0.11

I, 02 019 0.25
I3 02 018 0.25
I, 005 01 02

Is 02 0.18 025

025 0.19 0.18
025 0.18 0.15
0.15 0.15 0.11

025 0.2

0.15

0.35 035 0.18 0.19 0.15 0.15

025 025 0.15 008 0.15 0.18 tion of the algorithm.

02 02 01 015 015 0.05 2. Solve the specific stochastic model with |S| =s scenarios

The number of scenarios (i.e., sample size) required to ensure

s=nsg) where s will be updated dynamically during the execu-

025 025 015 015 008 0.08 3. Compute the confidence interval half-length § s, «a for the

mean value of the values in each scenario using Eq. (C1).

Table B4 Var?
Product distribution cost ($ kg~') from warehouse to customer. ar= s
(Skg™") §s,a0 =t g _gg\/—5— (1)
m; m; ms n-1, 5
g1 0.08 0.09 0.09 2 . . . o
o 007 0.09 0.08 Where Var# (s)is the sample variance, and o1, e is the crit
g3 0.06 0.07 0.05 ical point of the t-distribution.
Table B5
Batch parameters.
Batch parameters
Size factors Operating time (h) Raw material factor conversion Production Cost ($kg!)
1 J2 Js 1 J2 J3 I I I3 Iy I I3 lg Is
it 0.9 0.6 04 14 5 7 0.8 0.5 0.7 0.12 0.18 0.12 0.06 0.12
iz 0.6 0.5 0.4 12 6 4 0.6 0.8 0.8 0.08 0.16 0.06 0.12 0.10
i3 0.7 0.5 0.4 16 8 5 0.4 0.5 0.5 0.12 0.14 0.14 0.08 0.14
ig 0.8 0.6 04 10 4 5 0.5 0.5 0.5 0.14 0.08 0.14 0.04 0.12
Table B6
Batch costs.
Batch investment cost
Unit cost coefficient a; (annualized) Raw material factor conversion  Production Cost ($ kg')
11 12 13 14 15 I Iv) I3 11 lz 13 14 15
j1 1620 2430 1350 1350 1890 0.8 0.5 0.7 0.12 0.18 0.12 0.06 0.12
j2 2160 1620 2160 1620 1890 0.6 0.8 0.8 0.08 0.16 0.06 0.12 0.1
AE 1890 2700 1890 1890 2430 0.4 0.5 0.5 0.12 0.14 0.14 0.08 0.14
Tanks 500 500 500 500 500 0.5 0.5 0.5 0.14 0.08 0.14 0.04 0.12
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4. If fi:iﬂte\ < % then stop (i.e., the expected value of the discrete
distribution is a valid estimator of the mean of the universe for
the relative error and confidence interval defined beforehand).

Otherwise, make s=s+1 and go to Step 2.

More details about this procedure can be found in the original
work by Law and Kelton (2000).
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