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Abstract

We consider two self-dual abelian Higgs systems obtained from Lorentz breaking
symmetry models by dimensional reduction. For the first model, we show that the self-
dual equations are identical to those of Nielsen-Olesen vortices. Also, we show that our
vortices have electric charge. In the second case we show that self-dual Chern-Simons-
Higgs vortices without electric charge are possible.
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1 Introduction

The possible violation of Lorentz invariance has recently received a lot of attention as a
candidate for the Planck scale physics [1].The large range of existing phenomenological
and experimental activities stems from the application of effective field theory[2] and
the construction of the Standard-Model Extension (SME)[3] 4] to catalogue and pre-
dict observable effects. The gauge sector of the SME include CPT-even and CPT-odd
terms. The CPT-odd, usully called the Carroll-Field-Jackiw term[5], consist on four
parameters, that engenders a parity-odd and birefringent electrodynamics, coupled to
Chern-Simons dynamics. The CPT-even photon sector is composed by fourth-rank
tensor, with Riemann tensor symmetries and a double null trace, which is coupled to a
gauge term F" F"_ These models have been studied in different contexts, such as ra-
diative corrections [6], nontrivial spacetime topology [7], causality [8], supersymmetry
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[9], the cosmic microwave background [10], vacuum Cherenkov radiation[I1], general
relativity [12] and soliton solutions, like monopoles[I3] and vortices[14] [I5] [16].

On the other hand, it is well known that the abelian Higgs model [I7] in (2 + 1) di-
mensions, support topological vortex solutions of finite energy. With a specific choice
of coupling constants, minimum energy vortex configurations satisfy first order dif-
ferential equations [I8]. This model admits and N = 2 supersymmetric extension
providing a connection between BPS equations and supersymmetry [19]. Also the
(2 4+ 1)-dimensional matter field interacting with gauge fields whose dynamics is gov-
erned by a ChernSimons term support soliton solutions [20]. When self-interactions
are suitably chosen, vortex configurations satisfy the Bogomolnyi-type equations with
a specific sixth order potential [21]. Another important feature of the ChernSimons
gauge field is that inherits its dynamics from the matter fields to which it is coupled,
so it may be either relativistic [21I] or non-relativistic [22]. In addition the soliton so-
lutions are of topological and non-topological nature [23].

The purpose of this letter is the study of the self-dual vortices in two Lorentz-violating
models. In the first section we will analyze the self-dual equations of a two dimensional
model obtained from the C'PT-even Lorentz-violating term, coupled to matter field,
by dimensional reduction. We will show that this model support self-dual vortex solu-
tions with electric charge. In particular, we will show that the self-duality equations
are identical to those of the Nielsen-Olesen vortices. The second section is dedicated
to explore the dimensional reduction of the C' PT-odd Lorentz-violating term couple to
a Higgs field. We will show, here, that it is possible to obtain exactly the same Bo-
gomolnyi equations as the relativistic Chern-Simons-Higgs model. The novelty is that
our vortices have no electric charge unlike the Chern-Simons-Higgs vortex solutions.

2 Nielsen-Olesen vortices with electric charge
from C'PT-even Lorentz-violating model

Let us start by considering the (3 + 1)-dimensional C' PT-even Lorentz-violating model
governed by the action [3],

1
§— / @0 (= hoyw FFY = 47,) (1)

where the metric tensor is g"” = (1,—1,—1,—1). The coupling ki, is real and
dimensionless. It has the symmetries of the Riemann tensor and zero double trace, so
it contains 19 independent real components. The field strength F*¥ is defined by

P = gl AY — 9¥ AP (2)

and the term AYJ, represents the coupling between the gauge field and an external
current.
The equation of motion arising from the Lagrangian (1) is

Kpapy 0“FP7 + JF =0 (3)
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In the following we will consider (3+1) dimensional C'PT-even Lorentz-violating model
coupled to Higgs (¢) matter

S = [ e = JhowFF 5 D0 -~ Vi(jo)) @)

The covariant derivative is defined as D, = 0, + ieA, and V(|¢|) is a self-interacting
potential. Since, we will analyze the dimensional reduction of the model (), it is
convenient to expand the first term of the action,

Scpr = —i /d%knAWF“’\F“”
= -2 / d4x(/<;0i0,~(F0")2 + Kijij (F9)2 + kojoi F% FY +
Byt FY Y by P F 4 ki FF™ iy FOF7) | (5)
where
Kowi (F*)? = koto1 (F°")? + ko202 (F*%)? + kogos (F*%)?
kijij(F)? = Kio12(F2)? + kg1 (F'%)? + kosos (F)?
ko0 FY FY = kowoaFOUF®2 1 ki FOLF%3 1 Ry P22 O3
R FYFY = kigraFOF' 4 ks FYOF™3 4 kygy F12F'3
Fopan F¥F? = kyggs FPOF 4 ko FPOF?! 4 kgyoy PP F?3
kapsy FRFY = kaoz1 FYOF! 4 kgogo FOF + k130 F' ™
koiju FU 1% = 2ko1o3 O F? + 2kog1o FP F' o 2kgz) FO2 FP! (6)

We will study the soliton solution in a (2 + 1)-dimensional model, obtained from ({])
via dimensional reduction. In order to carry out this procedure it is natural to consider
a dimensional reduction of the action by suppressing dependence on the third spacial
coordinate and renaming As as N. Then, the action (4]) becomes

Siev = [ a(Sicer + Dol ~ [Diof? — NP~ V(o) (7)
where S,c7p is the reduced C PT-even Lorentz-violating action,
Sropr = —2 / d*z (k«’owi(FOi)2 + Kpsps (0" N)? + k1212(F2)? + ks M OF N
+ko312F 2 (0°N) + koijaF? (&7 N) + kioij FOFY
ko102 PO FO2 4 kg (0°N) (9 N) + ka9 N) (9 N) ) (8)

with (i,7 =1,2) and (u,v =0,1,2).



Here, we are interested in time-independent soliton solutions that ensure the finite-
ness of the action (7). These are the stationary points of the energy which for the
static field configuration reads

E@4) /d2 k‘owz (0"A")? + kiziz(O'N)? + k1212 (F')? + kyjisFY0'N
+kigis0' A°O'N + kojj3(—0"A°) (&7 N) + kigij (0" A°) F'7

o103 (9" A°) (02 A%) + kinza (9 N) (92N) ) + €26 2(N? — A7)

+(Dy £iD2)¢|* F eFo|¢]” £ —6”8 Ji+ (|<z>|2 — o)), (9)
where we have used the fundamental identity
|D;¢|* = |(Dy £iD2)o|* F eFia|o|* + €70;J; (10)

The potential term has been chosen so that it coincides with the symmetry breaking
potential of the Higgs model

V(I6l) = Z(0 — ) ()

The term f dza:%eij 0;J; is a surface term and may be dropped with the hypothesis that

¢||m|:oo = Ueia(@)

Ailjojzoe = = 0i(10g 0) (12)

This condition also implies that the covariant derivative must vanish asymptotically,
which fixes the behavior of the gauge field A;. Then we have

:/ d*xFys :j{ A;dzr' = 27n (13)
|x|=00

where n is a topological invariant which takes only integer values.

The formula (@) may be rewritten as a sum of square terms which are bounded
below by a multiple of the magnitude of the magnetic flux. To achieve this we can
regroup the terms of (@) as follows,

Koi0i (0" A%)? + kigiz(0'N)? + kigiz0' AP0’ N = ki (0'A° £ 0'N)? (14)
where, we have chosen kgy;0; = kizi3 = :t%k’i(]i:g. In addition, if we choose £k;p;; = kiji3,
we have

kijisFO'N + kigij0'A°F = ko, F9(0'A° £ 9'N) (15)
Since
koij3(—0"AY) (O N) = —ko123(0" A°)(0°N) + koa13(9°A°) (8" N) , (16)
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we can ChOOSG, —k0123 = :]:k3132 and k0102 = :tk()glg, so that
k3132(0"N)(0*N) — ko123(9' A°)(02N) = ko1230° N (—9' A° £ 9' N)
ko213(0% A%) (0'N) 4 ko102 (9% A%) (91 A%) = k10202 A°(0' A° £ 01 N)

Finally, we can write the following identity:

A
2k1912(F2)? F eF2|¢)? + Z(Wz —v%)? =

K e K

S[FPF =(1¢]* = *)) + k212 — ) (F2)? +
2 K 2

A €2

(7~ ﬂ)(wp —v%)? T e’ F1?

If the coupling constant A and k are chosen such that

e2

 2k1912

k = 4k1212 ,

the expression (I8]) takes the simple form

A
2k1912(F1?)% F eF'2|¢|* + Z(WZ —v?)? =

e
2]{71212[F12 F —(|¢|2 _ ’U2)]2 F 6U2F12
4k1912

Using these identities, the energy functional (9] becomes

Eory = / &z [2<k:02-0i(8i,40 £ ON)2 + ko Fi7 (97 AY + 9'N)

+k012382N(—81A0 F alN) + k010232A0(81A0 4 81]\7)

e
Fhina[F'2 F —— (92 = o)) + €282 (NV? — A7)
4k1212

(D1 £iDs)g|? F ev2F12]

(20)

(21)

If we choose Ag = FN, then the fields Ayg and N are decoupled to the fields A; and ¢
and we obtain an expression for the energy similar to the well known energy for the

Maxwell-Higgs model

(& .
Egiy = /d2$ <2k‘1212[F12 F m(wz — )]+ (D1 £iD2)¢|* F €U2F12> , (22)

Thus, the energy ([22]) is reduced to a sum of square terms which are bounded below by
a multiple of the magnitude of the magnetic flux(for positive flux we choose the lower

signs, and for negative flux we choose the upper signs):

Ei1) > ev’|®|

bt

(23)



The bound is saturated by fields satisfying the first-order Bogomolnyi [18] self-duality
equations:

(Dy +iD3)¢p = 0
F? (Il —v*) =0, (24)

e
4k1212

The equations (24]) are identical in form to the Bogomolnyi equations of the abelian
Maxwell-Higgs model. The difference lies in the fact that our vortices not only carry
magnetic flux, as in the Higgs model, but also electric charge. This is a consequence
that in our theory the dynamics of gauge field is dictated by a CPT-even Lorentz-
violating term instead of a Maxwell term as in Higgs theory.

3 Self-Dual Chern-Simons vortices without elec-
tric charge from C'PT-odd Lorentz-violating model

In this section, we analyze the C' PT-odd Lorentz-violating model [5], coupled to Higgs
field

1
S = [t | o asE,, + Do + V(o)) (25)
where the coupling coefficient p,, is real and has dimensions of mass. The antisymmetric

tensor € is the totally antisymmetric tensor such that %123 = 1.
By varying with respect to A3 and Ag, we obtain the field equations

1
pa§€a3m/ij + J3 =0 , (26)

1
pageo‘OWFuu +Jo=0, (27)

where Jy = —ie|¢"(Do@) — 6(Do6)" | and Jy = ie|¢" (Dag) — o(D30)" -

Here, we are interested in the analysis of the structure of first-order Bogomolnyi
self-duality equations for p; = 0 (¢ = 1,2,3) and py # 0. This condition implies a
reduction of the action (28) and the equations (26), (27])

1
s = [t a0 + D0 + V(o). (28)
poFr2+J3=0, (29)
Jo=0 (30)



We can proceed similarly to previous section and reduce one dimension by assuming
that the fields do not depend on one of the spatial coordinates, say x3, and renaming
Ag as N,
1
S, = /d3x<1p0(2A182N — 24501 N + 2NF12)
+Dodf? ~ Dol — N6l + V(o)) (31)

Integrating by parts the two first terms of this action, we have,

Sy = / d*x(NpoFiz + [Dogl? — |Digl? — N9 + V(|9))) , (32)
The equation (29) becomes
pofiz
N=2"-* 33
2707 )

Substitution of this equation into the expression of the action ([B2]) yields

2F2
5, = [ da( L5 + 1Doof? = Dol + V() (34)

For the static field configuration the equation (B0) reads
2e2 Ag|p|> =0 (35)

Thus, the action ([34) may be rewritten as

5= [ s fg' (;)|22 — (D1 % D)o & eFuolof + V(|4])) (36)

where the identity (I0) was used .
To uncover the Bogomolnyi-style self-duality, the action is expressed in the form

2
S, = / o ( [fre T |¢|<v ~16P)] +1i(D1 = iD2)oP

4

e
e Fia + V(9l) — 010 ~ 6F)7) (37)

0

Thus, if the potential is chosen to take the self-dual form
et oo 212
V(l¢l) = p|¢| (v = 1e")", (38)
0

the action is bounded below [choosing signs depending on the sign of the flux]

S, > ev?|d| (39)



Therefore, when the action reaches its minimum value, the fields will extremise the
action and satisfy the first-order field equations

(D1 +iD2)$ =0

31412
Fyp = i2€ |2¢| (v* = |9%), (40)
Do

These equations may be compared with the self-duality equations of the Chern-Simons
Higgs theory. If we choose pg as the Chern-Simons coupling parameter k, the equa-
tions (40) coincide with the well know Bogomolnyi equations of the relativistic Chern-
Simons-Higgs model. Nevertheless, the vortex solutions of the equation (@) are not
the identical to those of the relativistic Chern-Simons-Higgs theory. This is because
the electric charge density for our solitons is zero, as shown in equation (30I).

Finally, it is interesting to note, that in our model the Chern-Simons field does not lead
to the equation of the type E; o< €;;J 7. which is an equation of the Chern-Simons-Higgs
theory. This is due to that we have considered p; = 0.

Another difference with the self-dual Chern-Simons-Higgs vortices lies in the fact that
in our model the charge density is not locally proportional to the magnetic field, as
shown the equations (29)) and (30). Thus, in the case of a static field configuration,
we should infer the behavior of the field Ay from the equation (B5]). The equation (B3]
shows that Ay may be different from zero if and only if ¢(x) = 0. Since, our vortex
solutions are determined by equations (40)), we know, from the Chern-Simons-Higgs
solutions, that ¢(x) has an only one root at = 0. Therefore, Ay may be different
from zero, only, at © = 0. Nevertheless, in order to ensure the regularity of the electric
field at z = 0, we should impose that Ay(0) = 0. Thus, our vortex solution has no
electric field.

In summary we have discussed the Bogomolnyi framework for two models with
Lorentz breaking symmetry. In the first case we have analyzed the dimensional reduc-
tion of a C' PT-even Lorentz-violating term coupled to Higgs field, showing that the
model supports vortex solutions which are identical to those of Maxwell-Higgs model.
In the second situation we deal with a reduction of a Carroll-Field-Jackiw term coupled
to matter. We have shown, here, that the Bogomolnyi equations of Chern-Simons Higgs
theory are obtained as a particular case. It is important to note that in our first model,
the vortex solutions has electric charge. This is a difference with the Nielsen-Olesen
solutions. Our second model does not have electric charge, being this a difference with
relativistic Chern-Simons-Higgs solitons. Finally, we want to note that vortices with
electric charge in the CPT-even Lorentz-violating model coupled to matter, were found
in Ref.[I5]. However the authors use a very strange potential term to generate these
solutions, and the self-duality equations differ absolutely from our result.
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