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A quantitative understanding of cities’ demographic dynamics is becoming

a potentially useful tool for planning sustainable growth. The concomitant

theory should reveal details of the cities’ past and also of its interaction

with nearby urban conglomerates for providing a reasonably complete pic-

ture. Using the exhaustive database of the Census Bureau in a time window

of 170 years, we exhibit here empirical evidence for time and space corre-

lations in the demographic dynamics of US counties, with a characteristic

memory time of 25 years and typical distances of interaction of 200 km.

These correlations are much larger than those observed in a European

country (Spain), indicating more coherent evolution in US cities. We also

measure the resilience of US cities to historical events, finding a demographi-

cal post-traumatic amnesia after wars (such as the American Civil War) or

economic crisis (such as the 1929 Stock Market Crash).
1. Introduction
One half of the human population lives in urban areas [1]. Asking whether the

present population’s growth rates are economically and ecologically sustainable

is a recurrent question [2] that justifies efforts directed towards the development

of quantitative unified theories of urban living [3]. A countless number of

degrees of freedom is involved in a city’s evolution, that is, a host of individual

contributions, involving millions of people, acting on their own free will. Devis-

ing a unified theory constitutes a formidable challenge. However, despite this

intrinsic difficulty, many advances have been made in recent years. During

the twentieth century, many regularities were reported, such as Zipf’s law in

the city population rank distribution [4–8], or the celebrated Gibrat’s law of

proportional growth applicable to cities [9–14]. In addition, empirical data

show that the scaling with population of internal degrees of freedom in an

urban body such as (i) the structure of road networks or urban sprawl patterns

[10,15,16] and (ii) metrics such as wages or crime rates [17,18], do follow predic-

table tendencies that can be mathematically described. In addition to a city’s

growth, electoral processes and many other social phenomena have been suc-

cessfully modelled as well [6,8,19–23]. Also, collective modes emerge when

cities are considered as entities that evolve and interact in a coherent fashion.

The interaction between cities [14] (as measured by, for instance, the number

of crossed phone calls [24] or human mobility [25]) displays predictable charac-

teristics. Indeed, an analogy between the evolution of the population of an

ensemble of cities and the random movement of particles in a fluid was made

by conjoining Gibrat’s law of proportional growth with Brownian motion.

In such an approach, the size X at time t of the ith geometrical Brownian

walker follows the dynamical equation [9–13,26]

_Xi (t) ¼ Xi(t)vi(t), (1:1)

where the dot denotes a time derivative and vi(t) is the growth rate, which is

described as a Wiener coefficient with covariance Cov[vi(t), vj(t0)] ¼ s2
vdij

d(t� t0)—d standing for the delta function and sv for the standard deviation of
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the growth rates—i.e. uncorrelated and memoryless dynamics.

Considering a new variable defined as ui(t)¼ ln Xi(t) [26],

we recover all the properties of the physical ideal gas in

what one may call the scale-free ideal gas [13,27]. Exhaustive

empirical observations of the dynamics of Spain’s population

demonstrate that this analogy can be used to formulate a

thermodynamics of population flows [28]. Moreover, we have

recently shown that this assumption of uncorrelated evolution

fails for cities that are close neighbours [14]. Additionally, the

evolution of cities’ populations exhibits memory, indicating

that we deal with a non-Markovian process. These results are

indicative of (i) a rich and complex phenomenology underlying

population flows, and (ii) that our models should go beyond the

ideal gas to include pairwise interactions and inertia, as in

the case of real gases in statistical physics. The presence of

some kind of correlations has also been independently proposed

in [4], where it is shown, via numerical experiments, that it is

necessary to introduce conditioned sampling to reproduce

Zipf’s law, simulating what the authors call ‘coherence’. These

advances, both in the internal structure and in the functionality

of cities, as well as in the properties of an ensemble of interacting

cities, encourage the search for a unified theory.

We present in this work empirical evidence of such corre-

lations in the population dynamics of US counties and

compare our results with previous observations on the popu-

lation of Spanish cities. In §2.1, we first analyse the statistical

properties of cities’ growth rates, confirming Gibrat’s law

with finite size effects for small populations. We pass next

to analyse, in §2.2, the memory of the growth rates, using

data from a time window of 170 years, which includes rel-

evant historical events, such as the American Civil War,

both world wars and the economic crisis after the 1929

Stock Market Crash. We continue, in §2.3, with the analysis

of city–city correlations as functions of the distance between

them, which leads us to define a characteristic correlation

distance. Finally, a discussion and conclusion are given in §3.
2. Results
2.1. Stochastic properties of US growth rates
We look for quantitative space–time patterns underlying US

demographics and ascertain which trends are universal and

which are local by comparison with [14], related to Spanish

cities. An exhaustive analysis of the US population is made

using the Census Bureau database of counties’ populations

[29]. We have used data from 1830 to 2000 (170 years), in a

time window that covers relevant historical events such as

the American Civil War, both world wars, and the 1929

Stock Market Crash. More than 3000 counties (all of them

with available data) are considered in our study, whose

spatial distribution is depicted in figure 1.

Administrative and legal boundaries do not reflect, in all

cases, an exact definition of what can be considered as a

coherent urban nucleus. Indeed, many counties may include

several independent population centres, or split big cities

into several units. There have been many efforts to find an

accurate and natural definition of city through clustering

(e.g. [31,32]). Indeed, these definitions become relevant for

predicting the shape of the city size rank distribution,

for which Zipf’s law generally emerges when natural bound-

aries are used instead of legal ones. However, these

definitions do not become so relevant with respect to the
dynamics described by equation (1.1), as shown in [28]. As

we are here interested in the dynamical patterns exhibited

by populations and not in size distributions, we can safely

extend our findings beyond the particular definition of city

or population nucleus.

We first verified, using the counties database, the validity

of Gibrat’s law, including the correction for smaller popu-

lations, discovered in [13]. To this effect, we added a new

term to the proportional law, a ‘finite size noise’ (FSN), of

the form

_Xi (t) ¼ Xi(t)vi(t)þ
ffiffiffiffiffiffiffiffiffiffi
Xi(t)

p
wi(t), (2:1)

where wi(t) is an independent Wiener coefficient. This term is

a direct consequence of the Central Limit Theorem, as shown

in [13,28], due to the independent nature of the wi(t). The

variation of the population Xi is much smaller than the vari-

ation of the growth rates. Thus, for the later, the standard

deviation s _x, in our time windows, becomes

s _x(Xi) ffi Xisv þ
ffiffiffiffiffi
Xi

p
sw, (2:2)

where sv and sw are the deviations of the proportional and

FSN, respectively.

For comparing the raw data with our predictions, we take

into account that population data have an strong scale-free

behaviour and are characterized by long-tailed distributions.

In these circumstances, mean values do not converge or do so

very slowly, their estimation becoming numerically unstable.

We recommend working with medians instead, as they are

numerically more stable and also invariant under several

transformations—indeed, med[log(X )] ¼ log(med[X ]) but

k log (X)l = log (kX)l. Following this recipe, we produced

the results in figure 1, depicting the empirical s _x versus popu-

lation, for every county, in a log–log scale, and also the

median of the former. Two trends are immediately observed:

one for lower populations (X , 35 000 inhabitants) and a

second one for larger populations (X . 35 000). Remarkably,

a linear fit to the log–log representation—where power

laws become straight lines with slope values linked to the

exponents—gives for the exponents 0.508+ 0.025 (with

log(sw) ¼ 2.6+ 0.2) for the first trend and 1.04+0.02

(with log(sv) ¼ 23.1+ 0.2) for the second one, with a coeffi-

cient of determination R2 of 0.96 and 0.994, respectively. As

these values almost coincide with the expected ones (1/2 for

FSN at lower population and 1 for proportional grow for

larger population), we can regard the Gibrat plus FSN law

as verified, a rather significant observation. We find, however,

that the exponent for proportional growth is slightly larger

than 1 according to the confidence interval. In [13], similar

cases of exponents larger than 1 are also reported. They

emerge as a consequence of the massive migration from

small villages to big cities. Even if this deviation from Gibrat’s

law is mild, it is persistent for our fitting-procedure. Thus,

we expect it to also be the signature of fast-growing urban

population in US demographics.
2.2. Measuring memory
To check whether US counties exhibit memory effects, we

appeal to the Pearson’s product–moment correlation coeffi-

cient cy(t) ¼ Corr[ _X(y), _X(t)], using as samples the list of

counties’ growth rates for (i) the year y and (ii) any precedent

time t for which data are available. We find that the averaged

time correlation over ny ¼ 12 samples (from 1890 to 2000),
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Figure 2. Averaged time correlations in population growth. (a) Averaged time correlations after 10 years kc(Dt ¼ 10)l versus town sizes X (dot-line). The shaded
area represents the width determined by 1 s.d. Horizontal dashed lines are asymptotic levels to follow the decrease of the correlation at lower populations.
(b) Averaged time correlation kc(Dt)l for the relative growth of towns populated by more than 10 000 inhabitants. Shaded areas represent widths determined
by 1 s.d. The time correlation for Spanish cities is also shown for comparison’s sake (grey dashed line and dots). Inset: same data in semi-log scale, compared with
the exponential fits (straight lines).
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of inertia is related to the characteristic memory time of

approximately 25 years, is something that cannot be tested

with the present data, but it is a reasonable hypothesis for

future research. If such were the case, two mechanisms

would take place defining short- and long-term memories,

only the latter being affected by historical events. Deeper

insights into how these inertial mechanisms work would

indeed shed some light on how information is stored in col-

lective social systems. Accordingly, more research along this

line remains to be undertaken.

2.3. Measuring interactions
We consider now spatial correlations. The pairwise Pearson

product–moment correlation coefficient Cij ¼ Corr[ _Xi , _Xj ]

of the ith and jth counties is obtained using as samples the

evolution of the growth rates of each county in a given

time window. We speak here of the twentieth century,

from 1900 to 2000 (10 sample sets). We compare the value

obtained per each pair with the distance between counties

dij. The averaged value—obtained as C(d ) ¼
P

ijCijd(d 2

dij)/
P

ijd(d 2 dij)—exhibits a clear dependence on distance,

demonstrating the entanglement between US population
nuclei. The tail of the decay displays a long-range behaviour

(figure 4), and the pertinent curve can be nicely fitted to an

analytical expression of the form

C(d) ¼ C(0)

1þ jd=d0ja
, (2:3)

with C(0) ¼ 0.62+ 0.02, d0 ¼ 215+ 32 km and a ¼ 0.71+
0.04, for a R2 coefficient of 0.997. Remarkably, the correlations

are much larger than those observed for Spain [14], with a

larger characteristic distance (215 km versus 80 km for Span-

ish cities) and a much slower decay (a ¼ 0.71). Note that for

an inverse-square law, a ¼ 2.

The comparison between USA and Spain is illustrated by

figure 4. Results confirm the conjecture that US cities evolve

in a more coherent fashion than the cities in Spain, notwith-

standing the fact that the US surface is 20 times larger than

Spain’s, while its population is 6.5 times larger. We may

speak of an integration coherence for US cities that seems to

be lacking in Europe, as has also been proposed in [4]: Zipf’s

law emerges when the largest US cities are considered but

not when this is done on a state-by-state basis, whereas in

Europe, Zipf’s law emerges for each country as a whole, and
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not when all the European continent is considered. The stan-

dard deviation observed for the US is approximately 0.4 and

does not change with distance. The expected theoretical width
for a bivariate normal distribution for the same number of

samples is 1/3 [33], 20% smaller than the measured one.

Thus, we gather that additional factors are involved in the US
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pairwise correlation. One can attribute to the distance factor

80% of the city–city entanglement. We expect that some of

these extra contributions could be associated with local factors,

such as the transportation network, the particular socio-econ-

omical status of the city and/or special historical links

between some population nuclei. A detailed analysis of the

pairwise correlations of a selected county—instead of the

coarse-grained viewpoint adopted here—when crossed with

other relevant metrics, may help to gain a deeper understand-

ing of the particular demographic and/or economic status,

present and future, of a given urban area.
J.R.Soc.Interface
12:20
3. Summary and conclusion
Demographic US patterns display a rich and complex phenom-

enology, including both space and time correlations. US cities

exhibit a strong link with their past. In an exercise of quantitat-

ive history, we have found that relevant historical events, such
as the American Civil War and the 1929 economic crisis, leave a

strong imprint in the demographic dynamics, which one may

call ‘post-traumatic amnesia’. Remarkably, this amnesia only

takes place after a few decades, indicating the potential exist-

ence of short- and long-term memories in the social system.

The mechanisms underlying this inertia are still unknown. On

the other hand, the spatial correlations, much larger than

those observed in Europe, indicate a high level of coherence

and suggest that the evolution of any single city cannot be

understood without taking the whole collective of cities into

account. We feel that these empirical findings are relevant to

understanding the country at a collective macroscopic level.

Also, some microscopic insights are gained that may help city

planners to improve their panoply of tools [29,34].

Acknowledgement. We greatly appreciate the insightful comments of the
two reviewers and their help in the improvement of the paper.

Funding statement. This work was partially supported by Social Thermo-
dynamics Applied Research (SThAR).
141185
References
1. UN-Habitat. 2010 State of the World’s cities 1010/
2011—cities for all: bridging the urban divide. See
wwww.unhabitat.org.

2. Schellnhuber HJ, Molina M, Stern N, Huber V,
Kadner S. 2010 Global sustainability: a nobel cause.
Cambridge, UK: Cambridge University Press.

3. Bettencourt L, West G. 2010 A unified theory of urban
living. Nature 467, 912 – 913. (doi:10.1038/467912a)

4. Cristelli M, Batty M, Pietronero L. 2012 There is
more than a power law in Zipf. Sci. Rep. 2, 812.
(doi:10.1038/srep00812)

5. Zipf GK. 1949 Human behavior and the principle of
least effort. Cambridge, MA: Addison-Wesley.

6. Newman MEJ. 2005 Power laws, Pareto distributions
and Zipf ’s law. Contemp. Phys. 46, 323 – 353.
(doi:10.1080/00107510500052444)

7. Baek SK, Bernhardsson S, Minnhagen P. 2011 Zipf ’s
law unzipped. New J. Phys. 13, 043004. (doi:10.
1088/1367-2630/13/4/043004)

8. Hernando A, Puigdomènech D, Villuendas D,
Vesperinas C, Plastino A. 2009 Zipf ’s law from
a Fisher variational-principle. Phys. Lett. A 374,
18 – 21. (doi:10.1016/j.physleta.2009.10.027)
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