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Optimization  under  uncertainty  has  attracted  recently  an  increasing  interest  in  the  process  systems  engi-
neering literature.  The  inclusion  of uncertainties  in an optimization  problem  inevitably  leads  to the  need
to manage  the  associated  risk  in order  to control  the  variability  of the objective  function  in  the  uncertain
parameters  space.  So  far,  risk  management  methods  have  focused  on  optimizing  a single  risk  metric  along
with the  expected  performance.  In this  work  we  propose  an alternative  approach  that  can  handle  several
risk metrics  simultaneously.  First,  a  multi-objective  stochastic  model  containing  a  set  of  risk  metrics  is
inancial risk metrics
ncertainty
ulti-objective

areto filters

formulated.  This  model  is  then  solved  efficiently  using  a tailored  decomposition  strategy  inspired  on  the
Sample  Average  Approximation.  After  a normalization  step,  the  resulting  solutions  are  assessed  using
Pareto  filters,  which  identify  solutions  showing  better performance  in the  uncertain  parameters  space.
The  capabilities  and  benefits  of our  approach  are  illustrated  through  a design  and  planning  supply  chain
case  study.

© 2016  Elsevier  Ltd.  All  rights  reserved.
. Introduction

Market globalization is continuously producing changes in busi-
ess behavior, thus making it difficult to predict future trends with
ertainty. When analyzing the decision-making processes around a
ypical supply chain (SC), uncertainties, like market demands, raw

aterials availability, inventory levels and flows, should be con-
idered to capture their direct and local effects over the individual
chelons as well as their indirect effects that propagate to other ech-
lons through existing links between them. However, those effects
nd specially the indirect ones have often been overlooked by the
raditional mathematical models used in industry, which are com-

only built over the assumption that all the information is known
ith accuracy beforehand (Zamarripa et al., 2014).
Optimization under uncertainty and, in particular, stochastic
rogramming addresses this challenge by defining recourse actions
hat allow reacting against every possible realization of the uncer-

∗ Corresponding author.
E-mail address: antonio.espuna@upc.edu (A. Espuña).

ttp://dx.doi.org/10.1016/j.compchemeng.2016.10.008
098-1354/© 2016 Elsevier Ltd. All rights reserved.
tain parameters (Birge and Louveaux, 2011). In this context, a given
design might obtain different results depending on the scenario in
which it is evaluated, and it is very likely that the optimal design cal-
culated for nominal conditions might render suboptimal (or even
unfeasible) under other circumstances. Commonly, stochastic pro-
grams are solved over a number of stages, being the two-stage
stochastic models the most studied ones in Supply Chain Man-
agement (SCM) problems. In those, stage-1 decisions involve the
selection of the design variables for the first time period, whereas
stage-2 decisions are modeled using variables that can be adjusted
according to the realization of the scenarios (e.g. recycles in a
flowsheet, production levels in a SCM problem)(Grossmann and
Guillén-Gosálbez, 2010; Guillén-Gosálbez and Grossmann, 2009,
2010; Ben-Tal et al., 2009; Janak et al., 2007). This allows stochastic
programming models to react after a scenario materializes (cor-
rective action). As acknowledged by different authors, the main
weakness of the traditional stochastic approaches lies in the lack of

control on how information regarding uncertain parameters affects
optimal decisions. Ierapetritou et al. (1996) emphasized the need of
an information index in order to evaluate the quality of the solution
associated to the uncertain input data (named Value of perfect

dx.doi.org/10.1016/j.compchemeng.2016.10.008
http://www.sciencedirect.com/science/journal/00981354
http://www.elsevier.com/locate/compchemeng
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compchemeng.2016.10.008&domain=pdf
mailto:antonio.espuna@upc.edu
dx.doi.org/10.1016/j.compchemeng.2016.10.008
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Nomenclature

Abbreviations
MOO  Multi-objective optimization
SC Supply chain
SCM Supply chain management
MILP Mixed integer linear programming
PSE Process systems engineering
SAA Sample average approximation
RAR Risk area ratio
SO Simple objective
VPI Value of perfect information

Indexes
sp Suppliers
r Raw material
l Plants
j Batch stages
i Products
m Warehouses
g Customer zones
s Scenarios
sol Solutions
d Parallel unit in phase
w Tanks sizes
p Batch unit discrete sizes

Parameters
� Target value for risk metrics
Dig Demand product i for each customer zone g
probs Probability of occurrence for scenario s
f̂lo Lower bound in normalized scale
f̂up Upper bound in normalized scale
flo Lower bound in objective value
fup Upper bound in objective value
�t Tolerance value for smart pareto filter
flr,i,j Conversion factor of raw material r to produce prod-

uct i in batch stage j
Ф Maximum ratio allowed between batches of consec-

utive stages.
Pricei Selling price of product i
Q UP

i,l
Upper bound for production of product i in plant l

Q LO
i,l

Lower bound for production of product i in plant l
Q max

m Upper bound of storage capacity of warehouse m
Cdi,m Storage cost of product i at storage m
Cprodi,l Production cost of product i at plant l
Crawsp,r Raw material acquisition cost from supplier sp and

raw material r
Ctpi,l,m Distribution cost of producti among production

plant l and storage site m
Ctdi,m,g Distribution cost of product i among storage site m

and customer zone g
STi,j,l Size factor for each storage tank for contain product

i at batch stage j in plant l
VTFj,l,w Discrete size w for storage tanks in stage j of plant l

NPUP
jl SVjl ˛j,l ˇj,l ¯̨ j,l

¯̌
j,l

Cpll Installation cost of plant l
Cdepm Installation cost of storage m

Sets/subsets

Ni Set of products
Nm Set of warehouses
Ng Set of customer zones
S Set of different scenarios
SS Set of different solutions belonging to NSS
Sol Set of different solutions form model P
RSS Raw set of solutions
x̄∗ Optimal set of solutions for scenario s
ȳ∗ Second stage variables in the full optimal solution
xx* Optimal solution for order of efficiency algorithm
s∗ Optimal set of solutions for the entire set of scenar-

ios s
NSS Normalized set of solutions
Ob Objectives under analysis
NOO Number of objectives under analysis
Vk Set of solution efficient of order k
RS Set of rejected solutions
P Solution retained after smart pareto filter
M’ Set of candidate solutions
c’ Counter set
cc’ Counter set
K Order of efficiency
� Space of uncertain parameters

Variables
x Vector of first-stage decision variables
� Random vector associated to an uncertainty behav-

ior
y Vector of second-stage decision variables
ı�s Positive deviation of the profit value from the target

� in scenario s
Profits Profit obtained for scenario s
f̄ Normalized value
f Real objective value
Eprofit Objective (Expected profit)
Qsp,r,i,l,s Material amount of raw material r send from sup-

plier site sp to plant l in order to produce product i
at scenario s

Bi,j,l,s Batch size of product i at stage j in plant l for scenario
s

NPj,l Number of in phase units for stage j in plant l
Nbi,j,l,s Number of batches of product i in stage j of plant l.
VFj,l,p Discrete size p for batch units in stage j of plant l
eei,j,l,p,d,s Non-negative continuous variable
VTi,j,s Tank size installed for contain product i from batch

stage j at scenario s
SSc Normalized solution c
Sizeijl Size required for batch stage j to produce 1 kg of final

product i in plant l
DR Downside risk
WC Worst case
VaR Value at risk
OV Opportunity value
Risk Financial risk
VZj,i,s Batch unit size of stage j of plant l at scenario s
ffi,j,l,w Continuous variable that is equal to Qil if batch stage

j is installed with tank size w
�i,j,l,p,n,d Auxiliary variable to skip nonlinearities
LC Total allocation cost
IC Total investment cost
Nsp Set of supplier sites
Nr Set of raw materials
Nl Set of batch plants
Nj Set of batch stages
EC Equipment acquisition cost
Can Capital charge factor
OCs Total operating cost at scenario s
TCs Total distribution cost of scenario s
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Ctrawsp,r,i,l Distribution cost of raw material r among sup-
plier site sp to production plant l in order to produce
product i

TCosts Total cost including operating and investment cost
Saless Total revenue obtained by selling product i

Binary Variables
Z˝s 1 if profit for scenario s is lower than the target profit

�
exl Takes value 1 if plant l is allocated
zzi,l Is equal to 1 if product i is produced in plant l
yym,s Takes value 1 if warehouse m is allocated for sce-

nario s
xzj,l,d Takes value 1 if stage j of plant l has d parallel units

in phase
suj,l Determines if a tank is allocated after batch stage j
vtj,l,w Takes value 1 if a tank of size w is allocated in batch

stage j and plant l
� Takes value 1 if a batch stage j is allocated to produce
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product i and with size p

nformation (VPI)). Bernardo et al. (2000, 2001) and Ahmed and
ahinidis (1998) proposed a robustness index as a way  to evalu-
te the confidence of the information used, and ultimately provide

 robust and confident solution. The robustness index has been
pplied and evaluated recently in terms of computational effort
nd solution quality (Li and Floudas, 2014), yet, the quality of the
redicted information used is out of the scope of the present work.

Standard stochastic approaches tend to optimize the expected
erformance of the objective function distribution as unique cri-
erion. This strategy provides no control on the variability of the
bjective function in the uncertain parameters space. One way
o overcome such limitation consists of incorporating risk met-
ics into the model. For instance, Cheng et al. (2003) solved a
esign and planning uncertainty problem considering multiple
bjectives, in which one of those objectives was the Downside risk
DR) metric. Additionally, the choice of the appropriate risk metric
or the problem at hand is another issue to be considered. Several
ypes of risk metrics have been evaluated in the literature. Barbaro
nd Bagajewicz (2004) included financial risk management in the
ramework of two-stage stochastic programming for a planning
roblem using Financial risk (henceforth known as risk) and DR
s risk metrics. On the other hand, Bonfill et al. (2004) and You
t al., 2009 used risk, DR and Worst Case (WC) metrics as a way
o handle risk management in scheduling and planning problems
nder uncertainty. More recently, Sabio et al. (2014) minimized
eparately the WC  and DR metrics as a way to reduce the probability
f not meeting some environmental targets in the multi-objective
ptimization (MOO) of industrial networks.

According to Aseeri and Bagajewicz (2004), no single risk metric
an be regarded as a “complete” risk metric, since they all present
t least one of the following disadvantages: lack of associated prob-
bility value, limited solution space exploration (i.e., they focus on
own, middle or upper side) or lack of capability of assessing simul-
aneously the probability and potential level of winnings and/or
osses. Indeed, in practice most metrics tend to concentrate on
enalizing the worst scenarios rather than rewarding the best ones,
hereby leading to “risk averse” solutions.

To overcome these limitations, Aseeri and Bagajewicz (2004)

roposed a Risk area Ratio (RAR) metric to compare the potential
innings against losses for the entire risk curve using a single value.

his metric is useful because it considers the full risk spectrum, yet
t does not achieve a simultaneous/complete financial risk analy-
emical Engineering 98 (2017) 236–255

sis. In 2004 Barbaro and Bagajewicz (2004) found a close relation
between DR and risk that was used to compute the latter without
the need to define binary variables, thereby simplifying the associ-
ated calculations. Here it is important to notice that the minimum
DR at a defined target profit (�) does not guarantee that risk is min-
imum at every single value of profit (≤�). Therefore, this relation is
an indirect way of measuring financial risk, but not a simultaneous
analysis of economic metrics

In summary, there is no single risk metric capable of providing
a full control of the objective function in the uncertain param-
eters space. Hence, ideally, several complementary risk metrics
should be optimized along with the expected performance. To the
best of our knowledge, however, the simultaneous optimization
of several risk metrics has never been addressed in the literature,
which constitutes an important gap already acknowledged by sev-
eral authors (Cheng et al., 2003; Barbaro and Bagajewicz, 2004;
Aseeri and Bagajewicz, 2004; Cardoso et al., 2016). One possible
reason why this approach has never been applied is that the incor-
poration of several risk metrics in optimization under uncertainty
leads to MOO  problems containing a large number of objectives
that are difficult to solve for different reasons. First, because gen-
erating Pareto solutions of stochastic models with a large number
of objectives is computationally challenging. Second, because these
stochastic multi-objective models tend to contain an infinite num-
ber of Pareto solutions, so even if a representative subset of them is
generated, there is still the issue of interpreting and selecting the
best solution.

This work proposes a novel approach for optimization under
uncertainty and risk management that considers several risk met-
rics simultaneously during the optimization step. First, a set of
solutions behaving in different ways in the uncertain parame-
ters space are generated using an algorithm based on the Sample
Average Approximation (SAA) algorithm. Then, the “Pareto filter
approach”, developed by Mattson and Messac (2003), Mattson et al.
(2004) and later used by Pozo et al. (2012b) and Antipova et al.
(2015) is applied to rank these solutions. In order to illustrate
the capabilities of this approach, the strategic planning problem
over a supply chain under uncertainty is used as benchmark. The
problem is solved considering different financial risk metrics and
identifying strategic decisions that are particularly appealing for
decision-makers.

2. Problem statement

We  address the design of a SC of multi-product batch processes
as schematized in Fig. 1. The SC includes a set of raw material suppli-
ers sp ∈ Nsp from which supplier sp can provide one or more types
of raw materials r ∈ Nr , that are delivered to the batch plants l ∈ Nl .
Each multiproduct batch plant has a set of batch stages j ∈ Njl, for
producing a set of products i ∈ Ni. In phase and out of phase unit
duplication are considered for each multiproduct batch plant. The
use and allocation of intermediate storage tanks is assumed as fea-
sible at each of the |Njl| − 1 positions in plant l, between two  batch
stages (j and j + 1). Final products are transported from batch plants
to different warehouses m ∈ Nm, according to their capacity limita-
tion. Products are then delivered from the warehouses to different
customer zones g ∈ Ng , in order to satisfy a given product demand
Dig . Further details on this SC design can be found in (Corsano and
Montagna 2011; Corsano et al., 2014).

Given are the following data: discrete size of each batch unit
to be eventually installed; set of allowable tank sizes and data

concerning raw material procurements, distribution cost from-
to different sites and overall batch plant parameters. Product
demands are modeled as uncertain parameters following known
probability distribution patterns whose characteristic parameters
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Fig. 1. Process scheme of t

re also given. The goal of the analysis is to identify the best plan-
ing and design decisions (e.g. number of plants to be installed,
quipment units selected, etc.) in terms of maximum expected
conomic performance and minimum risk.

. Methodology

The proposed approach comprises 4 main steps as shown in
ig. 2. A stochastic MOO  model is developed in step 1. Step 2 solves
he stochastic MOO  problem using a customized strategy that pro-
ides as output a set of solutions that are then normalized in step
. Finally, the normalized solutions are filtered in order to obtain

 reduced subset of alternatives with better overall performance.
 detailed description of each step is provided in the following
ubsections.

.1. Multi-scenario two-stage stochastic programming model

The capabilities of our methodological framework are demon-
trated by solving the MILP model presented by Corsano et al.
2014). Hence, the original deterministic single objective (SO)

odel was reformulated into a multi-scenario two-stage stochas-
ic problem of the following form (see Eq. (1)), henceforth known
s Model P:(

P
)

max
xy

f
(

x, y, �
)

s.t. h
(

x, y, �
)

= 0

g
(

x, y, �
)

≤ 0

x ∈ X, y ∈ Y, � ∈ �

(1)

ere, x and y are the first and second-stage decision variables,
espectively, whereas � denotes the uncertain parameters values

hat belong to the space � of uncertain parameters. First-stage
ecisions may  contain integers due to allocation requirements.(

x, y, �
)

represents the objective function; h
(

x, y, �
)

and(
x, y, �

)
are vectors of equality and inequality constraints. Com-
pply chain under analysis.

monly, uncertain parameters are described via scenarios, therefore,
model P can be re-written as follows:

(
P
)

max
x,ys

fob =
S∑
s

probsf
(

x, ys, �s

)
s.t. h

(
x, ys, �s

)
= 0 ∀s ∈ S

g
(

x, ys, �s

)
≤ 0 ∀s ∈ S

x ∈ X, ys ∈ Y, �s ∈ �

(2)

Here, fob represents the expected value for the objective function
of the problem P. �s is the vector of values taken by the uncer-
tain parameters in the scenarios s and probs is the probability of
occurrence of scenario s belonging to the set S. Model P can be inter-
preted as follows: First stage decision variables (x) must be taken
before a realization of the random vector

(
�s

)
becomes known

(here and now decisions). However, such a decision needs to sat-
isfy as well the second-stage set of constraints. Therefore, recourse
actions need to be taken (second-stage decision variables for each
one of the considered scenarios ys) with an associated impact over
the objective function. Hence, given a first-stage decision x, each
realization of �s leads to recourse costs given by the value of the
second-stage function (ys). Note that the parameters values in each
scenario can be generated via sampling on the corresponding prob-
ability functions.

To manage the risk associated with the decision-making prob-
lem under uncertainty, some risk metrics are included in the model
as additional criteria to be optimized. A detailed description of these
metrics is presented next.

(i) Downside Risk (DR): DR represents the positive deviation
from a defined target (generally denoted by �).  DR can be expressed

as shown in Eq. (3):

DR� = E
[
ı�s

]
=
∑

s

probsı�s (3)
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Fig. 2. Overview of the proposed methodology.

here

�s =
{

� − Profits if Profits < �

0 otherwise

}
∀s ∈ S (4)

ere, Profits accounts for the profit in scenario s ∈ S.
(ii) Risk: This metric also requires the definition of a target, but

t measures the probability of not achieving this target rather than
he deviation from it. Risk is mathematically expressed as follows:

Risk� =
∑

s

probsZ˝s (5)

here, Z˝s is a binary variable whose value is determined as fol-
ows:

Z�s =
{

1 if Profits ≤ �

0 otherwise

}
∀s ∈ S (6)

Notice that even if both, DR and Risk, provide a measure of the
eviation of the solution from a given target, the calculation of the

atter involves a bigger computational effort since it requires the
efinition of binary variables for each scenario.

(iii) Value at Risk (VaR) and Opportunity Value (OV): These met-
ics assess the performance of a solution in a given region of the

umulative probability curve. More precisely, the VaR is the differ-
nce between the expected profit and the profit for a cumulative
robability of 5%, while the OV is conceptually equal to VaR, but
overs the upper side of the cumulative risk curve (typically a per-
emical Engineering 98 (2017) 236–255

centile of 95%). Hence, those values are usually used together in
order to explore both sides of the cumulative risk plot.

(iiii) Worst Case (WC): The WC  has been adopted as an alter-
native to control the probability of meeting unfavorable scenarios.
It leads to a simple formulation that requires a low computational
effort (see Eq. (7)).

WC  ≤ Profits ∀s ∈ S (7)

For more details about the above risk metrics and their imple-
mentation in supply chain models, the reader is referred to the
works by Aseeri et al. (2004), Aseeri and Bagajewicz (2004), Bonfill
et al. (2004), Barbaro and Bagajewicz (2004) and Applequist et al.
(2000). Finally, the stochastic model that optimizes a set of risk
metrics can be formally expressed as follows:

(P) max
xy

{
f1 x, ys, � , . . .,  fob x, ys, � , . . .,  f|OB| x, ys, �

}
s.t. h x, ys, � = 0 ∀s ∈ S

g x, ys, � ≤ 0 ∀s ∈ S

x ∈ X, ys ∈ Y, � ∈ �
(8)

Where fob represents the different objective functions of the prob-
lem (e.g. f1 = expected profit, f2 = -DR, f3 = -Risk, etc.). A detailed
description of the expected profit calculation is presented in
Appendix A. Note that our approach is general enough to accom-
modate other risk metrics as well.

3.2. Solution strategy (Sample average approximation algorithm)

Solving P (step 2 in Fig. 2) is challenging due to the number
of scenarios and objectives. To expedite its solution, we  propose a
strategy based on the Sample Average Approximation (SAA) algo-
rithm. The SAA has its roots in the so called stochastic counterpart
(Rubinstein and Shapiro, 1990) and the sample path optimization
methods (Plambeck et al., 1996).

We make use of the following decomposition strategy to solve
Model P (Shabbir and Shapiro, 2002; Kostin et al., 2012). We  first
solve the model in its deterministic form considering only one sce-
nario at a time and optimizing the profit as the unique objective.
Then, we fix the values obtained for the first-stage variables (i.e.,
the design of the supply chain) and optimize again the expected
profit in Model P, but this time considering all the |S| scenarios. This
process is repeated recursively by replacing the parameters values
used in the deterministic model solved in step one (corresponding
to one particular scenario) by those associated with another sce-
nario in order to obtain the optimal supply chain design for each
of the remaining |S|-1 scenarios so that, at the end, |S| different
solutions are generated. Note that the standard SAA approximates
the solution of a single-objective stochastic problem by solving
a series of stochastic subproblems, each of them with fewer sce-
narios than the original full space stochastic model (Verweij et al.,
2003; Santoso et al., 2005). These scenarios, sampled from the orig-
inal set of scenarios, approximate the expected objective value of
the original problem. After solving each subproblem, the first stage
decisions are fixed in the original model, which is solved iteratively
for all the solutions generated in the subproblems. The solution
among the ones generated with the subproblems that performs
best in the full space model is finally used to approximate the global
optimum of the original stochastic model. Hence, in our case, the

subproblems contain one single scenario (i.e., they are determinis-
tic), as opposed to what happens in the standard SAA, which solves
subproblems with more than one scenario.

The overall algorithm is as follows.
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. Define the set of scenarios S and initialize the raw set of solutions
RSS = Ø

. For s = 1:1:|S|
2.1. Solve Model P considering only the scenario with index s

(say scenario ss). Let solution x̄∗ be the value of the first stage
variables in this problem.

2.2. Fix first stage variables as in x̄∗.
2.3. Solve Model P including all the |S| scenarios. Let x̄∗, ȳ∗

s be the
values of the first and second stage variables in the full optimal
solution to this problem (the solution with optimal second-stage
variables for the first-stage values generated in step 2.1).

2.4. Calculate risk metrics.
2.5. Make RSS = RSS ∪ x̄∗ and free the first-stage variables.

. End for.

Note that even if Model P is a multi-criteria model, the only
bjective function considered during the algorithm is the profit
aximization (i.e., risk metrics are calculated in parallel during the

rocess, but they never act as objective functions). The reason for
his is two-fold. First, it is not possible to optimize any risk metric in
tep 2.1, as the model solved in this step is essentially deterministic
i.e., it considers one scenario only). Second, the model considered
n step 2.3 is indeed stochastic and could therefore allocate any risk

etric as objective function, yet this would entail no significant
enefit since the risk can be mainly controlled through modifica-
ions in the design of the supply chain, which has already been fixed
n a previous step (step 2.2).

It is important to highlight that the problem with first and
econd-stage variables is not rigorously solved and, consequently,
he proposed methodology cannot guarantee global optimality for
he solutions obtained. However, the proposed approach is indeed
n approximation method (i.e., heuristic) to solve the full space
ulti-objective stochastic model. Recall that for every set of first

tage designs calculated in step 2.2, we determine the correspond-
ng second-stage variables in step 2.3 following the general scheme
f the SAA and considering the entire uncertain parameters space.
his part of the algorithm (step 2.3) assesses whether the designs
re feasible in all the scenarios. Consequently, even if the solutions
btained with the proposed method may  be dominated by others
hich are overlooked, they are proved to be feasible and therefore

ligible to be ranked by the Pareto filters as long as they success-
ully pass step 2.3 of the algorithm. Otherwise (i.e., if they render
nfeasible), they are discarded.

.3. Normalization of solutions

The SAA method provides as outcome a raw set of solutions
RSS) to problem P. A normalization step is applied to facilitate the
ost-optimal analysis of these solutions. Different normalization
lgorithms can be applied at this point (see Bolstad et al. (2003)).
n this work, we use the basic interpolation method, which is for-

ulated as follows:

 ̂ = f̂ lo + (f̂ up − f̂ lo)
f − flo

fup − flo
(9)

ere, f̂ represents the normalized value (which varies between
ounds f̂lo = 0 and f̂up = 1) associated to the real value f, while flo
nd fup represent respectively the minimum and maximum values
aken by this objective among the raw set of solutions RSS. At the
nd of this step, a normalized set of solutions NSS is obtained.

.4. Application of pareto filters
Model P potentially contains an infinite number of solutions
rom which decision-makers should identify the ones that better
eflect their preferences. To facilitate this task, two Pareto filters
Fig. 3. Detailed description of the Pareto filter procedure used to reduce the set of
optimal solutions.

are applied to narrow down the number of Pareto solutions and
retain for further inspection solutions showing better overall per-
formance (discarding in turn the rest). Two  filters are applied. The
first one (Smart filter) eliminates repeated and suboptimal (domi-
nated) solutions from the set as described in Mattson et al. (2004).
The second filter (Order of efficiency filter) ranks the Pareto points
according to the concept of efficiency of order k, as described in
Das (1999). To this end, the order of efficiency filter is applied
recursively for descending orders of efficiency until no solutions
are found. Further details about these Pareto filters can be found
elsewhere (Antipova et al., 2015; Pozo et al., 2012a). The Pareto
filter algorithm is described next and illustrated in Fig. 3. We  first
define the objectives to be analyzed ob ∈ OB and set a tolerance
value for the Smart Filter (	t). Let NOO be the number of objectives
considered.

1. Apply Smart filter to solutions NSS considering objectives ob |
ob ∈ OB using tolerance Dt. Let M’ be the set of solutions retained
after the application of the filter.

2. If M’  = 
, stop, further reduction is not possible. Else:
(a) For k = NOO:1:1

i.) Apply Order of efficiency filter to solutions M’  for k. Let
Vk be the set of solutions which are efficient of order k.

ii.) Make M’  = Vk.
(b) End for

3. End if.

As seen, the algorithm starts by applying the smart filter for a

given tolerance. Then, the order of efficiency filter is applied until
further reductions in the Pareto set cannot be attained.

A detailed description of each step in the above algorithm fol-
lows.
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ig. 4. Representation of the Smart Pareto filter algorithm. A solution is consider
shaded gray zone) of the solution under analysis (green points). Dominated solutio
o  colour in this figure legend, the reader is referred to the web version of this artic

.4.1. Smart pareto filter
This filter uses a defined tolerance value (	t) to discard solu-

ions that are potentially repeated or redundant. The method
elects one solution and scans the tolerance area in order to find and
iscard points falling within it, thereby removing dominated solu-
ions considering such a tolerance. The tolerance value is defined
y the user and has a strong impact on the outcome of the algo-
ithm. If it is too large, the final set of alternatives will be very small,
ut appealing solutions may  be lost, whereas if it is too small the
pposite situation will occur.

Fig. 4 illustrates the idea behind the Smart Pareto filter. Given
he set of solutions Sols, Sol1 is taken as core solution and com-
ared with the rest. The dominated solutions and those inside the
olerance area (shaded region) are removed from the pool. After-
ards, the nearest Pareto solution will be selected as core and the

peration will be performed again until no Pareto solutions remain
nexplored. In this example, solutions Sol7, Sol8 and Sol9 are dom-

nated solutions and are removed from the pool of solutions when
olutions Sol2 and Sol3 are evaluated, respectively. Additionally,
ven if solution Sol10 is Pareto optimal, it lies in the tolerance area
f solution Sol3, so it is considered indistinguishable from it and
hus eliminated.

A more formal mathematical description of the algorithm is
resented next. Let SSc be one solution of the normalized set of
olutions (NSS) obtained through steps 2 to 4 of the proposed
ethodology approach, and ob one of the objectives considered.

he filter comprises the following steps.

. Initialize a set of rejected solutions (RS = 
), a set of candidate
solutions (M’  = 
) and 2 counters (c’ and cc’)  which are initially
set to zero. Additionally define a tolerance value (	t).
. While c’ < |NSS|
2.1. c’ = c’ + 1
2.2. If �SSc’|SSc’ ∈ NSS, return to 2.1. Else:
2.3. While cc’  < |NSS|
istinguishable from other one if the first (red point) falls into the tolerance area
nge points) are also identified and eliminated. (For interpretation of the references

2.3.1. cc’ = cc’+ 1
2.3.2. If �SScc’|SScc’ ∈ NSS, return to 2.3.1. Else:
2.3.3. If c’ = cc’,  return to 2.3.1. Else, if SSc′,ob − SScc′,ob < 	t∀ob,

let RS = RS ∪ SScc′ and NSS = NSS\SScc′ .
2.4. End while
2.5. Restart counter cc’ = 0

3. End while
4. Make M’ = NSS

3.4.2. Order of efficiency filter
This filter makes use of the concept of order of efficiency, which

assesses the “level of optimality” of a solution. The order of effi-
ciency was  originally introduced by Das (1999), and has been
recently applied to metabolic engineering (Pozo et al., 2012b) and
desalination plants (Antipova et al., 2015).

A solution is said to be efficient of order k if it is not dominated
by any other solution in any of the possible k-elements subsets
of objectives. In the above definition, k represents the size of the
subsets, that is, the number of objectives which form the subset
(i.e., 1 ≤ k ≤ NO, being NO the number of objectives). Using the same
nomenclature, statements and variable definitions from the previ-
ous section, a mathematical representation of the order of efficiency
concept is presented next.

A solution xx*  ∈ M’  is efficient of order k, if it is not dominated by
any other solution xx** ∈ M’ in any of the possible subsets of k objec-
tives. In other words, given any of the sets of k objectives, it does
not exist any feasible solution xx** such that fob (xx∗∗) ≤ fob (xx∗) for
all ob ∈ (ob1, ob2. . .obk) and at the same time fob (xx∗∗) < fob (xx∗)
for at least one ob ∈ (ob1, ob2. . .obk). From this definition, it fol-
lows that if xx* is efficient of order k, it is also efficient of any order
greater than k. Note that lower orders of efficiency reflect a bet-

ter balance among objectives in the solution and, in some way, the
more appealing for decision-makers.

The concept of Pareto efficiency of order k is illustrated in Fig. 5,
which shows the parallel coordinates plot where each line repre-
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ig. 5. Illustration of the order of efficiency filter. There are 4 solutions that have to
nd Sol4 are efficient of order 3, and Sol3 is inefficient (i.e., not Pareto optimal).

ents one solution (i.e., Sol1, Sol2, Sol3 and Sol4). As can be seen,
olutions Sol1, Sol2 and Sol4 are Pareto optimal, that is, they are at
east efficient of order 3 (recall that due to the normalization step,
alues equal to 0 correspond to the best objectives performance and
ice versa). On the contrary, Sol3 is an inefficient solution because
t is dominated by Sol1. The next step is to check whether solutions
ol1, Sol2 and Sol4 are also efficient of lower order, for which all the
ossible subsets of k < 3 objectives must be considered. For instance,
olutions Sol2, and Sol4 are dominated by Sol1 in subset

{
ob2, ob3

}
,

o they are no longer candidates to be efficient of order 2. Con-
ersely, Sol1 is not dominated neither in subset

{
ob1, ob3

}
nor in

ob1, ob2
}

and is therefore efficient of order 2. An inspection of
ubsets of one objective reveals that Sol1 is dominated by both Sol2
nd Sol4 in {ob1}, and thus it is not efficient of order 1. As a result, the
inimum order of efficiency for Sol1, Sol2 and Sol4 is 2, 3, 3, while

ol3 is inefficient. This approach allows ranking the Pareto solutions
ccording to their efficiency order. Hence, solution S1 would be the
ost appealing, since it shows better average performance when

onsidering all of the objectives simultaneously.
Note that Pareto filters imply stronger conditions than the con-

entional Pareto optimality criterion. This concept avoids the use
f any arbitrary “criterion of merit” or visualization technique,
hereby making the approach suitable for high-dimensionality
roblems (Pozo et al., 2012b; Das, 1999).

. Case study: multi-criteria design and planning of SC
nder uncertainty

The proposed approach is now illustrated through its applica-
ion to the design and planning problem of a supply chain with
mbedded batch facilities. The system considers 3 raw material

ources, which can feed 5 potential batch plants with up to 3
hases. Different discrete sizes are considered for each batch unit
0.3 m3, 0.5 m3, 0.75 m3, 1 m3 and 1.2 m3) and intermediate stor-
ge tank (3 m3, 5 m3, 10 m3). Final products can be stored in 3
inimized for all the 3 objectives considered. Sol1 is efficient of order 2 whereas Sol2

warehouses before being sent to 3 customer zones. The resulting
multi-scenario MILP problem is described in detail in Appendix A,
while the remaining system parameters are provided in Appendix
B. The model optimizes the design of the required supply chain net-
work (i.e., allocation decisions, production and capacity levels and
flows between the SC nodes) considering the effects of the potential
planning decisions. The model also determines the optimal design
of the embedded batch plants (i.e., structure of the plants) consid-
ering parallel unit duplication, allocation of storage tanks, and unit
size. Binary variables are used in the mathematical model in order
to represent the allocation decisions of a particular site/unit.

Product demand was considered as the only uncertain param-
eter and modeled through a normal distribution. 100 scenarios
were generated via Monte Carlo sampling in order to discretize
the normal distributions, assuming the mean values in Table B2
(See Appendix B) and a variance of 15%. It is important to high-
light that Monte Carlo sampling is less efficient than other sampling
techniques, such as Sobol sampling, polynomial-based methods
(cubature formula) (Bernardo et al., 1999) and methods based
on low-discrepancy samples (also known as quasi-Monte Carlo
methods)(Diwekar and Kalagnanam, 1997). However, here it is
used as a crude method to illustrate the generation of scenarios
in the proposed methodology. The minimum number of scenarios
was determined by two methods. First, by solving the SAA for an
increasing number of scenarios and then stopping when the dif-
ference between the expected profit of the best two consecutive
solutions provided by the SAA (i.e., the difference between the best
expected profit solution provided by the SAA for a given number of
scenarios, and the best expected profit solution for the same num-
ber of scenarios plus one) was  less than 5%. Second, we applied
the methodology proposed by Law and Kelton (2000), which was
recently applied to stochastic problems (Sabio et al., 2014). This

approach was  solved considering a relative error of 0.1 and a confi-
dence level of 1% (see. Appendix C). For these settings, the minimum
number of scenarios was 73.
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Table 1
List of objectives and target values considered in this work for both cases. Target
values � are expressed in D ·103.

First Case Second Case

Objective/metric Target value Objective/metric Target value

Eprofit N/A Eprofit N/A
Worst Case (WC) N/A Risk � = 530
Downside Risk (DR) � = 800 � = 584

�  = 950 � = 637
�  = 1050 � = 691

Value at Risk (VaR)a 5% � = 745
Opportunity Value (OV)a 95% � = 798

� = 852
� = 906
� = 959
� = 1013
� = 1066
� = 1120
� = 1174
� = 1227
� = 1281
� = 1335
44 S. Medina-González et al. / Computers a

The deterministic model contains 3222 equations, 2086 con-
inuous variables and 223 binary variables, while the stochastic
ne with 100 scenarios has 178,552 equations, 153,061 continuous
ariables and the same number of binary variables (223). All the
uns were implemented in GAMS 23.9 and solved using CPLEX on

 Windows XP computer with Intel®CoreTMi7 CPU(920) 2.67 GHz
rocessor with 4.00 GB of RAM. It takes approximately 27.3 s to
enerate each solution of the deterministic model. It is important
o mention that the stochastic model that includes all the scenarios
nd maximizes the expected profit as unique criterion cannot be
olved in 86,400 s (24 h) (i.e., after this CPU time, CPLEX is unable
o close the optimality gap below 5% even when optimizing only
he expected profit; so much larger CPU times are expected when
ealing with several risk metrics simultaneously).

As shown in Table 1, two cases differing in the risk metrics
re investigated. The targets required in the calculations of the
isk metrics were defined as follows. We  first applied the SAA and
lotted the cumulative curve (Fig. 6) for each deterministic design
enerated for each scenario. We  then defined the target values by
dentifying the lower, middle and upper parts of these cumulative
istributions. Each curve in Fig. 6 represents a specific SC config-
ration with associated planning decisions. Expected profit values
ange from $530,000 to $1,334,000. In the figure, we have high-
ighted the solution with maximum expected profit (maxEProfit)
s well as two curves that may  be appealing for risk-averse and
isk-taker decision makers. A Risk-Averse solution corresponds to
hat in which lower probabilities of small/high profits are found.
n the contrary, a solution with larger probabilities of high profits

at the expense of increasing as well the probability of low benefits)
s appealing for a Risk-Taker behavior.

Solutions behave differently in the uncertain parameters space,
s can be noticed by the performance of the three highlighted
olutions. For instance, maxEProfit has a probability of 19% of

ot exceeding a target value of � = $1.00M, while this probability

ncreases gradually to 25% and 55% in the Risk-Averse and Risk-Taker
olutions, respectively. Here, the maxEProfit solution represents a
ery conservative choice that behaves better than the remaining

Fig. 6. Resulting cumulative risk c
a The percentage target value for VaR and OV are the probability value in the
cumulative plot.

solutions for a wide range of target values (� < $1.15M), however
for higher target values this solution shows poor performance.
Notice that the better performance attained in the Risk-Averse and
Risk-Taker solutions in the upper part of the probability curve is
obtained at the expense of a drop in their expected profit. For
instance, the Risk-Taker and Risk-Averse solutions show expected
profits of $971,179 and $1,057,684, respectively, whereas the
maximum expected profit is $1,100,211. Between the Risk-Taker
and Risk-Averse solutions, there are many intermediate solutions
behaving in different ways.
All the solutions show essentially the same overall supply chain
configuration (see Fig. 7), but differ in the detailed design of the
plants, which are explained later in the article. More precisely, they
all select plant L4 regardless of the uncertain parameters values,

urves for the 100 scenarios.
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Fig. 7. Optimal SC design for the 100 demand scenarios.

Table 2
P-value for each pair of objectives considered in this work for filtered solutions in
case 1.

P-Value

Eprofit WC DR (� = 800) DR (� = 950) DR (� = 1050) VaR OV

Eprofit
WC 0.00
DR (�=800) 0.00 0.00
DR (�=950) 0.00 0.00 0.00
DR (�=1050) 0.01 0.43 0.01 0.00
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Table 3
Number of solution retained in matrix N for each order of efficiency.

Matrix N
VaR 0.00 0.00 0.00 0.01 0.76
OV 0.00 0.00 0.00 0.00 0.74 0.00

ainly because the required investment and production costs are
he lowest. Raw material site S2 supplies all the materials required
or producing the four products, because the distribution costs
etween S2 and L4 are cheaper. The products are delivered to two
arehouses, M1  and M3.

.1. First case: expected profit, worst case, downside risk, value at
isk and opportunity value

Here, we consider WC,  DR, VaR and OV as performance criteria
objectives) in addition to Eprofit.  For the DR calculation, 3 target
alues were used corresponding to the lower, middle and upper
arts of the cumulative distribution curve. For the VaR and OV,  the
tandard 5% and 95% percentiles were set (See Table 1).

After the application of our proposed algorithm, 100 solutions
ere obtained, each one with specific values of the decision vari-

bles, expected cost and financial risk metrics. From here, we
roduced a 100 × 7 matrix (henceforth known as matrix N) using
he values of each performance criteria in each scenario. Matrix

 is normalized according to the procedure described in section
.3. Note that some of the deterministic solutions may  be subop-
imal (in the space of the objectives considered in the analysis), or
epeated (i.e., the model yields the same first-stage decision values
hen solved for two different scenarios). The Pareto filters were

pplied next using this matrix.
The Smart filter (first step of Pareto filters, Section 3.4) was exe-

uted with a tolerance value of 	t  = 0.01%. As a result, the number of
olutions was reduced in 80% (i.e., from 100 to 20). Fig. 8 is a parallel
oordinates plot that represents in the horizontal axis the normal-
zed objectives and in the vertical one the performance attained by
very solution in each such objective. The objectives are normal-
zed as described previously (0 is the best value and 1 is the worst).
s seen, the dominated solutions are identified and removed by the
lter, so finally 20 solutions remain in Fig. 8 (depicted by polylines),

hich intersect each other in at least one point.

Remarkably, some objectives behave similarly, that is, when one
ncreases so do the others and vice versa. This is confirmed by the
-values shown in Table 2, which are calculated for the filtered solu-
Order of efficiency k = 7 k = 6 k = 5 k = 4 k = 3
Number of solutions 20 4 2 1 0

tions. Two metrics are assumed to be statistically correlated when
the p-value is below 0.05 (typical significance value). According to
this, metric DR(� = 1050) is uncorrelated with WC,  VaR and OV (see
highlighted values in Table 2).

The order of efficiency step was next applied (second step of
Pareto Filters, Section 3.4) in order to identify non-dominated solu-
tions in all the subsets of objectives of cardinality k. Starting from
k = 7, we reduced gradually the value of k until no solution satisfied
the corresponding optimality level (no solution was optimal for all
the subsets of k-objectives). For each value of k < 7, a reduced subset
of solutions was  obtained. Table 3 displays the size of the subsets
for each order of efficiency, in which a reduction of 80, 90 and 95%
(from 20 to 4, 2 and 1, respectively) in the number of solutions were
obtained using k = 6, k = 5 and k = 4, respectively.

To guarantee the quality of the solutions kept in each subset,
we analyzed how they perform in each objective. Fig. 9(a) shows
the lower bound for the solutions (best performance) retained in
each subset of k-objectives for the group of objectives in matrix
N. Note that the lower bound for k = 7 is 0 for all of the objectives,
since this represents the original solution space (and consequently
includes the best solutions identified by the SAA). The solutions
efficient of order k = 6 show similar bounds as those solutions in
the original set (k = 7), with just a small deviation in the value of
Eprofit (the best expected profit in the original set is $1,100,211,
and in the set k = 6 is $1,047,408) Moreover, solutions retained for
lower orders of efficiency (k < 6), present worse bounds in multiple
objectives. On the other hand, Fig. 9(b) shows the upper bound for
the solutions retained in each subset of k-objectives. Here, the value
of all the objectives in subset k = 7 is 1, since it includes the worst
performance solution in the original solution space. In this case, a
bigger deviation from the original subset k = 7 would be preferred,
as this would imply that bad solutions would have been discarded.
By analyzing simultaneously Fig. 9(a) and (b), it can be seen that
solutions in the subset k = 6 show good performance compared with
the original set (k = 7). Hence, the filter is stopped at k = 6, when 4
solutions are kept. This represents an overall reduction of 96% in
the size of the original set of solutions (from 100 to 4).

Fig. 10 shows the risk curves associated to each solution for the
reduced set of k = 6, while Fig. 11 and Table 4 show their configu-
rations.
To get insight into how the model manages the risk associated
with the investment, we next study solutions 1 and 4 (configu-
rations 1 and 4, respectively), which are two of the alternatives
kept after applying the Pareto filters. Solution 1 reflects a conser-
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Fig. 8. Parallel coordinate plot showing the interactions and relations among solutions for each objective for the first case (matrix N).
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Fig. 9. Normalized bounds for solutions with efficiency o

ative attitude towards risk, with low probabilities of profits below

0.95 M (9%), but a probability of large profits (say above $1.15M)
f 0%. On the other hand, solution 4 reflects a riskier attitude, with a
robability of 28% for profits below $0.95M, but a larger probability
f high profits (10% for a target of $1.15M). As seen in Fig. 11, the
r k for the first case. (a) Lower bound. (b) Upper Bound.

risk-averse solution (configuration 1) implements a design with

small capacities for the equipment units and storage tanks. This
first case study aims to identify a solution reflecting a conservative
attitude towards risk, as most of the objectives focus on improv-
ing the performance in the lower part of the profit distribution.
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Fig. 10. Cumulative risk curves for the solution in the reduced set of case 1.

Fig. 11. Batch plant configuration scheme for the reduced set of solutions found in the first case study.

Table 4
Batch plant design for the reduced set of solutions in case 1.

First case (k = 7)

Configuration Order of efficiency Eprofit (M$) Demand Satisfaction (%)b Batch stage capacities (m3) Storage tanks (m3)a

J1 J2 J3 J1 J2 J3
1  k = 4 1.047 71 1 0.75 0.5 0 3 10
2  k = 5 1.007 82 1.2 0.75 0.5 0 5 10
3  k = 6 0.971 100 1.2 1 0.5 0 0 0
4  k = 6 1.010 82 1.2 0.75 0.5 0 5 0

a Storage tanks represent the capacity of the tank installed at the exit of each unit J.
b Demand satisfaction level corresponds to the worst case scenario.
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Fig. 12. Cumulative probability for the solution in the reduced set of case 1.

Table 5
P-values for each pair of objectives in matrix P.

P-Value

Eprofit � = 530 � = 584 � = 637 � = 691 � = 745 � = 798 � = 852 � = 906 � = 959 � = 1013 � = 1066 � = 1120 � = 1174 � = 1227 � = 1281 � = 1335

Eprofit
� = 530 0.51
� = 584 0.07 0.83
� = 637 0.00 0.52 0.03
� = 691 0.00 0.37 0.09 0.00
� = 745 0.01 0.45 0.02 0.00 0.00
� = 798 0.00 0.22 0.03 0.00 0.00 0.00
� = 852 0.00 0.35 0.05 0.00 0.00 0.00 0.00
� = 906 0.00 0.43 0.02 0.00 0.00 0.00 0.00 0.00
� = 959 0.00 0.35 0.10 0.00 0.00 0.00 0.00 0.00 0.00
� = 1013 0.00 0.31 0.15 0.00 0.00 0.00 0.00 0.00 0.00 0.00
�  = 1066 0.00 0.45 0.08 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00
�  = 1120 0.23 0.90 0.60 0.70 0.83 0.82 0.73 0.96 0.77 0.79 0.54 0.22
�  = 1174 0.05 0.09 0.83 0.04 0.01 0.02 0.02 0.01 0.03 0.01 0.01 0.05 0.78
�  = 1227 0.08 0.16 0.77 0.04 0.00 0.02 0.03 0.02 0.03 

�  = 1281 0.01 0.25 0.03 0.00 0.00 0.00 0.00 0.00 0.00 

�  = 1335 0.66 0.00 0.76 0.67 0.49 0.55 0.30 0.48 0.56 

Table 6
Number of solution retained in matrix P for each order of efficiency.

Matrix P

H
t
p

d
i
c
t
w

Order of efficiency k = 17 k = 16 k = 15 k = 14 k = 13 k = 12
Number of Solutions 10 6 4 1 1 0

ence, configuration 1 is therefore kept as it represents a conserva-
ive arrangement (smaller equipment sizes and consequently lower
otential loses that lead to a higher expected profit).

It is worth to mention that in configuration 1 (see Table 4)
emand satisfaction can be compromised and in fact drops to 71%

n the worst case scenario, because the capacity of the supply

hain is reduced with the aim of avoiding risk. On the contrary,
he risk-taker solution (configuration 4) installs equipment units
ith higher capacity (and only one storage tank) that can ensure
0.01 0.02 0.09 0.88 0.00
0.00 0.01 0.02 0.85 0.02 0.01
0.52 0.50 0.71 0.91 0.16 0.22 0.32

a demand satisfaction of 82% in the worst case. Finally Solution
3 is the riskiest design, since no single storage is considered and
the highest capacities are installed. This leads to higher operation
and installation costs as well as less profit on average, but on the
other hand allows fully satisfying the demand in all the scenar-
ios. Hence, this design attains higher maximum profits in scenarios
with large demands, but this is accomplished at the expense of
worse performance in scenarios with low demand.

4.2. Second case: expected profit and risk at different target
values
For this case, we  consider Risk as the only additional objective
to the expected profit. 16 target values were evenly distributed in
the complete solution space for this calculation (see Table 1).
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Fig. 13. Normalized bounds for solutions with efficiency of order k for the second case-(a) Lower bound. (b) Upper Bound.

Table 7
Batch plant design for the reduced set of solutions in case 2.

Second case (k = 17)

Configuration Order of efficiency Eprofit (M$) Demand Satisfaction (%)b Batch stage capacities (m3) aStorage tanks (m3)

J1 J2 J3 J1 J2 J3

5 k = 14 1.073 76 1 0.75 0.5 0 5 10
6  k = 16 1.024 93 1.2 0.75 0.5 0 0 5
7  k = 16 1.047 71 1 0.75 0.5 0 3 10
8  k = 15 1.028 92 1.2 1 0.5 0 5 5
9  k = 15 1.027 89 1.2 1 0.5 0 5 0
10  k = 15 1.024 85 1.2 1 0.5 0 5 0
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a Storage tanks represent the capacity of the tank installed at the exit of each uni
b Demand satisfaction level corresponds to the worst case scenario.

The first step (Smart filter) was applied considering a tolerance
f 	t  = 0.01%, thereby reducing drastically the number of solutions
rom 100 to 10 (i.e., a reduction of 90%) by removing dominated
nd repeated solutions. The relationships between objectives are
hown in Fig. 12.

Notice that most of the 17 objectives behave similarly. By calcu-
ating the p-values shown in Table 5, we can see how for 3 objectives
i.e., Risk(� = 530), Risk(� = 1120) and Risk(� = 1335)) a complete
ack of statistical correlation is found (p-values higher than 0.05).
he highlighted values in Table 5 represents the lack of correla-
ion among metrics. The rest of the objectives are correlated and
epresent a proof of the correlation existing among risk metrics.

The second part of Pareto filter was next applied (order of effi-
iency filter) providing a deeper reduction in the pool of available
olutions. Starting with the solutions obtained from the Smart fil-
er (k = 17), we found non-dominated solutions in all the subsets of
bjectives of cardinality k, reducing gradually the value of k until

o solution satisfied the corresponding order of efficiency.

Table 6 shows the results of this filter in which reductions of 40,
0 and 90% (from 10 to 6, 4 and 1, respectively) were obtained for
ubsets k = 16, k = 15 and k = 14 and k = 13, respectively. For further
analysis k = 13 will be omitted, since subsets for k = 14 and k = 13 are
equal (i.e., they contain the same solution).

Fig. 13 is analogous to Fig. 9.
In Fig. 13(a) we can see that the first subset (i.e., k = 16) pro-

vides an important reduction in the number of available solutions,
showing similar performance than the original subset (k = 17). For
k = 16 only objective Risk(=1227) shows a slight deviation from the
best performance. This means that those solutions in subset k = 16
has 30% less probability of achieving a profit of $1,227,000 than
the best solution in the set k = 17. Solutions with lower orders of
efficiency (k < 16) show a significant deterioration in their perfor-
mance, specifically in the last 4 objectives (i.e., � ≥ 1174). Analyzing
both figures we can see how the subset k = 16 performs similarly
to the subset k = 17, but additionally eliminates solutions with poor
performances (see objectives (� ≤ 1066) in Fig. 13(b)). In view of
the above, we  can say that the last sets of solutions (i.e., those
efficient of order k = 15, k = 14) perform better on average, but dis-

card points with significantly better performance in some criteria.
Therefore, in this case the filter is stopped at k = 16 with a reduced
subset of 6 solutions, which represent a total reduction of 94% in
the original number of solutions (from 100 to 6).
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Fig. 14. Cumulative probability curves for the solution in the reduced set of k = 16 for case 2.

Fig. 15. Batch plant configuration scheme for the reduced set of solutions found in the second case study.
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Table 7 displays information on the batch plant designs associ-
ted to each solution in the reduced subset, while Fig. 14 shows the
umulative distribution curves for those solutions.

This second case study reflects a more balanced attitude towards
isk. To get insight into how the model manages risk, let us study
olutions 5 and 6. At the lower part of the profit distribution, there
s a clear advantage of solution 5 over 6, since their probabilities
f profits below $0.95 M are 9% and 32%, respectively. However,
or large profits (say above $1.15M) those solutions behave dif-
erently achieving probabilities of 95% and 75% in configurations

 and 6, respectively. Notice how for lower profits solution 5 is
ore conservative, while for bigger profits solution 6 leads to bigger

enefits.
According to Fig. 15, configuration 5 represents a very con-

ervative solution. The most conservative solution corresponds to
onfiguration 7, as it provides the smallest equipment capacity at
he expense of small profits (compared with solution 5). Analyzing
he worst demand satisfaction level attained, configuration 6 is the
est choice since its satisfaction rate is the highest one (93% in their
orst scenario), while configuration 5 is the least reliable, with a

atisfaction of 76% (See Table 7).

. Conclusions

In this work we have proposed a systematic methodology to
upport risk management in optimization under uncertainty that
ncorporates several stochastic metrics that assess the performance
f a solution considering the whole space of uncertain parameters.
he proposed strategy combines optimization under uncertainty
onsidering multiple risk metrics with a systematic approach for
he selection of the most promising alternatives. The capabilities
f this approach have been successfully proved using as test-bed

 multi-scenario multi-objective design and planning supply chain
odel. Numerical results show that the proposed approach accel-

rates the search for supply chain design alternatives behaving in
ifferent manners in the uncertain parameters space. Furthermore,
areto filters narrow down the number of each such alternatives,
nsuring that the final design selected performs well for a wide
ange of economic targets.

Our tool assists decision-making by incorporating several risk
etrics in the modeling framework and by avoiding subjectivity
hen selecting the final solution. This approach can be used in

 wide variety of engineering problems in which multiple con-
icting objectives and/or different performance criteria must be
imultaneously considered.
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ppendix A.
The MILP optimizes the SC and batch plant design to maximize
he expected profit considering the coordination among plants. The

athematical model is next described.
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SC network constraints

These constraints are related to material balances among the
different nodes in the SC.

Mass balances between raw material sites and production plants
Let zzi,l be a binary variable whose value is equal to 1 if prod-

uct i is produced in plant l, and zero otherwise, and Q the amount
of product. Upper and lower bounds for production capacities are
controlled as Eq. (A1) shows. Additionally, Eq. (A1) forces the total
amount of product i in plant l for scenario s to be zero if the product
is not produced in l.

zzi,lQ
LO
i,l

≤ Qi,l,s ≤ zzi,lQ
UP
i,l

∀i, l, s (A1)

In the same way, the use of each raw material r by the plants
and scenario s is limited according to resource availability in each
raw material site sp,  as shown in Eq. (A2).∑

i,l

Qsp,r,i,l,s ≤ Q UP
sp,r ∀sp, r, s (A2)

Also, taking into account the product allocation to a plant, each
flow can be restricted according to Eq. (A3):

Qsp,r,i,l,s ≤ zzi,lQ
UP
sp,r ∀sp, r, i, l, s (A3)

Let flr,i,l be the raw material conversion factor. Eq. (A4) defines
the requirement of resource r in plant l to produce i.

Ns∑
sp=1

Qsp,r,i,l,s = flr,i,lQi,l,s ∀r, i, l, s (A4)

In order to avoid infeasibilities, Eq. (A5) is included forcing the
production of i in plant l to be zero if the plant does not exist.
Therefore exl is a binary variable that takes a value of 1 if plant l
is allocated, and zero otherwise.

zzi,l ≤ exl ∀i, l (A5)

Mass balances between production plants and warehouses
The distribution links from production plants l to warehouses m

in scenario s is constrained by Eq. (A6):

Nm∑
m=1

Qi,l,m,s = Qi,l,s ∀i, l, s (A6)

A binary variable is required to control the existence of ware-
houses. If yym,s is 1, warehouse m exists, and if it is zero it does
not.∑

i,l

Qi,l,m,s ≤ Q max
m yym,s ∀m, s (A7)

Eq. (A7) represents the constraint of received products in a ware-
house m according with its upper capacity (< MML  : MSUBSUP >
Qmmax < /MML : MSUBSUP >).

Mass balances between warehouses and customer zones
Assuming a steady-state operation (i.e., there is no stock accu-

mulation), the total amount of product i stored in warehouse m has
to be delivered to some customer zones g, as expressed in Eq. (A8):
Nl∑
l=1

Qi,l,m,s =
Ng∑

g=1

Qi,l,g,s ∀i, m, s (A8)



2 nd Ch

w
s

h

P

B

p
u
e

w
d
s
u
p
i

o

s
(
v
i

w
M
j
e

d
p
p

)

52 S. Medina-González et al. / Computers a

The amount of product delivered from m has to be zero if the
arehouse does not exist; otherwise the amount of products to be

tored is limited, as shown in Eq. (A9).∑
i,g

Qi,m,g,s ≤ Q max
m yym,s ∀m,  s (A9)

Disregarding the installation or not of warehouses the demands
ave to be fulfilled, as shown in Eq. (A10).

Di,g,s =
Nm∑

m=1

∑
l

Qi,l,m,s ∀i, s (A10)

roduction plant design equations

atch units

Considering the common assumptions for multiproduct batch
lant design and the general batch process literature, the batch
nit size of stage j of plant l, VZj,l,s, is computed through a sizing
quation (Eq. (A11)) which is applied for each product i as follows:

VZj,l,s ≥ Sizei,j,lBi,j,l,s

NPj,l
∀i, j, l, s (A11)

here Sizei,j,l is the size factor (the size required at stage j to pro-
uce 1 kg of final product i), Bi,j,l,s is the batch size of product i at
tage j in plant l at any scenario s, and NPj,l is the number of in phase
nits for stage j in plant l. Let Nbi,j,l,s be the number of batches of
roduct i in stage j of plant l and scenario s. The amount of product

 produced in plant l is defined by Eq. (A12)

Qi,l,s = Nbi,j,l,sBi,j,l,s ∀i, j, l, s (A12)

By combining Eqs. (A11) and (A12), the following constraint is
btained

Nbi,j,l,s ≥ Sizei,j,lQi,l,s

VZj,l,sNPj,l
∀i, j, l, s (A13)

In order to formulate the problem as an MILP, non-linear con-
traints are avoided by rewriting the previous design equation (Eq.
A13)) in the following manner (Eq. (A14)). Let xzj,l,d be the binary
ariable that takes a value of 1 if stage j of plant l has d parallel units
n phase, and zero otherwise, then we have:

NPj,l =
NPUP

j,l∑
d=1

d · xzj,l,d ∀j, l (A14)

NPUP
jl∑

d=1

xzj,l,d = exl ∀j, l (A15)

here N < MML  : MSUBSUP > Pi < MML  : MO  >,  jUP < /MML :
SUBSUP > represents the total available units in phase for stage

 in plant l. Eq. (A15) states that at least one unit per stage must
xist if plant l is allocated.

The size for unit j of plant l, VZj,l,s, considering a set of available
iscrete sizes p, is given by Eq. (A16) while Eq. (A17) defines if a
lant will be allocated (or not) as well as the discrete size of the
lant:

VZj,l,s =
Pj,l∑
p=1

vj,l,pVFj,l,p ∀j, l, s (A16)
Pj,l∑
p=1

vj,l,p = exl ∀j, l (A17)
emical Engineering 98 (2017) 236–255

Substituting Eqs. (A17) for (A13) under NPj,l definition

Nbi,j,l,s ≥
∑
p,d

Sizei,j,lQi,l,s

VFj,l,pd
vj,l,pxzj,l,d ∀i, j, l, s (A18)

A new nonnegative continuous variable, eei,j,l,p,d,s, is defined,
since constraint Eq. (A18) is non-linear because of the product
between Qi,l,s, vj,l,p and xzj,l,d.

eei,j,l,p,d,s =
{

Qi,l,s ifvj,l,p andxzj,l,d = 1

0 otherwise

}
∀i, j, l, p, d, s (A19)

Therefore, the following linear constraints (Eqs. ((A20)–(A23)))
are used to represent Eq. (A18):

Nbi,j,l,s ≥
∑
p,d

Sizei,j,l

VFj,l,pd
eei,j,l,p,d,s ∀i, j, l, s (A20)

∑
d

eei,j,l,p,d,s ≤ Q UP
i,l

vj,l,p ∀i, j, l, p, s (A21)

∑
p

eei,j,l,p,d,s ≤ Q UP
i,l

xzj,l,p ∀i, j, l, d, s (A22)

Qi,l,s =
∑
p,d

eei,j,l,p,d,s ∀i, j, l, s (A23)

Intermediate storage

For Njl batch stages there exist, at most, Njl−1 possible positions
for storage tanks to be allocated between two  consecutive batch
stages. Therefore, an upper bound for the storage vessels can be
defined by Eqs. (A24) and (A25)

VTj,i,s ≥ 2STi,j,lBi,j,l,ssuj,l ∀i, l, s, j = 1, 2, . . .,  Nj,l−1 (A24)

VTj,i,s ≥ 2STi,j,lBi,j+1,l,ssuj,l ∀i, l, s, j = 1, 2, . . .,  Nj,l−1 (A25)

where VTj,i,s represents the tank size, STi,j,l is the size factor for each
storage tank and suj,l is a binary variable that determines if a tank is
allocated after batch stage j with the value of 1, and zero otherwise.

Using Eq. (A11) in Eqs. (A13) and (A25), the storage constraints
are rewritten as Eqs. (A26) and (A27):

Nbi,j,l,s ≥ 2
STi,j,lQi,l,s

VTj,l,s
suj,l ∀i, l, s, j = 1, 2, . . .,  Njl−1 (A26)

Nbi,j+1,l,s ≥ 2
STi,j,lQi,l,s

VTj,l,s
suj,l ∀i, l, s, j = 1, 2, . . ., Njl−1 (A27)

Again, in order to avoid nonlinearities, a set of available discrete
sizes for the tank allocated after stage j, STFj,l = {VTFj,l ,1, VTFj,l ,2, . . .,
VTFj,l,w}, is selected. Let vtj,l,w be the binary variable that takes a
value 1 if a tank of size w is allocated in position j and zero other-
wise. The first tank size of the set, VTFjl1, is equal to zero to represent
“no tank allocation”. Then, Eqs. (A26) and (A27) are rewritten as Eqs.
(A28)–(A30):

Nbi,j,l,s ≥ 2
∑
w /= 1

STi,j,lQi,l,s

VTFj,l,w
vtj,l,w ∀i, l, s, j = 1, 2, . . .,  Njl−1 (A28)

Nbi,j+1,ls ≥ 2
∑
w /=  1

STi,j,lQi,l,s

VTFj,l,w
vtj,l,w ∀i, l, s, j = 1, 2, . . ., Njl−1 (A29

∑
vtj,l,w = exl ∀l, j = 1, 2, . . .,  Njl−1 (A30)
w

Eq. (A30) states that if plant l exists, then only one discrete size
for a tank after stage j has to be selected. Using the continuous vari-
able ffi,j,l,w,s = Qi,l,s vtj,l,w , Eqs. (A28) and (A29) become linear and
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ive rise to Eq. (A31) and (A32) using the constraints represented
n Eqs. (A33)–(A34).

Nbi,j,l,s ≥ 2
∑
w /=  1

STi,j,l

VTFj,l,w
ff i,j,l,w,s ∀i, j = 1, 2, . . .,  Nj,l−1, l, s

(A31)

Nbi,j+1,ls ≥ 2
∑
w /= 1

STi,j,l

VTFj,l,w
ff i,j,l,w,s ∀i, j = 1, 2, . . .,  Nj,l−1, l, s (A32)

ff i,j,l,w,s ≤ Q UP
i,l

vtj,l,w ∀i, j = 1, 2, . . .,  Nj,l−1, l, w, s (A33)

Qi,l,s =
∑

w

ff i,j,l,w,s ∀i, j = 1, 2, . . .,  Nj,l−1, l, s (A34)

If the storage tank does not exist between two  consecutive batch
tages, then the number of batches must be equal for both of them.
lse, the bounds for the ratio between the numbers of batches of
onsecutive stages, as stated by Corsano and Montagna (2011), can
e calculated as in Eq. (A35):

Nbi,j,l,s +
(

1



− 1

)
�

w /= 1

vtj,l,w ≤ Nbi,j+1,l,s

Nbi,j,l,s

≤ 1 + (
 − 1) × �
w /=  1

vtj,l,w

∀i, l, s, j = 1, 2, . . .,  Nj,l−1 (A35)

here 
 is a constant value corresponding to the maximum ratio
llowed between the number of batches of consecutive stages.

bjective Function

The investment cost considers the batch units and storage tanks
ost. In this work, they are selected from a set of available discrete
izes. Then, equipment cost (EC) is given by Eq. (A36)

EC =
∑

l

∑
j

∑
p

∑
n

∑
d

˛j,lVFj,l,p
ˇj,l vj,l,pnxj,l,nd · xzj,l,d

+
∑

l

∑
j

∑
w

¯̨ j,lVTF
¯̌

j,l

j,l,w
vtjlw

∀j, l

(A36)

The first term corresponds to the batch units cost while the sec-
nd one is the storage tanks cost. In order to avoid nonlinearities,
he continuous variable �i,j,l,p,n,d is defined equal to 1 if stage j of
lant l has n out of phase units and d in phase units of size p, 0
therwise. Its value is given by Eqs. (A37) and (A38).

�i,j,l,p,n,d ≥ vj,l,p + xj,l,n + xxj,l,d − 2 ∀i, j, l, p, n, d (A37)

0 ≤ �i,j,l,p,n,d ≤ 1 ∀i, j, l, p, n, d (A38)

Then the equipment cost can be rewritten as in Eq. (A39).

EC =
∑

l

∑
j

∑
p

∑
n

∑
d

˛j,lndVFj,l,p
(ˇj,l)�i,j,l,p,n,d

+
∑

l

∑
j

∑
w

¯̨ j,lVTF
¯̌

jl

j,l,w
vtj,l,w

∀j, l (A39)

A fixed investment cost is considered if production plants and
arehouses are installed. Then, the allocation cost (LC) is given by

q. (A40), in which Cpll and Cdepm are the installation cost coeffi-
ients.

LC =
∑

Cpllexl +
∑

Cdepmym (A40)

l m

Therefore, the total investment cost is described in Eq. (A41).

IC = Can (EC + LC) (A41)
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The operating cost, including raw material acquisition, storage,
and production cost are considered through the following expres-
sion (Eq. (A42)).

OCs =
∑

sp

∑
r

∑
i

∑
l

Crawsp,r Qsp,r,i,l,s +
∑

i

∑
l

∑
m

Cdi,mQi,l,m,s

+
∑

i

∑
l

Cprodi,lQi,l,s

∀s (A42

Crawsp,r , Cdi,m, and Cprodi,i are the associated costs for raw mate-
rial acquisition, storage, and production cost, respectively. The Q
amounts are expressed in kg per time horizon, therefore the cost
parameters are given in $/kg.

The distribution costs at the entire supply chain are also consid-
ered in this model. Those costs are represented through Eq. (A43).

TCs =
∑

r

∑
sp

Ctrawsp,r,lQsp,r,i,l,s +
∑

i

∑
l

∑
m

Ctpi,l,mQi,l,m,s

+
∑

i

∑
m

∑
g

Ctdi,m,gQi,m,g,s

∀s (A43)

In Eq. (A43), Ctrawsp,r,l , Ctpi,l,m, and Ctdi,m,g are cost coefficients
that depend on the product transported and the covered distance.
Eq. (A44) summarize the total cost for each scenario.

TCosts = TCs + OCs ∀s (A44)

Eq. (A45) describes the economic revenue of selling the final
product at each scenario. Where Pricei is the selling price of prod-
uct i in $/kg. The profit at each scenario is obtained through the
difference among economic revenue and associated costs at each
scenario realization as represented in Eq. (A46).

Saless =
∑

i

∑
m

∑
k

Qi,m,k,sPricei ∀s (A45)

PROFITs = Saless − TCosts ∀s (A46)

In Eq. (A47) the total expected profit is described, in which the
associated probability of each scenario is taken into account. Addi-
tionally, costs which do not depend on the scenario realization are
considered in this equation, denoted as IC.

EProfit =
(∑

s

PROFITsProbs

)
− IC (A47)

The objective function to be maximized is as follows.

max
{

EProfit
}

For more details on the model, authors invite the readers to
check Corsano and Montagna (2011)

Appendix B.

See Tables B1–B6

Table B1
Raw material costs.

Distribution Cost ($ kg−1) Procurement cost ($ kg−1)
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Table  B2
Product demand (Ton).

i1 i2 i3 i4

g1 150 130 150 100
g2 100 120 150 100
g3 115 130 150 120

Table B3
Product distribution cost form plant to warehouse.

Distribution Cost ($ kg−1)

m1 m2 m3

i1 i2 i3 i4 i1 i2 i3 i4 i1 i2 i3 i4

l1 0.1 0.17 0.05 0.05 0.2 0.1 0.15 0.15 0.23 0.16 0.11 0.11
l2 0.2 0.19 0.25 0.25 0.19 0.18 0.35 0.35 0.18 0.19 0.15 0.15
l3 0.2 0.18 0.25 0.25 0.18 0.15 0.25 0.25 0.15 0.08 0.15 0.18
l4 0.05 0.1 0.2 0.15 0.15 0.11 0.2 0.2 0.1 0.15 0.15 0.05
l5 0.2 0.18 0.25 0.25 0.2 0.15 0.25 0.25 0.15 0.15 0.08 0.08

Table B4
Product distribution cost ($ kg−1) from warehouse to customer.

m1 m2 m3

g1 0.08 0.09 0.09
g2 0.07 0.09 0.08
g3 0.06 0.07 0.05

Table B5
Batch parameters.

Batch parameters

Size factors Operating time (h) Raw material factor conversion Production Cost ($ kg−1)

j1 j2 j3 j1 j2 j3 r1 r2 r3 l1 l2 l3 l4 l5
i1 0.9 0.6 0.4 14 5 7 0.8 0.5 0.7 0.12 0.18 0.12 0.06 0.12
i2 0.6 0.5 0.4 12 6 4 0.6 0.8 0.8 0.08 0.16 0.06 0.12 0.10
i3 0.7 0.5 0.4 16 8 5 0.4 0.5 0.5 0.12 0.14 0.14 0.08 0.14
i4 0.8 0.6 0.4 10 4 5 0.5 0.5 0.5 0.14 0.08 0.14 0.04 0.12

Table B6
Batch costs.

Batch investment cost

Unit cost coefficient �ji (annualized) Raw material factor conversion Production Cost ($ kg−1)

l1 l2 l3 l4 l5 r1 r2 r3 l1 l2 l3 l4 l5
j1 1620 2430 1350 1350 1890 0.8 0.5 0.7 0.12 0.18 0.12 0.06 0.12

.6 0.8 0.8 0.08 0.16 0.06 0.12 0.1

n−1,
2

Where Var2 (s) is the sample variance, and tn−1, 1−˛˛
2

is the crit-

ical point of the t-distribution.
j2 2160 1620 2160 1620 1890 0

j3 1890 2700 1890 1890 2430 0.4 

Tanks 500 500 500 500 500 0.5 
emical Engineering 98 (2017) 236–255

Appendix C.

The number of scenarios (i.e., sample size) required to ensure
a good estimation of the “real” values in the domain of uncertain
parameters is a critical issue in any multiscenario problem. In this
regard, the method proposed by Law and Kelton (2000), repre-
sents a promising alternative and it is completely applicable to any
stochastic programming model. This approach relies on solving the
stochastic model iteratively for an increasing number of scenarios
until a given relative error � is satisfied for a confidence level of
100(1-��)%. In the context of our problem, this method comprises
the following steps:

1. Define an initial number of scenarios ns0, (as s = 1:1:|S| and
s = ns0) where s will be updated dynamically during the execu-
tion of the algorithm.

2. Solve the specific stochastic model with |S| = s scenarios
3. Compute the confidence interval half-length ı s, ˛  ̨ for the

mean value of the values in each scenario using Eq. (C1).

ı s, ˛  ̨ = t 1 − a˛

√
Var2 s

s
(C1)
0.5 0.5 0.12 0.14 0.14 0.08 0.14
0.5 0.5 0.14 0.08 0.14 0.04 0.12
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You, F., Wassick Grossmann, J.M.I.E., 2009. Risk management for a global supply
chain planning under uncertainty models and algorithms. AIChE J. 55 (4),
S. Medina-González et al. / Computers a

. If ı s,˛˛
|Evalue| ≤ �

1−� , then stop (i.e., the expected value of the discrete
distribution is a valid estimator of the mean of the universe for
the relative error and confidence interval defined beforehand).
Otherwise, make s = s + 1 and go to Step 2.

More details about this procedure can be found in the original
ork by Law and Kelton (2000).
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