INTERNATIONAL JOURNAL OF

NON-LINEAR
MECHANICS

www.elsevier.com/locate/ijnonlinmec

PERGAMON International Journal of Non-Linear Mechanics 35 (2000) 997-1022

A further study on the postbuckling of extensible elastic rods
C.P. Filipich*®, M.B. Rosales"*

*Department of Engineering, Universidad Nacional del Sur, 8000 Bahia Blanca, Argentina
®Mechanical Systems Analysis Group, FRBB, Universidad Tecnolégica Nacional, 8000 Bahia Blanca, Argentina

Received 15 September 1999; accepted 4 October 1999

Abstract

The postbuckling of extensible elastic rods is studied using non-linear geometric models. Accordingly the kinematics
and equilibrium are stated. Nine different strain-stress relationships are analyzed. The classical Strength of Materials
approach is compared and discussed with other eight constitutive laws stated with Lagrangian and Eulerian descriptions.
The well-known Cauchy and Green methods in Continuum Mechanics are alternatively employed. Four of the
approaches are worked out until an explicit solution of the secondary equilibrium path is obtained. The analysis is
applicable to small strain problems. The linearized problem is presented for all the laws together with numerical results
for rods with various values of the extensibility parameter. The secondary equilibrium paths are numerically evaluated to
illustrate the degree of discrepancy. A specific example that displays unexpected unstable behavior is shown. Both critical
loads and postbuckling curves are coincident when the theoretical problem of an inextensible rod is solved. It is shown
that even when small strains are addressed, the extensibility influence gives rise to disagreement of the postbuckling

response when using the different alternatives. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

This paper deals with the influence of the consti-
tutive relation on the postbuckling of an extensible
rod under axial load. This is a classical problem in
the theory of stability; however it will be shown
that different constitutive models lead to significant
changes in the postbuckling behavior. The classical
problem of the elastica (i.e. the equilibrium config-
urations of inextensible bars under axial compres-
sion) was studied by the pioneers James and Daniel
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Bernoulli, Euler and Lagrange [1,2]. A geomet-
rically exact analysis was already found to exist in
the governing equations reported by Love [3] for
a specific constitutive law. Although Euler’s solu-
tion includes a complete analysis in the postbuck-
ling region, its focus was on the stability limit. The
postcritical behavior was of secondary interest and
the analytical complexity of the governing non-
linear equations was not easy to overcome at that
time. After the foundations of the general of elastic
stability by Poincaré published on 1885, many re-
searchers have contributed to the development of
this branch of Applied Mechanics. The asymptotic
approach of Koiter [4] has been a key development
in the analysis of the initial postbuckling of struc-
tures. In the early 1960s two groups continued the
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study of the buckling theories, at Harvard Univer-
sity in the United States and University College
London in England, including accurate experi-
mental tests on small-scale models by Roorda [5],
and theoretical developments by Thompson and
Hunt [6], Huseyin [7], Croll and Walker [8] and
El Naschie [9].

An important discussion on constitutive models
for rods may be found in a paper by Koenig and
Bolle [10] which employs a 3D modeling of a beam
assuming large displacements and rotations yet re-
maining in the elastic regime. Though the kin-
ematics and equilibrium are valid for general rods
(i.e. large strains and/or plastic behavior) the con-
stitutive law that they propose is limited to small
strains. Pai et al. [11] investigate the appropriate
formulation for the geometrically non-linear analy-
sis. Gummadi and Palazotto [12] deal with large
strain problems in beams and arches which give rise
to some comments in the present work. Regarding
the extensibility of the rod, Sampaio and Almeida
[13,14] extend the classic static bifurcation prob-
lem of the theoretical case of inextensibility to in-
clude the influence of axial deformation, accepting
the same constitutive equations used earlier by
Euler.

In this work the problem of the elastic bar with
an axial compressive load is addressed by assuming
simultaneous axial and flexional deformations.
Large displacements and rotations are admitted
though the strains are assumed to remain small.
The Navier-Bernoulli (or Kirchhoff) hypothesis
(i.e. the cross-sections remain plane after deforma-
tion) is undertaken. Such an assumption is com-
monly adopted, see for instance [11]. The other
restriction is the constant thickness.

The paper includes two introductory sections
(Sections 2 and 3) to review the kinematics and
equilibrium conditions of the problem. The aim is
to arrive at the necessary equations so as to achieve
a self-contained paper.

Three main procedures lead to eight alternative
constitutive formulations. The Cauchy method
(CM) (the statement of a linear isotropic
stress—strain relation) as well as the Green method
(GM) (derivation of the constitutive law from
a suitable potential) are well known within the field
of Continuum Mechanics. In the Green method

one may choose to derive the stress tensor from the
infinite series expression (exact) of the energy, then
to linearize it and finally to apply it to the particu-
lar problem under study (GM1). An alternative is
to adopt a truncated energy expression and then to
derive the stress tensor (GM2). A third option is to
start from the statement of the energy for the post-
buckling of the rod leading to the constitutive law
(GM3). Thus with the use of the Cauchy method
(CM) and the three versions of the Green method
(GM1, GM2, GM3) the following eight constitutive
laws are considered:

e Relations among tensors with Lagrangian de-
scription (material form) using the second
Piola-Kirchhoff stress tensor and the Green-St.
Venant strain tensor. Truesdell [15] and Fung
[16] accept this approach. CM, GM1 and GM2
lead to the same law (it will be named LA). GM3
gives a slightly different one (named LB).

e From the relations among tensors with Eulerian
description (spatial form) six formulations arise.
These will be stated and developed in Section 4.2.
Three of these involve the Cauchy and the Alma-
nsi-Hammel tensors (they will be named EUA,
EUB, EUC). The other three (named EUD, EUE
and EUF) deal with relations between the Cau-
chy and the Hencky tensors [15].

e A linear relationship is accepted between the
Cauchy tensor and a measure of deformation
named ¢ (specific axial strain). This is a well-
known Strength of Materials approach and the
results are compared with those of the other
eight models.

As will be shown, such constitutive models lead
to different secondary equilibrium paths in each
formulation. Furthermore when each solution is
linearized, as is done in Section 6, neither one is
coincident for the critical loads.

It should be mentioned that after the Lagrangian
and Eulerian stress—strain relations are introduced
in the equilibrium equations they are worked out
without disregarding any term or introducing addi-
tional simplifying hypotheses. If one would attempt
to equate the Lagrangian, Eulerian and Strength of
Materials’ solutions strong restrictions should have
to be accepted.
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When dealing with the theoretical problem of an
inextensible rod, the results for both the critical
loads and the secondary equilibrium paths are
the same in all models. This is not the case with the
more accurate model of an extensible rod. In the
authors’ opinion the extensibility influence justifies
the study of alternative constitutive laws for the
postbuckling of an elastic, highly flexible rod, as
done in this work.

2. Kinematics of deformation

This section and the next one contain the neces-
sary theory to arrive at the equilibrium equations.

In Fig. 1 the system under study is schematized,
i.e. the axis of a compressed strip of length L and
thickness h is referred to a Cartesian, orthogonal
system. An equilibrium state in plane XY is now
imposed which is not the (trivial) straight config-
uration. The same Cartesian orthogonal reference
will be used to position the points at the material
and deformed configuration (XY Z and xyz coordi-
nates, respectively)

In Fig. 2, how a portion of length AX in the
reference configuration (I) is generically located in
configuration (II) is shown. In this paper, we use
Navier-Bernoulli (or Kirchhoff) hypothesis and as-
sume that the thickness remains constant during
deformation. As observed in Fig. 2 the following

notation is used:

x =X+ u,
y=Y+uo,
z=2Z2. (1)

Also P=P(X,Y), Po=PX,0), d=ul+uv+
wk = d(X,Y) is the displacement vector, i, j and
k are the unit vectors in correspondence with the
reference axes system (X YZ). In particular, in this
problem, w = w(X,Y) = 0. Furthermore, we de-
note the axis displacements as uy, = (X, 0) = uq(X)
and vy = (X, 0) = vo(X). It is easy to find, under
the assumed hypotheses, that

u=ug — Y5y, (2a)
v=1vo — Y(1 —¢), (2b)

where 0 = 0(X) is the axis rotation and sy =
sin 0, ¢y = cos 0. For simplicity, the following nota-
tion will be used for the derivatives: (- ) = 0(+)/0X,

(+) = 0%(+)/0X?, ete. (+)=d(-)/3Y, ()= %)/
Y2, etc.

The Green-St. Venant strain tensors are
EII(X’ Y) = M’ + %[M’Z + 0,2]9 (3a)
E22(Xs Y) = l_) + %[az + 172]’ (3b)

2E12(X, Y) =u-+ v’ + u'il + VD = 2E21(X, Y), (3C)

Fig. 1. System under study; (I) reference configuration, (II) equilibrium configuration (for exploration).
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Fig. 2. Scheme of the beam deformation.

which when referred to the rod axes are written as

E(X,Y)=E{1(X,0) = 0'Y[(1 + up)cy + vose]

0'Y)
+ @
E22(X5 Y) = 07 (5)
2E,(X,Y)=— (1 4+ up)sy + vpcy. (6)

We now introduce an additional notation:
A = AX,Y) as the stretching (a length relationship);
in particular 7, = A(X,0) and ¢ = ¢(X, Y) the speci-
fic axial deformation of a fiber parallel to the rod
axis. As is well known

c=eX,Y)=i—1=/1+2E,X.Y)— 1, (Ta)

g =&eX,00=40 —1=./14+2E;(X,0)— 1. (7b)

Furthermore, let us introduce the strain gradient
tensor F = F(X, Y) of components F;; which, using
index notation and summation convention (in Eq.

(I, xy =x;x, =y; x3 =zand X; = X; X, =Y,
X5 = Z), is written as F;; = 0x;/0X ;.
In matrix notation one obtains

(I+u) @ 0
0 0 1

= v co O} (8)

It is known that if M(Mi) and m(m;) are the
directions of an arbitrary filament before and after
the deformation, respectively, and 1, being the
stretching of such fiber, it is verified that (see for
instance [17])

Let us apply Eq. (9) to the axis fiber for which

My =1 M,=0, m =cy, m =3 (10)
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since in this case m =1 is imposed. Then (also
im = Lo)

Zoce = (1 + up),
)LOSG = 06. (11)

The immediate consequence is that from Egs. (4)
and (6) together with Eq. (11) the following result
holds:

9/2Y2
Ell(Xa Y):Ello —)LOO/Y-‘,- 2 5 (123)

ElZ(Xa Y)=E21(X, Y):Oa (12b)
where

3 —1
Ei, = E11(X,0) = 02 .

(13)

These expressions (together with Eq. (5)) are
logical consequences of the previously accepted
hypothesis: neither the specific strain ¢y in the
thickness direction nor the angular distortion
yxy between orthogonal fibers originally parallel to
XY exist.

So the St. Venant-Green tensor is written in
matrix notation as

E(X,Y) 0 0
E= 0 0 0} (14)
0 0 0

The main invariants of E are Iy = Eq; Il =
HI; =0.

The determinant of the matrix (8) may be found
using Egs. (11) and (12a),

IF| = A (15)

Due to the mass conservation principle, if dv and
dV are the volume elements of the deformed and
the reference configuration, respectively and p and
po are the corresponding densities, the following
expression is verified:

dv="2dv = [F|dv = 2dV. (16)
0

At this stage a verification should be made: the
fibers originally parallel to axis X (for any Y) and
once deformed, should remain parallel to the axis
with rotation 0. For this purpose we should use Eq.
(9) in which M =1 (VY). To find the direction m of
these fibers the stretching of which is called 4 (see,
for instance, [17]), one writes Am; = F;;M; = F;;.
Using this as well as Eqs. (8) and (11) one can draw
two main conclusions for our purposes: all the
fibers originally parallel to axis X are located, in the
equilibrated configuration, parallel to the axis on
the same cross section since VY:m; = ¢y; m, = sg.
Such fibers have the following length relationship
and specific axial deformation:

L=UX,Y) =)y — 0, (17a)
e=eX,Y)=/A—1=¢ — 0. (17b)

Egs. (17a) and (17b) may be also derived from
expressions (7a), (7b) and (12a). Additionally, it is
possible to write F;; =Acy; Fip = — Sg;
Fay = Jsg; Fay = cy.

Let us now state the Almansi-Hammel (Eulerian)
tensor e. Having taken an orthogonal Cartesian
system as a general reference for both the original
and the deformed configurations we obtain e from
a tensor transformation of E, which is written as

2 spce O
e=—|sec, sz O] (18)
0 0 O

Its main invariants are I, = E,/A* 11, = 111, = 0.
In this problem it is convenient to calculate the
tensor e* referred to the deformed local reference
axes — (tik) (k is the unit vector corresponding to
axis z = Z) — for any value of coordinate Y. The
tensor e* may be found by means of a tensorial
transformation at a point, ie. ey, = e a,,a,, in
which a, denotes the f and/or ## components with
respect to (x, y, z). Furthermore, one arrives at

. 1 00
e*:;;o 0 0| (19)
000
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The main invariants are I, = E;;/% Il =
II1, = 0. On the other hand, e* may be simply
calculated knowing Eq. (7a) and also that 1 =1 +
& = 1//1 — 2e¥; since one deals with 1 (or &) of the
fibers parallel to the axis before and after the defor-
mation; after equating these expressions, e¥; = E;;/
4% is verified. Additionally, one may observe that

221
E11 :Ell(X7 Y): B 5 (20)
f et (Y =t 1)
e, =e = .
11 11(X, 372

It can also be shown that e}, =ef, =0, thus
verifying tensor (19). Expressions (20) and (21) are
for this study of major importance.

Finally, let us introduce the Hencky tensor [15]
defined as

h = — 1logI — 2e). (22)

When a reference system xyz(fjlvc) is used, an infinite
series in the e;;’s is obtained for each component. In
the system (fitk), h* is
h* = — Slog (I — 2e*) = e* + e** + %e*> + -

(23)

Fortunately when using the reference (fﬁlvc), from
Eq. (19) and according to Eq. (23)

Ell E%l 4Ei’1

M=TE e e
1 E
=_§1og<1_z%> 4

others being h;; = 0. Then from Egs. (20) and (24),
hi; =logA. In general, h;; = 6,;6,;log A and

100
h* =log2[0 0 0} (25)
000

whose invariants are
log(po/p); - = 111} = 0.

I+ =log/ = log|F| =

3. Equilibrium

In Fig. 3 the internal forces reduced to the axis of
the deformed beam portion are indicated in the
same element depicted in Fig. 2. As stated before,
we are dealing with a static problem in which body

forces are not considered and only an axial load
b
Q
7 z
|
dQ=b dY

Y
P=H
6+A0

Fig. 3. Reduced internal forces in a generic portion of the deformed beam.
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Fig. 4. Scheme of normal and tangential stresses.

P is included in the study. The equilibrium equa-
tions may be stated in the following way: two equa-
tions of force equilibrium along directions X and
Y and one of moment equilibrium with respect to
any point belonging to the (X'Y) plane, all of them
among characteristic internal forces.

The element’s cross section area being
dQ = bdY, the following expressions are obtained:

N = N(X) = j (X, Y)dQ

Q

= brlz o*(X,Y)dY, (26)

—h/2

M = M(X) = J o*(X, Y)Y dQ

=b j " o*(X, Y)Y dY (27)

—h/2

(see o* in Figs. 3 and 4). Due to Navier-Bernoulli
hypothesis the shear forces should be considered
but they are derived from integration of the tangen-
tial stresses. They should be taken into account
only with a static character and not as coming from
deformation. One is able to calculate (constitutive-
ly) only o*.

After working out the equilibrium expressions
(using Taylor expansions, mean value theorem,
limits for AX —o0) and defining

H = H(X)=— Ncy + Qs,, (28)
V =V(X)= Nsy + Qcy (29)
or alternatively

N = —(Hcy — Vsy), (30
0 = Hsy + V. (31)

Finally, the moment equilibrium may be written
as

M’ — [Pty + V(I + )] =0 (32)

which in turn may be expressed after using Eq. (11)
as

M/ — )»O(PSQ =+ VCg) = 0, (33)

where, as mentioned before, P and V are constants.
Now observing expression (31), the equilibrium
condition (33) is further reduced to

M — 7,0 =0. (34)

Also after observing Eq. (32) and integrating, one
obtains

M — [Pvy + V(X + ug)] = constant. (35)

This condition — given by either Eq. (32), (33) or
(34) — is the only differential equation to be solved.
The other two are identically satisfied with
P =V = constant.

4. Constitutive relationships

As is known, two fundamental methods allow for
a rational statement of constitutive laws within the
scope of the so-called elastic isotropic solids. They
will be used in this work:

1. Cauchy method, and
2. Green method.
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Table 1
Summary of the nine constitutive laws studied in this work

Basic strain tensor Short name Constitutive law Elastic constant Derived from method
A2 —=1)
E LA o* = CY 7 CLY =2GY; A} = CM = GMI1 = GM2
L;“U“2 -1 L L L
LB o* = Cp Cp = Ap + 2Gp GM3
E(;”2 ) E E. AE
EUA o* = Cy 32 Chi=2G4 A =0 CM =GM1
A
(2 —1) E E. AE
e EUB o* = Cp e Cp =2Ggp;, A5 =0 GM2
A
E()“z —1) E E E
EUC o* = C¢ e Ce¢ = A¢ + 2G¢ GM3
A
EUD % = C5log CE =2GE; A5 =0 CM =GM1
plog i E E AR
h EUE o* = Cg p Cs =2Gg; A =0 GM2
. plog E 5 E
EUF o* = Cp . Cr = Ar + 2Gr GM3
- S o* =C5—1) CS=2G°=E;A5=0 CM?

*A Cauchy method but not between tensors; E is the Young’s modulus.

The first one starts from accepting the most gen-
eral linear law which entails strain and stress ten-
sors. It will be referred to as CM.

Instead the second method, for hyperelastic ma-
terials, accepts a potential for the stresses, say
a strain energy, which is an analytic function of the
strain tensors. In this work the authors study the
following alternatives to the Green method:

GMI1: The linearization of the stress tensor from
the general expression of the energy (infinite
series). When dealing with applications for
systems with one dimension small with re-
spect to the others (as here with the rod) the
strain is infinitesimal although displacement
gradients or rotations may be large and the
displacements—load relationship no longer
linear. Then, it is acceptable to linearize the
general expression of the Cauchy tensor
though not the strain tensor [15]. After this

particular linearization the stress—strain law
is obtained.

GM2: the use of an energy expression up to the
second order in the strain tensors and the
posterior derivation of the stress tensor.

GM3: the statement of the energy for the particular
problem herein analyzed and the posterior
derivation of the stress tensor.

Furthermore, the Lagrangian and Eulerian descrip-
tions are explored with all the methods. Also the
Hencky tensor is included in the study. One would
obtain 12 constitutive relations from the applica-
tion of the above-mentioned alternatives. Some of
them, as shown below in detail, are coincident. So
we deal with eight distinct constitutive laws and
additionally with the classical Strength of Materials
approach.

In this work the stress to be calculated is
o* = g*(X, Y) acting normally on an area element
of the plane cross section of the deformed beam (see
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Table 2
Green method’s stresses

Description Strain tensor Green method’s stresses
Lagrangian E 0X(E)
Y 0K,
Eulerian e o 0X(e)
oij =—(6; — 231(,')?“
h p 0%(h)
g;j =—
! Po 5]’11','

Fig. 4). Now, it is evident that ¢* is a component of
the Cauchy tensor referred to the axes (7,i1,k). Once
o* 1s known as a function of the strain tensors,
N(X)and M(X) are found by means of Egs. (26) and
(27).

The resulting equations and notation are sum-
marized in Table 1. The detailed derivation is made
in this section. G and A are the Lameé constants.
Recall from the Introduction that the Lagrangian
alternatives are named LA and LB and the Eulerian
ones EUA, EUB, EUC, EUD, EUE and EUF, the
last three being related to the Hencky tensor. Note
that solutions LB, EUC and EUF differ respective-
ly from LA, EUB and EUE only by a constant
definition. This subject will be discussed later on.

Since the energy essentially depends on the
Green-St. Venant tensor (or on the right Cau-
chy-Green one), as may be shown [17], the values
of the same stress tensor calculated with the differ-
ent approaches will not conduce to the same result.
In effect, the energy is in general an infinite series in
the corresponding strain tensors. Its truncation
leads to a discrepancy in the results. A summary of
the expression for the energy derivation of the
stress tensor is presented in Table 2. A more de-
tailed treatment is given below.

4.1. Lagrangian statements

4.1.1. Lagrangian statement LA

Let S of components S;;( = S;;) be the second
Piola-Kirchhoff stress tensor [15] (or only Kir-
chhoff [16]) linearly related to the Green-St. Ve-
nant strain tensor E. The general isotropic linear
expression is

in which 9;; are the second-order Kronecker delta;
Iy =E,, =E{ + E,, + E33 the linear invariant
of E, and AY and GY the elastic Lamé constants.
These are not necessarily the same ones of the
infinitesimal strain problem nor the constants to be
used in the other constitutive propositions. Note
that expression (36) may be obtained indistinctly
from any of the following methods: (a) the Cauchy
method (CM), (b) the linearization of the second
Piola-Kirchoff tensor S;; obtained by means of the
Green’s method (hyperelastic material) (GM1) and,
(c) the acceptance of a strain energy of second order
stated in the Green—-St. Venant strain tensor fol-
lowed by an application of Green’s method (GM2).
The energy expression for the latter approach is
L L
Lo %Iﬁ —2Gh 11, (37)
and the stress tensor is obtained from the following
derivation:
=4

L ==
S, =3 T (38)

As is known [15,16] the Cauchy stress tensor of
components g;; is applied to Cartesian area ele-
ments in the deformed configuration, that is, over
surfaces around a generic point, normal to (x, y, z)
(=(X,Y,2)), respectively. To obtain it as a func-
tion of S the following expressions are to be used:

1
0_1;1” = pﬁoFiijquq = ﬁFiijquq' (39)

Making use of the tensor character of the Cauchy
tensor it is possible to find any normal stress on an
arbitrary plane at the considered point and even
more in an arbitrary direction on that plane. In
the case under study only the component
E{{(X,Y) # 0 because of which only two compo-
nents of S may not be null. In effect, from Eq. (36)

Sit =Su(X,Y)= (A + 2GHE; (X,Y), (40)
S2: =82(X,Y) = AGE (X, Y). (41)

For this plane stress problem the Eulerian Cauchy
tensor has only three non-null components (from
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Eq. (39); recall also Eq. (15)):

1
011 :011(XaY):7L[F%1511 + F125:51. (42)
G012 =031 =012(X,Y)

1
=;[F11F21$11 + F15F5,85,], (43)

1
012 = 022(X, Y):z[F%Su + F3,85,], (44)

where 4 = A(X, Y) is obtained from Eq. (17a). Then
due to Egs. (40)-(44) and the expressions of F;;
given in Section 2, after denoting r =AY/
(A% + 2GY) the components of the Cauchy tensor
result:

2
o1 = (A% + 2Gﬁ)Eu<Ac5 + r%) 45)

(]

012 =031 = (A + 2G5)E11<;~ - %)59595 (46)
¢
()’22 = (Ah + 2G5)E11 A.Sg + r7 . (47)

By means of a plane tensorial transformation in
a point of a generic section (Mohr expression for an
arbitrary Y),

oy =0 =0%X,Y) = Gij(;)i(;)j
= g“cg + 201,50Co + 0'2255 (48)

holds and then recalling Eq. (20) and taking into
account Egs. (45)-(47) it may be found that

a* = (A +2GH)(A* — 1%’ (49)

where, as stated by Eq. (17a), AX,Y)=
Ao(X) — €'(X)Y. Analogously, let us now calculate
stresses o, and o,,( = 1,,) (sce Fig. 4):

O = 01j(1);i(1); = 01155 — 201250¢o + 022¢3, (50)

0w = 04(11);(1); = oy

= (022 — 011)S9Co + 012(05 - 53), (51)

which, after replacement of Egs. (45)-(47), yield

:A,L4E11
i

O =0y = 0. (53)

(52)

O-nn

Eq. (52) puts forth the same question arising in
classical Strength of Materials. If a Poisson effect is
considered, a normal stress o,, in the thickness
direction would arise. However, since by hypothe-
sis the single external load in this study is P, in
Y= +h/2,

om(X, £ h/2) =0, (54)
should hold: that is, due to Eq. (52)

Ei i (X,+h/2)=0 (55)
or

AL =0. (56)

After observing Egs. (12a) and (12b), Eq. (55) im-
plies two simultaneous conditions

h h?

En, — 003 + 0% =0, (57)
h h?

Ey, + /100’5 + 0’2§ =0. (58)

Since 4o is never null the following result should
hold for h # 0:

0'(X) = Eyy,(X) =0 (59)

which is absurd since this would conduce to an
undeformed (trivial) solution, obviously not the
aim of our search. In consequence, Eq. (56) must be
satisfied which implies that the only non-null stress
component in the reference (7, i, lvc) is

2 —=1 A +1
o* = C';—( 7 ) =ClLe ( 3 )
1+e)2+
= C,L484( 8)2( 8), (60)

where CY =2GY. If the elastic constants are
thought as resulting from a classical linear hookean
behavior, the expression derived above yields a null
Poisson effect as well as C; = 2G4 = E (E: Young’s
modulus). In what follows, C will be tackled as an
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elastic Lagrangian constant about which no suppo-
sition will be made.

Finally, after finding ¢* from Eq. (60) the expres-
sion of the internal forces N(X) and M(X) for each
deformed section may be calculated. From this and
after integrating (Egs. (26) and (27)) we have the
following results:

N = Nj = CiQnj, (61)
M =MY5 = CLJut. (62)
The following notation has been introduced:
A
na =na(X) =05+ —1], (63)
L L 0 , 32
#A:MA(X)EE 1—3/10—?5 (64)
0'h
o=, (65)

where J is the moment of inertia with respect to
Z (centroidal axis of the section) and Q is the
cross-sectional area.

4.1.2. Lagrangian statement LB

Let us first state the energy for the particular
problem studied in this work, i.e. the postbuckling
of a rod. Given the fact that Iy = E;; and
Il =11, =11, =0 the derivation of the tensor
S after modifying Eq. (37) gives rise to

_ A5+ ZG',;I2

=== (66)
and from Eq. (38) gives rise to
Si1 = (Aj + 2G})Ey, (67)

and S,, = 0. Compare these results with Egs. (40)
and (41). Now, following the same steps as in the
LA alternative, the stresses in the reference (fiik) are

Lo (21,
ou = 0* = (A} + 2G5~ — )i (68)

O = O = 0. (69)

As may be observed, one arrives at results analog-
ous to the ones of the previous section (see Eq. (49)).
The nullity of g, is here not imposed but is a natu-
ral result. Thus, the difference between the LA and

LB alternatives is only with the elastic constant
definition, as follows:

2 —
ot = c};<)" 5 1>x (70)

with C§ = AL + 2G%. With this definition, expres-
sions (61)—(65) are valid for the LB constitutive law.

4.2. Eulerian statements

In this subsection six constitutive statements us-
ing relationships between Eulerian tensors is de-
veloped. They are named EUA, EUB, EUC, EUD,
EUE and EUF (the last three related to the Hencky
tensor).

Regarding EUA, let us start from the general
expression of the energy as a function of the Alma-
nsi-Hammel tensor and use the Green method
GML1, i.e. the general expression of o;; as a function
of the tensors e is linearized. The resulting stress—
strain relation is

gij = ZGEe,-j + /\Eéijle = O'EU. (71)

in which I, =e,, = ey; + €35 + €33 is the strain
linear invariant and G5 and AY are Lamé elastic
constants. This expression may also be seen as the
application of the Cauchy method (CM), i.e. accept-
ing a hookean constitutive relationship between the
Eulerian tensors for isotropic materials. Eq. (71)
constitute the simplest isotropic relationship
[16,18] satisfying the material indifference and in-
variance requirements.

On the other hand, the following definite positive
energy is accepted:

e A5 +2Gy

xE 5 12 — 2GEIIL,. (72)

Such expression retains terms up to order two in
the Almansi-Hammel tensor e. From Green’s
method (GM2) the next stress-strain relationship
yields

(73)
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which when worked out renders the following:

oh, =1 0y — de)AGSule +2Gke). (14)
0
Contrary to the Lagrangian approach, the consti-
tutive statement (71) for the formulation EUA is
not coincident with the one obtained following
EUB, i.e. Eq. (74). Statement EUC is derived from
the energy stated for the particular problem under
study, i.e.

AE + 2GE

=k =
2

IZ. (75)
Making use of an expression similar to Eq. (73) one
obtains (GM3):

oF, =10y — 26 AE + 2600l (76)
0
Finally let us state the alternative EUD (or
Hencky). Recall the Hencky tensor expression (22).
Methods CM and GM1 yield the following consti-
tutive law:

Now, assuming the same formal expression of
energy (72) but this time stated with the Hencky
tensor

AL + 2GE
SE _ %zf, _2GEII, (78)
and again by means of the alternative of Green’s
method GM2, one is able to find the corresponding
stress—strain law (EUE),

E p OXE
== 79
& po Oh;; )
or
ok = pﬁ(Agai,.z,, + 2GER). (80)
0

To state alternative EUF the energy (75) is writ-
ten in terms of h as
AF +2GF

=== (81)

which after the application of an expression similar
to Eq. (79) yields

b =L (AE +2GE)5,1,. (82)

Po

Now each alternative will be worked out so as to
obtain the internal forces N and M.

4.2.1. Eulerian statement EUA

The stress—strain relation is given by expression
(71). It is also possible to state the Eulerian consti-
tutive equations in the orthogonal local axes
(,7,k). Then the relationship between the tensor
¢* (of components o) and the tensor e* (of compo-
nents e¥) from Eq. (19), and since isotropy implies
unique value of G§ and A§ at the point,

ol =2GYer + Ao, (83)

Obviously ¢f; = ¢*. This magnitude is needed
to calculate the characteristic internal forces. Alter-
natively, ¢* may be found by tensorial transforma-
tion of the tensor ¢ (Eq. (71)). Both ways are
coincident. Then making use of Egs. (83) and (19)
the following results are obtained:

ot = o = (A + 2GY)ef,, (84)
0%, = Aﬁe’fl, (85)
O'>1k2 = O'>2k1 = 0 (86)

Again, as was done in the Lagrangian statement, the
nullity of 6%, in Y = =+ h/2, is imposed. Then

A% =0. (87)

Consequently, and in view of Egs. (21), (84) and
(87), one arrives at

2 E
R

2)2 2 22
(1+2) 2+
_ E \- "V — E, \= "%
= Chey s = Clisy (88)

with CE = 2GE.
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According to Egs. (17a), (26), (27) and (88) the
constitutive relations may be written as

N = N% = ChQnh, (89)
M =Mj = CRJuf, (90)
where

E | 1
na = na(X) §|:1 —m} 1)

92)

4.2.2. Eulerian statement EUB

This approach starts from the stress-strain law
(74). Now if the reference (fiik) in the deformed rod
is considered and recalling e* from Eq. (19), it is
possible to write

Ie* =E11/A,2. (93)

Taking i=j=1 in Eq. (74) but referenced to
(tik), o, can be written as

*:PEM
poi?

i1 =0

E
(A} + 2G§)<1 — 2%) (94)
On the other hand, recall that

p 1

Po B K|
Furthermore after stating ¢%, and imposing its

nullity at Y = =+ h/2, one again concludes that
A% = 0. Recalling that E;; = (4*> — 1)/2 one has

93)

1
=

G2 —1)  CR(A*—1)  Che(2 +9)
A 225 21 4¢)”

O-*

(96)

with C§ = 2Gj5. Now, making use of Egs. (26) and
(27) the internal forces render the following:

N = Nj = CyQu, (97)

M = M = CRJuz" (98)

with

E_L 1222 (92 2
M= ypplU P U+ (99)

e 0 [3(/13 — ) — 502+ oc2:|

Up 2 (/«L(z) . 062)4 (100)

4.2.3. Eulerian statement EUC

The derivation of the constitutive law from the
energy stated for the particular problem of the title
(consider that I« = E /%) gives rise to the expres-
sion of ¢%; similar to the alternative EUB (see Eq.
(94) although 6%, = 0 a priori). Consequently, one
arrives at the constitutive law EUC which differs
from EUB by a constant;

_Ce(2—1)  Cée2 + o)
22 20+

o*

(101)

with CE = AE + 2GE. Egs. (97)-(100) are also valid
with this new constant definition.

4.2.4. Eulerian statement EUD (Hencky)

The constitutive law is Eq. (77). Fortunately, as
mentioned in Section 2, when using the reference
titk the Hencky tensor may be expressed very sim-
ply as h; =0;0;;logd and in particular
hy1 = log 4 the only non-null component. Then

o%, = o* = (AL + 2G5)log /. (102)

Again, when stating the nullity of ¢%, for Y =
+ h/2 one finds that A}, = 0. Finally

o* = CElog/ = C5log(l + ¢ (103)

with C§ = 2G%. The equilibrium conditions and
integration render the following expressions for the
internal forces:

N = NE = CEQiE, (104)

M =M% = CyJup® (105)
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with

1 A
ny =~ — 20+ 40 log ot @
20 Ao —

+ alog(4§ — ocz):|, (106)
, 30'[ (2§ — o Ao + ,
e 273[( = >log<£ - a) - Aoa} (107)

4.2.5. Eulerian statement EUE (Hencky)
The corresponding stress—strain relationship is
written in Eq. (80). Then

log 4

of; = o* = (AE + 2GE)

. (108)

Again, when stating the nullity of ¢%, for Y =
+ h/2 one finds that Af = 0. Finally

log 4 clog(l +¢)
= 1
PR (1+¢) (109)

o* = CE

with C§ = 2G}. Integration according to Egs. (26)
and (27) yields the internal forces in this formula-
tion:

N = N§ = CEQn, (110)
M = M§ = CEJug (111)
with

1
ni = 5-{[logllo + 0)]” — [log(lo — )1}, (112)

/9
,E_30A0

UE = T‘Cg«% —a)log(io — o)

— (4o + a)log(le + o) + 20 (113)

A )
— 5 {log(Zo — 0))* — [log(lo + 0T*}).
(114)
4.2.6. Eulerian statement EUF (Hencky)

The derivation of the constitutive law from the
energy stated for the particular problem of the title

(consider that I, =logi and Il = III,;» =0)
gives rise to an expression of ¢f; analogous to
alternative EUE (see Eq. (108) but 6%, = 0 a priori).
Consequently one arrives at the constitutive law
EUF different from EUE only by a constant,

logZ CElog(l +¢)
L TN 1+

% = CE

(115)

with C} = A} + 2G}. Egs. (110)~(114) are formally
valid with this new constant definition.

4.3. Strength of Materials’ statement

For the sake of comparison the already known
approach of Strength of Materials [14] is now
addressed. In this case one simply assumes that

o = CS% = C5( — 1), (116)

where C% = E (modulus of elasticity). According to
Egs. (26) and (27) it is possible to write

N(X) = NS = C5Q, (117)
M(X) = M5 = CSJuS (118)
in which

N =g =4 — L, (119)
e — (120)

5. Solution of the problem

Once the general conditions of equilibrium —
expressions (30) and (33) — and the constitutive
equations — found in the previous section — are
available, it is possible to find the differential equa-
tion which governs the postbuckling problem. In
this paper four solutions will be contrasted:

(a) a Lagrangian statement;

(b) an Eulerian statement (EUA) and

(c) the classical Strength of Material’s approach.
Formulations LA and LB are included in (a) (they
differ in the elastic constant definition). Explicit
solutions of the other formulations, EUB to EUF,
are not included.
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The governing non-linear differential equations
will be obtained and from them the secondary
equilibrium paths. The linearization of the nine
approaches will be reported in Section 6. In Section
7 the postbuckling curves are numerically evalu-
ated for a particular example: an extensible simply
supported rod. The discrepancy in the results will
be graphically depicted. Also an unexpected unsta-
ble behavior when using EUA in a rather short rod
will be shown.

After non-dimensionalizing the variables,
X=X/ (0<X <1)(/ is the original length of
the rod), the differential equation of rotational
equilibrium, for instance Eq. (33), is written now as

1 — Zo(Bsy + 7ce) = 0, (121)

where d(+)/dX = (+) and the following parameters
are introduced:

2N 7

= — V=—. 1
p=2C =2 (12)

Also it is true (from the constitutive relationship)
that, in general, N = N(X) = CQn(X) and from ex-
pression (30), N = — (Hcy — V'sy). Then if we intro-
duce

J
= (123)

"o

and equate both N expressions we obtain (since
H = P) the following:

n(X) = — i*[Beo(X) — yso(X)]. (124)

The value of Zy(X) may be derived from the last
equation. Replacing it in 1/(X) expression and then
from Eq. (121) the definitive differential equation is
obtained. The value of A, will be different in each of
the approaches, introducing the notation ¢4, ¢% or
¢®, respectively. For the sake of algebraic simplicity
only problems with V' =y = 0 will be considered.
In Ref. [19] the authors have solved the Strength of
Material’s equation for y # 0. In what follows the
variable X will be omitted.

5.1. Lagrangian solution LA (= LB)

For this case and according to Eq. (63), expres-
sion (124) renders

’“70(13 Fo2—1) = — B¢ (125)

in which, if
q = h/t =i* = ¢q*/12 for the rectangular section
and now o = 0'q/2. (126)

In order to find @%5( = o) we will proceed as
follows: first, the cubic equation (125) is solved for
Ao after introducing the following notation:

1 —o?
3

b=— Bii’cy, a= , cosv=ha 3% (127)

From the three roots (the three are real if
b* — a* < 0) we choose the one whose limit tends
to unity when the axial rigidity — oo (= i* — 0).
This requirement leads to

0% = 2a'?cos(v/3) = ¢%(0,0"). (128)
At the same time, from Eq. (64) one has

o’ > 302
Wy = 5(1 —3¢% — ?> = 10,0 (129)

from which the differential equation (121) results
for this case,

Wit — ¢liPiasy = 0. (130)

After performing rather cumbersome derivatives
the second order, non-linear DE in 0 is obtained:

0" + @%iflise®@y =0, (131)
where

V*
D = D}4(0,0) = ik
V*=V*0,0)=1+ 30'R,
3% — 1 942

+ = + 3 W,

U= U0,0) =" 0
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W =Ww(@,6)

= — 30a” Y*[cosv/3 + BYi*(a® — b))~ 1?
X ¢g sinv/3],
R(0,0) = 30'*a'*(a® — b*)~'sin v/3.

The particular case of an inextensible member
requires the following restrictions: ¢ = 1 (¢ = 0);
P=q=0,W=0=R=0,U=V*=1=>04=1.
Thus 4~ = — 0’ is obtained, coincident with the
Strength of Materials solution (see below).

5.2. Eulerian solution EUA

For this approach, according to Eq. (91), expres-
sion (124) is

1 1 .
E|:1 — m] = — lzﬁECO. (132)
Here ¢%( = Ao) is simply found from Eq. (132):

1 1/2

where K = K(0) = 1 + 2f5i*c,. On the other hand,
from Egs. (92) and (133)

e 30 % +o

= 1 5(0,0") (134)
0/ 0 2j
= Z G+D < ) . (135)
(PA j=0 (2 +3) <PA
The differential equation (121) is now written as
K — ¢iBiso =0 (136)

which after the necessary algebraic steps results in
the non-linear DE in 0:

0// + (piﬁisﬂ
%

=0, (137)

where

DE = 05(0,0) = 3K(KpE — 2Y)

using

1o GG+1)a\¥
Y =Y(0,0)=— ,
( 9052 2}+3)< >

with m — co but it may be set at will depending
on the desired accuracy. Again considering an inex-
tensible bar (g =i*=0; ¢ =K =1 and Y =
1/3 = ®% = 1) the equation u/f = — 0 is obtained.

5.3. Strength of Materials’ solution

When equating the internal normal force given
by #° of expression (119) with the external one
(recall Eq. (124)) the value of 4, (with y = 0) yields

qDS = )LO =1- ﬁsiZCg (138)

which substituted in Eq. (121), taking into account
Eq. (120), gives rise to

0" + BS(1 — BSi%cy)sy = 0 (139)

coincident with the one reported in [14]. In this
case

P/?
S = — 140
B =5 (140)
where C® = E is the classical modulus of elasticity

(Young’s modulus).

Next the linearization of all the alternative for-
mulations will be performed. The postbuckling
curves are numerically evaluated for a particular
example: an extensible simply supported rod in
Section 7.

6. Linearization: critical loads

In order to find the bifurcation points, a lineariz-
ation procedure will be carried out on the differen-
tial equations. This is achieved by assuming that

0] <1= 6% =0, (141)
0] <1=02=0. (142)

Introducing this simplification the differential
equations of solutions LA, EUA, EUB, EUD, EUE
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and S (LB, EUC and EUF differ from LA, EUB
and EUE respectively in a constant) are reduced to

0" + k20 =0 (143)

in which k? stands for the following expressions
according to the considered approach:

L L
Ky = 2Paei (144a)
Boid — 1
with
_ L .2
ok =icos arccos( 3\/513,41) ’ (144b)
V3 3
: iy
E* _
ki ST (145)
. 2P5lg
L S 14
kg G313y (146)
b = Bb exp( — 2851, (147)
ki = BEA3. (148)
K = 51 — B (149)

The other equilibrium condition — regarding the
normal force N — is written for each of the formu-
lations and after linearization as

2L+ 73— Jg =0, (150)
314 257 — 1 =0, (151)
2BE2IS 4+ 72 —1 =0, (152)
log 7o + f5i% =0, (153)
log g + Ao fEi* =0, (154)
B2 4 7 — 1 =0. (155)

It should be noted that when dealing with the
Lagrangian, Eulerian EUA and EUD and Strength of
Materials solutions it was rather convenient to
analytically obtain A, from Egs. (150), (151), (153)
and (155), respectively, and then their replacement

Lln) Lln)
24 ¢ _

in the moment equilibrium equation (143) with the
corresponding value of k* (Eqgs. (144a), (145), (147)
and (149)). In the other cases, i.e. the Eulerian solu-
tions EUB and EUE, this advantage was not ap-
parent and the equilibrium equations were used
interchanging the order.

The solution of Eq. (143) is of the form

0=0X)=AsinkX + BcoskX (0<X <)
(156)

A typical eigenproblem arises after stating the
two homogeneous boundary conditions in 6 and/or
0" in accordance with the type of support. The
eigenvalues are the bifurcation points.

In order to fix ideas let us analyze the simply
supported bar with an axial compressive load. In
this case the boundary conditions are

0(0)=0'(1) =0 (157)

with which the following result should stand for all
the k’s:

K =mn)? (n=1,23,...). (158)

Observe that in the case of an inextensible bar,
i =0, one obtains kY = g4, k5 = p%, k& = B%, and
SO on.

6.1. Lagrangian case

The linearized solution is coincident for ap-
proaches LA and LB if the results are referred to
the non-dimensionalized load parameter (ie. f).
From expressions (144a) and (158) the following
expression should be satisfied:

AP (159)

3pq —1

which when solved for ¢4 gives

L™ 7
& A (}’lTC)
= 1 14+3— | 160
§0A 3(”7’5)2|: + + ﬂi(m :| ( )

The choice of the positive sign is justified since
¢%i( = 1) is essentially positive.
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Table 3

Bifurcation points using the Lagrangian approach LA = LB for an inextensible bar (g = 0, bifurcation points equal to (nm)?) and
extensible bars (¢ = 0.01, 0.1, 0.35); n = 1,...,5 and n = 20 denote the order of the bifurcation load

q n
n=1 n=2 n=3 n=4 n=>5 n =20
0 9.8696 39.478 88.826 15791 246.74 3947.8
0.01 9.8679 39.452 88.695 157.50 245.73 3690.6
0.1 9.7076 36.906 76.031 118.84 156.87 230.53
0.35 7.9625 16.580 18.380 18.707 18.794 18.852

Requiring the positiveness of the different k’s
(otherwise one would not have an eigenproblem)
and ¢4 > 0, one obtains

1
L
Q4 ==
A \/g
On the other hand, from Eq. (144b) and since § > 0,

the cosine argument is between 30 and 60° with
which

3w
V3 oL <1 (162)

(161)

that includes Eq. (161). By the same argument it is
also found that

L" < V3 (163)

NEE
From Egs. (160) and (162) another restriction for
By yields

L < (nm)>. (164)

Eq. (164) should combine with Eq. (163). The nov-
elty is that due to Eq. (164) the Lagrangian critical
loads are always smaller than those found by Euler
for all the values of i.

On the other hand (easy to see from Eq. (159)) if
n is very large (n — o0),

o =5 (1—>) ( (165)
with which the value of B4 is limited by

/3 (166)

G

The limit (166) is an accumulation point of the
Lagrangian critical loads. According to Eq. (163)
the limit is approached from below.

Numerical results of bifurcation points for sev-
eral values of n (mode) and g ( = h// in the rectan-
gular cross section), based on the Lagrangian
constitutive statement are listed in Table 3.

6.2. Eulerian case EUA

The following condition derives from Eqgs. (145)
and (158):

E(n)
A _ 2
(1 + Zﬁﬁwiz)z - (nn) (167)

which can be solved for f% :

o 1 —(2nmi)® + /1 — 2(2nni)2. (168)

4 2(2nmi%)?

In order for ﬂﬁw to be real the next inequality
should be true:

1 —202nmi)? =0 (169)

or in other form

1
n< (170)
2./ 2mi

from which a relevant as well as an unusual con-
clusion may be drawn when the Eulerian statement
EUA is used: there is a finite number of critical loads.
The same result found in a similar way, but using
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Table 4
Same as Table 3 but using the Eulerian approach EUA

q n
n=1 n=2 n=3 n=4 n=>5 n =20
0 9.8696 39.478 88.826 15791 246.74 3947.8
0.01 9.8728 39.530 89.090 158.75 248.79 4572.4
3.6 x 108 9.1 x 107 4.0 x 107 2.2x107 1.1 x 107 7.8 x10°
0.1 10.208 45.724 132.32 — — —
3.5x10* 7873.1 2720.5 — — —
0.35 19.027 — — — — —
126.08 — — — — —
Table 5
Same as Table 3 but using the Eulerian approach EUB = EUC
q n
n=1 n=2 n=3 n=4 n=>5 n=20
0 9.8696 39.478 88.826 15791 246.74 3947.8
0.01 9.8777 39.608 89.488 160.02 251.92 5923.8
1.7x 103 5.4 x 10" 7.1 x10%° 1.6 x 10'° 5.4 %108 3.6x 10°
0.1 10.756 59.238 546.00 — — —
1.6 x 103 3.6 x 10* 1171.31 — — —
0.35 — — — — — —

for the g5, i.c.
B > (nm). (172)
6.3. Eulerian case EUB

the Strength of Materials formulation (see Section
6.6 below) has been reported in Ref. [14].

In case i # 0, the value of the square root in
expression (168) is smaller than the first term. The
two signs are theoretically possible for the same

n and i. This fact gives rise to a double-bifurcation
point. In all cases n must satisfy Eq. (170).
Table 4 depicts values of bifurcation points for
inextensible and extensible bars.

It should be noted that, for a value of n given,
there is a ¢, to guarantee the existence of real
bifurcation loads, i.e. from Eq. (170)

0.389849
ma—

(171)

Qiim5 =

Also it is possible to show that unlike the Lagran-
gian formulation, the Euler loads are a lower bound

Again when the non-dimensionalized load is
used, the bifurcation points EUB and EUC are the
same. The critical loads may be found (from Egs.
(146) and (158)) by means of the expression

(nm)*(5 — 343)

E
= 1
P =" (173)
using the value of 1, obtained from the N equilib-

rium (after linearization) (152),
(nm)?i*(5 — 313) + A — 4§ = 0. (174)
The bifurcation loads corresponding to the Eu-

lerian approach EUB are listed in Table 5. Both
inextensible and extensible bars are considered.



1016 C.P. Filipich, M.B. Rosales | International Journal of Non-Linear Mechanics 35 (2000) 997-1022

Table 6

Same as Table 3 but using the Eulerian approach EUD (Hencky)

q n
n=1 n=2 n=3 n=4 n=>5 n =20
0 9.8696 39.478 88.826 15791 246.74 3947.8
0.01 9.8712 39.504 88.958 158.33 247.76 4236.6
6.6 x 10° 5.7%x10° 52x10° 4.8 x 103 4.5x 103 2.4x10°
0.1 10.036 42.366 105.98 232.75 — —
35273 24854 1807.9 1233.1 — —
0.35 12.823 — — — — —
123.93 — — — — —
Table 7
Same as Table 3 but using the Eulerian approach EUE = EUF (Hencky)
q n
n=1 n=2 n=3 n=4 n=>5 n =20
0 9.8696 39.478 88.826 15791 246.74 3947.8
0.01 9.8720 39.517 89.024 118.54 248.27 4388.9
1.7 x 108 6.9 x 107 3.9x 107 2.6 x 107 1.9 x 107 1.9 x 10°
0.1 10.120 43.889 115.77 282.56 — —
6.6 x 10* 1.9 x 10* 8156.6 3446.1 — —
0.35 14.616 — — — — —
439.16 — — — — —

Again there is a range of n and ¢ (i* = ¢?/12 with
q = h/¢ for a rectangular cross section) in which no
real bifurcation points exist. The same comment is
valid for the rest of the Eulerian linearized problem.

6.4. Eulerian case EUD (Hencky)

This solution derived from the constitutive alter-
native found from the Cauchy method and using
the Hencky tensor yields the linearized equation
(nm)’ exp(2i*") — " =0 (175)
from which the bifurcations loads may be cal-
culated. Table 6 shows the corresponding values of
the bifurcation points which like the other Eulerian

solutions are double for each mode excepting the
inextensible rod.

6.5. Eulerian case EUE (Hencky)

This approach using the Hencky tensors renders
the following equation to find the critical loads for
a simply supported rod. From Egs. (148) and (158)

2

2
£ (”’? ~ g = 30 (176)
Ao i
which replaced in Eq. (154) gives the solving equa-
tion

[(nm)® w 3f(nm)*
10g SW—F E‘ 3@1220.

Table 7 shows the corresponding values of the
bifurcation points. Again such points are double
when g # 0 (extensible rods). The results are coinci-
dent for the linearized approach EUF.

(177)



C.P. Filipich, M.B. Rosales | International Journal of Non-Linear Mechanics 35 (2000) 997-1022 1017

Table 8
Same as Table 3 but using the Strength of Materials approach

q n
n=1 n=2 n=3 n=4 n=>5 n=20
0 9.8696 39.478 88.826 15791 246.74 3947.8
0.01 9.8704 39.491 88.892 158.12 247.25 4087.0
1.199 x 103 1.199 x 10° 1.199 x 103 1.198 x 10° 1.197 x 103 1.159 x 103
0.1 9.9521 40.870 96.603 187.07 347.19 —
1190.0 1159.1 1103.4 1012.92 852.80 —
0.35 11.135 — — — — —
86.824 — — — — —

6.6. Strength of Materials case

B° may be found from the following expression
(recall Egs. (149) and (158)):

B — B = (nm)? (178)
from which

w 1+ J/1—Qnmi)?

== 2i2( )" (179)

Both signs make sense but also, as said before,

a finite number of bifurcation loads arise in order
(n) .

for 5" to be real, ie.

n< 5o (180)

Results (179) and (180) were reported in [14].
Similar to the Eulerian case, the Strength of Mater-
ials approach yields eventual critical loads always
larger than the well-known Euler loads ( = (nm)?).
Table 8 depicts critical loads found for inextensible
as well as extensible rods according to this formula-
tion.

7. Secondary equilibrium paths: numerical examples

An analysis of the postbuckling secondary equi-
librium paths, 8 vs. displacement, will be performed
in this section. As mentioned in Section 5, four
solutions are numerically handled, say Lagrangian
(LA = LB, unless a constant), FEulerian EUA and

Strength of Materials formulations. The last is sol-
ved for the sake of comparison. Firstly a word must
be said regarding the elastic constants CY, Ck,
C' and C®. The representation of the equilibrium
curves, due to the non-dimensionalization, is inde-
pendent of the real value of those constants. The
comparison in the results is then only qualitative
since they are performed among non-dimen-
sionalized quantities. For instance, it was shown
that the Lagrangian bifurcation loads are smaller
than Euler loads of linear buckling, while Eulerian
and Strength of Materials’ ones are larger; actually
it should be taken into account that the Euler loads
for a simply supported bar are, respectively,

2cLy
Pﬁc,—”T;‘ as for LB, (181)
n2CEJ
Phio="—"7" (182)
n?CSJ  w*EJ
P} = 7= (183)

At the first sight, they are not comparable since
a criterion among the constants should be estab-
lished. Or at least — as happens with the infinitesi-
mal deformations case — a test (similar to a simple
tensile test) should be standardized so as to find the
mechanical constants. The authors considered that
this discussion is beyond the scope of the present
work. Thus the issue of elastic constants remains
open.
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Lagrangian Approach

;42~5
O
[aT}

a2

1

0.5

0

0 0.1 0.2 0.3 0.4

displacement at x=0.5

Fig. 5. Secondary equilibrium path corresponding to the first
mode. Lagrangian approach. Extensible bar with ¢ =0.1.
LA =LB.

Eulerian Approach

P/Pcr

0 0.1 0.2 0.3 0.4

displacement at x=0.5

Fig. 6. Same as Fig. 5: Eulerian EUA approach.

The bifurcation curves for each approach are
plotted in Figs. 5-7. In all cases an extensible rod
with ¢ = 0.1 was assumed and the loads are refer-
red to their respective critical load; n = 1.

Fig. 8 shows a superposition of the results from
three formulations, ie. Lagrangian LA, Eulerian
EUA and Strength of Materials. In this graph the
parameter f§ is not referred to the critical one. As
said before, no criterion is assumed with respect to
the constant. Then the comparison is only qualita-
tive. The Lagrangian approach yields real values
only in a limited range (see Figs. 5 and 8).

Strength of Materials Approach

P/Pcr

0.3 0.32 0.34 0.36 0.38 0.4

displacement at x=0.5

Fig. 7. Same as Fig. 5: Strength of Materials approach.

25

22.5 R
20 '\7‘

@Q17.5

0.15 0.2 0.25 0.3 0.35 0.4

displacement at x=0.5

Fig. 8. Same as Fig. 5: Superposition of three solutions: —,
Lagrangian formulation; - - -, Eulerian formulation; - - -, Strength
of Materials formulation.

A special case of an unstable behavior using the
EUA statement occurs, for instance, when ¢ = 0.35
and the equilibrium curve is shown in Fig. 9.
A lower limit load f of about 14.35 arises, which is
significantly smaller than the first bifurcation load
(see Table 4 with n = 1). In the range between the
limit load and the bifurcation point two elastica are
obtained for each load value. The corresponding
modal shapes are schematically drawn in Fig. 10
for the case of § = 15. Obviously, this is the math-
ematical solution of the postbuckling behavior of
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0 0.1 0.2 0.3 0.4 0.5

displacement at x=0.5

Fig. 9. Example of unstable behavior using the Eulerian ap-
proach EUA. ¢ = 0.35.

mode 2

0.4 mode 1

x+u

Fig. 10. Modal shapes corresponding to = 15 in Fig. 9.

a rather short rod and a comment on this regard is
included in the next section.

8. Discussion

The numerical values included in Tables 4-8,
serve to illustrate the fact that the linearized Euler-
ian and the Strength of Materials solutions exhibit
double bifurcation points for each mode. Also they
have a finite number of real critical loads. These
features are not present in the Lagrangian formula-

tion. An accumulation point for the critical load
when n — oo is a characteristic of this approach.
Furthermore, the non-dimensionalized Lagrangian
critical loads are smaller than the Euler’s loads
while all the Eulerian’s loads are higher.

Regarding the postbuckling curves, the rod with
extensibility parameter g = 0.1 exhibits a stable
behavior, as expected, though the Lagrangian equi-
librium paths are real only in a range of the plot.
When dealing with extensible rods the three alter-
natives yield different results (curves). On the other
hand, it was shown analytically that all solutions
are coincident when the rod is theoretically inex-
tensible. The unstable behavior found with the Eu-
lerian formulation EUA (Fig. 9) for rather short
bars is an unexpected result. Neither the Lagran-
gian nor the Strength of Materials solutions exhib-
ited this change when their behavior was studied.
One may infer that the constitutive equation (71)
would not be exactly derivable from a non-negative
strain energy. Truesdell [15] made a similar com-
ment on Seth’s work. Fung [16] employed an ex-
pression similar to Eq. (71) applying the Cauchy
method. This result must be considered as
a counterexample to the assumption of an hy-
perelastic behavior in the stress—strain constitutive
relation (71). Instead, since the Eulerian statements
EUB and EUC (not solved numerically in this
paper) come essentially from positive potentials
(strain energy), it could be asserted that this unsta-
ble behavior would not arise.

As is known, any rod of real materials is exten-
sible. So the inextensible model is an idealization of
the behavior. It should be mentioned when stating
the inextensibility condition (i.e. A, = 1) that the
formulations are only compatible with ¢ = 0.

Although not dealing with the postbuckling of
extensible elastic rods, Gummadi and Palazotto
[12] address the issue of the Lagrangian and Euler-
ian formulations and comment that both ap-
proaches are to be considered equal when small
strains are involved. An interesting graph is in-
cluded showing the range of practical validity of
this assertion. However in the present work, it was
found that even for small strain there are discrepan-
cies in the response (say critical loads or secondary
equilibrium paths) when using the different alterna-
tives proposed above.
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8.1. Trivial (primary) equilibrium paths

As was mentioned only the secondary equilib-
rium paths of the bifurcation problem have been
addressed. The trivial solution (pure compression,
primary path) arises after imposing 0 =0 =
vo = 0=0a = 0, with which the rotational equilib-
rium is satisfied identically. In this problem when
an extensible rod is tackled only the equilibrium
equation of the force N should be satisfied, i.c. in
general,

n=—i’f VB withc, =1 0=0. (184)

Formally, the equation to be solved to find S, is
identical to Eq. (184). However in the linearization
procedure one takes a mathematical limit. Solution
(184) is obviously valid if 4, > 0. Note that in the
Strength of Materials solution, Eq. (138) with 6 = 0
is written as

Jo =1 — p5i%. (185)
Then one finds

i <i12 (186)

a bound to the validity of this solution. Also for all
the formulations, and dealing with compression,
f=0and 4y < 1.

8.2. Strength of Materials approach

In the traditional (and specially in the Strength of
Materials) approach the constitutive equation links
the Cauchy tensor (equilibrated deformed config-
uration) with the axial strain of the corresponding
fiber. Thus the stresses would be those required to
produce an axial deformation of the fiber con-
sidered. The axial (tensile or compression) test in
which the axial load deforms the sample is erron-
eously extended to each body point. This concep-
tual misunderstanding arises from imagining
a micro, local axial test in each point. Now,
Hooke’s law proposes a relationship between the
stress components and the specific strains. Not-
withstanding the first of these entities should be
associated with area elements oriented in each

point while the strains are related to the behavior of
fibers at the material point. Recall that the tensor
character of the measures of deformation is only
valid in the infinitesimal theory. From this one may
conclude that in order to fulfill the invariance con-
ditions required by the constitutive relationships, it
is necessary to relate tensors. When dealing with
non-infinitesimal deformations one should handle
strain tensors and not measures of deformation
which do not have a tensorial character.

Let us try to justify the constitutive equations of
Strength of Materials. Expansion of the expressions
of % and #% up to a quadratic approximation in
the strain gradients involved in the problem, i.e. ug,
vp and 6 leads to

1 o2
ni ~up + 5(3%2 + v5) + 5 (187)

1 o
5~ up + (= 3ud + vf) — —. (188)
2 2
In order for these two expressions to be coincident
the influences of uy? and 0’2 should be disregarded
and, since the quadratic approximation of &, is

’2

b0 = o —1=/1+2E,,, —1=u’0+070, (189)

one arrives at
’2

, v
ni = =n* =+ =zo. (190)

The same reasoning may be carried out with the
expressions for p/f and p't:

W~ — 0+ 30up, (191)
WE~— 0 —30u,. (192)

To make them equal, the term 0'uy should be
neglected. Then

pWy=us=pS=—0. (193)

These strong restrictions should have to be ac-
cepted if one would attempt to equate the Lagran-
gian, Eulerian and Strength of Materials
formulations.
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Also, and with the purpose of illustration, it is
known that (Frenet-Serret) (see Fig. 2)

di do
== 194
Xo¥t dSO dSO " ( )

from which the curvature of the deformed axis is
%o = d6/dsy. On the other hand,

do
0" =——50 = %050 (195)
dSO
but also
. Asyg — AX . Asg
g = lim —— = lim — —1
AX—-0 AX AX—0 AX
=50 — 1=y — 1. (196)

Finally one can find that
0" = Zoxo = (1 + &)xo- (197)

Consequently it is observed from Egs. (118) and
(120) that the moment is not proportional to
%o When the bar is extensible.

9. Conclusions

The postbuckling analysis of extensible bars has
been carried out in this work by means of nine
alternative constitutive laws which lead to the so-
called Lagrangian LA and LB, Eulerian EUA, EUB,
EUC, EUD, EUE and EUF as well as the Strength
of Materials, solutions. Some of these constitute —
to the authors’ knowledge — a step forward in the
postbuckling analysis of extensible rods and the
last one is included for the sake of comparison.

Only two assumptions, commonly accepted, are
made: first, the Navier-Bernoulli condition is
imposed to the geometrical formulation; second,
the thickness is assumed as constant for all the
states. Regarding the constitutive models all the
approaches were worked out without further sim-
plifications. Explicit solutions of the non-linear dif-
ferential equations are given for the Lagrangian,

Eulerian EUA and Strength of Materials’ ap-
proaches.

The linearized problem was solved for all the
alternatives and the critical loads were obtained for
each formulation for various modes and values of
the extensibility parameter.

The postbuckling curves were numerically evalu-
ated for an extensible simply supported rod. The
secondary equilibrium paths were computed for
extensible bars using Lagrangian LA ( = LB), Eu-
lerian EUA and Strength of Materials solutions.
The case of ¢ = 0.1 is reported in graphs showing
a stable behavior. The discrepancy of the results is
graphically depicted. Also an unexpected unstable
behavior was observed when using EUA in a rather
short rod and a comment regarding this feature is
included. When dealing with the theoretical prob-
lem of an inextensible rod, all the results (both
critical loads and secondary equilibrium paths) are
coincident but this is not the case for the real
extensible rod. In the authors’ opinion the influence
of extensibility justifies the study of alternative con-
stitutive models for the postbuckling of an elastic,
highly flexible rod, as is done in this work. The
authors have analyzed the alternative formulations
for the constitutive laws to the solution of the
postbuckling of extensible rods, which are, at least,
as valid as the traditionally known and commonly
used Strength of Material formulation.
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